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EIGENDECOMPOSITION OF THE DISCRETE DOUBLE-CURL
OPERATOR WITH APPLICATION TO FAST EIGENSOLVER FOR
THREE-DIMENSIONAL PHOTONIC CRYSTALS*
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Abstract. This article focuses on the discrete double-curl operator arising in the Maxwell
equation that models three-dimensional photonic crystals with face-centered cubic lattice. The dis-
crete double-curl operator is the degenerate coefficient matrix of the generalized eigenvalue problems
(GEVP) due to the Maxwell equation. We derive an eigendecomposition of the degenerate coefficient
matrix and explore an explicit form of orthogonal basis for the range and null spaces of this matrix.
To solve the GEVP, we apply these theoretical results to project the GEVP to a standard eigenvalue
problem (SEVP), which involves only the eigenspace associated with the nonzero eigenvalues of the
GEVP, and therefore the zero eigenvalues are excluded and will not degrade the computational ef-
ficiency. This projected SEVP can be solved efficiently by the inverse Lanczos method. The linear
systems within the inverse Lanczos method are well-conditioned and can be solved efficiently by the
conjugate gradient method without using a preconditioner. We also demonstrate how two forms of
matrix-vector multiplications, which are the most costly part of the inverse Lanczos method, can
be computed by fast Fourier transformation due to the eigendecomposition to significantly reduce
the computation cost. Integrating all of these findings and techniques, we obtain a fast eigenvalue
solver. The solver has been implemented by MATLAB and successfully solves each of a set of 5.184
million dimension eigenvalue problems within 50 to 104 minutes on a workstation with two Intel
Quad-Core Xeon X5687 3.6 GHz CPUs.
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1. Introduction. We study the band structures of three-dimensional (3D) pho-
tonic crystals in the full space by considering the Maxwell equations

V x H=¢eOF,

VxE= —MoatH,
(L.1) V. (cE) =0,

V-H=0.

Here, H, E, o, and € represent the time-harmonic magnetic field, the time-harmonic
electric field, the magnetic constant, and the material dependent piecewise constant
permittivity, respectively. By separating the time and space variables and eliminating
the magnetic field H, (1.1) becomes the differential eigenvalue problem

VXxVxFE=)J\FE,
(1.2) {V~(5E):O,
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(b)

Fic. 1.1. (a) The primitive cell and lattice translation vectors a1, a2, and a3. Any pair of the

vectors makes an angle of % The length, width, and height of the primitive cell are %, % %,
and %\/E, respectively. (b) A schema of diamond structure with sp3-like configuration within a

single primitive cell.

where A\ = pow? is the unknown eigenvalue and w stands for the frequency of time
[22, Chap. 2].

Supported by the Bloch theorem [23], the spectrum of the periodic setting in the
full space is the union of all spectra of quasi-periodic problems in one primitive cell.
Therefore, we consider a primitive cell as the computational domain of (1.2). Note
that such primitive cell is spanned by the lattice translation vectors a;, as, and ag and
we assume the primitive cell extends the target 3D periodic structure. In particular,
for a Bloch wave vector 27k in the first Brillouin zone [22], we are interested in finding
Bloch eigenfunctions E for (1.2) that satisfies the quasi-periodic condition [33]

(1.3) E(x +ay) = e*™ 2 [(x)

for £ = 1,2,3. Two examples of lattice translation vectors are (i) the simple cubic
(SC) lattice vectors with a, being the /th unit vectors in R?, £ = 1,2,3, and (ii) as
shown in Figure 1.1, the face-centered cubic (FCC) lattice vectors with

T T
0,07, e = [ anda_ilL\ﬁ
_\/5’7 ) 2_\/5 2725 ) 3_\/§ 252\/?;7 3 ;

in which a is a lattice constant. Note that pairwise angles formed by aj, as, and aj
are 5 and % in SC and FCC lattices, respectively.

It has been shown that the photonic crystals with FCC lattice have a larger
photonic band gap, compared with SC lattice [8], and larger band gaps are favored
in many innovative practical applications [3, 13, 25, 31]. Therefore, in this paper,
we focus on 3D photonic crystals with FCC lattice. Despite their broad applications,
numerical simulations based on the numerical solutions to (1.2) with FCC lattice
in three dimensions remain a challenge. To predict the shape of photonic crystals
achieving maximal band gap, one needs to solve a sequence of eigenvalue problems
associated with different geometric shape parameters and Bloch wave vectors. This
is a very time consuming process as many large-scale eigenvalue problems need to be
solved. It is thus of great interest to develop a fast eigensolver for the target eigenvalue

(14) a
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problems, so that we can significantly shorten the computational time and thereby
make the already widely used numerical simulations an even more powerful tool.

Many numerical methods have been proposed to discretize the Maxwell equations.
Examples include finite difference methods [7, 8, 26, 36], finite volume methods [9,
10, 24], finite element methods [1, 5, 6, 15, 21, 27], the Whitney form [2, 35], the co-
volume discretization [30], the mimetic discretization [20], and edge element methods
[12, 28, 29, 32]. In this paper, we use Yee’s finite difference scheme [36] to discretize
the Maxwell equations.

Discretizing (1.2) on a primitive cell with FCC lattice vectors (1.4) by Yee’s
scheme leads to a generalized eigenvalue problem (GEVP)

(1.5) Ax = ABx,

where A € C3"*3" is Hermitian positive semidefinite and B is positive and diagonal.
The matrix A is the discrete double-curl operator of V x Vx and the diagonal elements
in B are the material dependent dielectric constants. To solve the GEVP (1.5),
however, is not an easy task due to the following numerical challenges. First, the
multiplicity of the zero eigenvalue of (1.5) is one third of the dimension of A [4, 8, 19].
As we are interested in finding a few of the smallest positive eigenvalues, the large
dimension of the null space leads to several numerical difficulties [8, 16]. Second, the
eigenvectors of A associated with the SC lattice are mutually independent of the 3D
grid point indices i, j, and k. Consequently, the standard FFT can be applied to
compute the associated photonic band gap in the SC lattice [11, 17]. However, the
FCC case has no such luxury. Due to the skew lattice vectors (1.4), the eigenvectors
of A associated with the FCC lattice are mutually dependent on the indices i, j, and
k. The standard FFT technique thus becomes infeasible for these periodic coupling
eigenvectors as the periodic properties of the FCC lattice is much more complicated
than that of SC lattice.

To tackle these challenging problems, we make the following contributions to
derive an eigendecomposition of A and then to develop a fast eigensolver for the
GEVP:

e We derive the eigendecompositions of discretization matrices of the partial
derivative and double-curl operators explicitly. Then we assert that an or-
thogonal basis @), spans the range of A and BleTA,lﬁ/ 2 spans the invariant
subspace corresponding to all nonzero eigenvalues of (1.5) with a positive
diagonal A,

e By applying the basis B_lQrAi/ 2, the GEVP can be reduced to a standard
eigenvalue problem (SEVP) A,y = Ay and the GEVP and SEVP have the
same positive eigenvalues. As A, = Ai/zQ:BleTA,lﬁ/Q is an 2n x 2n Her-
mitian and positive definite matrix, the SEVP can be solved by the inverse
Lanczos method without being affected by zero eigenvalues. Moreover, the
coefficient matrix A, is well-conditioned. In each Lanczos step, the conju-
gate gradient (CG) method can be used to solve the associated linear system
efficiently without any preconditioner.

e To solve the linear system in the inverse Lanczos method, two types of matrix-
vector multiplications Q;p and @,q are the most costly part of the computa-
tion. We successfully derive a variant FFT for the computations of @p and
@.q, which significantly reduce the computational cost.

e As the null space of (1.5) can be deflated by the intrinsic mathematical prop-
erties of A and the computational bottleneck can be accelerated by FFT,
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we study the efficiency of the proposed inverse Lanczos method. This new
method can be realized by MATLAB easily, and the numerical results show
several promising timing results. For example, our MATLAB implementa-
tion can find the target positive eigenvalues of a sequence of 5.184 million
dimension GEVP in the form of (1.5) within 50 to 104 minutes.

This paper is outlined as follows. In section 2, we illustrate the degenerate coeffi-
cient matrix A corresponding to the discrete double-curl operator with FCC lattices.
In section 3, we find an eigendecomposition of A and give explicit representations of
orthogonal basis for range and null spaces of A. We develop the inverse projective
Lanczos (IPL) method and an efficient way to compute the associated matrix-vector
multiplications in sections 4 and 5, respectively. Numerical experiments to validate
and measure the timing performance of the proposed schemes are demonstrated in
section 6. Finally, we conclude the paper in section 7.

Throughout this paper, we let T and % denote the transpose and the conjugate
transpose of a matrix by the superscript, respectively. For the matrix operations, we
let ® and @ denote the Kronecker product and direct sum of two matrices, respec-
tively. The imaginary number /—1 is written as 2 and the identity matrix of order n is
written as I,,. The conjugate of a complex scalar z € C and a complex vector z € C"
are represented by z and z, respectively. The vec(-) is the operator that vectorizes a
matrix by stacking the columns of the matrix.

2. Discrete double-curl operator with FCC lattice. We use Yee’s scheme
[36] to discretize (1.2) in the primitive cell that is illustrated in Figure 1.1. As the
details of discretization are complicated, we refer readers to [18] which describes the
whole discretization process in details. Let ni, no, and ng be the multiples of 6 and
denote numbers of grid points in z-, y-, and z-axis, respectively, and let n = ninans.
The mesh widths in the three axis directions are chosen to be

a 1 a 31
2.1 Op = ——, = —4/-—, L= — )
( ) \/5”1 Y \/5 4 ngy 2V 3ns

The resulting large-scale 3n x 3n Hermitian and degenerate matrix associated with
the double-curl operator V x Vx is of the form

a 21

(22) A=0C*C ¢ (C3n><3n’
where
0 —C3 (s
(2.3a) C=| Cs 0 —C | e3nxsn
—Cy 4 0
(23b) Ci = In2n3 ® K, e (Cnxn’ Cy = Ins ® Ky e (Cnxn’ C3=Ks¢€ (Cnxn’
-1 1
(243) K, = i e Cmxm
Oz -1 1
ezZﬂk~a1 -1
I’I’Ll In1
(24b) Ky = i c ((:(7117’L2)><(7’L1712)7
5y _In1 Inl
er2mk-az Jo _In1
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_Iﬂ1n2 ITL1TL2

K3 c Cn)(n’

(=%
w

_I?’Ll’n,z Inlng

e127'rk~a3 J3 _Inlng

0 e—zZﬂk~a1 In1/2 Xy
Jo = [ L, s 0 eC , and

—127k-
ng[ 0 e, @ 6,

(nan) X (nl?’LQ)
W e o |

Note that these matrices are associated with particular operators as shown below:

(i)

(iii)

(iv)

The block cyclic matrices K7, Ko, and K3 are the finite difference discretiza-
tions associated with quasi-periodic conditions. The entries —I and [ in
the same row of Ky, £ = 1,2,3, correspond to the regular finite differences.
The entries €221 and —1 in the last row of K; are associated with the
quasi-periodic condition along a;. Similarly, e>™%'82 ], and —I,,, in Ky are
associated with the quasi-periodic condition along a; and a;. The matrices
er?7k-as Ju and —I,n, in K3 are associated with the quasi-periodic condition
along aj, as, and as.

The matrices C1, Ca, and C3 are the discretizations of the operators 0., 0y,
and 0., respectively, at the central face points ((i + %)596, (j+ %)5y, ké.),
(160 (5 + )0, (k + 1)6.), and (i + 30,30, (k + 1)5.).

The matrices C}, C5, and C5 are the discretizations of the operators —0,,
—0y, and —0., respectively, at the central edge points ((i + %)51,]'51,, kéz),
(02, (j + 5)3y, kd.), and (idy, joy, (k + 5)32).

The matrices C*C, I3 ® (G*G), and GG* are the discretizations of the op-
erators V x Vx, —V2, and —V(V-) at the central edge points, respectively.
Here,

(2.6) G=[cl,cy,cf]".

3. Eigendecomposition of the discrete operators. In the following two sub-
sections, we derive eigendecompositions of the discrete partial derivative operators
C¢’s and then the discrete double-curl operator A = C*C' in explicit forms.

3.1. Eigendecomposition of the partial derivative operators. To find an
eigendecomposition of Cy defined in (2.3a), our approach is divided into the following
steps. First, we find the eigenpairs of K1, Ko, and K3 defined in (2.4). By using these
eigenpairs, we show that the matrices C1, Cy, and Cs can be diagonalized by a common
unitary matrix. Combining these results, we obtain the eigendecompositions of Cy.

THEOREM 3.1 (eigenpairs of K1). The eigenpairs of Ky in (2.4a) are (5, (e —

1), x;), where
2m(i + k -
(3.1) g, = Zrlitk-a)
ni
(32) X; = [ 1 el e20i e(n1i—1)6; ]T
fori=1,...,n1.
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Proof. Verify 6, K1x; = (eei — 1) x; directly for : =1,...,ny. 0
THEOREM 3.2 (eigenpairs of Ks5). The eigenpairs of Ko in (2.4b) are

(5;1(691',1- —-1), yi; ©xi) ,

where x; is given in (3.2) and

2r(j—4+k-a 1
(3.3) 05 = ul 5 2) with as = ag — —ay,
’ ng 2
(3.4) Vij = [ 1 efii 205 ... elna—1)0i; ]T
fori=1,...,n1,andj=1,... ns.

Proof. Suppose (A, [y1,---,Yn,] | ® X;) is an eigenpair of K. From (2.4b) it
satisfies that

(3.5a) Y2 — Y1 = Adyyi,
(35b) Yns = Yno—1 = /\5yyn2—17
(350) ylelQﬂ-k-az Jox; — YnoXi = Aéyynzxi'

By the definition of J3 in (2.5a), (3.5¢) implies that

(36&) ylez27rk-agefz27rk-ale%91 — Yny, = Aéyynga

(3.6b) yleﬁ”k'aze*%ei — Yns = Ay¥n,-

Plugging 6; in (3.1) into (3.6), we show that two equations of (3.6) are equivalent to
(3.7) yre2 R0 oy = Ay,

Combining the results in (3.5a), (3.5b), (3.7) and using Theorem 3.1, we get A =
5;1(ee'ivj —1) and y,41 = %% for s =0,...,n9 — 1, which completes the proof. d
THEOREM 3.3 (eigenpairs of K3). The eigenpairs of K3 in (2.4c) are

(07 (%h = 1), 2ijk @ yij ®Xi),

where x; and y; ; are given in (3.2) and (3.4), respectively, and

2r(k — +(i+j) + k- & 1
(38) 91'%1C = ! ﬂ-( B(Z ]) 3) with é3 = ag — = (a1 + ag) N
ns 3
(39) Zijk = [ 1 eliik  e20igk ... e("?,*l)@i,j,k ]T
fori=1,...,n1,j=1,...,n2, andk=1,...,n3.

Proof. Assume that (X, [21,...,2n,] | @ yi; ® X;) is an eigenpair of K3. By the
definition of K3 in (2.4c), it satisfies that

(3.10a) 23 — 21 = A0521,
(310b) Zng T Anz—1 = )\5225”3_1,
(3.10¢) 212 T (v 1 @ X)) — Zns (Vi @ Xi) = As2ny (Vi @ X;).
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By the definitions of J3 in (2.5b) and y; ; in (3.4), (3.10c) implies that

s —12nk-as 21,0, ;
(3.11a) zetrieasgmidrkaz gnabiy _ o A6, 2,

(3.11b) zlel%k'af’e*%e” JoXi — ZnaXi = ANz 2n,Xi.
By the definitions of J in (2.5a) and x; in (3.2), (3.11b) implies that

e _TM2p.  _mip
(3.12a) ze?kase =50 o= 5 00 _ Zng = A0z Zns,

as —"20, . —2nkea; 10,
(3.12b) zie?mkase =g lijem2mka o5 0 — N0, 2,

From the definitions of #; and 6;; in (3.1) and (3.3), respectively, the exponents in
(3.11a), (3.12a), and (3.12b) satisfy

(i+J)
3

1 . .

(313b) 127k - ag — —n29i,j - %91 =27k - 5.3 —27 (Z—;])

3
1 T
(3.13¢) 127k - a3 — §n29i,j —12rk-a; + %91- =127k - ag — l2w# + 12mi.

2
(3.13a) 121k - a3 — 127k - as + gngﬂi,j =127k - a3 — 127 + 1277,

, and

Plugging (3.13a), (3.13b), and (3.13c) into (3.11a), (3.12a), and (3.12b), respectively,
we see that (3.10c) can be reduced to

(3.14) 21612”(1"53_“?)) — Zns = A0 Zn, -

Combining the results in (3.10a), (3.10b) with (3.14) and using Theorem 3.1, we get
A=6_1(elsr —1) and 2541 = e%%uik for s =0,...,n3 — 1. 0

It is worth noting that the subvectors y; ; and z; ; ; in the eigenvectors of Ky and
K3 in Theorems 3.2 and 3.3 depend on the indices (i, j) and (4, j, k), respectively. Such
coupling relations are due to the periodic structure over the skew lattice translation
vectors in (1.4). These coupling relations complicate the derivation of the eigende-
composition. However, as Cy’s consists of K;’s, we can suitably use the eigenvectors
of Ky’s to form the eigenvectors of Cy’s. This idea is developed as follows.

Now, we proceed to show that Cy, Cq, and C5 in (2.3a) can be diagonalized by
the following unitary matrix:

1

3.15 T=——\|Ty Ty --- T, e cnm,
(3.15) s | T -]
Here T; = [ Ty1 Tip -+ Tin, | € C*("2m3) and
T = [ Zij1 QYij OXi 2 j2QYij QX -+ Zijng QYij QX } e Ccrxns

fori=1,...,n1,j=1,...,n0,and k=1,...,n3.

THEOREM 3.4. The matriz T defined in (3.15) is unitary.

Proof. Let s = 12% for s =1,...,m. By a simple calculation, we have
(3]_6) 1 + 6(9082*4/751) + 62(4/752*9081) + .o+ e(mfl)(‘/’szf‘/’sl) — m681 s
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where d;, 5, denotes the Kronecker delta. From the definitions of 6;, 6; ;, and 6; ; ;. in
(3.1), (3.3), and (3.8), respectively, it follows that

(3.17a) 0, — 0, — 127(ia + k- ap) B 127(ip +k-ap) _ 127 (ig — il)’
ni ni ni

(3.17b)

lQ’lT(jg—%—f—k-ég) Z27T(j1—%+k-flg) 127T(j2—j1)
01’1J2 - 0i17j1 = - = ’

N2 n2 n2
0 . g :Z2W(k2—%+k-ég)_ZZﬂ'(kl—%—Fk-ég)
i1,51,k2 i1,J1,k1 n3 n3
Z27T(/€2 — kl)

1 = — .
(3.17¢) s

By the definitions of x;, y; ; and z; ; 1 in (3.2), (3.4), and (3.9), respectively, and using
(3.16) and (3.17), we have X} X;, = n16;, iy, Vi Yirgs = 1205, s z;-*hjl)klzihjh;€2 =
n35k1,k2- This implies that if (il,jl, kl) 75 (iz,jg, kz), then
(zil,jl,kl ® Yii, 1 X Xi, )* (Ziz JJ2,k2 X Vi, \J2 ® Xiz)
= (Zrl,j17klzi27j27k2) (Y:;17j1Y7;27j2) (lexiQ) = 0

and (z; 5 ® ¥i; ® x;)"* (Zij,k @ Yi,j; @ %X;) = ningnz. Therefore, T' is unitary. O
Define

(318) An1 = 5;1d1ag (601 _ 1,602 —1,.. .,69"1 o 1) ’
(3.19) Nip, = 5y_1diag (891‘,1 —1, eliz _ 1,..., efimy _ 1) :
(3.20) Ai,jms = 5;1diag (eei,j,l -1, ebidz _ 1,..., eViimns _ 1) )

By the results of Theorems 3.1 to 3.4, we have
efi —1
Oz
CoT = (In, @ Ko) T =T (Aiymy ® Iny)
C3Tij = KT j = T j A jns,

CiTij = (Ingns @ K1) T35 = T; ;s

and therefore the following theorem holds.
THEOREM 3.5 (eigendecompositions of C;’s). The unitary matriz T defined in
(3.15) leads to the eigendecompositions of C1, Ca, and Cs in the forms

(3.21) CyT = TAy, CoT =TAy, and CsT = TA,,

where Ax = An1 & In2n3, Ay - (EB:L:llAung) & I’I’L3; and AZ = 69?:11 @?il AiJ;TLS'

3.2. Eigendecomposition of the double-curl operator. Now, we proceed
to find the eigendecomposition of the discrete double-curl operator A = C*C defined
n (2.2). We first define several intermediate diagonal matrices and show that these
matrices are positive definite and invertible in a particular space in Lemma 3.6. These
matrices will be used later to describe the eigendecomposition of A. Then we demon-
strate an explicit representation of the corresponding range and null spaces of A. The
eigendecomposition of A is finally presented in Theorem 3.7 by applying Lemma 3.6
and the representation of the range and null spaces.
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Based on the diagonal matrices Ay, Ay, and A, defined in (3.21), we define

(3.22a) Ag = ALAs + AL Ay + AZA, and
(3.22b) Ay = AAT = (Ax + Ay + Ap)(Ax + Ay + Ay)*

As shown in section 3.1, these diagonal matrices actually depend on the Bloch wave
vector 2rk. To determine the band gap of a photonic crystals with FCC lattice,
we need to solve a sequence of eigenvalue problems. These eigenvalue problems are
associated with the Bloch wave vectors 27k which trace the perimeter of the 1rre—
ducible Brillouin zone formed by the corners X = 2T’TQ[O, L,0]T, U = Z“Q [1 1 1} ,

Db
L= 2779[27272} G =1[0,0,0]T, W = 220 [%,1,0]T, and K = ZQ[2,2 0 ]T

where

)

11 0
- Ll s b
=—F= | Vv3 V3 V3
\/ﬁi_ii
Ve V6 Ve

To conduct the mathematical analysis in Lemma 3.6 and Theorem 3.7, we consider
the wave vectors 27k with k € B, where

2 2
B:{k:(kl,kz,kg)T#O 0§k1§£,0§k2 i0<k3<\/—§, and
a V3a’ a
T
Bl
a V36

Furthermore, in Lemma 3.8 and Theorem 3.9, we prove the results that are similar
to Lemma 3.6 and Theorem 3.7 for the case k = 0. Note that B contains the Bril-
louin zone and it easy to verify that (27)~'X, (27)~'U, (27)~'L, G, (27)~'W, and
(27)"'K € B.

LEMMA 3.6. For each k € B, Ay and 3N, — Ay, are positive definite.

Proof. The ((¢ — 1)nans + (j — 1)ng + k)th diagonal element p; ;1 of A4 is equal
to

eleiyj’k _ 1 2
0z

eWi — 1 2
Hi, g,k = }

elei,j _ 1 2
Oz

dy

fori =1,...,n1, j =1,...,n2, and k = 1,...,n3. This implies that p; ;, = 0 if
and only if 6, /(:27), 6, ;/(:2m), and 6, ; 1/ (127) are integers. By a tedious calculation
(see Theorem A.1 in the appendix), one can show that these conditions hold only if
k =v/2/a[1,1/+/3,1/4/6]". Therefore, A, is nonsingular for k € B.

From (2.3a) and (2.6), it holds that

(3.23) C*'C = I ® (G*Q) — GG*.
Let Ty =[TT TT TT]T. From (3.23) and the results of Theorem 3.5, we have

TyCC* Ty = 3T (CLCf + CoC5 + C5C3) T
—T*(C14+Co+C3) (C1 +Co+ C3)" T =37, — A,
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Now, we show that C*T} is of full column rank. Suppose that C*Tiv = 0, that is,
(Cs—C5)Tv = (C;—C5)Tv = (C5 —C{)Tv = 0. From Theorem 3.5, it follows that
(A; —A)v = (AL = A)v = (A — AY)v = 0. Suppose that the ((i — 1)nans + (j —
1)ng + k)th element of v is nonzero. Then we have

sin 91 - sin@m o sin@id,k

5 3, 5.

and

cost; —1 cosb;;—1 cosb; ;i —1
3.24 ! = % = b
(3.24) - 5 —

<sin9i,j)2 <C080i_j—1)2
4+ —=
59 59
. 2 2
sin Gi’ch 4 COs Gi’ch -1
P dz

cosf; —1 5_wc059i)j -1 5_wc059i,j7k -1
Ou N Oy Oy 0, 0 '

From (2.1), it is easily seen that §, # &, or d; # d.. Therefore, it holds from (3.24)
and (3.25) that cosf; = cosb;; = cosb;;, = 1. That is, 6;/(«27), 6; ;/(:27), and
0i j.x/(22m) must be integers. This contradicts that k € B. Thus, C*T} is of full
column rank which implies that 3A; — A,, is positive definite. a

The range and null spaces of A are derived as follows. First, we assert that Qg
forms an orthogonal basis for the null space of A, where

TAx
(3.26) Qo= |TAy| € CP¥xm,
TA,

The orthogonality of Q¢ holds as Lemma 3.6 suggests that Q3Qo = Ay > 0. Using the
definition of A in (2.2), the eigendecompositions of Cy in Theorem 3.5, and the fact
that Cy are normal and commute with each other (see Theorem A.2 in the appendix),
we can show that Qg spans the null space of A as

which imply that

sin 6; 2+ cosf; —1 2
Ox Ox

and then

(3.25)

TAx CyT
(3.27) AQo=A |TA,| = A |CoT| =0.
TA, CsT

Next, we form the orthogonal basis for the range space of A. Considering the full
column rank matrix 77 and taking the orthogonal projection of T with respect to
Qo, we have

T (Ag — AxAY)

S

(I - QOAq_lQS) Ty = |T(Ag — AyAT) Aq_l’

S

T (Aq — AzAT)
where Ag is defined in (3.22b). That is, 1 belongs to the range space of A, where

T (Ag = AxAY)
(3.28) Q1= (I - QoAngS) Tihg = |T (Mg — AyAY)
T (Ag — AzAY)
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It is then natural to form the rest part of the orthogonal basis for the range space of
A as the curl of T} by defining

T (A; - A;‘,)
(3.29) Q2 =C"T1 = | T (A} —A})
T (Ay =A%)

In short, we have shown that Qo and [Q1 Q2] are orthogonal bases for the null and
range space of A, respectively.

In the next theorem, we derive the eigendecompositions of A and GG*. Note that
A and G are defined in (2.2) and (2.6), respectively.

THEOREM 3.7. Define

(3.30) Q=1[Q Q1 Q]diag (A;%, (3A2 - Aqu)_% L (3A, — Ap)_%) .

Then Q is unitary. Furthermore,

(3.31) Q AQ = diag (0,Aq,Ay) and Q*GG"Q = diag(A4,0,0).

Proof. Since
(3.32a) Ay (A =AY+ A5 (A —Ap)+A; (Ay —AL) =0
(3.32b) AL (Ag — AxAY) + AS (Ag — AyAT) + AL (Ag — AzAY) = AfA, — AJAL =0,
(3.32¢)

(As = Ay) (Mg = AxAQ) + (Ax = Ag) (Ag — AyAD) + (Ay — Ax) (Ag = A5A5) = 0,

and T*T = I, it follows that the matrices Qp, @1, and Q2 in (3.30) are mutually
orthogonal. Furthermore, we can directly verify that

(3.33) QiQo =17, QiQ1= 3A2 — Ay, Q5Q2=3A;— A,

By Lemma 3.6, it follows that g, @1, and Q)2 are of full column rank. Therefore, by
(3.32), @ in (3.30) is unitary.

Equation (3.27) shows that Qo forms an orthogonal basis for the null space of A.
Equations (3.32a) and (3.32b) lead to

(334) G*Ql =0 and G*QQ = 0.

From Theorem 3.5, (3.34), and the fact that ,_, C3C,T = TA,, it follows that

3
AQ = (8 (G"G) -GG Q= (oG G) Q1 = |I;® (Z 0;@) Q1= QiA,.
=1

Similarly,
AQz = (I3 ® (G"G) = GG™) Q2 = (I3 ® (G"G)) Q2 = Q2.

Consequently, we have proved that Q*AQ = diag (0, Ag4, Ay).
Finally, from (3.22) and Theorem 3.5, we have

c TAx CiT
(3.35) GG Qo= |Co| [C; C3 C3] |TAy| = |CT| Ay = QoA
Cs TA, CsT

Combining (3.35) with (3.34), we show that Q*GG*Q = diag (A, 0, 0). O
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Now, we consider the case that k = 0.

LeEmMA 3.8. Ifk = 0, then Ay and 3Ay — Ap have rank n — 1. Furthermore,
Ag(4,7) = 0 and Ap(j,7) = 0 for j = (n1 — 1)nans + (3nz +1)% — (n1 + 1)ns.

Proof. From (3.1), (3.18), and the definition of Ax in Theorem 3.5, it holds that
Ax(i,i) = 0 for i = (nq1 — 1)nang + 1,...,n; otherwise, they are nonzero. That is,
Ag(i,3) > 0for i =1,...,(n1 — 1)nang. From (3.3), (3.19), and the definition of A,
in Theorem 3.5, it holds that for (n1 — 1)nons +1 < i < n, Ay(7,4) = 0 only when
i = (n1 — L)ngng +n3(5 — 1) +1,...,(n1 — 1)nanz + n3%-. Otherwise, they are
nonzero, which means the associated A4(4,7) > 0. Furthermore, from (3.8), (3.20),
and the definition of A, in Theorem 3.5, it holds that for (n; —1)nanz+nz(5—1)+1 <
i < (n1—1)nanz+nz=t, A.(j,j) = 0 with j = (n1 —1)nanz+(3nz+1)% — (n1 +1)ns.
It implies that A, has rank n—1 and A4(j, j) = 0. Similar to the proof of Lemma 3.6,
we have 3A, — A, being of rank n — 1 and A,(j,7) =0. 0O

We define notation that is used in the following theorem. For a given matrix
F e Cm*n et F, € Cn*(n—1) (or F,. € (C("’l)x("’l)) be the submatrices of F' from
which the jth column is deleted (or both the jth column and the jth row are deleted).
Here, j is defined in Lemma 3.8.

THEOREM 3.9. Let k =0 and define

~ ThAx,c Ul [T =any)]  [T(A5-4Ay),
QO = TAy7c ) 7I3 & 7Ql = |T (Aq - AyA:)c 7Q2 =T (A;kc - A;)c
TAy. n 1 T (Aq — A,AY), T (A; =A%),

Let

~ ~ ~ ~ . _1 9

Q=1Q0 Q1 Qo] ding (Ao @ I, (302 = AgA,),
Then @ is unitary. Furthermore,

Q*AQ = diag (0, (Ag)re, (Ag)re) -

4. Inverse projective Lanczos method. The eigendecomposition of the dis-
crete double-curl operator derived in Theorem 3.7 is actually a powerful tool to solve
the GEVP (1.5). Via this eigendecomposition, we can form the eigendecomposition
of A in terms of its range space. This particular decomposition allows us to project
GEVP into a standard eigenvalue problem (SEVP) that is equipped with several
attractive computational properties as shown below.

The eigendecomposition (3.31) suggests that @, forms an orthogonal basis for the
range space of A, where

1
2

(4.1) Qr = [Ql (BA2 - A,A,) 2 Q2(3A, - Ap)*%} =([30T)A

and

(Aq - AxA:) (3A3 - Aqu) -
A= (Ag — AyAY) (3A5 - Aqu)_
(Aq - AZA:) (3A3 - Aqu)i

(A7 = A3) (BAg — Ap)™
(A; - A;) (3Aq - A;D)_

(A; - A;) (3Aq - Ap)i

[V L ST N [P
[T N L T

This basis, together with the fact A, = diag(A4,Aq) > 0, leads to the fact that
1
A = Q,A.Q*. In addition, B~'/2Q,A? forms a basis for the invariant subspace of
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B~Y2AB~1/2 corresponding to the nonzero eigenvalues of the GEVP (1.5). Letting
(4.2) x=B'Q,Azy

and substituting x into (1.5), we have
(4.3) A (B‘lQTAT% y) - (QTA,%y) .

Premultiplying (4.3) by Ay 2Q* and using the facts that A = Q,A,Q? and Q*Q, =
I, we can form the SEVP

(4.4) Ay = Ny,

where A, = Ay 2Q*B1Q,AZ.

This SEVP has the following computational advantages. First, while both the
GEVP and SEVP have the same 2n positive eigenvalues, the dimensions of the GEVP
and SEVP are 3n x 3n and 2n x 2n, respectively. The SEVP is a smaller eigenvalue
problem. More importantly, as we are interested in several of the smallest positive
eigenvalues among all of the 2n positive eigenvalues in SEVP, we can find these desired
eigenvalues efficiently by the standard inverse Lanczos method [14]. In contrast, the
GEVP contains n zero eigenvalues and 2n positive eigenvalues. This large null space
usually causes numerical inefficiency [17].

Second, to solve the SEVP by the inverse Lanczos method, we need to solve the
linear system

(4.5) Q;B'Qru=c

at each Lanczos step for a certain u and c. The CG method [14] fits this Hermitian
positive definite system nicely. In addition, as shown in Theorem 4.1, we can bound
the condition number x(Q*B~1(Q,) associated with (4.5) and then estimate the con-
vergence performance of the CG method. In practice, the condition number is small,
as demonstrated in section 6, and there is therefore no need to find a preconditioner
for (4.5).

Third, to solve (4.5) by the CG method, the most costly computation is the
matrix-vector multiplication in terms of the coefficient matrix Q*B~1Q, or particu-
larly the matrix-vector multiplications T*p and T'q for certain vectors p and q due
to the definition of @, in (4.1). At first glance, the components in the three co-
ordinates are coupled together in the matrix T. Consequently, these matrix-vector
multiplications are general dense operations with cost O(n?). However, as discussed
in section 5, these matrix-vector multiplications can be performed by a sequence of
diagonal matrix-vector multiplications and one-dimensional FFT with cost O(k) and
O(klog(k)), respectively, for k = ni,ns, or ns.

Now, we assert an upper bound of x(Q*B~'Q,) in Theorem 4.1 and summarize
the aforementioned ideas by proposing the IPL method to solve the GEVP (1.5) in
Algorithm 1.

THEOREM 4.1. Let Q, be defined in (4.1). Then

(4.6) k(Q:B7'Q,) < Kk(B™).
Proof. Since Q:Q, = Ia,, it implies that
(4.7 Amax (QEB7'Qy) = max z°QiB'Q,z < max Z°B ™'z = Apax(B™),

llzll2=1 —lizll2=1
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and

(4.8)  Auin (Q:B7'Q;) = min z*QiB'Q,z> min z°B ™'z = A\uin(B7).

llzll2=1 lzll2=1

From (4.7) and (4.8), the result of (4.6) is proved. O

ALGORITHM 1. IPL method for solving (1.5).
1: Compute Ay, Ay, and A, in Theorem 3.5;
2: Compute Ay, Ap, and A, in (3.22);
3: Compute A in (4.1);
4: Apply the inverse Lanczos method to solve the SEVP

diag (A;Aq) A (LoTYB ™ (I; © T) A diag (AqA;) v = \y;

M

5. Compute x = B~ (I3 ® T)A diag(Aé ,A2)y.

5. Fast matrix-vector multiplication for T*p and T'q. The most expensive
computational cost for solving (4.5) by CG method has been pinned down to the
matrix-vector multiplications T*p and T'q. To derive fast algorithms to compute
these multiplications, our strategy is to rewrite each of the eigenvector entries in K;’s
as a multiplication of diagonal matrix and a periodical matrix. Then we carefully
explore the recursive and periodical matrix representations, so that we can rewrite
the multiplication of T*p and T'q as a sequence of operations involving diagonal and
FFT matrices, which can significantly reduce the computational cost.

First, we rewrite 0;, 0; ;, 0; ;1 and x;, y; 4, and z; ;. in Theorems 3.1 to 3.3 as
follows:

121t 127k - ay

b= T TR 2t
niy ny
1215 2T . 1
oi’j = n—2 + n—2 {k-a2 — 5} = 0y7j +€y7i,
127k 127 1
01" = — ka3 — (¢ ] Eoz z,i+7
ik s + s { as 3(z+])} &€zt
and
(5.1&) x; = By [1 efxi ... e(n171)9x,¢}'l' = Bou.s,
(51b) Yij = Ey,i [1 edvi ... e(nzfl)GyJ]T = Fy uy 5,
(5'10) Zijh = Ez7i+j [1 LN 6(713—1)91,k:|—|— = Eyiy U,
where Ey = diag(1,ex, ..., e(m D), E, ; = diag(1,e%, ..., e(m2=Devi) and E, i+
= diag(1,e%=+i, ... e3~Ve=i+i) From (5.1) we denote
(523) Uy = [ux71 Uxz2 -°° ux,nl] s
(5'2b) Uy = [uy71 Uyg2 - uy,"2} )
(5.2¢) Uz = [uz,l Uzz2 - uz,ns] :
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5.1. Matrix-vector multiplication for T*p. For a given vector p € C"1"2"3
we denote p recursively by letting p = [p] - pa, |7, Pr = [Plx - Payi] € CM72,
and pjj = [Prak - Prian]l € C™ for j = 1,...,np and k = 1,...,n3. Let P =
[Pl p2 png] and P, = [pl,k pnz,k],

By the properties of tensor products, we have

(Zije ®Yi; @%)*P = (yi; ®x;)" [Pl P2 - Png] Zi 5.k
(5.3) = (yi,j ©®x:)" Pzijk
and
(5.4) (Vij @ %) pr = X} [Pl,k e pnz,k} Vi i=X; Pr¥i;

for k=1,...,n3. From (5.3), (5.1¢), and (5.2¢c), it follows that

TP = [2ij1 ®Yij ©Xi Zija®@Vij OXi - Zijmg OYij OXi] P
(vij ®xi)" PZij1 Z;j,lp—r (yij ®x;)
(yi,j @) P72 Z;j,gPT (yij ®@x;)
(¥ij ©%i)" P Zijmg 2} ;s P (Vi @ %)
= [2ij0 Zij2 o Zigms] P (yi; ©%)

= U;E*7i+jPT (yij; ®x%i),

z

which implies that

T7p UrE; 1 PT (i1 @)

Ti,p Uz*E;,H-zPT (Viz ®%;)
(5.5) Trp=| | = .

T:nzp U;E;,i+n2 PT (yimg & Xi)

From the definition of P and the result in (5.4), the vectors P (y;; ® x;) for j =
1,...,n9 in (5.5) can be calculated by

(ph [Yil®Xi Yiz®Xi =+ Yin, OX; DT
x; Pryin Yf71P1;rii
= [Yi,l QX YVi2®X; - VYin, @ Xir Pr = = :
X:Pkyi,ng yf}nz P]jil
5o = o v %
for k=1,...,n3. Let
(57) [gl,k 62716 T gnl,k] = P]: [Xl X v Xn1] = (P]:Ex) Ux
fork=1,...,n3 and
[771‘,1 N2 - 77i7n2] = ([yi,l yi7n2]* [Pleii P)x; - P,Lii])
(5.8) = ([fm Siz - fi,n_g]TEy,i) Uy
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fori =1,...,n1. Then, by (5.6),

ka [ Vi1 ®X; Yi2®X; -+ Vin, X } = [ Witk Ti2k ' Tinak }

for K =1,...,n3, where n; j 1 is the kth component of n; ;. This implies that

pi (yij ®x;) Mi,j,1
- P (Yij ®Xi) i,j,2
(5.9) P (yi;®%;) = ) = . | =W
Py, (Vij ©%i) Ti.joms
Substituting (5.9) into (5.5), we have
(5.10)
Uy E, i1t
USE; o2
% z “z,142', « % . % . o
Tip = : = vec (U [EpipaTix -+ Ejin,Tims |) = vec(Z).
Uz Bz itn,Tina

By the definition of T in (3.15) and the result in (5.10), we obtain

1
5.11 T'p= —— Z1 - Zn .
o P = i e B »

We summarize this new way to compute T*p in Algorithm 2.

ALGORITHM 2. FFT-based matrix-vector multiplication for T*p.

—
Input: Any vector p = [p{ --- pl—s]—r € C" with p = [PlTk PL_J@] and
pjx €CMforj=1,...,n0, k=1,...,n3.

Output: The vector f = T*p.

1: for k=1,...,n3 do

2:  Compute &  with [k &2k &nye | = (PFEx)Ux in (5.7).

3: end for

4: fori=1,...,n; do

5. Compute 7 j with [71 = %ims | = ([&1 = &g |7 By ;)Uy in (5.8).
6: Compute Zl with Zi = U;[E:z-Flm E;,H-ngm ] n (510)

7 Set f((i — )nang + 1 :ingng) = \/ﬁvec(Zi).

8: end for

5.2. Matrix-vector multiplication for T'q. For a given vector q € C", we
denote q recursively by letting q = [a] - a), |7 with q; = [/,  a/,,]T € C"2"3
and q; ; = [4i1 = diims |7 € C"2. Then, by the definition of 7' in (3.15) and the
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results in (5.1¢) and (5.2¢), we have

ni no ns3

Tq \/WZZZ(]ZJR Zzgk®Yz7J®Xz)

=1 j=1 k=1
ni no
- \/ninang Zlgzl Zhat Zi’j’"3] qu) X Yi,j DX
ni no
Z,i zqz RYij; QX
m 2; +9Uai) © ¥
ny no
-
Z > vee (( ( Yij @ Xi) (Ez,it;Uzdi,;) )
\/nannB =1 =1
no -
(5.12) = Jminans ZVGC ; Yig ®Xi) (Eait;Uzq,5)
Let
T n: n.
(5.13) Qzi = [Br,i+1Uzqi1  EritoUsQin -+ Egipn,UsQin,] € CM2*"8
for i =1,...,n1. Then (5.12) can be rewritten as
Tq:*ZVeC([YH(@Xi Yina ®Xi} in)
y/Mingng ' ’ ’
ni
\/W Zvec ([yir yiz - Yine Qui) ®%i)
ni
5.14 vec ((Ey,iUyQq i) @ X;) .
( ) \/W Z Y Yy 5 ) )
Define
(515) Gi = [ng gi2 - gi,ng] = Ey7i (Usz7i) c (Cn2><n3

fori=1,...,n;. Rewrite (5.14) as

1
Tq= \/ﬁ ;VQC ([gi,l gi2 - gzng} & Xi)
1 ue
=— Zvec ([gm QX 8i2®X; - Ling ® Xi])

yningng <
=1
ni ni
_ 1 T T
= ————vec | |vec Xig;1 | - vec Xi8 ns .
Vvninansg i—1 i=1

]T

Since
inngZ[Xl X2 v Xm] [gl,k g2k - 8Bnik

= Exe [gl,k g2k gnl,k} T
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for k =1,...,ngs, it implies that
1

Tq= ——
v/ Ninansg
T T
821 82,n5
(5.16) X vec vec | ExUx . <o vee | ExUx ;
g;lrl,l g';7|«—1 sN3

We summarize above processes for computing 7'q in Algorithm 3.

ALGORITHM 3. FFT-based matrix-vector multiplication for T'q.

Input: Any vector q = [a] - a;,]" € C" with q; = [a/,  a],,] and q;; € C"

fori=1,...,n1,7=1,...,n9.
Output: The vector g = T4q.
1: fori=1,...,n; do

2:  Compute Q,; with Q = U,[ai1 qi2 = dimns |,
Qzi = [Fait1Q(:1) Bris2Q(:2) - EaitnyQ(m2) T in (5.13).

3:  Compute g; , with [8i1 82 8ing | = Ey ;(UyQy;) in (5.15).
4: end for

5. for k=1,...,n3 do

6: Compute Q = ExUx[81r 8% = &nx |1 in (5.16).

7. Set g((k— Dning +1: kning) = Mﬁvec(@).

8: end for

6. Numerical results. We implement Algorithms 1, 2, and 3 with MATLAB
to evaluate their timing performance. The matrices [§; x], [1;,;], and Z; in Lines 2,
5, and 6 of Algorithm 2 are computed by fft, which is the built-in discrete Fourier
transform function in MATLAB. The matrices @y, [ k], and @ in Lines 2, 3, and
6 of Algorithm 3 are computed by ifft, which is the built-in inverse discrete Fourier
transform function in MATLAB. The functions eigs with symmetric option and pcg
in MATLAB are used for the IPL and CG methods, respectively. The stopping
criteria for the eigensolver eigs and the linear system solver pcg are set to be 10% x
€/(2V6,2 4+ 0,2 +6;?) and 5 x 1073, respectively. The constant e (= 27°?) is the
floating-point relative accurac;f in MATLAB. In eigs, the maximal number of Lanczos
vectors for the restart is 20. All computations are carried out on a workstation with
two Intel Quad-Core Xeon X5687 3.6 GHz CPUs, 48 GB main memory, the Red
Hat Linux operation system, and IEEE double-precision floating-point arithmetic
operations.

Figure 6.1 shows the timing results for computing 7*p and T'q by Algorithm 2 and
3, respectively. The matrix size of T ranges from 884,736 to 94,818,816. In particular,
the dimension of T is 7}, where 7i; = 96 + 24j = ny = ny = ng for j = 0,1,...,15.
The average CPU time out of ten trials for each j is then plotted in the figure. We
can see that Algorithms 2 and 3 are extraordinarily efficient. They take less than
10 seconds to finish a T*p or T'q matrix-vector multiplication even for the matrix T’
whose dimension is as large as 95 million. The figure also shows that the complexity
of T*p and T'q is O(nlog(n)).

Being equipped with these fast T*p or T'q computational kernels, we evaluate
how the IPL method (Algorithm 1) performs, in terms of CPU time and iteration
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Fic. 6.1. CPU time for computing T*p and T'q with various n.
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Fic. 6.2. A computed band structure of the 3D photonic crystals with FCC lattice. The vector
k is traced along the boundary of the first Brillouin zone. The frequency w = av/A/(27) is shown
on the y-axis. The radius of the sphere is r = 0.12a, and the connecting spheroid has minor axis
length s = 0.11a. The grid numbers are n1 = na = n3 = 120, and the dimension of the GEVP is
5,184,000.

TABLE 6.1
The third smallest positive eigenvalue for the wave vector k = L with various n = n%

ni 90 120 150 180 210
Az | 19.1144  19.1131 19.1190 19.1257 19.1251

numbers, to solve the eigenvalue problems for the band structure of the target pho-
tonic crystals. In the numerical experiments, we assume the piecewise constant and
periodic dielectric diamond structure with face-centered cubic lattice consists of di-
electric spheres and connecting spheroid [8]. The radius of the spheres is = 0.12a
and the connecting spheroid has minor axis length s = 0.11a with a = 1. Inside the
structure is the dielectric material with permittivity contrast €;/e, = 13. We solve
the eigenvalue problems associated with the wave vector 27k’s along the segments
connecting X, U, L, G, X, W, and K in the first Brillouin zone. In each of the
segments, fifteen uniformly distributed sampling wave vectors are chosen. For each
wave vector, we compute the five smallest positive eigenvalues of the corresponding
GEVP. The associated band structure is plotted in Figure 6.2, which shows that a
band gap lies between the second and third smallest eigenvalue curves. In Table 6.1,
we demonstrate the convergence of the third smallest positive eigenvalue A3 for the
discrete eigenvalue problem with various mesh sizes for k = L.
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Fic. 6.3. CPU time and iteration numbers of the IPL method with various wave vector 2wk.

In the following numerical results, the dimension of the GEVP is 3n3 = 3 x
1203 = 5,184,000 and the dimension of the SEVP we are actually solving is reduced
to 2n3 = 2 x 1203 = 3,456,000.

Computational results in CPU time of the IPL are shown in Figure 6.3(a). Out
of all of the 90 test problems, the timing to solve each of the eigenvalue problems
ranges from 50 to 104 minutes with an average of 65 minutes. For the problems with
dimension as large as 3.5 million, the timing results of the MATLAB codes are quite
satisfactory. On average, the matrix (Q*B~1Q,) vector multiplications take about
77% of the total CPU time for solving the eigenvalue problem. In this matrix-vector
multiplication, T'q and T*q require around 44% and 33% of CPU time, respectively.
The discrete FFT MATLAB functions ifft and £fft take about 68% and 64% of
CPU times for computing T'q and T*q, respectively. That is, ifft and fft take
about 23%(= 0.77 x 0.44 x 0.68) and 16%(= 0.77 x 0.33 x 0.64) of the total CPU time
for solving the eigenvalue problem.

In addition to the fast T*p and T'q multiplications, another factor contributing
to the outstanding timing performance is the small number of iterations in the IPL.
The total iteration numbers that the IPL takes to solve an eigenvalue problem for the
five target eigenvalues are shown in Figure 6.3(b). Among the 90 cases we tested, the
IPL takes 47 to 91 iterations (57 on average) to solve each of the eigenvalues. These
small iteration numbers for such large problems are again remarkable.

Finally, to solve the linear systems within the IPL solver, the CG method takes
around 40 iterations consistently for all of the test problems to fulfill the relative
residual tolerance 6.40 x 10715, This fast convergence behavior is due to the well-
conditioned coefficient matrix defined in (4.5) and can be justified by the following
theoretical analysis. Convergence of the CG method for solving (4.5) depends on
the ratio v = (/&k(Q:B71Q, —1)/(v/k(Q:B~1Q,) + 1) as shown in [34]. In the
numerical experiments, we have ¢;/¢, = 13. Theorem 4.1 suggests that v < vg =
(V13 —1)/(v/13+1) =~ 0.5657. In other words, after 40 iterations, the residual is
predicted to be less than (y5)*° ~ 1.27 x 10710,

7. Conclusions. Aiming to solve the Maxwell equation that models the 3D
photonic crystals with FCC lattice, we have derived an explicit eigendecomposition
of the discrete double-curl operator and the orthogonal bases spanning the associated
range and null spaces. Based on these results, we propose the IPL method with
the FFT-based matrix-vector multiplications that can solve the eigenvalue problems
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efficiently. This fast eigenvalue solver can significantly reduce the time needed to find
the optimal shape of photonic crystals with larger band gap.

Appendix A.

THEOREM A.l. Let 6;, 0;;, and 6; ;1 be defined in (3.1), (3.3), and (3.8),
respectively, fori =1,...,n1, j =1,...,n9, k = 1,...,n3, and ny (¢ = 1,2,3) be
multiples of 6. Assume k = (kq, ko, ks) # 0 with

V2 _2V2 V3

. <k i<—,0< < —_—

(A 1) 0< =7, < ko \/—a 0 ks < a
Then p1 = 0;/(12m), p2 = 0, ;/(127), and ps = 6, 1/ (127) are integers if and only if

k= 2(1,1/V3,1/v6)"

Proof. From the definitions of 0;, 0; ;, 0; ;1 and the lattice vectors a;, az, and
as in (1.4), it follows that p;, p2, and ps are integers if and only if k satisfies that
k-a; =nip; — i, k-a; =nopy —j+ $nmip1, and k - ag = naps — k+ $nipy + $nopo.
This is equivalent to k; = \/Ti(nlpl —1i), ko = \/\[(ngpg +5—j), and k3 = ‘/g(n3p3 —

k+ %(i+ j)). By assumption in (A.1), it implies that

(A2) 0 S nipir — ) S 1,

(A.3) 0 < nops + % —7j <1, and
1

(A.4) 0 < nsps —k+ §(i+j)<1-

Since 1 < ¢ < nq, from (A.2) it holds that py =1 and i =ny or i =n; — 1.
Case 1. i = n; (which implies k; = 0). From (A.3), even n1, and 1 < j < ngy, we
have j = &, po = 0, and ko = 0. Then (A.4) becomes 0 < nzp3z —k + %nl < 1. Since

%nl is an integer, we have ngps — k + %nl = 0 or k3 = 0, which contradicts k # 0.

Case 2. i = ny — 1 (which implies k; = ﬁ) From (A.3), it follows that

a

0< "1771 —j < 1 and py = 0. The fact implies that j = ”1;2 and therefore ko = %

Consequently, from (A.4), it holds that 0 < —k + %nl — % < 1 and p3 = 0, which
implies that k = $n; — 1, and therefore k3 = % ork = @(1, 1/v3,1/v6)7. O

The following theorem asserts that Cy, Cs, and C3 are normal and commute with
each other.

THEOREM A.2. For Ci, Cs, and Cs defined in (2.3a), it holds that C;C; = C;C¥
and C’le = OJCZ fO’I‘ i,j = 1, 2,3.

Proof. First, by definitions of K; and J; in (2.4), (2.5a), and (2.5b), it holds that
J5Jo = Iy, J5J3 = Inn, as well as K{ Ky = I,,, K5Ko = I),n,, and K3 K3 = I,,.
We then have C7C; = C;C5 for j = 1,2,3. Furthermore, it is easy to check that
KiJ5 = J5 K, K{Jy = JoKY, and K Jy = JoK;. Therefore, we have C7Cy = C2CY,
0105 = O;Cl, and 0102 = 0201.

Second, we partition K5 as

K22 (emel ) ® In1 0
K2 = 0 K22 (eme]_ ) ® Inl )
er2rk-az (e e, ) ® Jo 0 Koo
-1 1
where m = ny/3, Koy = na g x g , and e; is the jth column

=

.
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of I,,,. Consequently,

0 Ko(Im @ J3) (emef ) ® J3
ngg — e’LQﬂ'k-az (emelT) ® In1 0 KQQ(Im X J;)
e127'rk~a2 Koo elQﬂ'k-az ((emelT) ® Inl) 0
and
0 (Im ® J3) K2 (eme) @ J3
J;Kz _ e’LQﬂ'k-az (emeir) ® In1 0 (Im %9 J;)K22
gr2mk-as Koo er2rk-a ((emeir) & In1) 0

Since Koa(Ip, @ J3) = (I, ® J3) K22, it follows that Ky Ji = J5 Ko. Similarly, K3.J3 =
JgK; and K2J3 = J3K2. We have 0503 = 0305, OQC§ = C’;Oz, and 0203 = 0302.

Finally, by the definitions of Cy and Cj in (2.3a), it is easy to check that C;C5 =
C3Cik, Cng‘ = C;Cl, and 0103 = 0301. a
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