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Let I'=(X, R) denote a distance-regular graph with distance function 0 and
diameter d>4. By a parallelogram of length i (2<i<d), we mean a 4-tuple xyzu
of vertices in X such that d(x, y)=0(z, u)=1, d(x,u)=1i, and 0(x,z)=0(y, z)=
0(y, u)=i—1. We prove the following theorem. THEOREM. Let I” denote a distance-
regular graph with diameter d > 4, and intersection numbers a, =0, a, # 0. Suppose
I is Q-polynomial and contains no parallelograms of length 3 and no
parallelograms of length 4. Then I has classical parameters (d, b, a, ) with b < —1.
By including results in [3], [9], we have the following corollary. COROLLARY. Let
I" denote a distance-regular graph with the Q-polynomial property. Suppose the
diameter d>4. Then the following (i)-(ii) are equivalent. (i) I’ contains no
parallelograms of any length. (ii) One of the following (iia)-(iic) holds. (iia) 7" is
bipartite. (iib) I” is a generalized odd graph. (iic) I" has classical parameters
(d, b, a, ) and either b< —1 or I" is a Hamming graph or a dual polar graph.

© 1997 Academic Press

1. INTRODUCTION

It is well known that a distance-regular graph with classical parameters
has the Q-polynomial property [2, Theorem 8.4.1]. For the converse,
Brouwer, Cohen, Neumaier proved that a Q-polynomial regular near
polygon with diameter d >3 and intersection number a, #0 has classical
parameters [ 2, Theorem 8.5.1]. In [ 8], we proved a generalized version of
above result.

In this paper, we consider a Q-polynomial distance-regular graph with
a; =0, a, #0 and prove that it has classical parameters if its diameter is at
least 4 and if it contains no 4-vertex configurations of a certain type
(parallelograms). See Theorem 2.11 for details. By including some results in
[3, 9], we give a classification of parallelogram-free Q-polynomial distance-
regular graphs in Corollary 2.12.

For the rest of this section, we review some definitions and basic
concepts. See Bannai and Ito [1] or Terwilliger [ 5] for more background
information.
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Throughout this paper, I'= (X, R) will denote a finite, connected, undi-
rected graph without loops, or multiple edges, and with vertex set X, edge
set R, path length distance function 0, and diameter d:=max{d(x, y)|
x, yeX}. I' is said to be distance-regular whenever for all integers A, i, j
(0<h, i, j<d), and all vertices x, y € X with d(x, y) =h, the number

phi=I{zeX|o(x,z)=i,0(y, z) = j}|

is independent of x, y. The constants pfj’ (0<h, i, j<d) are known as
the intersection numbers of I'. For convenience, set ¢;:=p', , (1<i<d),
a;:=pi, (0<i<d), b;:=p|, (0<i<d—1), and put b,:=0, ¢,:=0,
k=b,. It is immediate from the definition that b, #0 (0<i<d—1), ¢; #0
(1<i<d), and

k=by=a,+b;+c, (1<i<d). (1.1)

We refer to k as the valency of I.

A distance-regular graph I is called bipartite whenever a, =a,= --- =
a;=0. ' is called a generalized odd graph whenever a,=a,=--- =
a;_1=0,a,;#0.

From now on, we fix a distance-regular graph with diameter d > 3. Let
pfj. (0<h, i, j<d) denote the intersection numbers of I

Let Mat (R) denote the algebra of all the matrices over the real number
field with the rows and columns indexed by the elements of X. The distance
matrices of I' are the matrices 4,, 4,, ..., A, € Mat ,(R), defined by the rule

1 if d(x,y)=i
A= . . X).
W={y i oDy (wrex)
Then
Ay=1, (1.2)
Ag+A+ - +A4,=J (J=all 1I’s matrix), (1.3)
Al=d,  (0<i<d), (14)
d
A, 4;= 3, ppd,  (0<i, j<d), (1.5)
h=0
A A;=A;A; (0<i, j<d). (1.6)

Let M denote the subspace of Mat,(R) spanned by A4y, 4,, ..., A,. Then
M is a commutative subalgebra of Mat(R), and is known as the
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Bose-Mesner algebra of I'. By [1, p. 59, p. 64], M has a second basis
Ey, E,, .., E; such that

E,=|X|""J, (1.7)
EE=0,E,  (0<i, j<d), (1.8)
Ey+E + - +E,=1 (1.9)
E;=E, (0<i<d). (1.10)

The E,, E,, ..., E, are known as the primitive idempotents of I', and E is
known as the trivial idempotent. Let E denote any primitive idempotent
of I'. Then we have

d
E=|X|""Y 074, (1.11)

i=0

for some 6%, 05, ..., 0% € R, called the dual eigenvalues associated with E.
Let o denote entry-wise multiplication in Mat ,(R). Then

AioAjzaiin (Ogiajgd)n

so M is closed under o. Thus there exists qf/ eR (0<1, j, k<d) such that

=X~ Z ayEc  (0<i, j<d).

k=0

I'is said to be Q-polynomial with respect to the given ordering E,, E,, ..., E,
of the primitive idempotents, if for all integers 4, i, j (0 < h, i, j<d), qu’ 0
(resp. ql/ # 0) whenever one of 4, i, j is greater than (resp. equal to) the sum
of the other two. Let E denote any primitive idempotent of 7. Then I is
said to be Q-polynomial with respect to E whenever there exists an ordering
E,, E,=E, .., E, of the primitive idempotents of I, with respect to which
I' is Q-polynomial. If I" is Q-polynomial with respect to E, then the
associated dual eigenvalues are distinct [5, p. 384].

Set VV'=R!*! (column vectors), and view the coordinates of V as being
indexed by X. Then the Bose-Mesner algebra M acts on V by left multi-
plication. We call V the standard module of I'. For each vertex x € X, set

£=(0,0,..,0,1,0,..,0), (1.12)
where the 1 is in coordinate x. Also, let { , > denote the dot product

{u, vy =u'v (u,ve V). (1.13)
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Then referring to the primitive idempotent E in (1.11), we compute from
(1.10)—(1.13) that

CEX, py=IX|7"0F  (x,yeX), (1.14)

where i =0(x, p).

2. MAIN THEOREM
Throughout this section, we will use the following notations.

DeFNITION 2.1. Let I'=(X, R) denote a distance-regular graph with
diameter d > 3. For all x, ye X, and all integers i, j, define

pix, y)i= ) 2
zeX
x,z)=1i
oy.2)=J

where the Z notation is from (1.12). Further define
X, i=prax, p),
X0 i=piax, 1),
X; =Dpina(x p),
where
h=0(x, y).

Our work is based on the following two theorems of Leonard [ 4], Terwilliger
[6, Theorem 3.3] and Terwilliger [ 7, Theorem 2.6 and Theorem 2.7].

THEOREM 2.2. Let I'= (X, R) denote a distance-regular graph with diameter
d =3, and suppose I is a Q-polynomial with respect to the primitive idempotent

d
E =|Xx|"! Z 05f 4,
h

=0
Then the following (i)—(ii) hold.
(i) ([41.[6])
OF ,—0F =007 5—0F) (3<i<d) (2.1)

Sfor appropriate o € R\{0}.
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(1) ([6]) For all integers h, i, j (1<h<d), (0<i, j<d), and all
X, y € X such that 0(x, y)=h, the vector

Py(%, ¥) = pu(x, ) = ri(£ = 9) (2.2)

is orthogonal to E,V + E,V, where

0F — 0
rf}zpf}((%k_é}lk). (2.3)

THEOREM 2.3. ([7]) Let I'= (X, R) denote a distance-regular graph with
diameter d =3, and suppose I' is Q-polynomial with respect to the primitive
idempotent

d
E =|X|"" ) 0rA4,.
h=0
Then for all integers h, i, j (0<h, i, j<d), and all x, ye X such that
d(x, y)=h, the vector
Py ¥)+ pu(x, y) = s+ 9) =157 (X + 3 7)
h h
_tgj(x;)«+y2)_[gj+l(x;+y;r) (24)
is orthogonal to E,V + E,V, where

(a) 1;'=13=15""=0  (0<i j<d), (2.5)
(b) pﬁj’.=s§;+cht§;*‘+a,,tg.+bhzf7j“ (0<h, i, j<d), (2.6)
(c) py(0F +07)=s3(0F +0F) +cpty™ ' (0F + 05 1) +a,t;(0F +05F)
+bhlz+](0;k+0;f+]) (0<h7 lsjgd)’
1, are indeterminants). .
(0%, 0%, are ind ' ) (2.7)

LemMmA 2.4. Let I'=(X, R) denote a distance-regular graph with diameter
d>=4, and suppose I' is Q-polynomial with respect to the primitive idempotent

d
E\=1X|"" ) 054,
h=0

Then

0 — 07 + 0% — 0% #0.
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Proof. Suppose

0F — 0% + 0% — 0%

0. (2.8)

Setting i=3 in (2.1), we find o = 1. Evaluating (2.1) with ¢ =1 and i=4,
we find

0F — 0% +0% — 0% =0. (2.9)

Combining (2.8), (2.9), we readily obtain 6 =6, a contradiction. This
proves Lemma 2.4.

LemMma 2.5. Let I'=(X, R) denote a distance-regular graph with diameter
d>=4. Suppose I' is Q-polynomial with respect to the primitive idempotent
d
El = |X| ! Z Hi*Aia

i=0

and let the scalars sg., tfj be as in (2.5)~(2.7). Then

57,=0, (2.10)
sl ,=0, (2.11)
0F+0F—0* ,—0F

2 2 1 3 i—2 i

2 = —pl 2.12
S11—2 pll—2< 0(?_6;‘:"'9;(_0? >’ ( )
1 ,=0, (2.13)
lsz:O, (2.14)

0F +0F—0% ,—0F
0 + 2 i—2 1> (215)

13 . =bh1p2
ii—2 2 p11—2< 95“—01*4-95"—93"
for all integers i (2<i<d).

Proof. From (2.6), (2.7) (with h=0 and j=i—2), and since p?, ,=0,
co=0, ap,=0, we find

0 1
0=s;, »,+bot;; »,

0 1
0=s;, ,05+bot;, ,0F.
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Lines (2.10), (2.13) follow since 0§ # 0 and b, #0. From (2.6), (2.7) (with
h=1and j=i—2), and since p!, ,=0,1%, ,=0,1!, ,=0by (2.5), (2.13),
we find

0=s;, >+bit},_,,

0 =s;i72(96" +07) +blt?i72(01* +0%).
Lines (2.11), (2.14) follow since 6F #6065 and b, #0. From (2.6), (2.7)
(with h=2 and j=i—2), and since ¢, ,=0, ¢}, ,=0, ¢}, ,=0by (2.13),
(2.14), we find

Plia=Sl a+bat] s,
Pl 0F +0F 5) =57, ,(08 +0F) + bst7,_,(0F +0%).

Since b, #0, and since 65 + 0F # 0 + 0% by Lemma 2.4, we may solve
these equations to obtain (2.12), (2.15). This proves the lemma.

LemMmA 2.6. Let I'=(X, R) denote a distance-regular graph with diameter
d>=4, and suppose I' is Q-polynomial with respect to the primitive idempotent

d
E1= |X|_l z 9,‘*141"

i=0

Then for any vertices x, y € X with 0(x, y) =2, and any integer i (3 <i<d),
the vector

(0F —03)(05 —0F ») — (05 —0F)(6F —6F)
(05 —0F)(05 —O0F + 05 —07)

(p?i—2)7] Dii_a(x, y)—%
(0F —03)(0F —0F) + (05 —05)(0F —0F )
(05 —03)(05 — 0 + 03 —0%)

L 08 +03— 07 ,— 07
*0F —0F + 0% — 0%

+7

—by'y

is orthogonal to E,V+ E,| V.

Proof. From (24) (with h=2 and j=i—2), and since 7}, ,=0,
7, ,=0 by (2.13), (2.14), respectively, we find the vector

Piico(X Y)+piai(x, ) =57, A2+ D) _t?ifz(x; +y5)  (216)
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is orthogonal to E,V+ E,V, where 57, ,, t;, , are from (2.12), (2.15),
respectively. From (2.2) (with A=2 and j=i—2) we find the vector

Piica(X ¥)=piai(X, ) =1} (%= P) (2.17)
is orthogonal to E,V+ E,V, where r?, , is from (2.3). Setting i=3 in
(2.17) we find the vector

+

yi=x =2 =) (2.18)
is orthogonal to E,V + E, V. Eliminating p, _,,(x, y), x,” in (2.16) using
(2.17)—(2.18), we find the vector

212X, ¥) = (1}, s+t =11 ,r3) %
F (1] =T = o) P26 !

is orthogonal to E,V + E, V. The result is now obtained by evaluating the
coefficients in the above line using (2.3), (2.12), (2.15), and simplifying.

THEOREM 2.7. Let I'=(X, R) denote a distance-regular graph with
diameter d = 4. Suppose the intersection number a, #0. Pick any 3-tuple xyz
of vertices in I' with 0(x, y)=0(x,z)=2, d(y, z) =1, and set

filxyz) :=(pi;_) " Hulue X, o(x, u)=1i,
Ayu)=dzuw)=i-2}|  (3<i<d).

Suppose I’ is Q-polynomial with respect to the primitive idempotent
d
Ey=1X|7" ) 074,

i=0

Then

Silxyz) =, f3(xyz) =B, (3<i<d), (2.19)

where
(05 + 03 =0F ,—0F)(0F —03)
ai_(eé“—ﬁ’i"+9£“—9§")( Fo—0F)

0F —0F (0F —02)(0 —0F) + (0F — 03)(0F —0F »)
05 —05 (03— 07 +0F —0%)(0F ,—07F )
03 -0 ,

o g (3<i<a). (2.21)
i—27 Yi—1

(3<i<d), (2.20)

ﬂi:
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Proof. To get (2.19)—~(2.21), compute the inner product of E,Z and the
vector in Lemma 2.6, and set the result equal 0. The computation is readily
carried out once we observe by (1.14) that

|X| CE\Z, piia(x, ¥)) =p?,<,2(f}(XyZ)(0?iz— LO+0E),
|X|<E12’)€>=0§k9
|X| <E12’ j}>:01*7
| X CE\Z, p ) =by(f3lxpz)(0F — 0F) + 0F).
DerFiNITION 2.8. A distance-regular graph I" is said to have classical

parameters (d, b, o, f) whenever the diameter of I"is ¢ > 2, and the intersection
numbers of I” satisfy

c,:m(ua["‘ll]) (0<i<d), (222)

o ({o[) weren e

where
i .
{J:=1+b+b2+mb’1. (2.24)

LemmA 2.9. Let I' denote a distance-regular graph with diameter d > 4.
Then the following (1)—(ii) are equivalent.

(1) I has classical parameters (d, b, o, f3).

(1) I'is Q-polynomial with respect to a primitive idempotent

d
E\=|X|""Y 6074,
i =0

i=

and B,=0, where S, is defined in (2.21).

Proof. (1) = (ii). Suppose I has classical parameters (d, b, a, §). Then I”
is Q-polynomial with respect to a primitive idempotent

d
E‘lzlklli1 Z 01‘*1459
i=0
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where

9;*—95k=(9;k—95k)Mb” (0<i<d) (2.25)

[2, p. 250]. Now f3, =0 is obtained by eliminating 85, 8%, 65 in (2.21) for
i=4 and simplifying.
(i1) = (1). Suppose f,=0. Then by setting i=4 in (2.21),

(05 —0F + 05 — 03)(0F — 05)(05 — 0F) — (0 — 05)* (05 — 0F) =0. (2.26)

Set
0% — 03
bim 227
0F—07 (227)
Then
0% —0%)(b+ 1
0% 0 +¢. (2.28)

Eliminating 05, 6%, 6F in (2.26) using (2.27) and (2.1) for i =3, 4, we have

(0 —0F) (—1+0)(ob>+ab+a—b)
_b30_2

=0 (2.29)

for appropriate e R\{0}. Note that 0F #0;, and observe that by
Lemma 2.4 and by setting i=3 in (2.1), 0 # — 1. Hence

ob>+ob+o—b=0, (2.30)
S0

o bP+b+1
=—

o (231)

To prove I’ has classical parameters, in view or Terwilliger [6,
Theorem 4.2(iii) ], it suffices to prove that

i
1

We prove (2.32) by induction on i. The cases i=0, 1 are trivial and the
case i =2 is from (2.28). Now suppose i > 3. Then (2.1) implies

9,*-03:(%-9@{ }b"’ (0<i<d). (2.32)

0F =g (0% | — 0% ) + 0% .. (2.33)

1 1
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Evaluate (2.33) using (2.31) and the induction hypothesis, we find
0F —0F is as in (2.32). This proves Lemma 2.9.

DermNiTION 2.10. Let I'= (X, R) denote a distance-regular graph with
distance function 0 and diameter d. By a parallelogram of length i (2 <i<d),
we mean a 4-tuple xyzu of vertices in X such that d(x, y)=0(z, u)=1,
d(x,u)=1i,and O(x,z)=0(y,z)=0(y,u)=i—1.

THEOREM 2.11. Let I'=(X, R) denote a distance-regular graph with
diameter d = 4 and intersection numbers a, =0, a, # 0. Suppose I is Q-polynomial
and contains no parallelograms of length 3 and no parallelograms of length 4.
Then I has classical parameters (d, b, o, ) with b < —1.

Proof. Pick any 3-tuple xyz in I" with d(x, y)=0(x,z)=2, d(y, z) =1,
and let f;(xyz) be as in Theorem 2.7. Since a, =0, we find

S3(xyz) =0. (2.34)

Claim 1. f,(xyz)=0.

Proof of Claim 1. Suppose f4(xyz)+#0, and pick u such that d(y, u) =
d(z,u)=2 and O(x,u)=4. Now pick we X with d(u, w)=0(y, w)=1.
Observe 0(w, z) # 1, otherwise a; #0. Hence d(w, z) =2. Now pick ve X
with d(x, v) =0(z, v)=1. Observe d(u, v) =3, and 2 < (v, w) <3. Suppose
d(v, w) =2. Then the 4-tuple uwzv is a parallelogram of length 3, contradic-
ting our assumption. Hence d(v, w)=3. But now the 4-tuple xvwu is a
parallelogram of length 4, also a contradiction. Hence f,(xyz) =0.

Claim 2. I has classical parameters (d, b, a, f) with b < —1.

Proof of Claim 2. Setting i=4 in (2.19) we find f,=0 by (2.34) and by
Claim 1. Hence I has classical parameters (d, b, «, ) by Lemma 2.9. Now
from (1.1), (2.22), (2.23), and since a, =0, a, #0,

—a(b+1)Y=a,—(b+1)a,

=a,
> 0. (2.35)
Hence
a<0. (2.36)

By direct calculation from (2.22), we get

(cs—b)(bB2+b+1)=c3>0. (2.37)
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Since b is an integer and b #0, —1 [2, p. 195], we have
b*>+b+1>0.
Then from (2.37), we get
¢, > b (2.38)
By using (2.22), (2.38), we get
o(l+b)y=c,—b—1=0.

Hence b < —1, by (2.36) and since b # — 1.

COROLLARY 2.12. Let I' denote a distance-regular graph with the
Q-polynomial property. Suppose the diameter d=4. Then the following
(1)—(ii) are equivalent.

(1) I contains no parallelograms of any length.
(1) Ome of the following (iia)—(iic) holds.

(iia) I is bipartite.

(iib) I is a generalized odd graph.

(iic) I has classical parameters (d, b, o, ) and either b< —1 or I’
is a Hamming graph or a dual polar graph.

(see [2] for the definitions and basic properties of Hamming graphs and
dual polar graphs).

Proof. (ii) = (i). It is clear that a bipartite graph and a generalized odd
graph contain no parallelograms of any length. It is well known that the
hamming graphs and the dual polar graphs contain no parallelograms of
any length [9, Lemma 7.3]. Suppose I has classical parameters (d, b, a, f§)
with b< —1. Then I' contains no parallelograms of any length by [7,
Theorem 2.12] and [9, Lemma 7.3].

(1)=(i1). If a,=0 then (iia) or (iib) holds by [3, Lemma 2.3]. If
a, #0, then (iic) holds by [8, Theorem 2.6], [9, Lemma 7.3]. Suppose
a, #0, a;=0. Then I has classical parameters (d, b, a, f) with b < —1 by
Theorem 2.11.
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