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Effect of Strained k · p Deformation Potentials on
Hole Inversion-Layer Mobility
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Abstract—In the literature dedicated to strained p-type
metal–oxide–semiconductor field-effect transistor inversion-layer
mobility calculation via a k · p valence-band structure, three key
strain-related material parameters, namely, the Bir–Pikus defor-
mation potentials aυ , b, and d, were widespread in magnitude.
To improve such large discrepancies, in this paper, we conduct
sophisticated calculations on 〈110〉/(001) and 〈110〉/(110) hole
inversion-layer mobility for gigapascal-level uniaxial stresses
along each of three crystallographic directions. The screening
effect on surface roughness scattering is taken into account. We
find that, to affect the calculated hole mobility enhancement,
aυ is weak, b is moderate, and d is strong, particularly for
the uniaxial compressive stress along the 〈110〉 direction. This
provides experimental guidelines for an optimal determination
of the primary factor, i.e., d, and the secondary factor, i.e., b,
with the commonly used values for aυ . The result remains valid
for varying surface roughness parameters and models and is
supported by recent first-principles and tight-binding calculations.
Thus, the strained k · p valence-band structure with the optimized
deformation potentials can ensure the accuracy of the calculated
transport properties of 2-D hole gas under stress.

Index Terms—Bir–Pikus, deformation potential, hole, k · p,
metal–oxide–semiconductor field-effect transistors (MOSFETs),
mobility, simulation, strain, stress, tight-binding.

I. INTRODUCTION

THE valence-band structure in the inversion layers of sili-
con p-type metal–oxide–semiconductor field-effect tran-

sistors (pMOSFETs) can be obtained by self-consistently
solving Poisson’s and Schrödinger’s equations as originally
demonstrated by Bangert et al. [1] and by Ohkawa and Uemura
[2]. Then, it is a straightforward task to furnish 2-D hole
transport properties. This also is the case for state-of-the-art
pMOSFETs undergoing strain engineering in the manufactur-
ing process. Specifically, to compensate for the mobility degra-
dation in a scaling direction [3], gigapascal-level stresses [4],
[5] are needed. To match this trend, it is crucial to accurately
calculate the hole inversion-layer mobility in the highly strained
valence-band structure, particularly the k · p one originating
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Fig. 1. Calculated 〈110〉 hole inversion-layer mobility change, from [8]–[11]
and this paper, plotted versus 〈110〉 uniaxial stress on the (001) substrate.

TABLE I
LIST OF SCATTERING PARAMETERS AND BIR–PIKUS

PARAMETERS USED IN FIG. 1

from the works of Luttinger and Kohn [6] and of Bir and Pikus
[7]. So far, however, published calculation results in the context
of the strained k · p valence-band structure differed much from
each other [8]–[11], as shown in Fig. 1.

Such inconsistencies are likely due to largely spanned values
[8], [11] (see Table I) in the Bir–Pikus deformation potentials,
namely, the hydrostatic valence-band deformation potential aυ ,
the uniaxial 〈100〉 deformation potential b, and the uniaxial
〈111〉 deformation potential d. Indeed, according to literature
sources (see [12]–[15] and the references therein), aυ , b, and
d were widespread in terms of the error range: 2.06 eV ≤
aυ ≤ 2.46 eV, −2.58 eV ≤ b ≤ −1.5 eV, and −5.3 eV ≤ d ≤
−3.1 eV. There were two origins proposed [13] for such large
errors. First, a complicated dependence on the strain conditions
exists in nature, making the extraction of deformation potentials
a hard problem. Second, the strain range used in the extraction
procedure was limited; for example, b = −2.33 eV and d =
−4.75 eV [13] were representative of small-strain situations,
and deviations should be expected at large strain, according to
Fischetti and Laux [13].
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On the other hand, good agreement with the mobility en-
hancement data can be obtained with the different values
of aυ , b, and d (see Table I for the work of Wang et al.
[8]); however, the corresponding applied uniaxial stress range
was quite limited (less than 400 MPa in magnitude; see [8,
Fig. 18]). Even the primary factors and guidelines needed to
experimentally determine the unique values of aυ , b, and d
were not published, in particular, in the gigapascal-level stress
range. Importantly, two additional factors, whose significance
was overlooked or not explicitly reported in the literature [8]–
[11], are needed to be taken into account. One is the acoustic
deformation potential Dac. Dac is not an independent parameter
but a function of aυ , b, and d, according to Bir and Pikus [7],
Tiersten [16], and Lawaetz [17]. The second additional factor is
the deformation potential of optical phonons d0 or the average
optical deformation potential Dop, which will affect the choice
of surface roughness parameters or models (exponential and
Gaussian) in the mobility data fitting.

In this paper, we employ a strained k · p mobility calculation
method under gigapascal-level stress conditions, with an aim
to determine the primary factors responsible and, hence, the
guidelines. The significance of Dac and Dop is demonstrated
in the mobility data fitting. The validity and applicability of the
strained k · p valence-band structure with the experimentally
determined deformation potentials in this paper are addressed
as well.

II. CALCULATION METHOD AND SCATTERING MODELS

A. Calculation Method

We started the task by incorporating the strain Hamiltonian
[7] to a previously established six-band k · p computational
booster [18] and by adding a subsequent self-consistent solving
of Poisson’s and Schrödinger’s coupled equations with the
strain Hamiltonian included. This sophisticated integration con-
stitutes a computationally efficient self-consistent strained k · p
solver. The outcomes of the solver contain the hole subband
energy level, the Fermi level, the wave function, the density-of-
states (DOS) function, and the strained E−k structure. Then,
the hole inversion-layer mobility can be calculated using the
Kubo–Greenwood formula [19]–[21], i.e.,

μxx =
e

4π2kBTPinv

∑
μ

∫
d2kvμx (k)× vμx (k)

×τμtotal(k)× f0(k) (1 − f0(k)) (1)

where e is the free electron charge, Pinv is the total hole density
per unit area, vμx is the group velocity of subband μ along
x-direction, and f0 is the Fermi–Dirac distribution function
in equilibrium. Under the momentum relaxation time approx-
imation, the total scattering time τμtotal of subband μ in (1) can
relate to acoustic phonon scattering, optical phonon scattering,
and surface roughness scattering, all through the expression

1
τμtotal(k)

=
1

τμac(k)
+

1
τμop(k)

+
1

τμsr(k)
.

In this paper, eighteen lowest subbands were used in the
mobility calculation. This is reasonable because we found that

TABLE II
MATERIAL PARAMETERS USED IN THIS PAPER

these subbands occupy most of the population, particularly
the stress case. In addition, the eighteenth subband energy
for the unstressed case at 1 MV/cm is 0.407 eV above the
surface valence-band edge. The critical parameters used, such
as the Luttinger parameters, the split-off hole energy, the elastic
constants, and the Bir–Pikus deformation potentials, are all
listed in Table II. Without loss of generality, the substrate
doping concentration Nsub was set to 1 × 1017 cm−3 with the
temperature at 300 K.

B. Acoustic Phonon Scattering

We followed the isotropic treatment by Fischetti et al. [22]
concerning acoustic phonon scattering but did not take into
account the inelastic and dielectric screening effects of acoustic
phonons in this paper. The critical parameter, namely, the
acoustic deformation potential Dac, is strongly connected to
Bir–Pikus deformation potentials [7], [16], [17]. According to
Lawaetz [17], Dac can be formulated as

D2
ac = a2v + cl/ct

(
b2 +

1
2
d2

)

cl =
(3c11 + 2c12 + 4c44)

5

ct =
(c11 − c12 + 3c44)

5
(2)

where cl and ct are the average longitudinal and transverse
elastic coefficients, respectively. c11, c12, and c44 are the elas-
tic coefficient elements, whose values are listed in Table II.
The elastic acoustic phonon scattering rate model used in this
paper is

1
τμac(k)

=
2πkBTD2

ac

�ρv2l

∑
v

FυμDOSυ (Eμ(k)) (3)

where Fυμ is equal to
∫
|ξμ0 (z) · ξν∗0 (z)|2dz, i.e., the wavefunc-

tion ξ0(z) overlap integral between the initial subband μ and the
final subband ν. ρ and vl denote the crystal density and the lon-
gitudinal sound velocity, respectively. Both intra- and intersub-
band acoustic phonon scattering were considered in this paper.

C. Optical Phonon Scattering

Optical phonon scattering involves the absorption and emis-
sion of optical phonons with the exchange of energy (61.2 meV
in this paper). According to Wiley [23] and Costato and
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Reggiani [24], the optical deformation potential Dop can have
the following formalism:

D2
op =

cl + 2ct
ρv̄2s

(
d0
a0

)2

(4)

where a0 is the lattice constant, d0 is the deformation poten-
tial of optical phonons, and v̄s is the average sound velocity
consisting of the longitudinal and transverse sound velocities,
i.e., vl and vt, respectively, with the formulation of v̄2s = (v2l +
2v2t )/3. Then, the isotropic absorbing and emitting optical
phonon scattering rate can be written as

1
τμop(k)

=
πD2

op

ρωop

∑
v

FυμDOSυ (Eυ(k)∓ �ωop)

×1 − f0 (Eμ(k)∓ �ωop)

1 − f0 (Eμ(k))
×

(
nop +

1
2
± 1

2

)
(5)

where
ωop optical phonon frequency;
nop Bose occupation factor of optical phonons.
Equation (5) features both intra- and intersubband optical
phonon scattering but with no screening effect in this paper.

D. Surface Roughness Scattering

To deal with surface roughness scattering, we first followed
Pham et al. [25] and De Michielis et al. [26], to take only
the intrasubband scattering. Then, the screening effect in the
dielectric function, as formulated by Yamakawa et al. [27] and
Gámiz et al. [28], was incorporated into the surface roughness
scattering rate expression in the context of the exponential
autocovariance function

1
τμsr(k)

=
2π2Δ2λ2

�

∑
υ

(Γμ,υ
eff )

2

(2π)2

∫
δ
(
Ev(k

′)− Eμ(k)
)

× (1 − cos θ)

ε(q)×
(

1 + q2λ2

2

)1+n d
2k′ (6)

where
Δ RMS height of the amplitude of the surface roughness;
λ correlation length of the surface roughness;
q q = |k′ − k|;
θ angle between k′ and k;
n adjustable factor (= 1/2 in this paper);
Γμ,v
eff Γμ,v

eff =
∫
(ξν∗0 (z) · ξμ0 (z) · deV (z)/dz + E

(0)
ν · ξν∗0 (z) ·

dξμ0 (z)/dz − E
(0)
μ · dξν∗0 (z)/dz · ξμ0 (z))dz;

E
(0)
ν energy minimum of subband ν;

ε(q) static wave-vector-dependent dielectric function;
ε(q) = 1 + (e2/2εSiε0)(F (q)/q)

∫
(δ(Eν(k

′)−
Eμ(k))d

2k′)/(2π)2;
F (q) =

∑
υ

∫
dz

∫
dz′|ξν0 (z)|2|ξν0 (z)|2e−q|z−z′|.

Importantly, (6) has the ability to adequately handle the
angular dependence of surface roughness scattering, as shown
in Fig. 2, in terms of the calculated unscreened and screened
scattering rates versus hole energy for the (001) substrate. It
can be seen from the figure that the scattering angular is more
pronounced for gigapascal-level stress. Fig. 2 also reveals the

Fig. 2. Calculated (a) unscreened and (b) screened intrasubband surface
roughness scattering rates along different k-directions of the first subband of the
(001) substrate with and without the longitudinal −1-GPa stress. The obvious
angular dependence can be found in both cases.

significance of the screened surface roughness scattering (see
[28] and references therein); that is, the screening effect gives
rise to a decrease in surface roughness scattering and, hence,
an increase in surface roughness limited mobility, regardless of
stress. Unless stated otherwise, in the subsequent sections, the
screening effect on surface roughness scattering is taken into
account.

III. EFFECT OF BIR–PIKUS DEFORMATION POTENTIALS

Calculations with the different values of Bir–Pikus param-
eters were executed for each of the following three distinct
uniaxial stress directions: 1) in-plane longitudinal stress along
the transport 〈110〉 direction; 2) in-plane transverse stress per-
pendicular to the transport 〈110〉 direction; and 3) out-of-plane
stress in the quantum confinement direction. The results on both
(001) and (110) substrates are shown in Fig. 3 for two cases:
one of aυ = 2.46 eV, b = −2.1 eV, and d = −4.8 eV (close
to that of [11]); and one of aυ = 2.1 eV, b = −1.6 eV, and
d = −2.7 eV (as in [8]). The calculated 3-D uniaxial stress
dependency of mobility change all resemble those published
elsewhere [10], [11]. This confirms the validity of the calcula-
tion method in this paper. In Fig. 3, one can see that different
Bir–Pikus parameters lead to different strain altered hole mo-
bilities, particularly for the longitudinal compressive stress.
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Fig. 3. Calculated 3-D uniaxial stress dependence of hole inversion-layer
mobility change for the (a) (001) and (b) (110) substrates.

Fig. 4. Calculated hole inversion-layer mobility enhancement values at two
uniaxial compressive stresses for the reference deformation potentials and six
different conditions (C1–C6). (Inset) Calculated DOS of two lowest subbands
for three conditions, namely, reference, C5, and C6.

To determine the primary factors, we made a set of aυ =
2.46 eV, b = −2.1 eV, and d = −4.8 eV as reference. In the
subsequent calculation, one of these parameters is given three
distinct values (one reference and two values equal or close to
the upper and lower limits of the aforementioned error range),
along with the two remainders fixed at their reference values.
The results are plotted in Fig. 4 for two 〈110〉 uniaxial stresses
of −2 and −3 GPa on the (001) substrate. Note that different
sets of aυ , b, and d produce different calculated Dac values
according to (1), which will together alter the amount of the
mobility change percentage. It is further shown in Fig. 4 that a
change in aυ only has a weak effect on mobility enhancement;
the effect of varying b is moderate, but for d, its effect is
strongly large. The origin is due to the decreased subband

TABLE III
C1–C6 ALTERED EFFECTIVE MASS AND SUBBAND LEVEL CHANGE

Fig. 5. Flowchart showing the establishment of the guidelines with the mutual
coupling between the Bir–Pikus deformation potentials and Dac taken into
account.

separation and the increased DOS, as shown in the inset in the
figure. The primary factor d and the secondary factor b also
hold for the (110) case (not shown here). The corresponding
first-subband effective masses near the Gamma point along the
〈100〉 and 〈110〉 directions and the subband levels are listed in
Table III for different aυ , b, and d groups (reference and C1–C6
in Fig. 4) under the longitudinal compressive stress of 3 GPa
in magnitude. It can be seen that aυ (C1 and C2) only affects
the valence-band shift, whereas for b and d (C3–C6), both the
valence-band shift and shape are changed, similar to the well-
known impacts of γ1, γ2, and γ3 on the valence-band structure.

IV. GUIDELINES AND EXPERIMENTAL DETERMINATION

Guidelines are established in terms of a flowchart shown in
Fig. 5. There are six input parameters, namely, aυ , b, d, d0,
Δ, and λ. The corresponding Dac and Dop can be determined
according to (2) and (4), respectively. To facilitate the proce-
dure, we first took a literature value of 26.6 eV for d0 [29] and,
hence, the corresponding Dop of 8.5 × 10−8 eV/cm. Then, a
fit to the experimental unstrained hole effective mobility data
in Fig. 6, as cited elsewhere [30], was carried out, producing
Δ = 0.42 nm and λ = 2.6 nm. It can be seen from the figure
that a good fitting appears in the high Eeff region, or the
universal mobility region, which is valid for different substrate
orientations and different transport directions. This validates the
presented calculation method. Here, Eeff is the vertical effective
electric field in the inversion layer, which was calculated using
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Fig. 6. Comparison of (symbols) experimental hole inversion-layer effective
mobility [30] and (lines) calculated hole universal mobility versus vertical
effective electric field. The scattering parameters used are listed in Table I and
apply to both (001) and (110) substrates.

the empirical formula Eeff = e(ηPinv + Pdep) with η taken as
1/3 according to Takagi et al. [31], where Pinv is the inversion-
layer density, and Pdep is the substrate depletion charge density.
Deviations in the low Eeff region are expected because impurity
Coulomb scattering was not taken into account in this paper.

At this point, the number of input parameters reduces to
three. Since aυ and b are weak or moderate in effect, we can
quote the literature values aυ = 2.46 eV [13] and b = −2.1 eV
[14]. Then, with a guess of d, the strain induced hole mobility
change was calculated; an updated d was obtained in compari-
son with the experimental data. This process was iterated until
a good fitting is achieved. This way, we obtained d = −3.1 eV
and Dac = 5.8 eV from a fit to hole inversion-layer mobility
enhancement data under uniaxial compressive stress [4], [5], as
depicted in Fig. 7(a). Note that the corresponding Eeff of around
1 MV/cm was estimated under a gate overdrive of −0.75 V [4],
[5]. Biaxial-stress mobility data [32], [33] also were quoted.
Extra calculation for this case was performed. The result is
shown in the inset in the figure. Fairly good agreement remains,
without changing any parameters. The extracted results are
listed in Table I. The corresponding calculated hole mobility
change at two different Eeff is shown in Fig. 1 for comparison.

Even making a change of b to −1.6 eV, we found that the
reproduction quality is acceptable, as shown in the inset in
Fig. 7. Strikingly, such change in b does not significantly affect
the calculated hole mobility enhancement in case of uniaxial
stress, as shown in Fig. 7. This invariability supports the
published error range of −2.58 eV ≤ b ≤ −1.5 eV [12]–[15].
The preceding arguments hold for other aυ values, as has been
proved in Fig. 4. This can reasonably explain the commonly
used values of 2.06 eV ≤ aυ ≤ 2.46 eV [12], [15]. These opti-
mized parameters hold in the (110) case, as shown in Fig. 7(b).

The preceding results stemmed from a specific d0 of 26.6 eV.
As illustrated by the guidelines in Fig. 5, a change in d0 may
change the extracted surface roughness parameters. In fact, the
quoted mobility data sources [4], [5], [30], [32], [33] came from
different manufacturing processes featuring different surface
roughness details. Thus, it is clear that the uncertainty exists
in d0 or, equivalently, the surface roughness parameters. To
reflect this, we show in Fig. 8(a) the effect of varying surface
roughness height Δ with its correlation length λ fixed at 2.6 nm.

Fig. 7. (a) Experimental (symbols) 〈110〉 hole inversion-layer mobility en-
hancement [4], [5] versus 〈110〉 uniaxial compressive stress on the (001)
substrate. Calculation results in this paper (lines) are shown for comparison.
The inset depicts the case of biaxial stress with the experimental data from
[32] and [33]. (b) Corresponding calculated hole inversion-layer mobility
enhancement values on the (110) substrate.

Fig. 8. Comparisons of the calculated hole inversion-layer mobility change
versus 〈110〉 uniaxial compressive stress for varying (a) surface roughness
RMS height and (b) surface roughness correlation length on the (001) substrate
for two values of Eeff .
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Fig. 9. Comparisons of the calculated hole inversion-layer mobility change
between the exponential and Gaussian autocovariance functions with and with-
out the screening effect on the (001) substrate under longitudinal compressive
stress.

Fig. 10. Comparison of the calculated hole subband structure and bulk
valence-band structure (in the inset) in this paper using the k · p method with
those of the first-principles method [35], the tight-binding method [35], and the
pseudopotential method [36].

Evidently, the calculated hole mobility change in Fig. 8(a) is
almost the same as in Fig. 7. In other words, the uncertainty
in Δ does not significantly affect the calculated hole mobility
change. This also is the case for the surface roughness cor-
relation length λ, as shown in Fig. 8(b), for Δ of 0.42 nm.
Therefore, the extracted parameters, as listed in Table I, remain
valid in the presence of uncertainty in the surface roughness
parameters. Again, we add two interesting calculation results,
as depicted in Fig. 9. First, the inclusion of the screening effect
in surface roughness scattering will reduce the calculated hole
inversion-layer mobility change, particularly in the high stress
region. This means that the rate of increasing mobility due to
stress is lowered if the screening effect is included. This may
explain the observed deviation (see Fig. 1) from the calculated
mobility enhancement of Wang et al. in the absence of the
screened surface roughness scattering [8]. Second, a change in
the surface roughness model from the exponential function to
the Gaussian function does not influence the result.

Finally, we want to stress the validity of the strained k · p
valence-band structure and the experimentally optimized de-
formation potentials aforementioned, particularly the primary
factor d. First, the experimentally optimized d of −3.1 eV in
this paper is exactly equal to that (−3.1 eV) [14] drawn from the
cyclotron resonance measurements [34]. Second, in Fig. 10, we
show a comparison of the valence-band structure and the hole

subband structure obtained by performing the k · p calculation
in this paper, the first-principles calculation [35], the tight-
binding calculation [35], and the pseudopotential calculation
[36]. Evidently, the k · p method can produce comparable band
and subband structures of no more than 100 meV above the
lowest one. The allowed window of 100 meV is much larger
than the thermal energy of 26 meV times the degree of freedom
of 2 in 2-D hole gas in near-equilibrium. Indeed, this window
can be augmented if the population effect is taken into account.
In a sense, the k · p method can reasonably work in the mobility
calculation. As a consequence, the strained k · p valence-band
structure with the optimized deformation potentials can ensure
the accuracy of the calculated transport properties of 2-D hole
gas under stress.

V. CONCLUSION

Sophisticated hole inversion-layer mobility calculations in
the context of the strained k · p structure have been carried out.
Calculated hole mobility change due to varying aυ , b, and d
has been created and has accounted for 3-D uniaxial stress con-
ditions. The primary factor d and the secondary factor b have
been drawn. Guidelines have been established, followed by the
experimental determination of aυ , b, and d. The literature errors
of the Bir–Pikus deformation potentials have been improved,
making possible the application of the strained k · p method in
a real device by delivering the quantitatively correct transport
properties of 2-D hole gas under stress.
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