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An Optimal Wheel Torque Distribution Controller
for Automated Vehicle Trajectory Following

Ling-Yuan Hsu and Tsung-Lin Chen

Abstract—This paper proposes an automated vehicle trajec-
tory following system that uses four constrained wheel torques
to regulate a vehicle on a reference trajectory. The constrained
wheel torques can be achieved using the two-wheel drive and
differential brakes. The proposed control algorithm is developed
using the following steps. First, the sliding-mode control is used to
find stability constraints for trajectory following when the vehicle
system is subjected to modeling errors. Second, these stability
constraints, along with other actuator constraints, are particularly
tuned for the proposed control distribution method. The pro-
posed control distribution method determines four longitudinal
tire forces and minimizes actuator control efforts. Finally, these
tire forces are converted to traction/braking wheel torques. The
proposed method has the following advantages: 1) It achieves
both robust trajectory following and optimal control efforts, 2) the
optimal control effort is obtained analytically instead of from a
numerical search, and 3) the robust performance of this vehicle
control system can be theoretically verified. The proposed method
is evaluated using numerical simulations on two front-drive vehicle
models: a full-state vehicle model and a sedan model from the
Carsim commercial software. The simulation results indicate that,
in both cases, the proposed method can regulate the vehicle to
finish a “double-lane change” when the vehicle is moving at an
initial speed of 90 km/h. The maximum lateral acceleration is
6.56 m/s2, and the regulated position error is less than 6.9 cm.

Index Terms—Automated vehicle trajectory following, control
distribution, differential torque controls, Karush–Kuhn–Tucker
(KKT) theorem, optimization, sliding-mode controls, vehicle con-
trol systems.

I. INTRODUCTION

IN RECENT years, several studies have used the direct
yaw moment control (DYC) for lane following, which is

to generate controlled yaw moments on a vehicle to regulate
vehicle trajectories [1]–[4]. In most cases, this controlled yaw
moment is generated by the steering wheel control because
it is simple and straightforward [2], [5], [6]. A number of
studies have proposed the use of the differential torque (brake)
system to generate this yaw moment [3], [4], [7]. Although the
use of the differential torque (brake) approach is complex, it
has several advantages, such as no additional mechanical or
hydraulic components are required, and the steering system can
remain intact for other control applications. Both approaches
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have been proven to be effective. Currently, several differential
torque approaches only determine a lumped traction/braking
torque on tires either at two sides (left and right) or one
side, instead of for four tires independently. This substantially
reduces the complexity of control algorithms. However, from
the control viewpoint, these simplified control approaches may
limit the effectiveness of vehicle control.

Most DYC systems are developed using a hierarchical archi-
tecture to reduce the complexity of the controller design [2], [4],
[7], [8]. When using this hierarchical architecture for the differ-
ential torque system, the control algorithm first determines the
virtual tire forces and/or moments for regulating vehicle trajec-
tory. Subsequently, this virtual entity is distributed to four tire
forces using control distribution [2], [4], [7]–[9]. Finally, these
distributed tire forces are transformed into traction/braking
wheel torques. Therefore, this approach involves two research
topics: robust feedback control and control distribution. For
feedback control, system stability must be examined for the
overall system instead of for each hierarchical layer; otherwise,
the transient response of each layer may endanger the stability
of the overall system [8]. For example, dynamics occur between
tire forces and traction/braking torques. These dynamics are
often neglected when calculating the applied wheel torques
from the designated tire forces, which may result in stability
problems when working toward the better performance of the
vehicle.

For control distribution, Ono et al. [10] propose a vehicle
control system using four wheel steering angles and four wheel
traction/braking torques. The control algorithm is developed
using a hierarchical architecture, and the control inputs are
distributed using a nonlinear optimization process that maxi-
mizes the grip margin for each tire. The optimal solution to this
distribution problem is obtained using a recursive method. This
study focuses on the control distribution. Therefore, the stabil-
ity analysis of this hierarchical control architecture is omitted.
Tjønnås and Johansen [8] propose a vehicle control system
similar to that in [10]. The difference is that the control distribu-
tion method determines control inputs by minimizing the steer-
ing angle and slip ratios. The system stability is theoretically
verified for the case of limited model errors. Andreasson and
Bünte [11] propose a generic vehicle control method, in which
the control inputs are four wheel steering angles, four wheel
torques, and four tire loads. The proposed control distribution
is achieved by adding more constraints to this distribution
problem (underdetermined) and yielding an overdetermined
problem that can be solved using the least squares method. A
possible disadvantage is that the stability constraint may not be
completely fulfilled because of the nature of an overdetermined
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problem. In summary, two major issues are encountered in
control distribution. First, the stability of the feedback system
may not be guaranteed [10], [11]. Second, the control distribu-
tions are often achieved using a numerical search, which has
substantial computation burden and is unsuitable for practical
implementation in ground vehicles [8], [10], [11].

Most differential torque control systems are proposed for
electric vehicles, which equip in-wheel motors to generate
traction/braking torque for each tire independently. Thus, the
designated tire forces (positive or negative) can be easily im-
plemented by controlling the wheel torques on each tire [9],
[12]. These approaches cannot be applied to two-wheel drive
vehicles, in which only two front tires or two rear tires can have
braking torques.

In our previous paper [13], we propose a vehicle trajectory
control method using differential traction/braking torques that
can be applied to four-wheel, front-steer, and front-drive ve-
hicles. The proposed control algorithm is developed using a
hierarchical architecture and can obtain four controlled wheel
torques using control distribution methods, which is similar to
the approaches discussed in [2], [4], and [7]–[11]. In contrast
to these approaches, the proposed method achieves both robust
performance and optimal control distributions. In addition, the
optimal solution is obtained analytically instead of using a
numerical search. However, the control inputs must chatter
to meet the requirements of the robust control and optimal
control distribution. In addition, the procedures used to obtain
an analytical solution are not presented in [13]. This study
improves the control algorithms to retain all the advantages of
the previous method and to ensure that the control inputs do not
chatter. In addition, this paper presents the procedures used to
obtain an analytical solution from this nonlinear optimization
problem, the control algorithm derivations, and the stability
analysis of the proposed control system.

II. VEHICLE MODEL FOR CONTROLLER DEVELOPMENT

A vehicle model with three degrees-of-freedom (DOFs) and
two coordinate systems [14], [15] is used to facilitate control
algorithm derivations. These two coordinate systems are the
global frame {g} and the body frame {b}. Similar to conven-
tional approaches, the global frame is fixed to a point on Earth,
whereas the body frame is fixed to the center of gravity (CG) of
the vehicle. This vehicle model is as in (1), shown below. The
first two equations describe the vehicle translational motions
in the x-axis and y-axis in the body frame. The third equation
describes the vehicle yaw motions, which is used to indicate the
heading direction of the vehicle. The last equation describes the
relations between tire forces and the applied traction/braking
torques. The definitions of each state variable and geometric
parameter are listed in Table I. For clarity, a schematic plot of a
vehicle and two coordinate systems are shown in Fig. 1. Thus

m(ẍb − ψ̇ẏb) =Fx1 + Fx2 + Fx3 + Fx4

m(ÿb + ψ̇ẋb) =Fy1 + Fy2 + Fy3 + Fy4

Izψ̈ = lf(Fy1 + Fy2)− lr(Fy3 + Fy4)

− tf(Fx1 − Fx2) + tr(Fx3 − Fx4)

Iωω̇i = − Fairi + Ti, for i = 1 ∼ 4 (1)

TABLE I
NOMENCLATURE

Fig. 1. Schematic plot of a vehicle and two coordinate systems (global frame
and body frame). The blue dash-dotted line represents a reference trajectory.

where

Fxi =Fai cos δi − Fbi sin δi

Fyi =Fai sin δi + Fbi cos δi.

For a front-steer and front-drive vehicle, the two front-wheel
angles (δ1, δ2) are determined using the Ackerman steering
principle [16], whereas the two rear-wheel angles (δ3, δ4) are
zeros.

The longitudinal tire forces Fai are used as the intermediate
control input in this hierarchical architecture, the values of
which are determined from the control algorithms. The lateral



2432 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 62, NO. 6, JULY 2013

tire force Fbi is a nonlinear function of the slip angles αi and
road friction [17], [18]. Under the assumptions of small slip
angles and constant friction coefficients, the magnitude of the
lateral tire force can be described using a linear tire model [18].
Thus

Fbi = Cyiαi (2)

where

α1 = δ1 − tan−1
[
(ẏb + lf ψ̇)/(ẋb − tf ψ̇)

]

α2 = δ2 − tan−1
[
(ẏb + lf ψ̇)/(ẋb + tf ψ̇)

]

α3 = − tan−1
[
(ẏb − lrψ̇)/(ẋb + trψ̇)

]

α4 = − tan−1
[
(ẏb − lrψ̇)/(ẋb − trψ̇)

]
.

Velocities ẋb, ẏb represent the velocity observed in the body
frame, and velocities ẋg, ẏg represent the velocity observed
in the global frame. When neglecting the vehicle roll and
pitch motions, the relations between the global frame and the
body frame can be described by vehicle yaw angle ψ. Thus,
the relations between these four velocities can be described
as [19]

ẋg = ẋb cosψ − ẏb sinψ

ẏg = ẋb sinψ + ẏb cosψ. (3)

III. TRAJECTORY FOLLOWING CONTROL SYSTEM

Generally, two methods are used to generate a reference
trajectory. The first method is “path planning,” in which the
reference trajectory is often obtained off-line and represented
in a closed-form equation [5], [20], [21]. The second method
uses an “ideal vehicle model” to generate a reference trajectory
[4], [22], in which the reference trajectory can be obtained in
real time. For simplicity, this study assumes that a reference
trajectory is known in advance and specified in an equation.
The ideal lateral position yref can be calculated by entering the
current longitudinal position xg into this equation. Therefore,
reference trajectory following can be achieved by a lateral
position control.

This study uses the differential tire forces with the DYC
method for lateral position control. This DYC method is imple-
mented using the sliding-mode control in a hierarchical archi-
tecture. The rationale for this approach is that the hierarchical
architecture can simplify the controller derivation task. How-
ever, as mentioned earlier, the hierarchical architecture may
introduce model errors to the control system. Thus, the sliding-
mode control is used to minimize this error and other errors re-
sulting from unmodeled system dynamics, which are explained
in detail in the following sections. A control distribution method
is used with the DYC method to determine the applied wheel
torques on each tire. This is achieved by formulating a nonlinear
optimization problem for the previously mentioned sliding-
mode controls. Specifically, this controller design is developed
using the following steps.

A. 3-DOF Vehicle Model With Uncertainties

The 3-DOF vehicle model shown in (1) is mainly used for
control algorithm derivation. To develop a robust controller
based on this simplified vehicle model, the unmodeled vehicle
dynamics and uncertain vehicle parameters are added to the
simplified vehicle model [1]. Therefore, the dynamics of the
vehicle yaw motions shown in (1) are modified as follows:

ψ̈ =A0 +ΔA+ (B0 +ΔB)(Fa0 +ΔFa)

A0 =(Fb1lf cos δ1 + Fb1tf sin δ1 + Fb2lf cos δ2

− Fb2tf sin δ2 − Fb3lr − Fb4lr)/Iz

B0 = [B1, B2, B3, B4]

= [(lf sin δ1 − tf cos δ1)/Iz, (lf sin δ2 + tf cos δ2)/Iz
tr/Iz, −tr/Iz]

ΔB = [ΔB1, ΔB2, ΔB3, ΔB4]

Fa0 = [Fa1, Fa2, Fa3, Fa4]
T (4)

where A0 and B0 contain the original vehicle dynamics shown
in (1); Fa0 is the designated control input; ΔA represents the
uncertain value of A0, which mainly originates from lateral tire
forces; ΔB represents the uncertain value of B, which mainly
originates from the neglected vehicle attitude (pitch and roll);
and ΔFa is the uncertain value of the longitudinal tire forces,
which originates from two sources: 1) neglected slip ratios and
varying road frictions when calculating the tire forces and 2)
neglected wheel dynamics when calculating the applied wheel
torques.

B. Lyapunov Function

A Lyapunov function is used to assist the subsequent control
algorithm derivation to ensure system stability. To implement
the DYC control strategy in this vehicle control system, Lya-
punov function V is chosen to consist of the lateral displace-
ment error and yaw rate error. Thus

V =
1
2
s2 +

1
2
e2

s = ẏg − ẏref + λ(yg − yref)

e = ψ̇ − ψ̇ref (5)

where λ is a design parameter, and its value must be positive
to comply with the slide mode control design rules [23]; ψ̇ref

represents the reference yaw rate, and its value is determined
at a later stage. To analyze system stability with this Lyapunov
function, the time derivative of the Lyapunov function is calcu-
lated and regrouped into three terms, i.e.,

V̇ = V̇p1 + V̇p2 + V̇p3

V̇p1 = − τ1s
2 − τ2e

2 + ẋgse

V̇p2 =(ẍb sinψ + ÿb cosψ)s+ ẋgψ̇refs

− ÿrefs− sλ(ẏg − ẏref) + τ1s
2

V̇p3 = eψ̈ − eψ̈ref + τ2e
2 (6)

where τ1, τ2 are design parameters, and their values are chosen
to make V̇p1 negative semidefinite. Thus, system stability is
determined by the values of V̇p2 and V̇p3.
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C. Sliding-Mode Control Method

The reference yaw rate in (6) is designed according to
the sliding-mode design procedures for system robustness, as
follows:

ψ̇ref = − ẋ−1
g [−ÿref − λ(ẏg − ẏref) + τ1s+ κs/Φ1]

κ = sup
t∈[0,∞]

|ẍb(t) sinψ(t) + ÿb(t) cosψ(t)|+ η1 (7)

where η1 is a design parameter, the value of which is small and
positive to comply with the slide mode control design rules;
Φ1 represents an implicit boundary layer, the value of which is
positive [23]. Using the reference yaw rate shown in (7), V̇p2

can be rewritten as

V̇p2 =(ẍb sinψ + ÿb cosψ)s− κs2/Φ1

≤ − η1s
2/Φ1, for |s| ≥ Φ1. (8)

Thus, V̇p2 is negative semidefinite outside the implicit boundary
layer Φ1.

Substituting (4) into (6), V̇p3 can be rewritten as follows:

V̇p3=e
[
A0+ΔA+(B0+ΔB)(Fa0+ΔFa)−ψ̈ref+τ2e

]
≤A+eB0Fa0+|e|δB1|Fa1|+|e|δB2|Fa2|

+ |e|δB3|Fa3|+|e|δB4|Fa4| (9)

where

A = eA0 + |e|δA + |e| ‖B0‖2δF + |e|δBδF − eψ̈ref + τ2e
2

δF = sup
t∈[0,∞]

‖ΔFa(t)‖2

δA = sup
t∈[0,∞]

|ΔA(t)|

δBi = sup
t∈[0,∞]

|ΔBi(t)|

δB =
√

δ2B1 + δ2B2 + δ2B3 + δ2B4.

D. Control Distribution

The design of longitudinal tire forces must establish the neg-
ative semidefinite of V̇p3 for system stability. The longitudinal
forces on two rear tires must be nonpositive for front-drive
vehicles. Several sets of longitudinal tire forces satisfy these
constraints. Hence, the determination of the longitudinal force
of each tire is formulated as a constrained optimization problem
for an optimal solution.

1) Nonlinear Constrained Optimization: The objective of
this optimization problem is to achieve minimal control efforts.
Thus, it is formulated as follows:

min
1
2
FT

a0QFa0

s.t. A+ eB0Fa0 + |e|δB1|Fa1|+ |e|δB2|Fa2|
+ |e|δB3|Fa3|+ |e|δB4|Fa4| = −η2e

2

Fa3, Fa4 ≤ 0 (10)

where

Q = diagonal ([q1, q2, q3, q4])
qi =F−1

zi , for i = 1∼4.

The first constraint equation in (10) ensures the negative
semidefinite of V̇p3 when design parameter η2 is set as a
positive number. The second constraint equation ensures the
nondriving forces on two rear tires. The first constraint only
needs to be smaller than zero for system stability. However,
it is intentionally formulated as an equality constraint instead
of an inequality constraint. Although this more-than-necessary
constraint may increase the control efforts, it reduces the size of
solution pools to prevent the solution (control inputs) selected
by the optimization process from jumping around, which is
impractical and may damage the vehicle.
Q is a weighting matrix. It is designed as a diagonal matrix

with elements that are equal to the inverse of the corresponding
vertical loads of each tire. This approach minimizes the control
efforts and justifies the small slip-ratio assumption, which is
discussed further at a later stage.

2) Modifications of the Equality Constraint: Although the
equality constraint prevents the control inputs from jumping
around when seeking the minimal control efforts, the control
inputs may still chatter in the event of unmodeled vehicle
dynamics. This chattering problem is difficult to eliminate, as
explained in Section V. This study proposes a novel approach
to minimize the chattering problem by introducing another
implicit boundary layer Φ2 into the original constraint in (10).
The modified equality constraint is written as follows:

A2 +B0Fa0 + eδB1|Fa1|/Φ2 + eδB2|Fa2|/Φ2

+ eδB3|Fa3|/Φ2 + eδB4|Fa4|/Φ2 + η2e = 0 (11)

where

A2 = A0 + (δA + ‖B0‖2δF + δBδF) e/Φ2 − ψ̈ref + τ2e.

Therefore, the nonlinear constrained optimization problem
accompanied with constraint equation (11) can achieve the
negative semidefinite of V̇p3 outside the boundary layer Φ2

but achieves the negative semidefinite of V̇p3 globally when
accompanied with constraint (10). The numerical simulations
will demonstrate the performance difference due to these two
constraint equations.

E. Analytical Solution

Because of the absolute values shown in (10) and (11), the
problem is a nonlinear optimization, and its solution is pri-
marily obtained using a numerical search. A numerical search
is less preferred in vehicle real-time applications. Therefore,
this nonlinear optimization problem is further processed using
variable transformation and the Karush–Kuhn–Tucker (KKT)
theorem to obtain its analytical solution.

1) Variable Transformation: Variable transformation is
used to remove the absolute values shown in (10) and (11).
Thus, the nonlinear optimization problem can be converted into
a quadratic optimization problem with equality and inequality
constraints [24]. Thus

Fan =F+
an − F−

an

|Fan| =F+
an + F−

an, for n = 1, 2 (12)
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where

F+
an =

{
Fan, if Fan > 0

0, if Fan ≤ 0

F−
an =

{
0, if Fan > 0

−Fan, if Fan ≤ 0

F+
an, F

−
an ≥ 0.

When substituting (12) into (10), the constrained optimiza-
tion problem can be rewritten as

min
1
2

[
q21

(
F+
a1−F−

a1

)2
+q22

(
F+
a2−F−

a2

)2
+q23F

2
a3+q24F

2
a4

]
s.t. C +DFa = 0

− F+
a1,−F−

a1,−F+
a2,−F−

a2, Fa3, Fa4 ≤ 0 (13)

where

C =A+ η2e
2

D =
[
D+

1 , D
−
1 , D

+
2 , D

−
2 , D3, D4

]
= [eB1 + |e|δB1,−eB1 + |e|δB1, eB2 + |e|δB2,

−eB2 + |e|δB2, eB3 − |e|δB3, eB4 − |e|δB4]

Fa =
[
F+
a1, F

−
a1, F

+
a2, F

−
a2, Fa3, Fa4

]T
.

For comparison, we also apply the state transformation to
the modified constraint in (11). The resulting equations are
also casted in the (C +DFa = 0) format. The corresponding
(C, D) and optimization problem are as follows:

min
1
2

[
q21

(
F+
a1−F−

a1

)2
+q22

(
F+
a2−F−

a2

)2
+q23F

2
a3+q24F

2
a4

]
s.t. C+DFa=0

− F+
a1,−F−

a1,−F+
a2,−F−

a2, Fa3, Fa4 ≤ 0

C=A2+η2e

D=[B1+eδB1/Φ2,−B1 + eδB1/Φ2, B2+eδB2/Φ2

−B2+eδB2/Φ2, B3−eδB3/Φ2, B4−eδB4/Φ2]. (14)

2) KKT Theorem: The KKT theorem has proven that an
optimal solution or a local minimizer can be obtained for a
nonlinear optimization problem subjected to the equality and
inequality constraints [25]. Although the solution may not be
the global minimum, system stability is guaranteed because the
stability requirements are formulated as the constraint equa-
tions in this optimization problem.

Consider the following example:

min f(x)

s.t. h(x) = 0

g(x) ≤ 0

where x ∈ �n, f : �n → �, h : �n → �m, m ≤ n, and g :
�n → �p. According to the theorem, local minimizer x∗ must
meet the following KKT conditions [25]:

μ ≥0

∇f(x∗) + λT
L∇h(x∗) + μT∇g(x∗) =0T

μTg(x∗) = 0
h(x∗) =0

g(x∗) ≤0 (15)

where μ is the KKT multiplier vector, and λL is the Lagrange
multiplier vector. The first, third, and fifth equations in (15)
ensure that the KKT multipliers μi are positive when the
corresponding inequality constraints are active (g(x∗) = 0)
and are zeros when the corresponding inequality constraints are
inactive (g(x∗) < 0).

For the nonlinear optimization problem shown in (13), the
KKT conditions are

q21
(
F+
a1 − F−

a1

)
+ λ1D

+
1 − μ1 = 0

−q21
(
F+
a1 − F−

a1

)
+ λ1D

−
1 − μ2 = 0

q22
(
F+
a2 − F−

a2

)
+ λ1D

+
2 − μ3 = 0

−q22
(
F+
a2 − F−

a2

)
+ λ1D

−
2 − μ4 = 0

q23Fa3 + λ1D3 + μ5 = 0
q24Fa4 + λ1D4 + μ6 = 0

−μ1F
+
a1 − μ2F

−
a1 − μ3F

+
a2 − μ4F

−
a2 + μ5Fa3 + μ6Fa4 = 0

C +DFa = 0
−F+

a1,−F−
a1,−F+

a2,−F−
a2, Fa3, Fa4 ≤ 0

(16)

where λ1 and μ1∼6 are the corresponding Lagrange multiplier
and KKT multipliers of (13), respectively. When searching
for the optimal solution, (16) must be repeatedly solved for
each case: μi = 0, μi �= 0, i = 1 ∼ 6; that is, 26 = 64 times.
However, in this vehicle control problem, the number can be
reduced to 2 by following three guidelines: 1) Both F+

an and
F−
an cannot be zeros according to their definitions in (12); 2) at

both the front end and back end, the tire forces on the left and
right tires cannot have the same sign for vehicle yaw motions;
and 3) at both the right and left sides of the vehicle, the front and
rear tire forces cannot have different signs for minimal power
consumption. Consequently, only two possible combinations
remain, and the corresponding solutions are

Case I (μ1 = 0, μ2 �= 0, μ3 �= 0, μ4 = 0, μ5 = 0, μ6 �= 0)

F+
a1 = − λ1D

+
1 /q

2
1 μ2 = λ1

(
D+

1 +D−
1

)
F−
a1 = 0 μ3 = λ1(D

+
2 +D−

2 )

F+
a2 = 0 μ6 = −λ1D4

F−
a2 = − λ1D

−
2 /q

2
2

Fa3 = − λ1D3/q
2
3

Fa4 = 0

λ1 =C/
(
D+2

1 /q21 +D−2
2 /q22 +D2

3/q
2
3

)
.

Case II (μ1 �= 0, μ2 = 0, μ3 = 0, μ4 �= 0, μ5 �= 0, μ6 = 0)

F+
a1 = 0 μ1 = λ1

(
D+

1 +D−
1

)
F−
a1 = − λ1D

−
1 /q

2
1 μ4 = λ1

(
D+

2 +D−
2

)
F+
a2 = − λ1D

+
2 /q

2
2 μ5 = −λ1D3

F−
a2 = 0

Fa3 = 0

Fa4 = − λ1D4/q
2
4

λ1 =C/
(
D−2

1 /q21 +D+2
2 /q22 +D2

4/q
2
4

)
. (17)

In Case I, the combination of the tire forces produces a negative
yaw moment on the vehicle, which drives the vehicle into a left-
hand turn. In Case II, it produces a positive yaw moment on the
vehicle and drives the vehicle into a right-hand turn.
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F. Wheel Torque Calculation

According to the wheel dynamics shown in (1), determining
the exact applied wheel torques from the designated longitudi-
nal tire forces is unrealistic because it is a noncausal process.
However, by assuming small slip ratios (ω̇i ≈ 0), the applied
wheel torque can be approximated by the following:

Ti = Fairi. (18)

This approximation results in a discrepancy between the des-
ignated tire forces and the tire forces generated by the ap-
plied wheel torques. This discrepancy is managed using two
approaches: 1) The longitudinal tire force is chosen to be
proportional to the vertical loads in the control distribution
process, which justifies the assumption of small slip ratio to
some extent; and 2) the discrepancy is considered in ΔFa in (4),
and its effect is compensated by the proposed controller design.

From the derivation, the three components of V̇ in (6) are
guaranteed to be negative semidefinite when sliding surface (s)
goes outside the implicit boundary layer Φ1 and yaw rate error
(e) goes outside the implicit boundary layer Φ2. Therefore, the
stability of this control system is guaranteed.

IV. SIMULATION RESULT

A. Reference Trajectory and Real Vehicle Dynamics

A “double-lane change” is used as a reference trajectory to
demonstrate the feasibility of this control algorithm. In this
example, a vehicle moves at an initial speed of 25 m/s (≡
90 km/h) and has no steering angle (δ1 = δ2 = 0). The control
algorithm is activated at the initial time to regulate the vehicle
motion from one lane to another and back to the original lane.
The distance between these two parallel lanes is 3 m. This
reference trajectory is shown in Fig. 3(a) and can be described
by the following equation [5]:

yref(x) =
3

1 + exp−0.08(x−145)
− 3

1 + exp−0.08(x−385)
.

Two vehicle models are used to mimic real vehicle dynamics
on the road: the full-state vehicle model and the E-class sedan
model from Carsim 7.1 commercial software. The full-state
vehicle model is a nonlinear 6-DOF vehicle model and consists
of 20 states [26]. It differs from the 3-DOF vehicle model
in the roll, pitch, vertical motions, and tire model. This well-
documented full-state vehicle model can provide detailed infor-
mation on the vehicle dynamics. Therefore, it is used to verify
the concept of the control algorithm in detail. By contrast,
the Carsim model is not fully open to end users; however,
it is closer to real vehicle dynamics. Therefore, it is used to
demonstrate the feasibility of the proposed control algorithms
when applied to real vehicles. The geometric parameters of
these two vehicle models are the same, as shown in Table II.

The proposed control algorithms are developed from a sim-
plified 3-DOF vehicle model and tested on both the full-state
vehicle model and Carsim model. To verify the robustness of
the proposed control algorithm, we examine the performance
difference among three vehicle models. In Fig. 2, the top plot

TABLE II
GEOMETRIC PARAMETERS

Fig. 2. Performance difference among 3-DOF vehicle model, full-state ve-
hicle model, and E-class sedan model from Carsim. The first plot shows the
maneuvering of the steering wheel angle; the second to fourth plots show
the corresponding longitudinal velocity, lateral velocity, and yaw rate of three
vehicle models.

shows the maneuvering of the steering wheel angle when the
vehicle is moving at a speed of 25 m/s (≡ 90 km/h). The
second to fourth plots show the corresponding longitudinal
velocity, lateral velocity, and vehicle yaw rate of three vehicle
models. The plots show that the vehicle dynamics of these three
models considerably differ. Thus, the developed control algo-
rithms must have robustness if it can be successfully applied to
vehicles with different dynamics.

The longitudinal tire forces saturate at approximately 4 kN
in both full-state vehicle model and Carsim model. To focus
on the feasibility study of the proposed control algorithm, the
conditions of the following simulations are arranged such that
the requested longitudinal tire forces are smaller than their
saturation values. The sampling frequency of the vehicle con-
trol system is 100 Hz. The design parameters of the controller,
which ensure the robust performance of the vehicle control
system, are shown in Table III. The values are obtained from the
simulation results using the full-state vehicle model. In Figs. 3,
7, and 11, the reference trajectory and reference yaw rate are
shown as blue dashed lines, and the vehicle dynamics regulated
by the proposed control algorithm are shown as red solid lines.
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TABLE III
DESIGN PARAMETERS

Fig. 3. (a) Trajectory following in a “double-lane change” when applying the
proposed control algorithms to a full-state vehicle model. (b) The regulated
vehicle yaw rate closely follows its reference yaw rate. (c) The longitudinal
velocity decreases from 25 to 23.8 m/s.

B. Simulations With the Full-State Vehicle Model

Fig. 3 shows the simulation results when applying the pro-
posed control algorithms and optimization statement (13) to
a full-state vehicle model. The simulation results show that
the control system successfully leads the vehicle to complete
a “double-lane change,” whereas the vehicle yaw rate closely
follows its reference yaw rate, and the longitudinal velocity
decreases from 25 to 23.8 m/s. The standard deviation of the
lateral position error is 3.2 cm.

Fig. 4 shows the controlled wheel torques on each tire. As
shown in the figure, the two front tires have driving and braking
torques, whereas the two rear tires only have braking torques.
Furthermore, the controlled torques exhibit high-frequency
chattering. To remove control input chattering, a conventional
and intuitive approach is to add a low-pass filter after the
calculated wheel torques. The spectrum of the calculated wheel
torques is first calculated to determine the desired passband of
this filter design, as shown in Fig. 5. Because the chattering
occurs at frequencies of approximately 25 Hz and other useful
content is below 5 Hz, the bandwidth of the low-pass filter is
set to 5 Hz. A discrete-time first-order low-pass filter with a
passband of 5 Hz and a sampling frequency of 100 Hz is shown
as follows:

GLPF(z) =
0.2696z−1

1 − 0.7304z−1
. (19)

Fig. 4. Four controlled wheel torques calculated using the proposed control
algorithm. The four wheel torques differ, and the torques on the two rear wheels
are less than zero for front-drive vehicles.

Fig. 5. Spectrum of the four controlled wheel torques. The controlled wheel
toques chatter at frequencies of approximately 25 Hz.

Fig. 6. Four controlled wheel torques calculated using the proposed control
algorithm and a 5-Hz low-pass filter. The calculated wheel torques chatter at
frequencies of approximately 12.5 Hz.

Fig. 6 shows the controlled wheel torques from the proposed
controller and the filter design. As shown in the figure, the
control inputs still chatter with reduced amplitude and frequen-
cies of approximately 12.5 Hz. This is because the filter design
lowers the bandwidth of the feedback path. The calculated con-
trol inputs chatter at another frequency to compensate system
uncertainties. The conventional low-pass filter approach cannot
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Fig. 7. (a) Trajectory following in a “double-lane change” when applying
the proposed control algorithms with the modified constraint optimization to
a full-state vehicle model. (b) The regulated vehicle yaw rate closely follows its
reference yaw rate. (c) The longitudinal velocity decreases from 25 to 24.6 m/s.

Fig. 8. Four controlled wheel torques calculated using the proposed control
algorithm and the modified constraint optimization. The high-frequency chat-
tering disappears.

be applied to this case. Another possible solution is to use a
high-order low-pass filter with a smaller bandwidth. However,
it may considerably induce time delay to the feedback loop and
cause a stability problem.

The proposed method uses modified constraint optimization
(14) instead of (13). As shown in Fig. 7, the control system suc-
cessfully leads the vehicle to complete a “double-lane change,”
whereas the vehicle yaw rate closely follows its reference
yaw rate, and the longitudinal velocity decreases from 25 to
24.6 m/s. The controlled wheel torques (see Fig. 8) do not have
high-frequency chattering. The standard deviation of the lateral
position error is 3.2 cm in the simulations.

In another simulation where the vehicle makes a quicker
“double-lane change,” as shown in Fig. 9, the control sys-
tem successfully leads the vehicle to complete a “double-lane
change,” and the longitudinal velocity decreases from 25 to
22.0 m/s. The maximum lateral acceleration of the vehicle is

Fig. 9. (a) Trajectory following in a severe “double-lane change.” The max-
imum lateral acceleration is 6.56 m/s2. (b) The regulated vehicle yaw rate
closely follows its reference yaw rate when applying the proposed control
algorithm with the modified constraint optimization. (c) The longitudinal
velocity decreases from 25 to 22.0 m/s.

6.56 m/s2 during maneuvering. The standard deviation of the
lateral position error is 6.9 cm in the simulations.

C. Simulations With the Carsim Model

Fig. 10 shows a schematic of applying the proposed con-
troller to an E-class sedan using the Simulink/MATLAB sim-
ulation tool. Because modified constrained optimization (14)
exhibits superior performance to (13), we only include the
results using constrained optimization (14) in this paper.

Fig. 11 shows that the proposed control system successfully
leads the vehicle to complete a “double-lane change.” The
vehicle yaw rate closely follows its reference yaw rate, and
the longitudinal velocity decreases from 25 to 15.3 m/s. The
considerable decrease in longitudinal velocity only occurs in
this case because large feedback gains (τ1 = 1.56, τ2 = 100)
are used to compensate for the dynamics difference between the
3-DOF vehicle model and the vehicle model from Carsim. The
standard deviation of the lateral position error is 1.9 cm. Fig. 12
shows the controlled wheel torques on each tire. The controlled
wheel torques do not have high-frequency chattering.

V. DISCUSSION

The optimization process (13) induces high-frequency chat-
tering on the wheel torques, which can be understood as fol-
lows. The constraint equation (C +DFa = 0) in (13) can be
divided by error e to obtain the following:

M + (η2 + τ2)e+NFa = 0 (20)

where

M =A0 + (δA + ‖B0‖2δF + δBδF) sign(e)− ψ̈ref

N = [B1 + δB1sign(e),−B1 + δB1sign(e)

B2 + δB2sign(e),−B2 + δB2sign(e)

B3 − δB3sign(e), B4 − δB4sign(e)] .
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Fig. 10. Block diagram showing the application of the proposed controller to a Carsim model using the Simulink/MATLAB simulation tool.

Fig. 11. (a) Trajectory following in a “double-lane change” when applying
the proposed control algorithms with the modified constraint optimization to a
Carsim vehicle model. (b) The regulated vehicle yaw rate closely follows its
reference yaw rate. (c) The longitudinal velocity decreases from 25 to 15.3 m/s.

Fig. 12. Four controlled wheel torques calculated using the proposed control
algorithm for application to a Carsim vehicle model.

Because this constraint must be satisfied during the optimiza-
tion process, the determination of tire forces Fa is dominated
by both M and N when e is small. The components in N are
almost constants because of the small design parameters δB1∼4.
When the vehicle does not substantially change its moving

directions, both A0 and ψ̈ref are close to zeros. In this case,
the magnitude of M is determined by the uncertainty bounds
(δA, δB, and δF), and the sign of M is determined by the sign
of e. Consequently, the control inputs Fa considerably chatter
when the value of e is small and change signs frequently.

As suggested by the previous discussion, a method to reduce
this chattering is to use smaller values of uncertainty bounds
(δA, δB, and δF) or smaller values of B1∼4. Smaller values
of uncertainty bounds imply precise modeling of the vehicle
dynamics, which increases the complexity of the controller
design. On the other hand, smaller values of B1∼4 change the
vehicle configuration and cause difficulty in vehicle maneuver-
ing, which are impractical. The proposed method solves this
problem by introducing an implicit boundary layer Φ2 into
constraint equation (14). Consequently, the control input chatter
occurs when error e is jumping around at either Φ2 or −Φ2, if it
does. However, with larger e, design parameters η2 and τ2 also
participate in determining the control inputs, which reduces the
chattering in the control inputs regardless of whether error e
quickly oscillates.

The simulation results shown in Fig. 8 indicate that the
applied wheel torques on the right tires are larger than those
on the left tires when the vehicle makes a left-hand turn at 5.1
and 16.3 s; the applied torques on the left tires are larger than
those on the right tires when the vehicle makes a right-hand turn
at 6.2 and 15.2 s. Furthermore, the front torques are larger than
the rear torques. These torque distributions occur because the
CG of the vehicle is close to the front of the vehicle, and we
intentionally distribute the controlled tire force with respect to
the vertical loads on each tire. Fig. 13 shows the relationship
among slip ratio, longitudinal force, and vertical loads from a
tire model in Carsim. As shown in the figure, the longitudinal
tire forces are proportional to the vertical loads on the tire when
the slip ratio is fixed; the slip ratio is inversely proportional to
the vertical loads when delivering a fixed longitudinal force.
Therefore, distributing tire forces with respect to the vertical
loads minimizes the control efforts and ensures a small slip
ratio in most driving conditions. A small slip ratio implies
a small variation of the tire angular rate. This justifies the
approximation made in (18).

Generally, two concerns are addressed in implementing a
controller design for real-time applications: availability of the
system state information and the computation time. As shown
in Section III, several vehicle dynamics are required to im-
plement the proposed controller design, including longitudinal
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Fig. 13. Relationship among slip ratio, longitudinal tire force, and vertical
loads from a tire model in Carsim.

position and velocity in the global frame (xg and ẋg), lateral
position and velocity in the global frame (yg and ẏg), vertical
loads on each tire (Fzi), and vehicle yaw angle and angular
rate (ψ and ψ̇). The measurement accuracy of those vehicle
dynamics may affect the performance of the controller design
to some extent. Several studies show that vehicle dynamics with
acceptable accuracy can be obtained using sensor fusion sys-
tems or state estimation systems [5], [26], [28], [29]. Because
the measurement system of the vehicle dynamics is beyond the
scope of this paper, we assume that these vehicle dynamics
with satisfactory measurement accuracy are available for the
controller design. The proposed control algorithms are shown
in (5), (7), (13), (14), and (17). According to these equations,
the calculations of control inputs can be completed within 150
add/multiplication steps. An entry level of the digital signal
processor can complete a multiplication operation within 20 ns.
Therefore, the computation time for each sampling interval is
less than 10 μs, which is feasible for the 10-ms sampling time
of this feedback controller design.

To verify the optimality of solution (17), we conduct a
numerical search instead of convex/concave analysis of the
vehicle system because the system is highly nonlinear. This
optimization problem involves four parameters (Fa1∼4) and one
equality constraint (C +DFa = 0). The search space is large,
and the search results are unsuitable for graphical presentation.
Therefore, Fa3 is assumed to be zero [case II in (17)], and Fa4

is calculated using the equality constraint. Thus, the problem
becomes a 2-D numerical search problem. Fa1 and Fa2 are
used as two independent parameters changing from −1000 N
to 500 N and from −500 N to 1000 N, respectively. The
search results are presented by a contour plot of cost function
corresponding to each data point. According to the plot shown
in Fig. 14, the minimal cost function among search points is
0.006, whereas the corresponding cost function of the analytical
solution is 0.00564. Therefore, if the search range is sufficiently
large and the searched data points are sufficiently dense, (17)
can be considered the optimal solution to this problem.

The proposed wheel torque distribution is “optimal” only
under our problem definition. Further work on control algo-

Fig. 14. Cost function contour plot for the optimal solution search.

rithm derivations or vehicle modeling may even minimize the
applied wheel torques in regulating the vehicle trajectory. For
example, the proposed method considers the lateral tire force
as uncertainty for the simplicity of determining the applied
wheel torques. By contrast, detailed modeling of the lateral tire
force in deriving the control algorithm may achieve smaller
applied wheel torques at the expense of requiring additional
information on the slide slip angle, an approximate tire model,
and complicated control algorithms. The complicated control
algorithms are justified for severe vehicle maneuvering. We are
in the process of investigating details.

VI. CONCLUSION

A trajectory following control system for front-drive front-
steer vehicles is developed and verified using simulations. The
proposed method uses differential traction/braking torques to
regulate a vehicle along a reference trajectory and minimize the
control efforts. The control inputs are obtained from analytical
solutions instead of from numerical search. In the proposed
method, the minimal power consumption of differential torque
actuation is achieved by using the DYC control strategy, control
distribution with respect to the vertical loads, and nonlinear
optimizations. The stability and robustness of the control sys-
tem are ensured by formulating a sliding-mode control into a
nonlinear optimization process. Finally, the analytical solution
is obtained by using the KKT theorem to solve the nonlinear
optimization problem.

Because of the nature of the optimization and sliding-mode
controls, the proposed method is prone to large control input
chattering. This occurs because the optimization process re-
quires control inputs to quickly switch to minimize control ef-
forts, and the sliding-mode control also requests control inputs
to quickly switch to compensate for the effect caused by system
uncertainties. The conventional approach of adding a low-pass
filter cannot solve this problem. The proposed method solves
this problem by using an equality constraint equation with an
implicit boundary layer in the sliding-mode controls instead
of the frequently used inequality constraint equation and sign
functions.
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The proposed control algorithms are tested both on a full-
state vehicle model and an E-class sedan model from Carsim.
In both cases, the vehicle moves at an initial speed of 90 km/h.
The proposed method can regulate the vehicle to complete a
“double-lane change” with the maximum lateral acceleration of
6.56 m/s2 and the lateral position error less than 6.9 cm.
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