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Abstract—This paper examines the use of channel feedback
to adaptively determine pilot placement among subcarri-
ers in amplify-and-forward (AF) orthogonal frequency-division
multiplexing (OFDM) relay systems. With feedback of the previ-
ous channel estimate, pilot subcarriers at the source and relay can
be reassigned to reduce channel estimation error and ensure that
good subcarriers are made available for data transmission. The
minimum effective signal-to-noise ratio (SNR) among data subcar-
riers is utilized as the performance metric for the optimization of
the pilot locations. The effective SNR is defined as the receive SNR
at the destination, taking into consideration the source-to-relay
(SR) and relay-to-destination (RD) channels, as well as their re-
spective channel estimation errors. The feedback gain, which is
defined as the ratio between the minimum effective SNR achieved
with the optimal feedback-aided pilot placement and that achieved
with the equal-spaced pilot placement, is used to measure the
gains achieved through feedback. In this paper, we first derive an
analytic lower bound on the optimal feedback gain and show its
rate of increase with respect to the number of subcarriers. These
studies are performed for systems both without and with sub-
carrier pairing (SP) at the relay. Specifically, in systems without
SP, the relay forwards each datum on the same subcarrier on
which it is received. In systems with SP, the relay is allowed to re-
assign the subcarriers used to forward the data received from the
source. With the goal of maximizing the minimum effective SNR,
the optimal SP scheme is shown to be an inverse mapping between
the SR and RD subcarriers with respect to their channel gains. Due
to the complexity of finding the optimal placement, a suboptimal
but efficient algorithm called the iterative pilot relocation (IterPR)
scheme is then proposed. The effectiveness of the proposed IterPR
schemes is demonstrated through numerical simulations.

Index Terms—Channel estimation, feedback, orthogonal
frequency-division multiplexing (OFDM), pilot placement,
relaying, subcarrier pairing (SP).

I. INTRODUCTION

OOPERATIVE relaying [1]-[3] has recently emerged as
an effective technique to combat fading and exploit spatial
diversity in wireless systems. Many relaying protocols have
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been proposed in the literature [1]-[5], among which, amplify-
and-forward (AF) and decode-and-forward (DF) have been the
most adopted. These schemes have also been employed in
conjunction with orthogonal frequency-division multiplexing
(OFDM) systems in modern wireless standards, such as Long-
Term Evolution-Advanced and WiMAX [6]. To fully exploit
the spectral and spatial degrees of freedom, different OFDM re-
laying protocols have been proposed in the literature, e.g., [7]-
[18]. Specifically, for AF OFDM(A) relay systems, power allo-
cation and subcarrier pairing (SP) schemes have been studied in
[8] and [9]-[12], respectively, and have been jointly exploited in
[13] and [14]. These power allocation and SP schemes have also
been studied for DF OFDM relay systems in [15], [16] and [11],
[17], respectively, and a scheme that utilizes joint coding across
subcarriers has also been developed in [18] as an alternative for
SP. To fully exploit the available degrees of freedom in cooper-
ative OFDM systems, knowledge of the channel state informa-
tion is often needed at the receiver and/or transmitter. Without
reliable channel estimation, the symbol error rate (SER) may be
dominated by the channel estimation error, and the achievable
cooperative diversity gains will become limited.

In this paper, we consider the use of pilot-assisted trans-
missions (PATs) [19], [20] to facilitate channel estimation and
data symbol detection in AF OFDM relay systems. In systems
employing PAT, a subset of subcarriers (called pilot tones)
are dedicated to the transmission of pilot symbols, whereas
others (called data tones) are utilized for data transmission. This
approach has been studied extensively in the literature for point-
to-point systems, e.g., [19]-[30], where the number of pilot
tones, the pilot placement, and the power allocation between
pilot and data symbols have been optimized to enhance system
performance. In particular, pilot placement for conventional
point-to-point OFDM systems has been studied in, e.g., [25]—
[30]. With no prior information about the channel, the equal-
spaced pilot placement scheme has been shown to be optimal in
terms of maximizing the channel capacity [25], minimizing the
channel estimation error [26], [27], and minimizing SER [28].
While many of these schemes can be incorporated into cooper-
ative relay systems [31], [32], we argue that the frequency and
spatial degrees of freedom can be better exploited through the
use of feedback-aided pilot transmissions.

The main contribution of this paper is to examine the use
of feedback of the previous channel estimate to adaptively
determine the current pilot placement among subcarriers at
both source and relay in OFDM relay systems. For a given
number of pilots, the placement may affect both the channel
estimation error and the availability of good subcarrier channels
for data transmission. To minimize channel estimation error,
pilot tones should be distributed as evenly as possible across
subcarriers [26], [27], whereas to increase the efficiency of
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data transmission, pilot tones should be assigned to subcarriers
with bad channel conditions, leaving good subcarriers for data
transmission [29], [30]. With channel estimation feedback, the
optimal pilot placement scheme can be derived to exploit the
tradeoff between these two effects. This is particularly impor-
tant in cooperative relay systems, where channel estimation
errors may have a significant impact on the SER at high signal-
to-noise ratio (SNR) and, thus, limit the achievable diversity
gains.

In this paper, feedback-aided pilot placement schemes are
proposed with the goal of maximizing the minimum effective
SNR among data subcarriers. The effective SNR is defined as
the receive SNR at the destination, which takes into consid-
eration the source-to-relay (SR) and relay-to-destination (RD)
channels as well as their respective channel estimation errors.
The minimum effective SNR is used as the design criterion
since it is what dominates the SER performance in uncoded
systems [28], [30]. However, the proposed methodology can
also be applied to other criteria as well (cf. Section IV). The
improvement obtained by employing feedback is measured by
the ratio between the minimum effective SNR achieved with
the optimal feedback-aided pilot placement scheme and that
achieved with the equal-spaced pilot placement scheme (i.e.,
the optimal scheme without feedback [25]-[28]). We refer to
this ratio as the feedback gain.

In this paper, we first derive an analytic lower bound (LB)
on the optimal feedback gain and obtain the asymptotic rate
of increase of the feedback gain with respect to the number of
subcarriers and pilot tones. Due to the complexity of finding the
optimal pilot placement, the iterative pilot relocation (IterPR)
scheme is proposed to efficiently and effectively determine a
pilot placement with high feedback gain. In each iteration of the
process, the location of the data tone with the worst effective
channel gain is exchanged with the location of one of the
originally selected pilot tones whenever the minimum effective
SNR can be increased by doing so. This process continues
iteratively until no further improvements can be obtained. We
perform these studies for systems without and with SP [8], [11].
In systems without SP, each datum is forwarded by the relay
on the same subcarrier it is received on. However, when SP
is employed, each datum can be forwarded by the relay on a
different subcarrier. The pairing between the incoming and out-
going subcarriers can be optimized for better performance. By
maximizing the minimum effective SNR, the best SP scheme is
shown to be an inverse mapping between the effective channel
gains of the subcarriers on the SR and RD links. That is, the
data received on the worst SR subcarrier are forwarded on the
best RD subcarrier. Note that the optimal SP scheme obtained
here is opposite to many works in the literature that consider,
e.g., the maximum sum rate [8], [11] or the maximum sum
effective SNR [10] as the design criterion. The effectiveness
of the proposed IterPR algorithms is demonstrated through
numerical simulations.

The concept of feedback-aided pilot placement has been ex-
amined for noncooperative systems in [29] and [30]. Different
from these works, our studies are focused on AF OFDM relay
systems, where both SR and RD channels must be estimated
at the receiver. This problem is considerably more challenging
than that of noncooperative systems, particularly for the case
with SP. Nevertheless, we are able to obtain analytic results that

show the relation between the feedback gain and the number
of subcarriers and pilot tones. Our proposed IterPR scheme
is also shown to achieve significant improvements over those
proposed in [29] and [30]. Some preliminary results of this
paper have been presented in [33] and [34]. In addition to
the results in [33] and [34], this paper provides results based
on more general channel models, detailed derivations of the
feedback gain for cases with and without SP, and full technical
proofs of the propositions and lemmas. Note that the proposed
IterPR scheme can also be applied to DF systems, e.g., [11],
[15]-[17], or, in particular, to joint coding systems, e.g., [18].
However, a more suitable criterion, such as the system capacity
or the outage probability, should be adopted in place of the
minimum effective SNR in this case. Moreover, it is necessary
to remark that, with channel feedback, power allocation can
also be performed among both pilot and data subcarriers. That
is, given the channel estimates, the optimal power allocation
can be derived by following procedures in [15] and [16] and
by treating channel estimation error as an additional source of
noise. However, in this paper, the pilot and data powers are fixed
to focus on the effects of pilot placement.

The rest of this paper is organized as follows. In Section II,
the system model and the concept of feedback-aided pilot
placement are described. In Section III, analytic LBs on the
optimal feedback gain are derived for cases with and without
SP, and in Section IV, the IterPR pilot placement schemes
are introduced for both cases. Numerical simulations and
some concluding remarks are given in Sections V and VI,
respectively.

Notations: In this paper, AT and A represent the matrix
transpose and Hermitian, respectively, and {A}; ; represents
the (4, j)th component of the matrix A. diag(aq,...,a,) rep-
resents a diagonal matrix with aq, . . ., a,, as its diagonal entries,
and I,, denotes the n x n identity matrix. |S| represents the
cardinality of the set S, and S\ T represents the set sub-
traction of 7 from S. Z ~ CN(0,Xz) indicates that Z is a
zero-mean complex Gaussian random vector with covariance
matrix Xy,

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider an AF OFDM relay system with a source, relay,
and destination communicating over N subcarrier channels, as
shown in Fig. 1. During each OFDM symbol period, the source
first transmits /N (pilot plus data) symbols in parallel over NV
subcarriers (represented by the index set N = {0,1,..., N —
1}). The signals received at the relay are then amplified and
forwarded to the destination. The AF relaying scheme [14] is
chosen as the representative scheme here due to its wide interest
in the literature and its ability to achieve full diversity through
simple operations. We argue that the same design methodology
can be applied to DF systems as well but will not be considered
explicitly in this paper. To enable channel estimation at the
receiver, pilots are inserted into a subset of subcarriers, called
pilot tones, at both the source and the relay. The pilot tones
adopted by the source and relay may be different and are
indicated by the index sets Ps C A and Pr C N, respectively.
The sets of data subcarriers adopted by the source and relay are
then represented by the index sets Dg = N\ Ps and Dy =
N\ P, respectively. Suppose that the number of pilot tones
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Hsr = [Hsro Hsr1" * - Hsrna]” Relay Hro =[Hroo Hro1*** Hron]”

Fig. 1.

OFDM relay system model with channel feedback.

is |Ps| = |Pr| = Np = aN, where « is the proportion of
subcarriers used as pilot tones, and the number of data tones
is |Ds| = |Dr| = Ng = N — N,. When SP is employed, the
relay must determine on which subcarrier each received data
is to be forwarded. This operation is determined by the SP
function ¢ : Dg — Dpg, which is a one-to-one function with
(k) representing the index of the subcarrier used to forward
the data received on the kth subcarrier. This method has often
been adopted in the literature, e.g. [9], [10], [12], [35], and
[36], to better exploit diversity in the frequency domain. In the
case without SP, the function is defined by (k) = k for all
k € Dg = Dp.

Suppose that the SR and RD links are modeled as multipath
channels with L; and L, independent fading paths and
that hsg = [hsr.0,---.hsr,z,-1]" and hgp = [krDo,- - -,
hrp.L,-1]T are their respective discrete-time channel impulse
responses. Both L; and L5 are assumed to be less than the guard
interval so that intersymbol interference can be eliminated.
Each channel tap is modeled as an independent complex
Gaussian random variable, i.e., hgg ~CN(0,3sg) and
hgrp ~ CN(0,3gp), where 0 is an all-zero vector, Xgg =

E[hSRth} = diag(ng,o, ey U%R,Llfl)’ and ERD =
E(hrph{{p] = diag(ofp g, - -, 0Rp 1, 1) It is assumed
Li-1
that Efffhsg|?] = 322" 08g, = 0dx and Ef[hrolf*] =
Lo—1 2

2 0kp, = 0kp, where o2y and 0%y, can be used to
model the effect of path loss on the SR and RD links, respec-
tively. The frequency-domain channel vectors are given by
Hgsg = [Hsr0;-- -, Hsg v-1]7 = VNW, hgg and Hip =
[HRD’07 ey HRD’Nfl]T = \/NWL2hRD, where WL is
defined as the truncated unit-norm fast Fourier transform
matrix of size N x L with {W};, = 1/vNexp(—j27 x
(k= 1)(¢ — 1)/N).

Let s be the symbol transmitted by the source on the kth
subcarrier, and assume that the pilot symbols have constant
power with |sg|? = p,, Vk € Pg, and that data symbols on
different subcarriers have the same average power with E[s7] =
pd, Vk € Dg. The signal received at the relay over the N
subcarriers is given by

Yr=[Yro,---,Yrn_1) =SHsr + Zg (D
where S = diag(so, s1,...,5nv_1),and Zr ~ CN(0,0%Iy) is
the additive white Gaussian noise (AWGN) vector. By extract-
ing the entries corresponding to the index sets Pg and Dg, the
received vector Y i can be further divided into two vectors
Y%’) and Yg%d), respectively. The relay can use the received

pilot signals Yg) to obtain an estimate of Hgr and send
this estimate to the destination through a feedforward control
channel [37].

Upon receiving the signal in (1), the relay will amplify
and forward the signals received on the data subcarriers while
transmitting newly generated symbols on the pilot subcarriers
to facilitate estimation of the RD channel vector Hrp at the
destination [37]. Note that the pilot symbols transmitted by
the source are used to estimate the SR channel Hggr at the
relay, and those transmitted by the relay are used to estimate
the RD channel vector Hyp at the destination,' similar to that
considered in [37]. Specifically, let §;, be the signal transmitted
by the relay on the kth subcarrier. In this case, 55 will be
equal to a newly generated pilot symbol with |§;x|? = p,, for
k € Pr and will be equal to the amplified signal ApYR ,-1(x)
for k € Dgr, where cp’l is the inverse function of ¢, and Ay, =

pa/(palHsr o1 (x)|> + 02) is the amplification factor cho-

sen such that the received power per data subcarrier at the
relay is scaled to p4. Let @ be an Ny x Ny matrix that is
obtained by taking the N, nonzero rows and columns of an
N x N matrix with 1’s in the (¢(k), k)th entry for all k € Dg
and 0’s everywhere else. Hence, by premultiplying the received
data signals Yg;?) with ®, the signals transmitted on the data
subcarriers on the SR link are relocated to their corresponding
data subcarriers on the RD link. The signals received on the
pilot and data subcarriers at the destination can then be written
as vectors

Y? =SWHY) + 22 2)
Y = A diag (@Y ) B, + 2§ 3)

where S() is a diagonal matrix containing on its diagonal
the N, newly generated pilot symbols at the relay, A is a
diagonal matrix with the amplification factor Ay for kK € Dy on
its diagonal, Hg&)) and Hg% are the RD channel coefficients
on the pilot and data subcarriers, respectively, and Zg” )~
CN(0,0%1y,) and ZY) ~ CN(0,0%1y,) are the AWGNS.

Here, we assume that the minimum mean square error
(MMSE) estimator [38] is used to compute the channel es-
timates at both the relay and the destination. Given the pilot
placement, the MMSE estimate of the SR channel vector Hgr
can be computed as

w7 o ) v
— NW., Ssr (W(Lpl)) Qg (S<P>) Ty @)

where W(Lp1 ) is an N, x Ly matrix formed by the rows of
W, that correspond to the pilot indices in Pg, Xgr is

'Some works in the literature on AF relaying consider the estimation of
the combined SR and RD channel, as opposed to estimating them separately,
as done in this work. However, the approach considered here has several
advantages. In particular, knowledge of both the SR and the RD channels
allows for the use of more advanced relaying schemes such as the subcarrier
pairing considered in this paper. Several conventional schemes, such as the
variable-gain AF relaying scheme [2], also require separate knowledge of the
SR channel at the relay. Moreover, optimal detection at the destination also
requires separate knowledge of both channels since the effective noise variance
depends on the RD channel. Knowledge of only the combined source-relay-
destination channel only allows for the use of suboptimal schemes such as the
minimum distance detector.
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the covariance matrix of the time-domain vector hggr, and
Qsk = Nppy WP S (W) H 021y . Similarly, the
MMSE estimate of Hyp can be computed as

. H ~
Hip = NWo, S (W) Qb (8P Yl (5)

where W(LPQ) is an N, X Lo matrix formed by the rows of W,
that correspond to the pilot indices in Pg, 3Xgrp is the covari-

ance matrix of hgp, and Qrp = NppW(Li)ERD(W(LZ))H +
alep. In this case, the channel estimation errors I:ISR =

Hsr — Hsg and Hgrp = Hrp — Hirp can be shown to be
zero mean with covariance matrices

E [I:ISR(I:ISR)H}
~ NW,, (Egl; + %N(wg?)ng?) Wt ©
E {I:IRD(I:IRD)H]

H -1
~ NW, <2R}3+%N(W(ﬁ)) WE?) (W) ()

where 7, = p,/0? is the transmit SNR of the pilot sig-
nal. The kth diagonal elements of E[f{SR(I:ISR)H ] and
E[Hgp (Hgp)] are the estimation error variances of Hsg
and f[RQk and are denoted by esr i and erp , respectively.
Notice that, by using the expressions in (6) and (7), the es-
timation error variances can be computed for any given pilot
placement Pg and Pg.

With the channel estimates ﬂSR, ﬂRD and the channel
estimation errors Hgg, Hgrp, the signals received on the data
subcarriers at the destination can be rewritten as

Y = ADdiag(®S D) diag (‘Pfl(s(f%) Hyp)

+A<d>diag(<1>s<d>)<diag(<1>ﬂg”§{) H\ +diag (<I>I~1§f3) HE%)

Noise contributed by channel estimation errors

+ A@diag (H ) 92 + 7

Additive noise at relay and destination

where I:Iétg and I:Ig% are the estimated SR and RD channels
on the corresponding data subcarriers. Notice that the data
transmitted by the source on subcarrier £ is received by the
destination on subcarrier ¢(k). Since Hsg, Hsg, Hgp, and

Hgp are mutually uncorrelated, the effective SNR correspond-
ing to the signal transmitted by the source on subcarrier k is
(cf. Appendix A)

\Hspr|? - [Hrp o) |2
|Hsr k|2 + |HrD,p(k)|? + Ck + 1/74

§k ="a- ®)

where 74 = pa/o? is the transmit SNR of the data symbol (i.e.,
the ratio between the transmit power of the data symbol and the

TABLE 1
SUMMARY OF VARIABLES

Np,Ng, N number of pilot, data, and total subcarriers (N =N, +Ng)

Ps, Pr index sets of the pilot subcarriers adopted by the source
and the relay, respectively

Ds, Dr index sets of the data subcarriers adopted by the source
and the relay, respectively

N index set of total subcarriers; N = Pg U Dg = Pr U Dg

w(-) subcarrier paring function; a one-to-one mapping from Dg
to Dy

g permutation matrix generated by the subcarrier pairing
function ¢(-)

S transmitted signal matrix containing on its diagonal the

data on all subcarriers

S(®) (8(d) transmitted pilot (data) matrix containing on its diagonal

the pilot (data) symbols

retransmitted pilot matrix at the relay containing on its

diagonal the regenerated pilots

Hgg,Hrp frequency response vectors of the SR and RD channels,
respectively

Hsg, Hrp estimated channel response vectors of the SR and RD
channels, respectively

Hgg, Hgp channel estimation error variance vectors of the SR and
RD channels, respectively

S(»)

H(S’;z, Hg% frequency response vectors on the pilot subcarriers for the
SR and RD channels, respectively

H(SCQ, HSI)) frequency response vectors on the data subcarriers for the
SR and RD channels, respectively

Yr received signal vector at the relay

Yg’ >,Y([§’ ) received signal vectors on the pilot subcarriers at the relay
and the destination, respectively

Ygd >,Y](3d ) received signal vectors on the data subcarriers at the relay
and the destination, respectively

Zr,Zp additive noise vectors at the relay and the destination,
respectively

Z(Pf >, Z]gp ) additive noise vector on the pilot subcarriers at the relay
and the destination, respectively

Z(Péi >, Zgl ) additive noise vector on the data subcarriers at the relay
and the destination, respectively

3sRr, Xrp channel correlation matrices containing on its diagonal the
variance of each channel tap

Pps Pd transmit power of the pilot and data symbols, respectively

Yp» Vd transmit SNR of the pilot and data symbols

a? noise variance

&k effective SNR on subcarrier k&

noise variance), and

Ck ="d - (‘ﬁSR,kPERD,go(k) + |ﬁRD,¢(k)|2€SR,k
+ €SR,K€RD (k) T ESR.k + €RDp(k)  (9)

can be viewed as the effective estimation error on the combined
source—relay—destination (SRD) channel. Notice that the effec-
tive SNR is affected by the choice of pilot and data subcarriers,
particularly through the channel gains of the selected data
subcarriers and the estimation error. All the previously used
variables are summarized in Table 1.

Let us consider the minimum effective SNR, i.e., min &, as
the design criterion since it is what eventually dominates the
SER of uncoded systems at high SNR. In this case, the optimal
sets of data subcarriers at the source and relay (i.e., D and

%) and the optimal SP function (i.e., ©*) can be found by
maximizing the minimum effective SNR, i.e.,

(p*, D%, Dy) = argmax{min §k} . (10)

©,Ds,Dr \k€Ds
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The optimal pilot locations are, thus, given by

P;=N\Dg and Pp=N\Dx. (11)
Notice that, in (10), the effective SNRs must be computed for
all possible pilot placements. However, these values depend on
the channel estimates computed under each pilot placement,
which cannot be obtained without actually transmitting the
pilot symbols. In practice, we propose to approximate the
channel estimates with those obtained through feedback in
the previous time frame. We argue that these approximations
will be sufficiently accurate if the time between subsequent
channel estimates is smaller than the coherence time and if
the feedback channel is sufficiently reliable. The effect of
approximation errors will be examined through simulations in
Section V but will not be considered explicitly in our analysis.

Notice that the problem in (10) requires a search over all pos-
sible combinations of (Dg, Dg) (or, equivalently, (Pgs,Pr))
and SP functions ¢. Unfortunately, an efficient solution for
such a problem does not yet exist, even for the case without
relays [29], [30]. Therefore, even if the optimal SP function
can be found explicitly (which is the case here, as shown in
Section III-B), an exhaustive search over all possible choices
of (Dg, Dr) still requires complexity of ( ]@; )2, which rapidly
becomes intractable as N increases. Hence, in the following
section, we derive theoretical LBs on the optimal perfor-
mance to gather insight on the gains achievable with the
feedback-aided scheme and further propose, in Section IV,
low-complexity algorithms that can effectively determine pilot
placements with high feedback gain.

Remark 1: In practice, the proposed feedback-aided scheme
can be realized by having the destination compute the optimal
pilot placement and SP based on its knowledge of the SR and
RD channels and transmit the selection to both the source and
relay. The SR and RD channels are required at the destination
to perform coherent detection in any case, and thus, no extra
overhead is needed to acquire this information. However, addi-
tional overhead is required to feedback the selected pilot place-
ment and SP. For systems without SP, the number of possible
combinations of pilot locations is ( ]Q; ) and thus, log, ( JJ\Z )

bits are required to feedback the selected pilot placement to the
source and relay. For systems with SP, pilot locations can be

different at the source and relay, and thus, log, ( I{,V )2 number
P

of bits is required to feedback the selected pilot placement. The
SP, however, requires another log, (N — N,,)! bits. Therefore, a

total of logy (( ]]\yp )2 - (N — N,)) bits are required for feedback
in systems with SP. Note that the pilot placement need not be
updated every symbol period, and thus, the update frequency
can be adjusted according to the overhead affordable by the
system.

III. ANALYSIS OF ACHIEVABLE FEEDBACK GAIN

In this section, we analyze the feedback gain attainable
with the optimal feedback-aided pilot placement scheme as
compared to the equal-spaced pilot placement scheme [25],
[26], [28]. Note that the equal-spaced and equal-powered pilot
placement scheme is optimal under the MMSE criterion when
no channel feedback is available (cf. [26] and [27]).

Specifically, let us define the feedback gain as
|:§(IIHII):|

B el

where ¢ (Fn]?m) is the minimum effective SNR achieved with the
optimal feedback-aided pilot placement scheme along with the
optimal SP, and {gﬁn) is that under the equal-spaced pilot
placement scheme (also with optimal SP). Here, we consider
the high SNR scenario on both training and data transmission,
where 1/74 < |Hsg.k|2, |Hrp,p()]? and €sr i, €rp,pr) <
|Hsr i |2, |IA{RD,¢(,€)|2; therefore, the terms esg,k€rD, (k) iN
(9) can be neglected. The denominator in (8) can then be
approximated as

Gr'P = 12)

|Hsrx|? + |Hrp o) |* + G+ 1/7a
~ [Hsr i |* (1 + Ya€rD,o (k) + [HRD o) > (1 + Yaesr.k)-

Consequently, the effective SNR can be approximated as
1
gk =Y - (1+’yd€SR,k) (ldeeRD‘w(k) )

|Hsgr, 5 |2 |HRD, (k)2

13)

which is basically the multiplication of the transmit SNR,
i.e., 74, and one half the harmonic mean of the equivalent
channel gains |Hsg k|*/(1 +vaesr,x) and |Hgp o(r*/(1 +
Yd€RD,p(k))- Notice that the equivalent channel gains
|Hsrk?/(1 4 yaesr.e) and  |Hgp o) /(1 + Ya€rp o (k)
can be computed by the source for all k£ € Dg and p(k) € Dg
once the pilot subcarriers at the source and relay (i.e., the sets
Ps and Pr) have been determined.

In the equal-spaced pilot placement scheme, the sets of

pilot and data subcarriers are given by Pg = Pr = PEQ =
{ilN/N,] :i=0,...,N,—1} and Dg=Dp=DEQ2
N\ PEQ, respectively.? In this case, the channel estimation
errors given in (6) and (7) are

L1

€SR,k — Z %N'y

2
=0 0ogRr PP

Lo—1

and €ERD,k — E

2
(=0 Ogp

1
+ NpWp
(14)

for all k € DPQ. Note that the equal-spaced pilot placement
scheme yields the same error variance for any offset in its place-

ment. By defining e = 1 +~4- 72" 1/(1/03g o + Npvp)
and €3 = 1 44 - L2 ! 1/(1/o%p ¢ + Npyp), the minimum
effective SNR for the equal spaced pilot placement can be
expressed as

. 1
=max min g - .
¥  keDEQ ( e )Jr( &2 )
[Hsr k| [HED (k)2

For the feedback-aided pilot placement scheme, the opti-
mal sets of pilot subcarriers Pg and Py, are determined by

E(mm 5)

ZNotice that the pilot subcarrier indices in the equal-spaced pilot place
ment scheme can be expressed more generally as Pg = Pp = PPQ =
{io +i|N/Np] :1=0,...,Np — 1} for any integer 0 < ig < |[N/Np| —
1. However, it can be shown that the error covariance matrices in (6) and (7) do
not change with ¢g. Hence, we simply set 2o = 0 in this work.
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maximizing the minimum effective SNR, as shown in (10) and
(11). However, due to the complexity of finding P% and Pj;, the
minimum effective SNR obtained under the optimal feedback-
aided policy is difficult to evaluate. Hence, we instead examine
an LB that is derived by analyzing a suboptimal but tractable
feedback-aided pilot placement scheme. As we show later, this
LB will be sufficient to demonstrate the significant gains attain-
able with feedback-aided policies. Specifically, in this scheme,
the source first allocates the [ portion of the pilot symbols
(i.e., BN, of the N, pilot symbols) to a set of equally spaced
subcarriers, i.e., the set P§Y = {0, [N/(BN,)], ..., (BN, —
1)|N/(BN,)|}, and allocates the other (1 — 3)N,, pilots to the
set of subcarriers that correspond to the (1 — §)N, smallest
values of | Hsg x|?, which is denoted by the set PES. Similarly,
at the relay, BN,, pilots are also allocated to the set of equal-
spaced subcarriers, i.e., PR3 = P§, and the other (1 — 5)N,,
pilots are allocated to the set of subcarriers with the (1 — 3)N,,
smallest values of | Hrp |2, which is denoted by the set PE3.
Note that the effective SNR is affected by two factors: the
channel estimation errors and the transmission quality of data
subcarriers. Placing pilots on equal-spaced subcarriers yields
smaller channel estimation errors, whereas placing them on
subcarriers with small channel gains allows subcarriers with
large channel gains to be left for data transmission. As a result,
large /3 leads to smaller estimation error (since more percentage
of pilots are equal-spaced) but small 8 will allow us to leave
more good subcarriers for data transmission. If only the 3V,
equally-spaced pilot symbols are taken to perform channel esti-
mation, the estimation errors on the kth subcarrier of the SR and
RD channels will be equal to Y°;%0" 1/(1/02s , + BNy7,)

and >720M 1/(1/ 0hp.¢ + BNp7p), respectively. These values
can serve as upper bounds to the actual estimation errors esg
and €RD, k-

Using the suboptimal scheme mentioned previously, we can
LB the minimum effective SNR of the optimal feedback-aided
scheme as

1
FB i . 16
g(mln) = Ing,x kIGI,lDlgB Td ( e1(B) e2(8) ) ( )

\ﬁSR,k\2> (lﬁRD,qz(k)‘Q

where 1(8)=1+a-C¢2" 1/(1/08g 0 +B8Ny %), e2(8) =
1+7q- ZeLiSl 1/(1/0%{]37@ + BNpyp), and  DEP =N\
(PET UPLY). Note that the set of data subcarriers D¢ is
a function of the estimated channel gains in feedback-aided
schemes. By (15) and (16), the feedback gain defined in (12)
can be lower bounded as

E |max min 1
Ail(B)

¥ keDEB __=2(P)

a7)

E |max min

¥  keDEQ _c1 __e2
ESTIE + [HRD, (k)2 ) ]

To facilitate our understanding of the problem, we first ex-
amine the feedback gain LB for the case without SP in
Section III-A and later extend these results to the case with SP
in Section III-B, where the optimal SP is also derived.

A. The Case Without Subcarrier Pairing

In the case without SP, we have Dg = Dg, Ps = Pg, and
© an identity function, where (k) = k for all k € Dg. By
defining

A 1
- (_a® £2(8)
(\ﬁSR,kP) + (UEIRD,MZ)

and G, 2 G(1), the feedback gain LB in (17) can be ex-
pressed as

G(B)k

(18)

E | min G(B)x

FB
keDE

Gt >
E { min Gk}

keDEQ
_ E |:G(5)((1—,8)NP+1):N\77§E‘1| A

19
E[Gl:’DEQ] ( )

L(B)

where G,..p denotes the rth-order statistic (rth smallest value)
among the set {Gy, Vk € D}.

Notice that E[G(B)((liﬁ)Np+1):N\pg?] and E[G{.pre] in
L(p) are difficult to evaluate in closed form due to the corre-
lation between subcarriers. Hence, we consider the coherence
block model to approximate the channel correlation and, in
this way, obtain an analytic understanding of its impact on
system performance. In this model, the channel coefficients are
assumed to remain constant over a block containing B adjacent
subcarriers and are assumed to vary independently from block
to block. By doing so, the LB in (19) can be approximated as

E G0 o g

B B

B |60, 30

L(B) ~ (20)

where {G(8)x,Vk} is a sequence of independent identically
distributed (i.i.d.) random variables with distribution equal to
the marginal distribution of G(8)x, and G(8);.,, is the rth-
ordered statistic (i.e., the rth smallest value) among n i.i.d.
random variables G(f3)1, ..., G(8),. In practice, a reasonable
block size will be equal to

_ Coherence bandwidth  1/(5Trms) N
B 1/(NT,) — cLy

Subcarrier spacing

where Trys is the root mean square (RMS) delay spread,
T, is the sampling period, L; = L1 + Lo — 1 is the overall
SRD channel length, and c is the constant given by ¢ =5 -
Trms/(TsLp). The coherence bandwidth is chosen as the
frequency separation that results in correlation equal to 0.5 [39].

To further evaluate the LB L£(f), it is necessary to derive
the probability density function (pdf) of G(3); (or, equiva-
lently, the marginal distribution of G(f)). Since fISR,k and
ﬁRD,k are linear combinations of complex Gaussian random
variables, the estimated channel gains |IA{5R7;€|2 and ‘ﬁRD,kP
will be exponentially distributed with mean approaching
o3y and ofp at high SNR, respectively. Thus, the pdfs
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for both Hy 2 |Hspr|?/c1(8) and Hay 2 |Hpp.sl?/e2(B8)
are given by fg,(h) =&1(B)e St Phy(h) and fg,(h) =
& (B)e~22Mhy(h), respectively, where &1(83) = 1(8)/0x,
£2(B) = e2(B)/ckp, and u(h) is the unit-step function. The
pdf of G(3), which is defined in (18), can then be computed as
1 1
fG(ﬁ)(g) =é1(B) - &2(8) g/m
0
—t(él(m—fz(ﬁ>>+él<ﬁ>)
TA—1)

X e_g( dt-u(g) (21)
for all k. To obtain a closed-form expression for the integral in
(21), we replace the quadratic term ¢(1 — ¢) with the first-order
approximation a -t for 0 < ¢ < 1/2. This can be viewed as
the first-order Taylor approximation when a = 1. However,
the value of a in general can be chosen to minimize the
approximation error, i.e., 01/2 [t(1 —t) — at|?dt, which is
given by a = 0.625 in this case. Similarly, the term ¢(1 — ¢)
can be approximated with 0.625 - (1 — ¢) for 1/2 < ¢ < 1. By

doing so, the pdf in (21) can be approximated as
1

fes)(9) :W-él(ﬁ)éz(ﬁ)-g ~u(g)

_ 'g( —t(€1(/5)—€t2(ﬁ))+51(ﬁ))

1
1 L1 (—HE(B) —Ea(B)+E1(B)
+ e 0625 9( -1t )dt
(1—1)

1 N - 1oz =
= e (G(B) + () e TRy )

(22)

The expectation of G(8),., can then be computed as (cf.
Appendix B)

A 0.625 n!
B[60)] ~
r—1 )
(r—1)! (—1)f
8 ;i!(r—lfz)l Gtn—rti2 (23)

The LB of the feedback gain given in (20) can then be
approximated as

Ny - i
X Z Nyt (D" (24)
il (Np — i)l (i + N —Np)?
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where Ny=[N;/B], N=[(N—-fBN,)/B], and N,=
[((1=B)N,+1)/B] — 1. By assuming that N > N, the
LB can further be approximated as

&1(1) + &(1)
1(B) + &2(B)

%] AN Sp— B (25)
N-N, 7" N-N, ]

The details are given in Appendix C.

For special case where Ly = Ly = L and 03y , = 03y /L,
Ohpy = Orp/L for £=0,..., L — 1, we have &1 () ~ (1 +
Lya/(BNpyp))/oér and e2(B) = (1 + Lya/(BNpyp))/okp
at high SNR, and thus, the approximate LB A(3) in (25) can
be reduced to

A(B) =

> Np La

Ng - 1 I+ 55
A(B):N dN (NI)+1)<1+N N) liNLpf:;

—iYp — i + BNy

From (26), we can see that the feedback gain increases with the
number of subcarriers, i.e., /N, with the asymptotic increase rate
given by

£yd

. "4(5) _ a(1=p) aYp
&%T—Cea(l—ﬂ)e 1-a W (27)

aBYp

where o« = N,/N, { = L/N, and ¢ =5 - Trms/(TsL). For a
fixed number of subcarriers, we can observe that the approxi-
mated feedback gain A(3) increases with the number of pilots
N, (or, equivalently, the parameter «). Notice that the LBs
given above are derived for a given value of S but can be
tightened by maximizing over the choice of /3.

B. The Case With Subcarrier Pairing

In this section, we extend the analysis to systems with SP.
This problem is considerably more challenging since SP and
pilot placement operations are closely coupled and, thus, must
be solved jointly. However, using the proposition below, we
can first derive explicitly the optimal SP for any given pilot
placement.

Proposition 1: Let ¢ : A= {ap,...,an_1} = B = {bo,

..,bnp_1} be a one-to-one mapping with ag < -+ < a, 1
and by < ---<b,_1, and let f(z,y) be a function that is
monotonically nondecreasing with respect to each param-
eter when the other is fixed, ie., f(z1,y) < f(z2,y) for
z1 <9 and f(z,y1) < f(x,y2) for y; < ys. The value of
miny f(ag, ¢(ax)) is maximized when ¢ is chosen to be the
inverse mapping between A and B, i.e., ¢(ay) = b,_1_, for
k=0,....,n—1.

The proof is given in Appendix D. Note that, since the
effective SNR expression in (13) can be viewed as a function
of |HSR,k‘2/(1 + 'VdGSR,k) and ‘HRD,m|2/(l + 'YdERD,m) that
satisfies the conditions in Proposition 1, we can infer from the
proposition that the optimal SP, for a given choice of Dg and
Dr, should be the inverse mapping between subcarriers at the
source and the relay according to their effective SNRs. That is,
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the data received on the subcarrier with the smallest effective
SNR on the SR link should be forwarded on the subcarrier
with the largest effective SNR on the RD link, and the data
received on the second worst subcarrier on the SR link should
be forwarded on the second best subcarrier on the RD link, and
so on. Note that the inverse mapping is opposite to the ordered
mapping scheme often considered in the literature, e.g., in [8],
[10], and [11]. This is due to the different objectives that were
adopted. In fact, the inverse mapping is shown to maximize
the minimum effective SNR, whereas the ordered mapping
was shown to maximize the sum rate [8], [11] and the sum
SNR [10].

By (15) and the optimal SP scheme derived from
Proposition 1, the minimum effective SNR achieved with the
equal-spaced pilot placement scheme can be expressed as

€9 = min_ - :
(min) = ie (1,0, Na) Jis v o2 =
‘ SR‘i:DEQ | RD‘(Nd+1—i):DEQ

(28)

where |fISR\f:DEQ is the rth order statistic among the set
{|Hsrx|?,Vk € DPQ}, and | Hrp |2 peq is the rth order statis-
tic among {|Hrp x|?, Vk € DFQ}. Notice that the SR channel
with the ith smallest channel gain is matched with the RD
channel with the ith largest channel gain. Similarly, by (16)
and the optimal SP scheme, the minimum effective SNR of the
feedback-aided scheme can be lower bounded as

Specifically, let us consider the case where .; = Ly = L and
€1 = €2 = £. By the coherence block approximation, we can
first approximate (28) as

§EQ ~ min Jd !

(min) ie{1,.,Na} € ( 1 )+( 1 )
QSR,i:Nd QRD‘(Nd+1—1‘,):Nd
where Ny = [Ny/B], and B is the coherence block. Here,
QSR,05 - - » QSR,J\"@A are i.i.d. random variables with the
distribution of (QJsg, equal to the marginal distribution of
|ﬁSR,k|2, and Qsg, . is the rth-ordered statistic among the
n ii.d. random variables Qsgr 1, - . ., @sr,»- The random vari-
ables Qrp,o; - - -, QRD 7,1 are defined similarly. To analyze
the achievable feedback gain, we approximate the ordered
sequence of channel gains QSRJ:M, .. '7QSR,]\7d:J\7d by the
deterministic sample values vy,...,v Ny where v; is chosen
such that Fg, (v;) = (2i — 1)/(2Ny) for i = 1,..., N4. No-
tice that if we divide Q)sg, 1 ’s region of support into Z\7d intervals
with equal probability, the points vy, ..., vy can be viewed as
representative points in each interval. Since the pdf of Qsg i is
given by (1/023) e~/ 7%ru(q), the representative values are
given by

20 —
v; = —0gR - In (1 — ;]\7
d

1 -
>,f0ri:1,...,Nd.

Similarly, we can also approximate the ordered sequence

N . ! ! I 2
QRD’I:Nd,...,QRD’Nd:Ndbyvl,...,vm,wherevi— O&D

§(Fn]?in) > min  y In(1 — (2i — 1)/(2N,)). Therefore, the minimum effective
i€{1,..Na} SNR of the equal-spaced scheme can be approximated by
X 1 S B ~ min S !
( &1 (8) ) n ( £2(8) ) i) = ety € ) }
|Hsr|? ) FB |Hrp |? FB (171) + v
((1—/3)Np+7,);N\‘pS’l (N—[in-Fl—t):N\PRJ N;»l i
Q) _ o e !
ie{1,....Nq} € ' : + 1 :
Hence, by (28) and (29), the feedback gain for the case with —o&pIn (1*?@1) *"%n'ln(zlﬁ;)
SP can then be lower bounded as (30), shown at the bottom of 5 9 9i 1 9i 1
O&p0ap - In (1 — 2= In (2=
the page. . Vd SR”RD ( 2N4 ) ( 2Nq )
Note that the statistics of the effective SNRs, as given in the = ie{lr_r'l.lflﬁd} = o2 .In (1 B 21—,1) o2 In (21-,1>
right-hand sides of (28) and (29), are difficult to obtain in closed ' SR 2N4 RD 2Ny
form. However, a deterministic approximation of the expected L. -1+ : , for o3 <o3p
values can help us gain intuition on the achievable feedback . 1n(1_ 1 ) . ( 1
gain. This approximation is obtained by assigning deterministic =19 ., o 2Na *E\2Na ) )
and representative values to the channel gains, as to be shown e I T T ; forogg > ogp
in the following. The coherence block approximation is also —o2pin (2 }Vd) —oZ 1 (—ﬁ
employed to take into consideration the effect of channel corre- G1)
lation. The accuracy of the deterministic approximation will be
demonstrated through computer simulations in Section V. where proof of the last equality is given in Appendix E.
: 1
E ie{lIT.l.l.r,lNd} S— 1P ‘ —+ o =2(5) v —
gFB 2 ((1—/3)Np+7,).N\‘pS’1 (N—['}Np-f—l—z).N\PR’l (30)

1

E

€2

el Ny} T2 t a7z
i€{l,...,Na} lHsrI? pq  |HrDI

(Ng+1-i):DEQ
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The same approach can also be used to approximate the
minimum effective SNR of the feedback-aided schemes given
in (29). Specifically, by applying the coherent block approxi-
mation, the LB of & gr}in) in (29) can first be computed as

1
gfnl?m) 2 Hllp - 1d :
ie{1,.. . N-N,}€(B) 1 Jr( 1 )
QSR,(NP+1'):N QRD,(N+1—1‘):N

where &1(8) = e2(8) = £(8), Np = [((1 = B)N, +1)/B] -
1, and N = [(N —fN,)/B]. Then, by again consider-
ing the deterministic approximation, the ordered sequence
Qsr1.5 - - -»@sr 5.5 can be approximated by the determin-
istic sample values w1, ..., wg, where w; = —ody - In(1 —
(2i — 1)/(2N)) fori = 1,..., N, and similarly for the ordered
sequence Qgp 1.5 - - - Qrp 5.5 givenby wi, ..., wiy, where
w; = —o&p - In(1 — (20 — 1)/(2N)). In this case, we have

FB : d 1
E(min) 2 . min - ’
ie{l,....N—N,} 5(5) 1 1
W + w’
Np+i N41—i
Vd 1 2 2
=B - T . sfor ogg <ogp
7U§R.ln(1721\;%+1> —o2pn(
=\ 1

2 2
,for o5 >ogp

(32)

which also follows from Appendix E. For 02y < 0%, it fol-
lows from (31) and (32) that the feedback gain with SP can be
approximately lower bounded by

G'B>

e(B)

2N, +1
. (1)

() € . B .
T ) — (8 _
—a§R~1n(1—2Nﬁ+1) hl(l 2Nd>

2N, +1 - L

b 3 } 1+

("-‘fv) 75(5 ) . ( 2iv ) = ﬁd : (2Np + 1) : 1+ ]\I[fiyﬂ;p
(QNd) BNpYp

£ A57(6) (33)

where (a) follows by assuming that N; and N are sufficiently
large, and (b) follows by taking the first-order Taylor series
expansion of In(1 — ) about x = 0. Note that the AST(f)
given in (33) is the same for the case where O’%R > JI%D.
From this approximate LB, we can see that the feedback gain
increases with the number of subcarriers, i.e., N, with the
asymptotic rate of increase given by

£ya
) lma 1Ha,
lim = :c.z.za(l_g).liaﬁ.“rm. (34)

OLB’YP

ITERATIVE PILOT RELOCATION ALGORITHM
INITIALIZATION:
1: SET P = {i|N/N,]:i=0,1,..,N, — 1} and D = N\P;
ITERATION:
2: FOR iteration_index =1 to K
COMPUTE é€gRk, €rD k> and &, Vi € D;

3

4 SET mSNR = mingep & and NewPilot = arg mingep &k;

5 FOR j=0to N, — 1
6: SET P; = {P with j-th entry replaced by NewPilot} and D; = N\ Pj;
7 COMPUTE (esr ) > (ern,k);> and (€);, ¥k € D3

8 SET mSNR; = mingep;, (fk)j;

9: END

10: IF max; n/lS\l\ﬁ{] > mSNR

11: SET P = Pj- and D = Dj-, where j* = arg max; HTS\N/R]';
12: ELSE BREAK;

13: END

14: END

Fig. 2. Proposed IterPR algorithm for OFDM relay systems without SP.

Recall that o« = N,/N, { = L/N, and ¢ =5 - Trms/(TsL).
By comparing (34) with (27), we can see that the approximate
feedback gains increase faster with N when the system employs
SP. Although the feedback gain LB is analyzed using a deter-
ministic approximation, we show in Section V that the results
actually closely approximate the LB obtained through Monte
Carlo simulations.

The analytic LBs obtained in this section provide good
insights on the gain achievable with feedback-aided schemes.
In particular, the closed-form approximations can be useful in
evaluating the performance of systems with large NV since the
optimal feedback-aided policy may have intractable complexity
in these cases. However, the suboptimal decoupled scheme used
to derive these bounds can be improved upon considerably
compared to the optimal scheme (cf. Section V). To better ex-
ploit the advantages of feedback and to avoid the intractability
of the optimal scheme, we propose in the following section
a suboptimal but efficient pilot placement scheme for use in
practical systems.

IV. ITERATIVE PILOT RELOCATION (IterPR) POLICY

In this section, IterPR policies are proposed for systems
without and with SP. The key idea is to iteratively exchange
locations between one of the pilot subcarriers and the worst data
subcarrier so that the system’s minimum effective SNR can be
gradually improved through the process.

Specifically, let us first describe the IterPR algorithm for
systems without SP, i.e., the case where the source and relay
use the same sets of pilot and data subcarriers. Here, we set
Dgs =Dr =D and Ps = Pr =P. The pseudocode of the
algorithm is given in Fig. 2. In particular, as indicated in Line 1
of the pseudocode, the IterPR algorithm first initializes the pilot
set with equally spaced pilot subcarriers, which is denoted by
P ={i|N/N,|:i=0,1,...,N, — 1}. Given the current set
of data subcarriers D = N \ P, the estimation error variances
€sr,k and erp, are then computed from (6) and (7), respec-
tively, for all £ € D, and utilized to evaluate the minimum
effective SNR among all data subcarriers, i.e., mingep &g. In
each stage of the iteration process, we in turn exchange each
pilot subcarrier with the data subcarrier that currently has the
minimum effective SNR and compute the minimum effective
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ITERATIVE PILOT RELOCATION ALGORITHM WITH SUBCARRIER PAIRING
INITIALIZATION:
I: SET Ps = P = {i[N/Np) : i
ITERATION:
2: FOR iteration_index = 1 to K
COMPUTE €gR,k, €rD,k» and & with the inverse mapping ¢*, Vk € Dg, k'€ Dg;

=0,1,..,N, — 1}, Ds = N'\Ps and Dg = N'\Pg;

3

4 SET mSNR = mingep, & and NewPilots = arg mingep, l‘j ;‘“E:KL =

5 FOR j =0to N, — 1

6: SET Ps; = {Ps with j-th entry replaced by NewPilotg} and Ds ; = N\ Ps ;;
7 COMPUTE (es,i),» and (&),

8 SET mS\R = mingepy ; (fk)

9 END

10: IF max; lm] > mSNR

11: SET Ps = Ps j+ and Ds = Ds -, where j* = arg max; m/S\Nﬁy;

with the inverse mapping ¢*, Vk € Dsg j;

12: END
13: COMPUTE e€gR i, €rD,k+» and & with the inverse mapping ¢*, Vk € D, k' € Dr;
14: SET mSNR = mingepg £ and NewPilotg = arg mingepy ﬁ;‘l—k
15: FOR j=0to N, —1
16: SET Pgr,; = {Pr with j-th entry replaced by NewPilotg} and Dg ; = N\ Pr,j;
17: COMIEJE (erD,k);> and (&), with the inverse mapping ¢*, Vk € Ds ;,k' € Dr,j:
18: SET mSNR; = mingeps ; (€) 5
19: END
20: IF max; r;é\l\ﬁ'{] > mSNR
21 SET Py = Prj» and Dy = Dy j+, where j* = arg max; mSNR;;
22: END
23: END
Fig. 3. Proposed IterPR algorithm for OFDM relay systems that employ SP.

SNR resulting from each possible exchange (as shown in

Lines 5-9). This yields the set of values mSNR; for j =
0,..., N, — 1. The pilot set that results in the largest minimum
effective SNR, i.e., P;~, is chosen and used to update the pilot

—~—

set P if its minimum effective SNR, i.e., mSNR .+, exceeds that
of the original set (see Lines 10-13). The channel estimation
error variances as well as the minimum effective SNR are
updated accordingly. Repeating the foregoing procedure will
lead to increases in the minimum effective SNR. Note that the
number of iterations generally required to yield an effective
solution for the IterPR algorithm is less than [V,, and can be
made much smaller than N, if the channel is highly correlated
and if the pilot placement obtained in the previous frame is
used in the initialization instead of the equal-spaced scheme
(cf. Section V). Hence, the complexity of KN, required for
the IterPR algorithm is much smaller than that required for
the optimal scheme, which is ( 1{}; ) The IterPR policy can also
be applied in systems employing other design criteria, i.e., by
simply replacing the minimum effective SNR, i.e., mSNR, with
criteria such as average SNR, average error probability, etc.
The proposed IterPR algorithm can be extended to systems
with SP, as shown in Fig. 3. When SP is employed, the pilot
locations may be different between the source and the relay.
Therefore, the exchange of pilot and data subcarriers required
in each iteration of the IterPR algorithm must be performed
separately for the source and relay. Yet, after each exchange
of pilot tones at either the source or the relay, the pairing of
data subcarriers is updated according to the inverse mapping
between the sets Dg and Dpg, as derived from Proposition 1.
Specifically, in each iteration of the process, we first update
the pilot locations at the source, that is, we in turn exchange
each pilot subcarrier in Pg with the data subcarrier in Dg
that currently has the minimum equivalent SR channel gain
fISR,k /(1 4+ ~v4esr, k). Then, similar to the previous case, only
the exchange that yields the largest effective channel gain and
that improves the minimum effective SNR &, will be adopted

(cf. Lines 3—12 in Fig. 3). The update of pilot locations at
the relay, i.e., Pg, is performed following the same procedure,
as described in Lines 13-22 of the pseudocode. It is worth-
while to mention that for the case with SP, the optimal pilot

. . 2
placement scheme requires complexity of ( ]{]\/ ) , whereas the
D

IterPR algorithm requires complexity of only 2K N}, in the case
with SP.

Remark 2: Tt is interesting to remark that the proposed
IterPR algorithms in Figs. 2 and 3 need not be initialized with
the equal-spaced pilot placement scheme (as done in Line 1
of both pseudocodes). Instead, it can be replaced with more
effective placement schemes, such as the decoupled scheme
(where SN, pilots are equally spaced, and (1 — 3)N,, pilots
are placed on the remaining worst subcarriers). The IterPR
algorithm guarantees performance better than its initialization
scheme since the pilot placement in each iteration is updated
only if there is an improvement compared to that of the previous
iteration. However, initializing with more advanced schemes
may require higher complexity, and thus, the equal-spaced
scheme is considered here.

Remark 3: The IterPR scheme given in this section is derived
based on the effective SNR of the SR and RD links. However,
if the direct link between the source and the destination is also
considered, the effective SNR can be written as

2 |Hgp
W2+ G+ o
(35)

|Hsp 1|2 Vd
|Hsr.k[* + [HRD o (k

1
€SD.k T+ Y

where H. sp,k 1s the estimated source-to-destination (SD) chan-
nel on subcarrier k, and egp 4, is the corresponding estimation
error variance. The first term in (35) is the effective SNR of
the direct link. The IterPR algorithm can also be applied in
this case by replacing the effective SNR with the one given
in (35). Following the same procedure, the IterPR algorithm can
be applied to other design criteria (and even for DF systems
[11], [15]-[18] as well), but the optimal SP may not be the
inverse mapping in these cases. Studies on SP under different
design criteria can be found in [8] and [11].

V. SIMULATION RESULTS

In this section, we demonstrate the effectiveness of the
proposed feedback-aided pilot placement scheme through com-
puter simulations. The powers assigned to each data and
pilot symbols are assumed to be the same, ie., pg = pp =
p. We consider a time-varying multipath channel for both
SR and RD links. The channel impulse responses hgr and
hRD are given by the exponential decay profile [40], where

SR o = 08poe P and oty , = ofp ge /P2 for £y =

L1 —land/{y =0,. L2 ~ 1. The channel RMS delay
spread is Trvs = 100 ns, and the channel coherence bandwidth
is 1/(5Trms) = 2 MHz (defined such that correlation is above
0.5 within the coherence bandwidth [39]). The normalized
Doppler frequency is given by Fy £ faNTs = 0.001, where
Ts =50 ns is the sampling period, and fy is the channel
Doppler frequency given by 312.5 Hz for N = 64 systems.
The system bandwidth is 1/75 = 1/(50 ns) = 20 MHz. The
cyclic prefix is set to be 1/4 OFDM symbol periods, and in
the simulations of N = 64, the cyclic prefix is 16 times the



714 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 62, NO. 2, FEBRUARY 2013

3.5 T T T

—%— Optimal placement with SP
—=o©— Simulated lower bound with SP
—A— Analytic lower bound with SP
3t — % — Optimal placement without SP -
— © — Simulated lower bound without SP

with SP — A — Analytic lower bound without SP
L.
_ 4
g 25} 1
(O] ¥* ¥ ¥ ¥ ¥*
o
[S]
S O—o— ¢ & = = = & d
B A VAN A A X A X A b,
L P S 4
Hm =k e L\ — - — ok — — — k— — %
-0 -0--0--—0l-lo--0--6--0 - 0-—¢
T £ GO I (I I, N (R (T
without SP
1 . " .
10 15 20 25 30
plo’ (dB)

Fig. 4. Analytic LB, simulated LB, and optimal feedback gain obtained via
exhaustive search for a system with N =12, N, =3, and L1 = Lo = 3.
Solid and dashed lines represent cases with and without SP, respectively.

sampling period. The channel in each OFDM symbol period
is generated by using Jakes model [41]. We assume that the
channel estimates are fed back once every five OFDM symbol
periods, during which the pilot locations are selected according
to the proposed IterPR algorithm. For the SER simulations, we
consider uncoded OFDM systems with quadrature phase-shift
keying modulation. The minimum distance detector is used
when examining the SER.

First, in Fig. 4, we show, for a system with N = 12, N, = 3,
and L, = Ly = 3, the approximate LB A(3) given in (25),
the simulated LB £(8) given in (19), and the feedback gain
G¥B of the optimal placement (obtained through exhaustive
search). Here, [ is chosen among the set of possible values
0,1/N,,2/N,,...,1 to maximize the LBs. We can see that
the approximated LBs are indeed close to the simulated LBs,
even for the case with SP (where a deterministic approximation
is used). The approximate LBs can be used to demonstrate
the significant gains achievable with feedback-aided schemes
and, more importantly, to help evaluate the performance of
feedback-aided schemes when N is large. However, we can also
observe from Fig. 4 that the gains achievable with the optimal
scheme is substantially higher than the LB that is derived based
on the decoupled scheme proposed in [29] and [30].

In Figs. 5 and 6, we examine the performance of the proposed
IterPR algorithm for systems without SP. Specifically, in Fig. 5,
the IterPR algorithm is compared with three other schemes:
1) the optimal pilot placement scheme (which is obtained
through exhaustive search); 2) the equal-spaced pilot placement
scheme; and 3) the decoupled feedback-aided pilot placement
scheme [29] (which places 31V, pilots on equally spaced sub-
carriers and (1 — )N, pilots on the remaining subcarriers with
the worst effective SNRs, i.e., Gi). Here, the performance is
measured by the average minimum effective SNR among data
subcarriers, and the optimal J is chosen for the decoupled
scheme for all SNRs. Due to the complexity of the exhaustive
search, we consider only a small-scale system with N = 16
and N,, = 4. From the figure, we can see that the proposed
IterPR algorithm performs close to the optimal pilot placement

—%— Optimal placement
—6— lterPR placement with K=4
— © — lterPR placement with K=2| |
- —0O— - IterPR placement with K=1
—=4— Decoupled scheme
—+8— Equal-spaced placement

_10 L 1
10 15 20 25

2
p/csZ (dB)

Average minimum effective SNR (dB)

Fig. 5. Average minimum effective SNR for different pilot placement
schemes with N = 16, N, =4, L1 =3, and Lg = 2.

scheme and improves significantly over other pilot placement
schemes by using only a small number of iterations. In fact, the
experimental results show that the IterPR algorithm improves
rapidly as K increases, and the improvement in average min-
imum effective SNR becomes less than 0.1% after only four
iterations. Recall that two effects take place in each iteration of
the IterPR algorithm: 1) the improvement of the channel gain
due to the removement of the worst data subcarrier, and 2) the
slight decrease in channel estimation performance due to the
gradually less regular placement of pilot tones. The first effect
is most significant in the first few iterations since the minimum
effective SNR will be dominated by the worst channel gain on
the data subcarriers in these cases. However, after removing the
worst few subcarriers, the improvement in the worst channel
gain of data subcarriers becomes less significant and becomes
comparable with the degradation in channel estimation perfor-
mance. The improvement in the minimum effective SNR is
thus less evident after a few iterations. However, the required
number of iterations, i.e., K, does increase with the number
of pilot subcarriers. In Fig. 6, we show the minimum effective
SNR and the SER (obtained by using the estimated channels)
for a large-scale system with IV = 64 and IV,, = 8. Specifically,
in Fig. 6(a), we observe that gains of approximately 2.4 and
4.8 dB, in terms of the average minimum effective SNR, can
be achieved with the IterPR algorithm (with K = 8) compared
with the decoupled and equal-spaced schemes, respectively.
In Fig. 6(b), we observe that, for an error rate of 1073,
the IterPR algorithm improves over the decoupled and equal-
spaced schemes by approximately 2 and 5.7 dB, respectively.
The proposed scheme achieves the minimum SER among all
schemes at high SNR since it is derived by maximizing the min-
imum effective SNR, which dominates the SER at high SNR.
In Fig. 7, we show the minimum effective SNR versus the
number of iterations K for a system with a large number of
subcarriers (i.e., N = 1024 and N, = 64). We can see that
generally no improvements can be obtained after K = N,
iterations. However, when the previous pilot placement is used
as the initialization instead of the equal-spaced scheme, the
number of iterations needed can be reduced substantially. This
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Fig. 6. Performances of different pilot placement schemes with N = 64, N, = 8, L1 = 6, and L2 = 4. (a) Minimum effective SNR. (b) SER.
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Fig. 7. Minimum effective SNR versus the number of iterations for different
initial placements including the equal-spaced placement, the previous place-
ment, and the previous one with reset to the equal-spaced one every five
executions of the IterPR algorithm. Here, N = 1024, and N = 64.

method yields a slight loss in performance but can be overcome
by resetting the initial pilot placement to the equal-spaced
scheme every several number of updates, referred to as the
“periodic reset” scheme in Fig. 7. The frequency of the periodic
reset can be chosen to exploit the tradeoff between convergence
speed and performance.

In Figs. 8 and 9, we further consider relay systems that
employ SP. For all schemes, the SP function is chosen to be
the inverse mapping between the SR and the RD subcarriers
according to their respective effective SNRs. Notice that, when
SP is employed, the pilot subcarriers on the SR and RD links
can be chosen separately. Therefore, in the decoupled scheme,
the pilot subcarriers will also be chosen separately on the SR
and RD links according to their respective effective SNRs, i.e.,
|Hsr.k[*/(1 + vaesr k) and |Hrp |/ (1 + Ya€rp k). Specif-
ically, in Fig. 8, where NV = 16 and IV, = 4, we can see that the
IterPR-SP scheme also performs close to the optimal scheme,

25 T T T
—%— Optimal placement

—©— lterPR placement with K=4
20H — © — IterPR placement with K=2
- —0O— IterPR placement with K=1
—#&— Decoupled scheme
—+&8— Equal-spaced placement

B)

Average minimum effective SNR (d

10 15 20 25 30
plo> (dB)

Fig. 8. Average minimum effective SNR of different pilot placement schemes
for systems with SP and with N = 16, N, =4, L1 = 3,and Lo = 2.

similar to the case without SP. For the IterPR-SP scheme, the
improvement in average minimum effective SNR also falls
below 0.1% after only K = 4 iterations. In Fig. 9, we further
consider a large-scale system with N = 64 and NV, = 8. We
can see that the IterPR-SP scheme (with K = 8) significantly
outperforms the other schemes in terms of the average mini-
mum effective SNR and SER. By comparing with Fig. 6, we can
see that the advantages of the feedback-aided pilot placement
policies are even more pronounced in systems with SP.

In Fig. 10, the feedback gain obtained with the proposed
IterPR scheme is shown with respect to the number of pilot sub-
carriers, i.e., N,. We can see that the feedback gain increases
with the number of pilot subcarriers for systems both with and
without SP. In fact, the increase is larger for systems with SP.
This is because frequency diversity is more evident in the case
with SP, and thus, whether or not the channel is accurately
estimated becomes important. In Fig. 11, the feedback gain
of the proposed IterPR scheme is shown for channels with
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Fig. 9. Comparison of pilot placement schemes for systems with SP and N = 64, N, = 8, L1 = 6, and L2 = 4. (a) Minimum effective SNR. (b) SER.
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Fig. 10. Feedback gain of the proposed IterPR scheme for a different number
of pilot subcarriers. Note that N = 64, L1 = 6, L2 = 4, and p/ag = 20 dB,
and the number of iterations for the IterPR scheme K = 8.

different channel lengths, i.e., L; and Ls. Note that larger
channel lengths lead to higher frequency selectivity. We can
observe that the feedback gain is larger for cases with higher
frequency selectivity, and the improvement is more evident for
systems with SP.

VI. CONCLUSION

Feedback-aided pilot placement schemes for OFDM AF
relay channels have been examined in this paper. The effective
SNRs at the receivers and the analytic LBs of the achievable
feedback gains were derived. The feedback gain with respect to
the equal-spaced pilot placement scheme was shown to increase
with the number of pilot symbols. Due to the complexity of
the optimal policy, a suboptimal IterPR scheme that utilizes
iterative exchanges between each pilot subcarrier and the data
subcarrier with the minimum effective SNR was proposed.
The studies were conducted for systems without and with SP.

5 T T T
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Bk A L4=3,L=4 |]
O L4=3, L,=2
4t 4
© © © ©
= D
©
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25 b
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Fig. 11. Feedback gain of the proposed IterPR scheme for channels with

different values of L; and Lo. The solid lines are for systems with SP, and
the dashed lines are for those without. Here, we set N = 64, N, = 8, and
K =38.

In particular, for systems with SP, the optimal SP scheme
was derived and shown to be an inverse mapping between
the SR and the RD effective channel gains. The effectiveness
of the proposed IterPR algorithms was demonstrated through
numerical simulations.

APPENDIX A
DERIVATION OF (8)

In this paper, the channel estimates, i.e., ﬂSR and ﬂRD, are
used for channel equalization at the destination. The received
signal after channel equalization for the data transmitted on
subcarrier k € Dg can thus be written as

Yy, = HgR,kHl*{D,Lp(k)YD#P(k)

= Ay sk Hsrok 2 Hrp o) |2 + Vi + Vo
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where be computed as [42]

n!

G (ch)(g))Tfl
x (1= Fa(9)" - fap (g

Vl,k = A<p(k) Sk (ﬁgR,kﬁ§D7gp(k)HSR,kHRD,Lp(k) fé(ﬁ)r:n (g)

+ [ Hsr k| Hip o (o) HrD, () + ﬁgR,,k|ﬁRD,¢(k)|2gSR,k) (e1(8) + £2(8)) - !
N . ~0.625- (r— 1)
Vaie = M) Hsr e HRD o (1) HRD 0 (1) 2R 1 ( JHn =)l
. Z (’I“ B 1)' (_l)z
+ Ay HSR k|HRD cp(k)| ZR .k +HSR kHRD (k) 2D, (k)- — d(r—1—1)!

x e~ w9 (ihn=r+D)(er(B)+e2(8)y (g).
The signal part of Y, has average power given by P, = ~
Ai(k)Pd|HSR,k\4|HRD,¢(k) 4 and the noise part has average The expectation of the rth-order statistic G(f3),., is then

power given by given by
Py =E{(Vi +Vour) (Vi + Vo) } E [@(B)T:n} = /gfé(ﬁ)m(g) dg
:A2 f{ 4 f{ 2 0
@(k)ﬂd| sr.k|"| RD,@(k)' €ERD, (k) N (e1(8) + £2(8)) | ol
+ A2 oy pal Hsrok|* | HrD o (k) | €5k 0.625 (r—1)!(n —7)!
r—1
. . —1)! '
+ A2 oy pal Hsr ok |* | HRD o (k) | €SR,E€RD (k) Z g TT_ 5 (_1)%
. . =0
+ A2 02 | Hsr k| HRD o0 | o
2 2 X 58359 (i+n—r+1)(1(B)+e2(8)) d
+Ai(k)0§|HSR,k|2|HRD,¢(k)|26RD,¢(I€) /ge 9
0
+ 02| Hsr i |* [ Hrp,p (1) - _ 0.625 _ n!
(e1(B) +e2(8)) (r—Dln—r)!
i a (-1 (-1’
Thus, the effective SNR, defined by &, = P;/P,, can be com- %
puted as in (%6), shown at the bottom of the next page, where Pt ir—1—=)(i+n—r+1)2
1/AZ ) = |Hsr.k[* + esrx + (1/74), and (. is given in (9).
APPENDIX C
APPENDIX B DERIVATION OF (25)

DERIVATION OF (23) To obtain (25), let us first prove the following lemma.

Given the pdf of G(5); in (22), the cumulative density Lemma 1: Forp=2,...,r, we have
function (cdf) can be computed as .
™\ . r _ _
91 > <z’)“’1f =p! (p)yp(l +y)" P+ (1+y) " g(y)
i=0
Fap)(g) ~ / 0625 (e1(B) +e2(B))
0 '1 where ¢(y) is a polynomial of degree (p — 1). 4
. e E1(B)+e2(8) gy Proof: Recall that, by taking the derivative of Y7 o (7)y’ =

(1 +y)" and by multiplying both sides by y, we can show that
Yo (D)iyt =ry(1+y)"'. Using this fact, the lemma can
be proven by induction as follows.

for all k. Note that (22) and (37) are also pdfs and cdfs of 1) To show for p=2, let us again take the deriva-
G(ﬁ) for all k. Thus, the order statistics of G(B) , can then tive of the foregoing equation and multiply both sides

—1— 670_3725~g~(81(5)+82(5))u(g) (37

Ya - |Hsr k| Hrp, (k)

&k = - - -
Ya (|HSR,k|2€RD,<p(k) + |HRD, (k) |*€sR K + €SR,k€RD,<p(k)> + [Hrp ok 2 + €rD,o(k) + 1/AZ 1y

. Yd | Hsp 1 |*| Hrp, o (1) |
Ck + [Hrp k|2

(36)
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by y to obtain Y_7_o (7)i%y" = r(r — Dy*(1+y) 2 +

ry(L+y) =" = 221+ 9)" 2+ (1 +y)" g(y),
where g(y) = ry is a polynomial of degree 1.
2) Suppose that the statement holds for p = k£ > 2. That is

Z_g (:) ity = k|(;> S+ )

where ¢(y) is a polynomial of degree k — 1. Then, by
taking the derivative of the foregoing equation and multi-
plying both sides by y, we get

(5% ()

£

=0
L U T R S () PR
+ (r=k+1)-(14+y)" *-y-9(y) + (1) " y-g'(y)
(D ) )

+(1L+y)" gy

where g(y)=k - k!(})y*+(r—k+1) -y - g(y)+(1+y)-
y-¢'(y) is a polynomial of degree k. Thls shows that the
statement also holds for p = k£ + 1, and thus, the lemma
is proved.

|
Using Lemma 1, we can then show that

<Z>§<:>(lii))2z(r+l) (1+nir)r

for n > r. To show this, let us first note that the term
1/(1+i/(n —1))? can be expanded as 1/(1 +i/(n —1))% =
S it o(=D*(k + 1)(i/(n — 7))k, In this case, it follows that

(=) <()>
( ) ;0 1) > <2)¢k(_1)i

k=r i=0

’ﬂ*’l”

where (a) follows from Lemma 1. Then, for n > r, we can
approximate (38) by

(e

X (e

)iyt

where (b) also follows from Lemma 1. By applying (39) to (24)
withn = N and r = N, we obtain the approximate LB in (25).

(39)

APPENDIX D
PROOF OF PROPOSITION 1

Let A, = {ag,...,an—1} and B,, = {bg,...,b,_1} be sets
consisting of n posmve real numbers, where ag < ap <--- <
ap—qand by < by <--- <b,_q,and let ¢, : A, — B, be the
inverse mapping between the two sets defined by ¢ (a;) =
by—1-; for + =0,...,n — 1. Proposition 1 can be proven by
induction as follows.

1) For n =2, only two possible mappings can be found:
1) the inverse mapping ¢35 and 2) the mapping 5 :
Ay — By defined by ¢h(ag) =by and ¢h(ar) = by.
Since f(ao,bo) < f(ao,b1) and f(ao,bo) < f(a1,bo),
it follows that min{f(ag,¥5(ao)), f(a1,¥5(ar))} =
f(a07 bO) < min{f(G/Oa 805(0/0))7 f(ah @5(@1))} Hence,
the inverse mapping 5 is optimal for n = 2.

2) Suppose that the inverse mapping ¢}, : Ar — By, is op-
timal for some & > 2. We need to show that the inverse
mapping ¢, : A, — B, is optimal forn = k + 1.

Given the mapping for aq in the case of n = k + 1, the best
mapping (i.e., the mapping that yields the max-min value of
f) for the remaining k elements in each set is given by the
inverse mapping. In this case, we define <p§€] ll Akt = Brga
as the mapping, where ay is assigned to by, i.e., apgll(ao) =
br—;, whereas the remaining elements are given by the inverse
mapping, i.e.,

() _ J bk,
¢k+1 (QZ) { bkf’h

for0<i<j
fori > j.

Notice that 991(621 is the best mapping among all those that
assign ag to by_; and that <p,(21

& flai, 80;(221(%‘)) >min;—o,...,

= ¢k41- We need to show that
min,—,.. e F(ai, il (ar) for
any j.

Let ip=argmin.g . f(a;, cp,(:]}rl(ai)):argminizo,m,k
f(a;,bp_;) be the index of the pair that yields the min-
imum value of f under inverse mapping. For any j >

0, it is easy to show that f(a07ap,(cil(ao)) flao, bp—j) <
Flao.be) = Flao.eiy (a0). flaipi)y (ai))=f(aibrsr—i) >
flai,be—s) :f(ai7‘P§€0+)1(ai)) for i=1,...,7 and f(a,
cpgll(al)) = f(a;, @,(fo_&l(ai)) fori =7+ 1,..., k. It follows

that if j < 7¢, then

min £ (i, o), (@) = min {£(ao, by, f (@i beio)}

i=0,...,k
< f(aigabk—io) = Z-:%link f (am %020421(%)) .
If j > i, then

min f (az, @]&il(az)) = f(ao,bx—;)

1=0,...,k

.....

Hence, the inverse mapping gofc _21 is optimal for

n=*k+1. |
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APPENDIX E
DERIVATION OF (31)

To obtain the result in (31), we first show the following two
lemmas.
Lemma 2: With f,(i) 2 —a - In(1 — (2i — 1)/(2N,)) —
b-In((2i — 1)/(2N,)), where N > 1, we have

N A,
i) = {fl(Nd)7

Proof: Let g(z) = —a-In(1 —2) —b-In(z) for 0 < z <
1 and take the derivative

d a b

9/(37):%9(@:1736—;:

fora <b

max
Y fora > b.

ie{l,....,Ngq}

(a+b)x—0b
(1 — ).

Thus, it follows that ¢'(z) < 0 for 0 < z < b/(a + b) and that
g'(x) >0 for b/(a+b) <z < 1. That is, g(z) is decreas-
ing with  when 0 < x <b/(a+b) and is increasing with
x when b/(a+0) <z < 1. Hence, the maximum value of
f1(4) is achieved with either i =1 or i = N,. For Ny > 1,
it holds that —In(1/(2N,)) > —In(1 — 1/(2N,)) > 0. Thus,
for a < b, f(1) = —a-In(1 — 1/(2Ny)) — b-1In(1/(2Ny)) >
—a-In(1/(2Ny)) = b-In(1 — 1/(2Ng)) = f1(N4) and vice
versa. The lemma then follows. ]
Lemma 3: With f>(i) 2 1n(1—(2i-1)/(2N,)) In((2i-1)/
(2Ny4)), we have
min~ fQ(Z) = f2(].) = fQ(Nd)
ie{l,...,Nq}
Proof: Let g(z) = In(1 — z)In(x) for 0 < z < 1. By tak-
ing the derivative of g(x), we get

. d 1 1 (1—z)%
= —g(z) = —In(1-2) — —— In(z) = In| ——
g(z) = ——g(z) = —In(l-z) - -—ln(z) =In e

Notice that, for 0 < z < 1/2, we have 1/x > 2, 1/2 < (1 —
z) < l,and 1 < 1/(1 — ) < 2;thus, 0 < 2t/ (=2) < 1/4, and
(1 — x)Y/® > 1/4. By substituting these inequalities into the
foregoing equation, it then follows that ¢’(x) > 0 for 0 < z <
1/2 since (1 — x)/® /2*/(1=#) > 1, Similarly, we can show that
¢'(z) < 0for1/2 < & < 1. That s, g(x) increases with 2 when
0 <2 < 1/2 and decreases with o when 1/2 <z < 1. Since
0<(2i—1)/(2Ng) <1 for i =1,..., Ny, the minimum of
f2(i) over the set {1,...,N;} is achieved with either i = 1
or i = N,. The lemma then follows since () = f(Nd) =
In(1 — 1/(2Ny)) In(1/(2Ny)). [
By Lemmas 2 and 3, it follows that

2i-1 2i-1
. ln(l—;ﬁd)-ln(;]vd)
min

ie{l,..,Nqg} _ 2 . _2i-1) _ 2 . 2i—1
{ a} USRln(l 2Nd) URDIH(2Nd)

2 2
. — for oip <oip
2Ny

2 2
, foroén >ogp-

REFERENCES

[1] A. Sendonaris, E. Erkip, and B. Aazhang, “User cooperation diversity—
Part I: System description,” [EEE Trans. Commun., vol. 51, no. 11,
pp- 1927-1938, Nov. 2003.

[2] J.N.Laneman, D. N. C. Tse, and G. W. Wornell, “Cooperative diversity in
wireless networks: Efficient protocols and outage behavior,” IEEE Trans.
Inform. Theory, vol. 50, no. 12, pp. 3062-3080, Dec. 2004.

[3] Y.-W. P. Hong, W.-J. Huang, and C.-C. J. Kuo, Cooperative Communica-
tions and Networking: Technologies and System Design. Boston, MA:
Springer-Verlag, 2010.

[4] T. E. Hunter and A. Nosratinia, “Diversity through coded cooperation,”
IEEE Trans. Wireless Commun., vol. 5, no. 2, pp. 283-289, Feb. 2006.

[5] G. Kramer, M. Gastpar, and P. Gupta, “Cooperative strategies and capacity
theorems for relay networks,” IEEE Trans. Inform. Theory, vol. 51, no. 9,
pp- 3037-3063, Sep. 2005.

[6] Y. Yang, H. Hu, J. Xu, and G. Mao, “Relay technologies for WiMAX and
LTE-advanced mobile systems,” IEEE Commun. Mag., vol. 47, no. 10,
pp- 100-105, Oct. 2009.

[7]1 T. Riihonen, R. Wichman, and S. Werner, “Evaluation of OFDM(A) re-
laying protocols: Capacity analysis in infrastructure framework,” IEEE
Trans. Veh. Technol., vol. 61, no. 1, pp. 360-374, Jan. 2012.

[8] I. Hammerstrom and A. Wittneben, “Power allocation schemes for
amplify-and-forward MIMO-OFDM relay links,” IEEE Trans. Wireless
Commun., vol. 6, no. 8, pp. 2798-2802, Aug. 2007.

[9] A. Hottinen and T. Heikkinen, “Subchannel assignment in OFDM relay
nodes,” in Proc. 40th Annu. Conf. Inf. Sci. Syst., Princeton, NJ, Mar. 2006,
pp. 1314-1317.

[10] A. Hottinen and T. Heikkinen, “Optimal subchannel assignment in a two-
hop OFDM relay,” in Proc. IEEE 8th Workshop Signal Process. Adv.
Wireless Commun., Helsinki, Finland, Jun. 2007, pp. 1-5.

[11] Y. Li, W. Wang, J. Kong, and M. Peng, “Subcarrier pairing for amplify-
and-forward and decode-and-forward OFDM relay links,” IEEE Com-
mun. Lett., vol. 13, no. 4, pp. 209-211, Apr. 2009.

[12] T. Riihonen, R. Wichman, J. Hamalainen, and A. Hottinen, “Analysis of
subcarrier pairing in a cellular OFDMA relay link,” in Proc. Int. ITG
Workshop Smart Antennas, Darmstadt, Germany, Feb. 2008, pp. 104-111.

[13] Z.Han, T. Himsoon, W. P. Siriwongpairat, and K. J. R. Liu, “Resource al-
location for multiuser cooperative OFDM networks: Who helps whom and
how to cooperate,” IEEE Trans. Veh. Technol., vol. 58, no. 5, pp. 2376—
2391, Jun. 2009.

[14] K.-Y. Sung, Y.-W. P. Hong, and C.-C. Chao, “Resource allocation and
partner selection for cooperative multicarrier systems,” IEEE Trans. Veh.
Technol., vol. 60, no. 7, pp. 3228-3240, Sep. 2011.

[15] T. Wang and L. Vandendorpe, “Sum rate maximized resource allocation
in multiple DF relays aided OFDM transmission,” IEEE J. Sel. Areas
Commun., vol. 29, no. 8, pp. 1559-1571, Sep. 2011.

[16] T. Wang and L. Vandendorpe, “WSR maximized resource allocation in
multiple DF relays aided OFDMA downlink transmission,” /EEE Trans.
Signal Process., vol. 59, no. 8, pp. 3964-3976, Aug. 2011.

[17] T. Riihonen, R. Wichman, and S. Werner, “Capacity evaluation of DF
protocols for OFDMA infrastructure relay links,” in Proc. IEEE Global
Commun. Conf., Honolulu, HI, Dec. 2009, pp. 1-6.

[18] T. Wang, “Weighted sum power minimisation for multichannel decode-
and-forward relaying,” IET Electron. Lett., vol. 48, no. 7, pp. 410411,
Mar. 2012.

[19] J. K. Cavers, “An analysis of pilot symbol assisted modulation for
Rayleigh fading channels,” IEEE Trans. Veh. Technol., vol. 40, no. 4,
pp. 686-693, Nov. 1991.

[20] L. Tong, B. M. Sadler, and M. Dong, “Pilot-assisted wireless transmis-
sions: General model, design criteria, and signal processing,” IEEE Signal
Process. Mag., vol. 21, no. 6, pp. 12-25, Nov. 2004.

[21] M. Dong and L. Tong, “Optimal design and placement of pilot symbols
for channel estimation,” IEEE Trans. Signal Process., vol. 50, no. 12,
pp- 3055-3069, Dec. 2002.

[22] M. Dong, L. Tong, and B. M. Sadler, “Optimal insertion of pilot symbols
for transmissions over time-varying flat fading channels,” IEEE Trans.
Signal Process., vol. 52, no. 5, pp. 1403-1418, May 2004.

[23] B. Hassibi and B. M. Hochwald, “How much training is needed in
multiple-antenna wireless links?” IEEE Trans. Inform. Theory, vol. 49,
no. 4, pp. 951-963, Apr. 2003.

[24] H. Vikalo, B. Hassibi, B. Hochwald, and T. Kailath, “On the capacity
of frequency-selective channels in training-based transmission schemes,”
IEEE Trans. Signal Process., vol. 52, no. 9, pp. 2572-2583, Sep. 2004.

[25] S. Adireddy, L. Tong, and H. Viswanathan, “Optimal placement of train-
ing for frequency-selective block-fading channels,” IEEE Trans. Inform.
Theory, vol. 48, no. 8, pp. 2338-2353, Aug. 2002.



720 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 62, NO. 2, FEBRUARY 2013

[26] R. Negi and J. Cioffi, “Pilot tone selection for channel estimation in a
mobile OFDM system,” IEEE Trans. Consum. Electron., vol. 44, no. 3,
pp. 11221128, Aug. 1998.

[27] S. Ohno and G. B. Giannakis, “Optimal training and redundant precoding
for block transmissions with application to wireless OFDM,” IEEE Trans.
Commun., vol. 50, no. 12, pp. 2113-2123, Dec. 2002.

[28] X. Cai and G. B. Giannakis, “Error probability minimizing pilots for
OFDM with M-PSK modulation over Rayleigh-fading channels,” IEEE
Trans. Veh. Technol., vol. 53, no. 1, pp. 146155, Jan. 2004.

[29] A. Y. Panah, B. Nosrat-Makouei, and R. G. Vaughan, “Non-uniform
pilot-symbol allocation for closed-loop OFDM,” IEEE Trans. Wireless
Commun., vol. 7, no. 7, pp. 2723-2731, Jul. 2008.

[30] A. Y. Panah, R. G. Vaughan, and R. W. Heath, Jr., “Optimizing pilot
locations using feedback in OFDM systems,” IEEE Trans. Veh. Technol.,
vol. 58, no. 6, pp. 2803-2814, Jul. 2009.

[31] E Gao, T. Cui, and A. Nallanathan, “On channel estimation and optimal
training design for amplify and forward relay networks,” IEEE Trans.
Wireless Commun., vol. 7, no. 5, pp. 1907-1916, May 2008.

[32] E Gao, T. Cui, and A. Nallanathan, “Optimal training design for channel
estimation in decode-and-forward relay networks with individual and
total power constraints,” [EEE Trans. Signal Process., vol. 56, no. 12,
pp- 5937-5949, Dec. 2008.

[33] K.-Y. Sung, Y.-W. P. Hong, and C.-C. Chao, “Feedback-aided pilot
placement for amplify-and-forward OFDM relay links,” in Proc. IEEE
11th Int. Symp. Spread Spectr. Tech. Appl., Taichung, Taiwan, Oct. 2010,
pp. 17-22.

[34] K.-Y. Sung, Y.-W. P. Hong, and C.-C. Chao, “Feedback-aided pilot place-
ment for OFDM relay links with subcarrier pairing,” in Proc. IEEE Int.
Conf. Commun., Kyoto, Japan, Jun. 2011, pp. 1-5.

[35] M. Herdin, “A chunk base OFDM amplify-and-forward relaying scheme
for 4G mobile radio systems,” in Proc. IEEE Int. Conf. Commun.,
Istanbul, Turkey, Jun. 2006, pp. 4507-4512.

[36] C. R. N. Athaudage, M. Saito, and J. Evans, “Performance analysis of
dual-hop OFDM relay systems with subcarrier pairing,” in Proc. IEEE
Int. Conf. Commun., Beijing, China, Jun. 2008, pp. 4419-4423.

[37] O. Amin, B. Gedik, and M. Uysal, “Channel estimation for amplify-
and-forward relaying: Cascaded against disintegrated estimators,” /ET
Commun., vol. 4, no. 10, pp. 1207-1216, Jul. 2010.

[38] S. M. Kay, Fundamentals of Statistical Signal Processing: Estimation
Theory. Englewood Cliffs, NJ: Prentice-Hall, 1993.

[39] T. S. Rappaport, Wireless Communications: Principles and Practice.
Upper Saddle River, NJ: Prentice-Hall, 2002.

[40] B. O’Hara and A. Petrick, The IEEE 802.11 Handbook: A Designer’s
Companion. New York: IEEE Press, 1999.

[41] W. Jakes, Mobile Microwave Communication. New York: Wiley, 1974.

[42] M. Ahsanullah and V. B. Nevzorov, Ordered Random Variables.
Huntington, NY: Nova, 2001.

Kuang-Yu Sung (S5’05) was born in Taipei, Taiwan,
in 1980. She received the B.S. degree in electrical
engineering in 2002 and the M.S. and Ph.D. degrees
in communications engineering from the National
Tsing Hua University, Hsinchu, Taiwan, in 2004 and
2011, respectively.

Since October 2011, she has been with the In-
stitute of Communications Engineering, National
Chiao Tung University, Hsinchu, where she is cur-
rently an Assistant Research Fellow. Her research
interests include digital communications, signal pro-
cessing, information theory, and cooperative communications.

Y.-W. Peter Hong (S’01-M’05) received the B.S.
degree in electrical engineering from the National
Taiwan University, Taipei, Taiwan, in 1999 and the
Ph.D. degree in electrical engineering from Cornell
University, Ithaca, NY, in 2005.

He joined the Institute of Communications En-
gineering and the Department of Electrical Engi-
neering, National Tsing Hua University, Hsinchu,
Taiwan, in the Fall 2005, where he is currently an
Associate Professor. He is a coauthor (with W.-J.
Huang and C.-C. J. Kuo) of the book Cooperative
Communications and Networking: Technologies and System Design (Springer,
2010). His research interests include cooperative communications, physical
layer secrecy, distributed signal processing for sensor networks, and PHY-MAC
cross-layer designs for wireless networks.

Prof. Hong received the Best Paper Award for Young Authors from the IEEE
Information Theory/Communications Society Taipei/Tainan Chapter in 2005,
the Best Paper Award among unclassified papers at the 2005 Military Com-
munications Conference, the Junior Faculty Research Award from the College
of Electrical Engineering and Computer Science (EECS) and from National
Tsing Hua University in 2009 and 2010, respectively, and the Outstanding
Teaching Award from the College of EECS in 2010. In 2010, he also received
the IEEE Communications Society Asia-Pacific Outstanding Young Researcher
Award. In 2011, he received the Y. Z. Hsu Scientific Paper Award and the Wu
Ta-You Memorial Award. He is currently an Associate Editor for the IEEE
TRANSACTIONS ON SIGNAL PROCESSING and the IEEE TRANSACTIONS ON
INFORMATION FORENSICS AND SECURITY.

Chi-Chao Chao (S’87-M’89) was born in Taipei,
Taiwan, in 1961. He received the B.S. degree in
electrical engineering from the National Taiwan Uni-
versity, Taipei, in 1983 and the M.S. and Ph.D.
degrees in electrical engineering from the California
Institute of Technology (Caltech), Pasadena, in 1986
and 1989, respectively.

He was an instructor with the Department of
Weapon Command and Control Systems, Naval
Weapon School, Kaohsiung, Taiwan, during his mil-
itary service from 1983 to 1985. Since September
1989, he has been with the National Tsing Hua University (NTHU), Hsinchu,
Taiwan, where he is currently a Tsing Hua Distinguished Professor with the
Department of Electrical Engineering and the Institute of Communications
Engineering. He was the Chair of the Department of Electrical Engineering,
NTHU, from February 2010 to July 2012, and the Director of the Institute
of Communications Engineering, NTHU, from August 2005 to July 2008. He
held visiting positions at Caltech from September 1995 to March 1996; at
Bell Communications Research, Morristown, NJ, from March 1996 to August
1996; and at Osaka University, Japan, from April 2009 to September 2009.
His current research interests include digital communications, error-correcting
codes, information theory, and wireless networks.

Dr. Chao was the Secretary of the IEEE Taipei Section from 1997 to
1998, the Chair of the IEEE Information Theory Society Taipei Chapter from
1999 to 2001, and the Chair of the IEEE Communications Society Taipei
Chapter from 2009 to 2010. He served as an Associate Editor for the IEEE
COMMUNICATIONS LETTERS from 2002 to 2005. He was a General Co-
Chair of the 2010 International Symposium on Information Theory and its
Applications and the 2010 International Symposium on Spread Spectrum
Techniques and Applications held in Taichung, Taiwan, October 2010. He
received the Distinguished Teaching Award from NTHU in 1993, 2002,
and 2008.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues false
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


