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Abstract. We perform isothermal Brownian-type molecular dynamics simulations with the 
Gupta potential for bimetallic cluster Ag17Cu2 from T=0 to 1500K, across the temperature 
range associated with the melting behaviour determined by the specific heat of the cluster. We 
also use the instantaneous normal mode (INM) analysis to dissect dynamics of the cluster. In 
terms of the projected density of states of the vibrational INMs, we propose a new order 
parameter that specifically describes the melting behaviour of the cluster. The calculated result 
of our order parameter is consistent with the information inferred from the specific heat data. 

1.  Introduction 
Melting of clusters, which is associated with a transition from the solid-like to the liquid-like cluster 
structures, is more complicated than that of bulk systems [1]. Due to the finite sizes of clusters, the 
melting transition of a cluster occurs over a temperature range, rather than at a well-defined 
temperature [2,3,4]. Instead of a discontinuous jump as in the specific heat of a bulk system at the 
melting temperature, the specific heat CV of a cluster changes continuously with temperature and 
generally exhibits a single broader peak or a main peak with a prepeak at a lower temperature [3,4,5]; 
the melting temperature Tm is usually defined as the temperature at the single peak or the main peak. 

Physically, the melting phenomena are described by some appropriated chosen order parameters. 
The melting of bulk systems at a given pressure is a first-order transition in thermodynamics and 
commonly characterized by a discontinuous jump in the order parameter, such as entropy or volume, 
at the melting temperature. For clusters, other order parameters have been used to characterize the 
transition between the solid-like and liquid-like cluster structures [2]. Theoretically, the bimodality in 
the probability distribution of the short-time averaged temperature in microcanonical ensemble 
provides an evidence for the coexistence of the solid-like and liquid-like cluster isomers within a 
temperature range [6]. By the microcanonical ensemble simulations, the solid-like and liquid-like 
isomers of a cluster are found to be separated by a barrier in Landau free energy and, therefore, 
potential energy serves as the order parameter of the free energy [7]. Also based on the short-time 
average, some geometric order parameters are used to address the transition between two stable 
isomers and their coexistence [8]. Continuously used in computer simulations [5,9,10], the root-mean-
square bond length fluctuation constant δ acts as a Lindemann-like order parameter, which signals 
some kinds of structural or phase transformation. However, the information of the transition deduced 
from δ and CV is not always consistent. Recently, by analyzing the cluster dynamics of Ag17Cu2 with 
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the instantaneous normal mode (INM) theory, we propose a new order parameter, which describes the 
melting behavior of the cluster in consistence with the information inferred from its specific heat [11]. 
The main purpose of this proceeding is to address this new order parameter. 

2.  Instantaneous Normal Mode Theory for Clusters 
Originally developed for studying the short-time dynamics of liquids from the viewpoint of potential 
energy landscape [12,13], the INM theory has been a useful analytic tool for investigating microscopic 
dynamics in condensed matter and fruitful results of bulk systems have been presented. A recent 
review of the INM theory is given in Ref. [14]. Before applied for bulk systems, the INM analysis has 
been used to study cluster dynamics in a series of papers in 1990 [15,16,17]. Despite some insight 
provided by those studies, the strategy to exploit the cluster dynamics with the INM analysis still 
demands further exploration. The major impediment lies in the particle number. Even for a cluster 
containing particles less than a hundred, the potential energy landscape of the cluster is extremely 
complicated in a multi-dimensional space. Differing from the particle motions in bulk systems, whose 
particle numbers are infinite, a cluster with finite particle number has rotational motions of a whole 
about its principal axes. This feature causes the INM analysis for clusters in some aspects different 
from that for bulk systems and results in a new order parameter to monitor the melting behavior of the 
cluster. 

The INMs of a cluster configuration are referred to as the eigenmodes of the Hessian matrix 
evaluated at the configuration, where the Hessian matrix is defined as the second derivatives of the 
potential energy function with respect to particle displacements [18]. For a cluster of N particles with 
mass mj, for j=1,…, N, which may be of different species, the 3N INMs generally contain three 
translational (Tx, Ty, Tz), three rotational (Rx, Ry and Rz) and 3N-6 vibrational (V1,…,V3N-6) modes. The 
normalized eigenvector of an INM, indexed with α, is denoted as α

je


, where ),,( αααα
jzjyjxj eeee   ≡  is 

the three-dimensional displacement of particle j in this INM. 
The three translational INMs are easily identified with zero eigenvalues. Because of the 

vibrational-rotational couplings, the three rotational modes of a cluster can be separated out from the 
rest of vibrational modes by two methods. As the vibrational-rotational couplings are extremely weak, 
the clusters are close to rigid so that the rotational and vibrational degrees of freedom are assumed to 
be decoupled and three purely rotational modes of the cluster can be separated out by the standard 
projection technique [19], which is referred to Method I in this proceeding. On the other hand, as the 
vibrational-rotational couplings are significant, the rotational and vibrational degrees of freedom of a 
cluster mix to some extent so that the purely rotational modes are not well defined. However, under 
the INM approximation, a cluster at an instant is considered as a rigid body with the instantaneous 
structure and its instantaneous total angular momentum is regarded as a constant. Thus, by an 
alternative method [11,17], which is referred as Method II, the approximated rotational modes of a 
cluster are identified as the INMs that have the three largest angular momenta, whose magnitudes are 
evaluated by the following formula 
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1
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where !! is the position of particle j and c is the proportionality constant between the instantaneous 
particle velocity and the normalized INM eigenvector. Note that the constant c given here is different 
from the one given in Ref. [17], in which the particles of a cluster are of the same species. 

After excluding the translational and rotational modes, the remaining 3N-6 INMs of a cluster 
behave vibrationally and are indexed with the INM frequencies ωα, which are the square roots of the 
INM eigenvalues. The normalized vibrational density of states (DOS) of a cluster is expressed as 
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where the brackets denote an ensemble average over cluster configurations. Generally, )(ωVibD  

consists of two lobes, )()( ωs
VibD  and )()( λu

VibD , associated with the INMs of real frequencies ωα and 

imaginary frequencies ωα= iλα, respectively. The normalization of )(ωVibD  yields a unit area under the 

curves of )()( ωs
VibD  and )()( λu

VibD , which are usually plotted in the positive and negative axes of 
ω, respectively [10,11]. 
    In the literatures, with the INM eigenvector, the projection operator of particle j is defined as [18,20] 
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In terms of the projection operator, the contribution of particle j to the vibrational DOS is expressed as 
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The integration of )(ωjD  over frequency is given as  
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Thus, Ij is also realized as an ensemble average of all vibrational projection operators associated with 
particle j. According to the results given in the following section, we emphasize that the temperature 
variations of all Ij quantities of a species in a cluster shed light on the melting behaviour of the cluster. 

3.  Simulation and Melting Behaviour for Ag17Cu2 
With the Gupta potentials of Cu-Cu, Ag-Ag and Cu-Ag, we generate the configurations of Ag17Cu2 by 
Brownian-type isothermal MD simulations with a time step of 1 fs [11]. We start the simulation at T=0 
and, then, heat up to 1500 K with a step of 10 K. Following a previous work [5], the specific heat of 
the cluster is calculated by 

,2

22
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=  

where Etot includes the kinetic energies of all atoms and the Gupta potential energies of every atomic 
pairs. At each T,  the variation of Etot is averaged over a long period in a range of (1－ 3)×10-7s. 
 

 
 
Figure 1. Specific heat CV  (left) and ground-state structure (right) of Ag17Cu2. CV  is in unit of kB. The 
atoms in the ground-state structure are classified into four subsets, denoted as Cu(2) (red), Ag(2) (violet), 
Ag(5) (brown) and Ag(10) (green), as in Ref. [11]. 
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In the left part of Fig. 1, the specific heat of Ag17Cu2 shows a maximum located at Tm ≈ 890 K. 
Shown in the right part of Fig. 1 is the ground-state structure of Ag17Cu2 (at T=0), which has the D5h 
symmetry [21] with the principal axis going through the two centrally located Cu atoms: a five-fold 
rotational symmetry about the principal axis, a reflection symmetry about the plane containing the 
middle pentagonal ring and another reflection symmetry about the plane containing the principal axis 
and anyone of Ag atoms residing in the middle pentagonal ring. Owing to the D5h point group, we 
classify the atoms in the ground-state structure presented in Fig. 1 into four subsets of atoms: two Cu 
atoms, top and bottom Ag atoms, five Ag atoms in the middle pentagonal ring and ten Ag atoms in the 
upper and lower pentagonal rings, which are denoted as Cu(2), Ag(2), Ag(5) and Ag(10), respectively [11]. 

Averaged over 106 cluster configurations at each temperature, the INM DOS of Ag17Cu2 are depicted 
in Fig. 2. After removing the contributions of the rotational INMs, which are selected by anyone of the 
two methods described above, the vibrational INM DOS is obtained. Since the vibrational INM DOS 
obtained by the two methods are found to be only slight different [11], we only present in this 
proceedings the results by Method II. At T=100K, the INM spectra with and without the rotational 
contributions exhibit structural characteristics and all vibrational INMs possess real frequencies, 
displaying a solid-like behaviour, since the cluster configurations are around the ground-state structure 
corresponding to the lowest energy of the potential energy landscape. At T=500K, the INM spectra are 
generally smoothed out and the amount of the imaginary-frequency vibrational INMs are noticeable, 
which suggests that the cluster has the possibility to surmount the energy barriers to higher-energy 
excited states. As T increases further to 900K or 1300K, the INM DOS exhibits a large portion of 
imaginary-frequency vibrational INMs, indicating a liquid-like behaviour, in which a cluster at 
sufficiently high temperatures would go around everywhere the potential energy landscape. 

The INM analysis is applied to the Ag17Cu2 cluster configurations at finite temperatures and at the 
ground-state structure (T=0). At finite T, the atoms in Ag17Cu2 are also classified into four subsets 
according to the following procedure: By tracing the atom labels of the subsets in the ground-state 
structure, the subsets of atoms at a finite temperature can be obtained in a simulation, in which the 
cluster temperature is gradually raised from zero. At low temperatures, one can recognize the four 
subsets of atoms by the cluster structures, in which the relative positions of atoms are similar as those in 
the ground-state structure. On the contrary, at temperatures where the cluster is realized as the liquid-
like behaviour, the atom positions of the same species become completely random within the range of 
cluster size so that the subsets of atoms of Ag(2), Ag(5) and Ag(10) lose the identities they had at T=0. As a 
result, atoms in the cluster at high temperatures are only distinguished by species of different masses. 

 

 
 
Figure 2. Normalized INM DOS of Ag17Cu2 at four temperatures. The red-solid lines are the spectra 
with the contributions of rotational and vibrational INMs and the black-dashed lines are the spectra by 
removing the contributions of the rotational INMs selected by Method II described in Ref. [11]. 
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Because the atoms in a subset play the same role in dynamics, we average their Dj(ω) given as 

 ∑
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where the subscript X=Cu(2), Ag(2), Ag(5) and Ag(10) and NX is the total number of atoms in subset X [11]. 
Therefore, DX(ω) is the averaged contribution of an atom in subset X to all vibrational INMs with ω. 
Shown in Fig. 3 are DX(ω) for the four subsets of atoms of Ag17Cu2 at T=0, 100 and 500K. At zero 
temperature, DX(ω) is a bunch of straight lines and, for any subset of atoms, there is no line falling in 
the range between 30 and 37 rap/ps. The vibrational INMs with ω above 37 rap/ps are dominated by 
the Cu atoms and the INMs with ω below 30 rap/ps are dominated by the Ag atoms. At T=100K, the 
temperature effect smears the straight line of DX(ω) at T=0 into a continuous function and the 
vibrational-frequency gap between 30 and 37 rap/ps is generally filled out. At T=500K, with the 
appearance of the imaginary-frequency lobe, DX(ω) of the three subsets of Ag atoms become similar 
in spectral shape but are distinguishable from that of the subset Cu(2). 

4.  Order Parameter by the INM Analysis 
By integrating Dj(ω) of the vibrational INMs obtained by Method II [11], the Ij values of atoms in the 

four subsets of Ag17Cu2 are plotted in Fig. 4(a) with a temperature resolution of 10K. Due to the 
difference in masses of the Ag and Cu atoms, the Ij of the Cu atoms are well separated from those of the 
Ag atoms at all T. Below 450K, the Ij of the three subsets of Ag atoms split into three branches and as T 
approaches to zero the three Ij branches converge to the values corresponding to the subsets of Ag atoms 
in the ground-state structure. The three branches indicate that the atoms in the cluster in this temperature 
range vibrate with small amplitudes around the grounds-state structure and the vibrations result in a 
mild increase of the specific heat with temperature. From 450 to 600K, the three Ij branches are still 
visibly separated but somewhat defile by exchanges between two branches, physically corresponding to 
the site permutations among Ag atoms in different subsets or scatter due to the cluster in the excited 
states. In this temperature range, the cluster structures mostly remain similar as the ground-state 
configuration but, with some probability, the cluster is driven into the configurations of the first and 

 
Figure 3. Vibrational DX(ω) spectra for the four subsets of atoms of Ag17Cu2. As in Ref. [11], the 
straight lines and the solid curves are for the cluster at the ground-state structure and 100K, 
respectively. The dashed curves are for the cluster at T=500K. 
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second lowest excited states by thermal activation over the energy barriers in the potential energy 
landscape [11]. This thermal activation causes the behavior of the specific heat with increasing 
temperature different from that at low temperatures. Between 600 and 900K, the Ij of the three subsets 
of Ag atoms start to coalesce and the branches are no longer distinguishable, indicating that the ground-
state structure is being melted and the original subsets of Ag atoms gradually lose their identities. With 
enough thermal energy, the cluster surmounts energy barriers with a large probability into even higher 
excited states [11], which are far from the ground state in the configuration space, so that the CV within 
this temperature range increases dramatically and reaches a maximum at T=900K. After 900K, the Ij 
values of all Ag atoms merge into one, indicating that the ground-state structure could have melted and 
the Ag atoms are completely random. Corresponding to a sharp drop in the CV within this range, the 
randomness among the Ag atoms is no longer enhanced by increasing further the cluster temperature so 
that we can safely say that the Ag17Cu2 cluster is in the liquid-like behaviour. 

In terms of the Ij values of the Ag atoms, we propose a new order parameter τ(T) for describing the 
melting transition of Ag17Cu2. The variation of the Ij values for the 17 Ag atoms is calculated as 

∑ ∑
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where NAg =17. The order parameter τ(T) is defined as the standard deviation )(TIσ  normalized with 
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The results of τ(T) calculated for Ag17Cu2 are shown in Fig. 4(b). Below 300K, τ(T) is almost one, 
signaling that the ground-state structure is well preserved. From 300 to 600K, τ(T) declines from one 
to 0.85, indicating again that the ground-state structure is generally maintained. τ(T) starts to drop 
sharply around T=600K and approaches asymptotically to a small value around 890K, which is Tm 
defined by the peak position in the CV curve shown in Fig. 1. This sharp decay in τ(T) marks a melting 
shake-up of the ground-state structure, with the cluster being thermally activated into the higher-
energy excited states. Beyond Tm, τ(T) stays at a non-zero constant, which is due to the finite size of 
the cluster. Physically, the constancy in τ(T) manifests no further distinction in the atomic distribution 
under an ensemble average among the Ag atoms by further increasing temperature of the cluster. 
 

 
 

Figure 4. (a) Temperature variations of Ij for the four subsets of atoms (b) Order parameter τ(T) vs T. 
The dash line is the high-temperature asymptote of τ(T). The figures are referred from Ref. [11]. 
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5.   Conclusions 
We have performed isothermal Brownian-type MD simulations with the Gupta potentials for Ag17Cu2 
cluster. With the simulations, the melting behavior of the cluster is obtained by the specific heat data. 
On the other hand, the dynamic properties of Ag17Cu2 are analyzed by the INM approach. With the 
projection operators defined by the INM eigenvectors, the vibrational INM DOS, Dj(ω), of each atom 
is given. With the integral value Ij of Dj(ω) over frequency, we define a new order parameter τ(T) as 
the normalized standard deviation of the Ij value for the Ag atoms to describe the melting behavior of 
Ag17Cu2. In terms of τ(T), the melting behavior of the cluster is distinguished into three temperature 
regimes: (I) At low temperatures, where τ(T) is almost or close to one, the ground-state structure is 
generally preserved; (II) At intermediate temperatures, where τ(T) drops sharply from one to a non-
zero small value, the cluster is generally found in the ground-state structure but, with some probability, 
in the higher-energy excited states; (III) At high temperatures, where τ(T) stays at a non-zero value, 
the cluster rarely resides in the ground-state structure and is almost found in the higher-energy excited 
states, which are significantly deviated from the ground state in the configuration space. According to 
our results for the Ag17Cu2 cluster, the three regimes characterized by τ(T) are consistent with the 
melting behavior obtained by the temperature variation of the specific heat. More recently, we have 
examined the new order parameter for Ag14 cluster, which specific heat shows both a main peak and a 
pre-peak at a lower temperature, and the order parameter also works well for Ag14 cluster [22]. 
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