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Nonlinear Reliable Control With Application to a
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Abstract—This paper explores the design of active reliable con-
trol systems for a class of uncertain nonlinear affine systems using
an integral-type sliding mode control (ISMC) scheme. The pre-
sented scheme not only maintains the main advantages of the ISMC
design, including robustness, rapid response and easy implemen-
tation, but it can also tolerate some actuator faults when fault de-
tection and diagnosis information is available. In this study, the
uncertainties and/or disturbances are not required to be of the
matched type; however, when they are matched, the state trajec-
tories of the nominal healthy subsystem and the uncertain faulty
system are identical. As a result, engineers can predictively address
the matched uncertain faulty system performance in light of the
performance of the nominal healthy subsystem. The analytic re-
sults are also applied to the study of a vehicle brake reliable control
system. Simulation results demonstrate the benefits of the proposed
scheme.

Index Terms—Antilock brake system, Reliable control, state-de-
pendent Riccati equation, robustness, integral-type sliding mode
control.

I. INTRODUCTION

HE study of reliable (or fault-tolerant) control has recently

attracted considerable attention and become of great im-
portance [1]-[16] because it is often not possible to provide
repair and maintenance promptly, particularly for the systems
in aerospace missions. The main goal of reliable control is to
design a controller whose closed-loop system can tolerate the
abnormal operation of specific control components while re-
taining overall system stability with acceptable system perfor-
mance. Existing reliable design approaches are based on a va-
riety of methods, including coprime factorization [8], the al-
gebraic Riccati equation [9], the linear matrix inequality [10],
the Hamilton—Jacobi equation (HJE) [11], [12], sliding mode
control (SMC) [13]-[15] and integral-type sliding mode control
(ISMC) [16]. Among these reliable control methods, only the
HIJE, SMC, and ISMC approaches deal with the reliability issues
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for nonlinear systems. However, because the HJE-based ap-
proach is implemented using optimization, reliable controllers
using this approach depend on the solution of an associated HIE
that is difficult to solve. Although a power series method [17]
can reduce the difficulty by using a computer calculation of
the HJE, the solution obtained is only an approximation and
the computational burden grows quickly when the system is
complicated. In contrast, the reliable designs based on SMC or
ISMC do not require the solution of an HJE, and they retain the
advantages of SMC schemes. These advantages include rapid
response, easy implementation, and low sensitivity to model un-
certainties and/or external disturbances (MUED) [18].

In addition to having the benefits of the SMC-based schemes
mentioned above, the ISMC-based schemes also possess four
advantages. First, it has been reported that SMC schemes can
be sensitive to MUED during the period when the system
state has not yet reached the sliding manifold [19]. Unlike
SMC schemes, the system states of ISMC schemes start in the
sliding manifold and remain there, which improves robustness.
Second, the maximum control magnitude required by ISMC is
generally smaller than that by SMC, in which it usually occurs
at the beginning of the period before the sliding manifold
is reached. Thus, the physical control magnitude constraints
imposed by ISMC designs are easier to fulfill than those by
SMC designs. Third, the effect of unmatched MUED can be
minimized through the selection of sliding manifold parameters
[19], [20]. Finally, the state response of the matched uncertain
system is identical to that of the nominal system if the system
state remains on the sliding manifold. The last property gives
engineers greater flexibility in designing an appropriate con-
troller for the nominal system by creating a desired system
trajectory for the state of the uncertain system to follow. Thus,
the ISMC design allows engineers to predict the performance
of the uncertain system, which is in general not easily imple-
mented by other nonlinear control techniques. In light of the
many benefits of ISMC schemes, this study will investigate
reliable controller design using the ISMC approach. With this
approach, engineers can achieve better system performance
not only under normal condition but also under a variety of
uncertain fault situations. In [16], a reliable control design from
the ISMC viewpoint has been exploited. However, it only dealt
with a special structure of nonlinear systems. In this paper,
we will extend that previous study to those for more general
dynamical systems.

The rest of this paper is organized as follows. Section II states
the problem and the main goal of this paper. Section IIT de-
scribes the design of the ISMC reliable control law. Section IV
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discusses the application of the analytic results to the antilock
brake control of a vehicle. Finally, Section V provides the
conclusion.

II. PROBLEM STATEMENT

Consider a class of nonlinear uncertain systems described by
the following equation:

x=f(x,1) + G(x,t)u+d (N
where x € R™ and u € R™ denote the system states and the
control inputs, respectively, and d € R™ represents the pos-
sible MUED, f(x,%) € R™ and G(x,t) € R™>*™. In this work,
we will study the design of an active reliable controller for the
system (1). We assume that any actuator faults have been de-
tected and diagnosed by a fault detection and diagnosis (FDD)
mechanism. The faults considered in this study may be time-
varying, which include degradation, amplification and outage
[1], [13]. In addition, any type of control strategy meeting the
system requirements may be used before a fault happens. After
a fault is detected and diagnosed, the control law is guided to
switch to an active reliable law to assure good system perfor-
mance. Thus, after the detection of a fault, we may divide the
actuators into two sets, 7 and F. We assume that all of the actu-
ators in H are healthy, while those in F have undergone faults.
The output values of the faulty actuators are expressed as

ur =ur + Aug 2)
where G and Aur denote the estimated value and the estima-
tion error, respectively, from an FDD mechanism. Let

T
G(x,t) = (Gw(x,1):Gx(x,t)) andu = (u,T{u£~> 3)

where (-)? denotes the transpose of a vector or a matrix. We
assume that uy, € R¥, ur € R™ % and k < m. The system in
(1) can then be rewritten as

5( = f(X, f) —I— GH(X, t)uH + G]:(X, f)(fl]: —I— AUf) + d (4)

To develop the active reliable controller, we impose the fol-
lowing two assumptions. The first concerns the stabilizability of
the nominal healthy subsystem. The other provides a condition
that allows the ISMC scheme to be implemented successfully
and prevents the need for an unbounded control input.

Assumption 1: There exists a control uy such that the origin
of the nominal healthy subsystem

X = f(xv f) + GH (XT t)uHO (5)

is uniformly asymptotically stable (UAS). That is, there exists
a continuously differentiable function V(x, £) such that

T (lxl) € Vix,t) < v(lx[) (6)
and
v — IVix,t) IV(x,t)
- It ox

. [f(X7 t) + GH (X7 t)qu]

< —vs(|x|]) ™
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where v1,v2 : Rt — RT are class K, functions and ~y; is a
class K function [21].

Assumption 2: There exists a constant matrix Dy, € R*X™
and constant oy > 0 such that Dy Gy(x, t) is uniformly invert-
ible in the sense of o ppin (D3 G (x,t)) > ¢ for all nonzero x
and ¢, where o,,,;,,( - } denotes the minimum singular value of a
matrix.

Next, we have to distinguish between the matched and the
unmatched MUED because at this point, only the actuators in
‘H are available. In fact, some of the matched MUED for a
healthy system may become unmatched due to the occurrence
of a fault. Let ()T denote the pseudoinverse of a matrix.
Then the matched part of G+ (x,%)07 in (4) has the form of
Gy (x,t)GF (x,t)G r(x, t)lr, which can be directly compen-
sated by healthy controllers [16], [19]. Thus, the total MUED
given by (4) reduce to

d; := G]:(X,i)ll]: +d - GH(XJ)G;—{(X,t)Gj:(X,t)ﬁ]:.
®

Decompose d; into its matched and unmatched parts as in (9)
below

d; = Gu(x. 6)d,, +d, )
where d,,, = Gf{(x,t)dt andd, = d; — Gy(x,%)d,,. Then,
by (8) and (9), the system in (4) can be rewritten as

x = f(x,t) + Gu(x,1)

We impose the next assumption on MUED d,,, and d,,.

Assumption 3: There exist two nonnegative functions
pm(x%,t) and p,(x,t) such that ||d,.|| < pm(x,f) and
[|[de]l £ pu(x,t) for all x and ¢.

From (8)—(9) and Assumption 3, it is clear that the more ac-
curate the diagnosis of the FDD is, the smaller the functions
pm (%, 1) and p,(x, 1) will be. The objective of this study is then
to design an appropriate uy so that the origin of the closed-loop
system is UAS under Assumptions 1-3. It is also worth noting
that any other well-developed FDD mechanism can be consid-
ered for application here.

III. RELIABLE CONTROLLER DESIGN

To realize the design objective, in this study we will employ
the ISMC technique for the design task. According to the ISMC
design procedure (see, e.g., [19], [20], and [22]) we introduce
the sliding variable as given in (11) below

s =s(x,t) = Dy - {x(t) — x(tg)

- / / [f(x(7), 7) + Gr(x(T), 7)ung] dT} . (D
to
It follows from (10) and (11) that
é = DH . [X(f) — f(X, 1') — GH(X, t)uHo]
= DHGH(X7 t) : [uH + G’—}’-—[(Xv t)G]:(Xa t)ﬁ]:
+dm 7117—(0] +DHdu~ (12)
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To maintain the system state on the sliding manifold, we choose

wy = U0 — Gil(x,t)G]:(X,t)ﬁ]: ifs = 0;
U0 — Gil(X)G}‘(X,f)ﬁ? + uy if s # 0
(13)
where

= D G, TS

and p(x,t) > pm (X, 1)
+ | [DrGr(x, )] Dl - pulx,8). (15)

Note that the reliable controller in (13) includes the FDD infor-
mation. Thus, we can determine the next result.

Theorem 1: Suppose that the system in (1) undergoes actu-
ator faults at the control channels in F with estimated value ur
and error Auz given by (2). Then, under Assumptions 1-3,
the origin of the system in (1) with the control law given by
(13)(15) is UAS if

IV (x, t)

= T(x. 1) (16)

pu(x.1) - H < ()

for all nonzero x and ¢, where

D(x,t) := I, — G (x,)[Dr Gr(x,8)] ' Dy (17)

and 7,, denotes the identity matrix of R"*"™.
Proof: From (12)—(15) we have

sT8 = 8T Dy Gy(x,t) - {—wp1 + dp,
+ [DyGr(x, 1)) ' Dydy }
S NDHGr () 8| - {=p(x,8) + pun (%, 1)
+ [P G (x,8)] Do) - pu(x, )}

<0 (18)

forall s # 0. Additionally, from (11) we have s(x(t9),%9) = 0.
It follows that s(x,#) = 0 for all # > #,. That is, the system
states remain on the sliding manifold for all £ > #,. Next, we
determine the sliding dynamics (i.e., the motion equations on the
sliding manifold) with the aid of the equivalent control method

(see, e.g., [18],[19], and [22]). The equivalent control is derived
by solving the equation s = 0 from (12) as

uyf = ung — G (%, 1)Gr(x, iy —d,

—[DyGr(x,t)] *Dypd,. (19)

By substituting w3/ into (10), we have the sliding dynamics

x = f(x,t) + Gy (x, t)uyg + T'(x, 1)d, (20)

where T'(x) is given by (17). It then follows from Ineq. (16),
(20) and Assumption 1 that

. oV(x,1)
< 2ry
7 < ol + | 2

<0

P(x,t)‘ “pu(X, 1)
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for all nonzero x and £. Thus, the origin is UAS. ]

Remark 1: From the proof of Theorem 1, it is found that the
matched MUED can be completely compensated.

Remark 2: Suppose that Gy (x,t) given in (3) is
time-invariant, i.e., Gy (x,t) = Gy(x), and Gx(x) =
span {g1,...,8n_«} is involutive, where G3;(x) denotes the
orthogonal complement of G (x) and g;(x) € G#,(x) for
i =1,...,n—k. Then, by the Frobenius Theorem, there exists a
function hy, : R™ — R* such that (Ohy,(x))/(0x) = Dy(x)
and Dy(x) = M(x)G%,(x) for some nonsingular matrix
M(x) € R¥*¥ [20]. Under such conditions, Rubagotti et al.
[20] has shown that the matched MUED are completely re-
jected and the effect of the unmatched MUED is not amplified.
That is, ||I'(x, ¢)d,|| < ||dy]|| under the Euclidean norm if the
sliding variable s given by (11) and us; given by (14) are
replaced with

s = Ty (x) — hay(xo0) — / Da(x(r)[E(x(7).7)
] @1)
(22)

+ Gy (x(T))ayeldr
[Dn(x)Gr(x)]"s
I[P (x)Gr(x)) s

and uz1 = —p(x,1)

Moreover, if there exists a constant matrix B € R™** such that
the range spaces spanned by B and Gy, (x) are identical, then
the functions hy(x) and Dy (x) given in (21) can be selected
to be hy(x) = B”x and Dy (x) = BT, which also mini-
mizes the effect of the unmatched MUED [20]. Systems in reg-
ular form (for the definition, see [20]) clearly have this property,
and the matrix I3 can be easily determined. It follows from the
discussions that the ISMC reliable design scheme allows engi-
neers to predictively address the system performance based on
the performance of the nominal healthy subsystem. The engi-
neers may use any kind of optimal control action they prefer for
the nominal healthy subsystem and also achieve good system
performance in uncertain fault situations.

IV. APPLICATION TO VEHICLE BRAKE CONTROL

This section will demonstrate the use of the reliable scheme
in a vehicle brake control application.

A. Vehicle Dynamics

A model of a four-wheeled vehicle was developed by Xiang
et al. [23]. For simplicity, we consider only the yaw plane mo-
tion. The simplified vehicle model in this plane is described in
Fig. 1 below with governing equations

. 1
V, = —F, +QV, (23)
m
. 1
V,=—F, —QV, (24)
; m
Izzfz = ll(Lf165sat — Rf]sésaf + Lfr06sat
— R‘fr'rgésat) — lg(L'f],S(()‘sat + RfI,C(Ssat
— Lyrsbsar — Rypcdsar + Ryl — Rypls)
— 1y (L'r'l + L'r“f') (25)
Er, = —(Rf[ + Rfr)C6sat - RTT - RT'Z
— (L‘fl + Lfrr)S(Ssat (26)
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Fig. 1. Front-steering vehicle model.

and Fy, = —(Ryp + Ryr)sbsat + Ly + Ly

+ (Lﬂ + L,fr)c‘ssav (27)
Here, the body frame is fixed at the vehicle’s center of gravity
(CQ), and the positive = and gy axes represent the forward and
rightward directions as observed by the driver. V,, and V), de-
note the components of the velocity of the CG in the z and y
directions, and £ is the yaw rate about the vertical z axis. m
and I.. are the total mass and the moment of inertia about the
vertical axis. I, and F), represent the external forces acting on
the body along the 2 and y axes. /; and /5 denote the longitudinal
distances from the CG to the front and rear axles, respectively,
and /3 is the lateral distance between the CG and the left or right
wheel. L, and R,, are the lateral and longitudinal forces at each
wheel between the tire and the road, where o« = fI, fr.rl,rr
and the subscripts f/, fr, rl and rr indicate the front-left, front-
right, rear-left and rear-right wheels, respectively. d,,¢ repre-
sents the actual output value of the steering wheel angle 6, de-
fined by 8¢, = (m)/(16) if & > (7)/(16),8ac = —(7)/(16)
if 6 < —(m)/(16) and 6soc = (7)/(16) - 86 if —(7)/(16) <
6 < (m)/(16) [26]. Finally, ¢ and s denote the cosine and the
sine functions, respectively. To effectively control the vehicle,
we have to relate the lateral and longitudinal forces L,, and I?,,
to the four wheel brake torques and the steering angle, which are
considered as the control inputs of this study. Details are given
as below.
We adopt L, and I, from [24], [25] as follows:

: V, 101 o
Ca (ésat - V}:-l-(llrli) y = fl
Ca ((Ssdt - ::y“rgil) , = fr
B Ao I .
La=1 . tany, ) (28)
*\Va+als ) a=7
Qi -V, _
Cy (Vlfﬂls> ) a=rr
and R, = ,u'ajvom o= fl/ f?“, rl,rr. (29)

Here, C,, denotes the cornering stiffness (or lateral stiffness) of
the four wheels, Ny = Ny, = (mgl2)/(2L) and N,y = N, =

2117

(mgl1)/(2L) are normal forces with . = I3 + I3 and ¢ is the
gravity constant. In addition, ;.. defined by

—czAQ) —c1Aa Ve (30)

fo = [e1(1 —e —c3h] e
is the tire-road friction coefficient adopted from [25], in which
the four parameters ¢1, g, ¢3 and ¢4 are introduced by Harifi et

al. [25] and

Ve 1y we
)\ = - Ve
o Vi—rywe

T Wey

during braking; 31

during acceleration

are the slip ratios of the four wheels. Finally, r,, and w,, denote
the radius and the angular velocity of the wheels.

To achieve the maximum deceleration of the vehicle, it was
suggested by Harifi et al. [25] that the wheel slip ratios should
track their optimal values A}, for o = fI, fr,rl, and rr with
which the vehicle will attain maximum traction-control brake
force and antilock performance. For this purpose, the dynamics
of A, is recalled from [25] as given by

V;n(l - Aa) + Tl — ua'/*?‘)j\ﬂy
V. Vidw

Ao = (32)
where J,, and T, for « = fI, fr, l, rr denote the wheel’s mo-
ment of inertia and the four brake torques, respectively. Finally,
the steering dynamics are assumed to be (from [26])

Th=—6+6. (33)
where 7 is a time constant, and é and ¢, are the steering angle
and its control, respectively.

The overall system dynamics are described by (23)—(25)
and (32)—(33), which are in the form of (1) with eight states
Vo Vi 4,6, A, Apr, A, Arr]f and five control inputs
[6ca Tfl: Tfr: Trl; Tr‘r}T-

B. ISMC Reliable Scheme

To implement the ISMC reliable scheme, we have
to transform the regulation problem into a stabilization
problem. For this purpose, we define the tracking error to be
e = [ey,e,63,64,65,06,e7,e8]0 = [Vo,V,, Q.6 p —
N Afr — Ap A — Al Aee — A)T and let u =
['ul,'ug,'ug,'u4,'u5]T = [6C,Tf1,Tfr,TTl,Trr]T. Then, the
governing (23)—(25) and (32)—(33) in the error states has the
form of

é=f(e) + Gle)u+d. 34)
Note that (34) is in regular form with
G(e) = 0543, G1 (e)sxs]” (3%5)
and Gi(e) =
diag [1/7, (ruw)/(erduw); (rw)/(erduw); (rw)/(e1du); (rw)/
(e1))]-

To demonstrate the performance of the reliable scheme, we
assume in this study that a rear-left brake actuator outage has
been detected and diagnosed, i.e., uy = [ug, us, us, us]’ and
the output value of ur = [u4] after the fault has been estimated.
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Additionally, for simplicity we assume that Ny = Ny, =
N, = IV,.V,‘, Ofl = Cf,‘ = Cy = Cu.oand l; = I3. To
verify Assumption 1, it is observed from (31) that A,; = 0, be-
cause the outage of T, results in V,, =~ r,w,. After the fault,
the forces between the tires and the road should be well dis-
tributed to prevent the vehicle from spinning, i.e., the summa-
tion of the moments due to the friction forces is expected to
vanish. This finding implies that I2;; = Iiy, + It,,, where the
associated slip ratios can be determined from (29) and (30). For
instance, in this example we consider the case of Ry; = Ry,
and R, = 0,1e, Ay = A% = A and A, = AL, = 0,
where A\* denotes the slip ratio that produces the maximum fric-
tion force between the tire and road. We now employ the back-
stepping design method [21] to verify the asymptotic stabiliz-
ability of the nominal healthy subsystem. From the structure of
(34) and (35), the states eq4, €5, eg and eg are controllable, and
e7 =~ 0 because the outage of T;.;. Thus, by the backstepping
design method we only need to find ¢; = ¢;(eq, eo, e3) with
$:(0,0,0) = 0fori =4,...,8suchthate; — 0,7 =1,2,3,
when ey4, .. ., eg in the first three state equations of (34) are re-
placed with ¢4, . . ., ¢g and d = 0. To this end, we choose ¢; =
0 for all+ = 4,...,8. Then, from (23)-(30) we have ¢1¢; =
—(@fm)N iy er, exén = —(4/m)Crl(ered) /(€] — Be3))
and ezés = —(4)/(1..)Cr((lFere3)/(ef — 13¢3)), where we
have used the facts that g, = i = 0, ,LL?Z = ufl|>\‘”:>\«-f and
e; = ¢; = 0fori = 4,...,8. Note that e; > 0 unless the
vehicle is fully stopped and p7; > 0 because A" > 0. Addi-
tionally, it is reasonable to assume that ¢? — [3e3 > 0 during
the braking period because e — /3¢ < 0 would imply that
one of the wheels was moving backward. Thus, e;é; < 0 for all
e¢; #0and4 = 1,2, 3, whichresultine; — 0 foralli = 1,2, 3.
By the backstepping method, the origin of the nominal healthy
subsystem is found to be UAS and Assumption 1 is verified.
Additionally, Assumption 2 is satisfied because the vehicle dy-
namics given by (34) and (35) are in regular form.

The remaining step is to design a controller w3 for the nom-
inal healthy subsystem before and after the fault is detected. It
was reported in [26] that the state-dependent Riccati equation
(SDRE) design technique, which is known to implement the
optimal linear quadratic regulator (LQR) strategy along every
nonzero state of the system trajectory, is very efficient in ve-
hicle brake control. Therefore, we adopt the SDRE design as
our nominal system controller. Along the SDRE design proce-
dure [27], [28], we select a quadratic performance index in the
form of

J= / [eTQH(e)e + u%RH(e)uH] dt (36)
Jo
where Q7,(e) = Qn(e) > 0 and R} (e) = Ryle) > 0.
Then, the drift term should be factorized into the linear structure
f(e) = A(e)e having state-dependent coefficients. The SDRE
law then has the form

uyy = — R, (e)GT(e)P(e)e (37)

where P(e) is the solution of the following Riccati equation:

AT ()P(e) + Ple)Ale) — P(e)Grl(e)Rs; ()G (e)Ple)
+Qn(e) =0. (38)
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Unfortunately, the drift term given by (34) has the property
f(0) # 0, which implies that every factorization of f(e) has a
bias term as follows:

f(e) = A(e)e + b(e) (39)
with b(0) # 0. It is also noted that the expression of A(e) is
not unique [27]. A set of the expressions for A(e), b(e) and
G (e) are presented in the Appendix. To solve the problem of
f(0) # 0, we adopt a strategy from [27] to express b(e) as
b(e) = (b(e))/(2) - z and augment the system with a stable
auxiliary state z as given by (40) below:

z=—nz,n>0. (40)
Here, 7 is selected to be small and 2(0) # 0 so that z changes
slowly, and (b(e))/(z) is defined and smooth during the con-
trol period. With these settings and the augmented error states
defined as e, := [eT, z]T, the augmented system formed by
(40) and the nominal healthy subsystem becomes

éa = Au (ea)ea + G'Ha(ea)uH, (41)
where
Auleq) = [0141(2 b_(T‘:} and Gya(eq) = {G%(e)} }
(42)

The SDRE scheme is now performed using the system in (41)
with weighting matrices Qy,(e,) := diag[@(e),0] and
Ryq(e.) := Ry (e). The SDRE controller is modified to be
w0 = — Ry (e)GT,(en) Palen)eq 43)
where P,(e,) is the solution of (38) with A(e), Gx(e) and
Q1 (e) being replaced by A,(eq), Graleq) and Qraleq ).

C. FDD Mechanism

To detect and diagnose the actuator fault for the active reliable
controller, we assume that all the state variables are available
for measurement or estimation, which is feasible for vehicles
[29]. Because the vehicle dynamics given by (34) and (35) are
in regular form, we may adopt an observer and the associated
residual signals r; from [15] as below

& = firale) + By + kileirs — G)
and Ty = €543 — Cz

(44)
(45)

forl < ¢ < 5,wherely = (1)/(7) and 8; = (ry,)/(e1Jy) for
2 <4 < 5. Additionally, k; > 0 forall1 < i < 5, and f; and
e; denote the ith entries of f and e, respectively. It was shown
by Liang et al. [15] that the observer proposed in (44)—(45) can
realize fault detection, fault isolation and fault identification of
any single actuator fault. The actual weighting output of the
faulty actuator, say #;u], is estimated to be 6;u; + k;r;, where
u; is the output value we designed the actuator to be, and the
diagnosis error was shown to converge to zero at an exponential
rate k; [15]. It should be noted that the FDD is available unless
e; = 0, i.e., the vehicle is fully stopped.
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Fig. 2. Time history of the first four error states.
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Fig. 3. Time history of the last four error states.

D. Simulation Results

We assume in this example that the rear-left brake actu-
ator experiences outage after one second of braking action,
which might result from the abnormal operation of the
inverter, braking system and/or wheel motor [30]. Thus,
uy = [6C,Tfl,Tf1.,Trl,TTr]T and uy = [6C,Tf],TfT,TTT]T
before and after the fault is detected, respectively. The
vehicle parameters are adopted from [23] as m = 1300
kg, I.. = 2000 kgm?,l; = Il = 1.25m, I3 = 0.8 m,
Cfl = Cfr = C,.l = CTT = 40000 N/rad, Tw = 0.3 m,
Jo = 0.3 kgm? and 7 = 30. The road is assumed to be
dry and the Burckhardt tire model parameters are selected
tobe ¢c; = 1.2801,¢c0 = 23.99,¢3 = 0.52 and ¢4 = 0.02
for all of the four wheels [25]. Additionally, we assume
that the initial states e(0) = [30,0,0,107%,0,0,0,0] and
during braking the wheels undergo harmonic MUED with
d = [0,0,0,0,215(20¢), 175(23t), 0, 13s5(15¢)] 7.
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The control parameters are selected as follows. From the reg-
ular form structure of the vehicle dynamics and Remark 2 we
select Dy = [05x3 I5xs5] and Dy = [04x3 & &5 &5 O0axq &4
before and after the fault is detected, respectively, where
{€,,&,, &5, &, denotes the standard basis of R*. Before the
fault, we choose A}, = A7 = A = A%, = A" = 0.15. After
the fault is detected and diagnosed, we choose A}, = A}, =
A* = 0.15 and A}, = A}, = 0 as mentioned in Section IV-B.
Additionally, p,,(e, ) and p(e,t) given in Assumption 3 and
(14) are set to be p(e,t) = pn(e.t) = |GL(e)|l - ||d|,
where ||d||cc := sup,||d||. To alleviate chatter, the control
uy given by (14) is replaced by p(e, t)([DyxGx(e)]Ts)/(¢)
whenever ||[[DyG(e)]Ts|| < ¢ with ¢ = 1073, The
SDRE control parameters are set to be n = 0.001, 2(0) =
1000, Ry (e) = diag[1,1072,1073,1073,107%] and
Qx(e) = diag[107%,0,0,0,107,107,107,107] before the
fault and set to Ry(e) = diag[l,1073,1073,103] and
Qx(e) = diag[107%,0,0,0,10%,10%,0, 10°] after the fault is
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Fig. 5. Time history of the four brake torques.

detected. To compare with the existing reliable designs, in this
example we also adopt the sliding mode reliable scheme from
[13], as given by (46) below

uy = (Dy - Gu(e)) H{—Dy - f(e) — Aw - sgn(s)}. (46)
Here, s and Ay are chosen to be s = [ey, ¢35, ¢, 7, cg]? and
Ay = diag[103, sup, |ds| + 10, sup, |dg| + 10,60, sup, |ds| +
10] before the fault is detected; s = [ey, 5, €6, es]” and Ay =
diag[10 =3, sup, |ds| + 10, sup, |dg| + 10, sup, |ds| + 10] after
the fault is detected and diagnosed, where d; denotes the ith
entry of d. Besides, to alleviate the chatter, the sign function is
replaced by the saturation function with boundary layer width
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2000
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10~*. Finally, the parameters of the FDD observer are chosen
tobe k; = 10 forall ¢ = 1,...,5, and the threshold of the
residual signals for the alarm is set to be 1.3. That is, the alarm
is triggered if the magnitude of any of the residual signals from
the observer is greater than 1.3.

Here, we consider the following four cases: the first two
use the SDRE scheme for the nominal system (labeled SDRE)
and the uncertain system (labeled SDREd), whereas the other
two use the sliding mode reliable scheme [13] (labeled SMC)
and the combination of the SDRE and the ISMC schemes
(labeled SDRE + ISMC) for the uncertain system. For better
system performance, the SDRE scheme switches to its reliable
controller (i.e., the SDRE law for the faulty system) directly
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at ¢ = 1 without FDD information, whereas the other three
are guided to switch to their reliable laws according to the
FDD information. Numerical results are depicted in Figs. 2-5.
It is observed from Fig. 2(a) that the longitudinal velocity
converges to zero for all of the four cases. However, from
Figs. 2(b)—(d), the lateral velocity, yaw rate and steering angle
of SDREd are found to be much larger than those of the
SDRE and SDRE + ISMC and exhibit oscillations that might
result in undesirable instability. The same scenario of SDREd
can also be observed in Fig. 3 for the remaining error states
except e, which is 0 because of the outage of 7). After the
fault happens, the lateral velocity and yaw rate of SMC are
also found from Figs. 2(b) and (c) to be larger than those of
SDRE and SDRE + ISMC, but they decrease to zero soon
after the activation of reliable controller. From Figs. 2 and 3,
the system states of SDRE and SDRE+ISMC are found to be
close to each other, which agrees with the main theoretical
results. In Fig. 4(a), the actuator fault is successfully detected
by the SDRE 4 ISMC, SMC and SDREd schemes because
the magnitudes of their respective fourth residual signals 74
exceed the threshold near {gpre+isvic = fsprea =~ 1.005
sec and tgnve =~ 1.02 sec. The success of fault detection can
also be observed from the alarm signals given in Fig. 4(b),
where the alarm value of 4 denotes the fault of the fourth
actuator. After the fault is successfully detected and diagnosed,
the associated active reliable controllers are activated, and the
magnitude of the residual signals soon decreases, as shown in
Fig. 4(a). Fig. 4(c) shows the vehicle trajectories under the four
different control schemes. Again, the trajectories of SDRE and
SDRE+ISMC are close to each other and exhibit smaller devi-
ations from the centerline than the trajectory of the SMC and
SDREd scheme. The associated control curves are displayed
in Figs. 4(d) and 5, where the magnitudes of the controls of
SDRE + ISMC are found to be smaller than those of SMC
and SDREd scheme, except for ;. of SDREd after the fault is
detected. These control curves show that the SDRE + ISMC
requires less energy than SMC and SDREd before fault hap-
pens, while after the fault happens, the ISMC has the ability to
intelligently adjust the distribution of its controls so that its state
responses are close to those of SDRE. Finally, the quadratic
performance given by (36) and the required maximum control
magnitude |Jul|o = sup,||ullec of SDRE + ISMC are also
found to be better than those of SMC and SDREd in the fol-
lowing relation: Jsprg = 1.169 X 104 < JSDRE+ISMC =
1.182 x 10* < Jgme = 1.425 x 10* < Jypred = 1.505 x 10*
and (”u”oo)SDRE = 1.125 x 1()3 < (Hu||oo)SDRE+ISI\'IC =
1.486 % 10% < (||ul|sc)sme = 2.202x 10% < (||| oe )sDREA =
2.204 x 10*. From this example, it is concluded that the results
by using ISMC reliable scheme are more robust and effective
than those by SMC or SDRE scheme alone, particularly in the
presence of MUED and actuator faults. Moreover, the ISMC
reliable scheme provides the designer with freedom in the
choice of the nominal controller for better system performance.

V. CONCLUSION

An active ISMC reliable scheme was presented in this paper
for a class of uncertain nonlinear affine systems, which is ex-
tended from the previous study for a class of second-order sys-
tems [16]. The reliable scheme was shown to be able to tol-
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erate some of actuator faults while maintaining the main ad-
vantages of SMC reliable schemes. Additionally, the MUED
are not restricted to be of the matched type, and some of the
matched MUED may become unmatched because of actuator
faults. It was shown that the matched MUED are completely
rejected, while the effect of unmatched MUED is not ampli-
fied if the control input matrix is time-invariant and the sliding
variable parameters are appropriately selected. As a result, engi-
neers may predictably address system performance under both
healthy condition and uncertain fault situations. An application
example demonstrating vehicle antilock brake reliable control
was also presented to demonstrate the benefits of the reliable
scheme.

APPENDIX

The values of A(e), b(e) and Gy (e) for (39) and (42) are
given below.

Let A(e) = [a;;] € R®*®. Wehave a;1 = aq; = agy, = 0 for
1=1,...,8,7=1,2,3,5,6,7,8 and k = 7, 8. The remaining
coefficients of a;; are given as follows:

"6%1 C 3 C r
a2 = 20sat I + ! ;
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(ngzéht FI + Sl +€2;
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14 = — ;0 Q15 = — )
mey m
Ecdgat Ey Ey
a1 = — P07 = =y 218 = T
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where a = fl, fr.rl andrrif £ = 1,2,3 and 4, respectively.

In addition, let b(e) = [by,. .., bs]T. we have by = 0 and the

remaining coefficients of b; are given as follows:
_ (Es + Eg)cbsa + E7 + By |

b =
m
(EB + E()’)S(Ssa,t
by = ———
m
by = —11(E5 + Eg)86sar — I3(E5 — Fg)cbsar — 13(F7 — Fg)
N IZZ '
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B meq e1Jw

fork =5.6,7,8, where o = fl, fr, rlandrr if
k =5,6,7 and 8, respectively.
E, = Nacl(z*Q()\ZJrﬂk)Gl (1 _ 6*62()\;+€k)>

— A Nycge 4Qaten)a for k= 5.6,7,8,
where « = fI, fr,rl and rr if k = 5,6, 7 and 8, respectively.

Moreover, before a fault, Gy (e) = G(e) € R¥*5 as given
in (35). After the fault is detected, G (e) € R®*%, which is
obtained from G(e) by deleting the fourth column.

REFERENCES

[1] R.F. Stengel, “Intelligent failure-tolerant control,” /EEE Control Syst.
Mag. , vol. 11, no. 4, pp. 14-23, 1991.

[2] S. X. Ding, P. Zhang, S. Yin, and E. L. Ding, “An integrated design
framework of fault tolerant wireless networked control systems for in-
dustrial automatic control applications,” /EEE Trans. Ind. Inf., vol. 9,
no. 1, pp. 462-471, Feb. 2013.

[3] P. Panagi and M. M. Polycarpou, “A coordinated communication
scheme for distributed fault tolerant control,” IEEE Trans. Ind. Inf.,
vol. 9, no. 1, pp. 386-393, Feb. 2013.

[4] J. Yao, X. Liu, G. Zhu, and L. Sha, “NetSimplex: Controller fault toler-
ance architecture in networked control systems,” IEEE Trans. Ind. Inf.,
vol. 9, no. 1, pp. 346-356, Feb. 2013.

[5] C.H. Lo, E. H. K. Fung, and Y. K. Wong, “Intellignet automatic fault
detection for actuator faulures in aircraft,” IEEE Trans. Ind. Inf., vol.
5, no. 1, pp. 50-55, Feb. 2009.

[6] M. H. Kim, S. Lee, and K. C. Lee, “Kalman predictive redundancy
system for fault-tolerancy of safety-critical systems,” IEEE Trans. Ind.
Inf., vol. 6, no. 1, pp. 46-53, Feb. 2010.

[7] X. Liu, Q. Wang, S. Gopalakrishnan, W. He, L. Sha, H. Ding, and K.
Lee, “Orgeta: An effcient and flexible online fault tolerance architec-
ture for real-time control systems,” IEEE Trans. Ind. Inf., vol. 4, no. 4,
pp. 213-224, Nov. 2008.

[8] M. Vidyasagar and N. Viswanadham, “Reliable stabilization using a
multi-controller configuration,” Automatica, pp. 599-602, 1985.

[9] R. J. Veillette, J. V. Medanic, and W. R. Perkins, “Design of reli-
able control systems,” IEEE Trans. Autom. Control, vol. 37, no. 3, pp.
290-304, Mar. 1992.

[10] F. Liao, J. L. Wang, and G.-H. Yang, “Reliable robust flight tracking
control: An LMI approach,” IEEE Trans. Control Syst. Technol., vol.
10, no. 1, pp. 76-89, Jan. 2002.

[11] Y.-W. Liang, D.-C. Liaw, and T.-C. Lee, “Reliable control of nonlinear
systems,” IEEE Trans. Autom. Control, vol. 45, no. 4, pp. 706710,
Apr. 2000.

[12] G.-H. Yang,J. L. Wang, and Y. C. Soh, “Reliable guaranteed cost con-
trol for uncertain nonlinear systems,” IEEE Trans. Autom. Control, vol.
45, no. 11, pp. 2188-2192, Nov. 2000.



[13] Y.-W. Liang and S.-D. Xu, “Reliable control of nonlinear systems via
variable structure scheme,” IEEE Trans. Autom. Control, vol. 51, no.
10, pp. 1721-1725, Oct. 2006.

[14] Y.-W. Liang, S.-D. Xu, and L.-W. Ting, “T-S model-based SMC reli-
able design for a class of nonlinear control systems,” /EEE Trans. Ind.
Electron., vol. 56, no. 9, pp. 3286-3295, Sep. 2009.

[15] Y.-W. Liang, S.-D. Xu, and C.-L. Tsai, “Study of VSC reliable designs
with application to spacecraft attitude stabilization,” /EEE Trans. Con-
trol Syst. Technol., vol. 15, no. 2, pp. 332-338, Feb. 2007.

[16] Y.-W. Liang, L.-W. Ting, and L.-G. Lin, “Study of reliable control via
an integral-type sliding mode control scheme,” IEEE Trans. on Ind.
Electron., vol. 59, no. 8, pp. 3062-3068, Aug. 2012.

[17] J. Huang and C.-F. Lin, “Numerical approach to computing nonlinear
control laws,” J. Guidance, Contr., Dynamics, vol. 18, no. 5, pp.
989-994, 1995.

[18] V.L Utkin, Sliding Modes in Control and Optimizations. Berlin, Ger-
many: Springer-Verlag, 1992.

[19] F. Castailos and L. Fridman, “Analysis and design of integral sliding
manifolds for systems with unmatched perturbations,” IEEE Trans.
Autom. Control, vol. 51, no. 5, pp. 853-858, May 2006.

[20] M. Rubagotti, A. Estrada, F. Castafios, A. Ferrara, and L. Fridman,
“Integral sliding mode control for nonlinear systems with matched and
unmatched perturbations,” IEEE Trans. Autom. Control, vol. 56, no.
11, pp. 2699-2704, Nov. 2011.

[21] H. K. Khalil, Nonlinear System, 3rd ed. Englewood Cliffs, NJ, USA:
Prentice Hall, 2002.

[22] W.-J. Cao and J.-X. Xu, “Nonlinear integral-type sliding surface for
both matched and unmatched uncertain systems,” /JEEE Trans. Autom.
Control, vol. 49, no. 8, pp. 1355-1360, Aug. 2004.

[23] W. D. Xiang, P. C. Richardson, C. M. Zhao, and S. Mohammad,
“Automobile brake-by-wire control system design and analysis,”
IEEE Trans. Veh. Techno. , vol. 57, no. 1, pp. 138-145, Feb. 2008.

[24] L. Li, F.-Y. Wang, and Q. Zhou, “Integrated longitudinal and lateral
tire/road friction modeling and monitoring for vehicle motion control,”
IEEE Trans. Intell. Trans. Syst., vol. 7, no. 1, pp. 1-19, Mar. 2006.

[25] A. Harifi, A. Aghagolzadeh, G. Alizadeh, and M. Sadeghi, “Designing
a sliding mode controller for slip control of antilock brake systems,”
Transp. Res. Part C-Emerging Technol., vol. 16, no. 6, pp. 731-741,
2008.

[26] T. Acarman, “Nonlinear optimal integrated vehicle control using indi-
vidual braking torque and steering angle with on-line control alloca-
tion by using state-dependent Riccati equation technique,” Veh. Syst.
Dynamics, vol. 47, pp. 155-177, 2009.

[27] T. Cimen, “State-Dependent Riccatif Equation (SDRE) control: A
survey,” in Proc. 17th IFAC World Congree, Seoul, Korea, 2008, vol.
17, pp. 3761-3775.

[28] Y.-W. Liang and L.-G. Lin, “On factorization of the nonlinear drift
term for SDRE approach,” in Proc. 18th IFAC World Congree, Milano,
Italy, 2011, pp. 9607-9612.

[29] W. Cho, J. Yoon, S. Yim, B. Koo, and K. Yi, “Estimation of tire
forces for application to vehicle stability control,” /EEE Trans. Vehic.
Technol., vol. 59, no. 2, pp. 638-649, Feb. 2010.

[30] H. Yang, V. Cocquempot, and B. Jiang, “Optimal fault-tolerant patht
racking control for 4WS4WD electrical vehicles,” IEEE Trans. Intell.
Trans. Syst., vol. 11, no. 1, pp. 237-243, Jan. 2010.

LIANG et al.: NONLINEAR RELIABLE CONTROL WITH APPLICATION TO A VEHICLE ANTILOCK BRAKE SYSTEM 2123

Yew-Wen Liang (M’02) was born in Taiwan, in
1960. He received the B.S. degree in mathematics
from the Tung Hai University, Taichung, Taiwan,
in 1982, the M.S. degree in applied mathematics, in
1984, and the Ph.D. degree in electrical and control
engineering in 1998 from the National Chiao Tung
University, Hshinchu, Taiwan, in 1998.

Since August 1987, he has been with the National
Chiao Tung University, where he is currently an
Associate Professor of Electrical and Control En-
gineering. His research interests include nonlinear
control systems, reliable control, and fault detection and diagnosis issues.

Chih-Chiang Chen received the B.S. degree in
electrical engineering from National Yunlin Univer-
sity of Science and Technology (NYUST), Douliou,
Taiwan, in 2009, and M.S. degree in electrical and
control engineering from National Chiao Tung Uni-
versity, Hshinchu, Taiwan, in 2011. He is currently
working toward the Ph.D. degree.

His research interests include nonlinear control
systems, reliable control, and fault detection and
diagnosis.

Der-Cherng Liaw (S’86-M’90-SM’02) received
the B.S. degree in control engineering from National
Chiao Tung University (NCTU), Hsinchu, Taiwan,
in 1982, the M.S. degree in electrical engineering
from National Taiwan University, Taipei, Taiwan, in
1985, and the Ph.D. degree in electrical engineering
from the University of Maryland, College Park, MD,
USA, in 1990.

During 1990-1991, he was a Postdoctoral Fellow
with the Institute of Systems Research, University of
Maryland. Since August 1991, he has been with the
NCTU, Hsinchu, where he is currently a Professor of electrical and control en-
gineering. During 1994-1995, he was the Director of the Institute of Control
Engineering, National Chiao Tung University. His research interests include
nonlinear control systems, bifurcation control, applications to jet engine con-
trol, flight control, electric power systems and power electronics, RFID, electric
vehicle, network based distributive control, and implementation issues.

During 1990-1992, Dr. Liaw served as a Designated Assistant to the Asso-
ciate Editor for the IEEE TRANSACTIONS ON AUTOMATIC CONTROL. Dr. Liaw
was also a Member of Editorial Board of 1993 American Control Conference.

Yuan-Tin Wei received the B.S. degree in mechan-
ical engineering from National Taiwan University of
Science and Technology (NTUST), Taipei, Taiwan,
in 2007, and the M..S. degree in electrical engineering
and control engineering from National Chiao Tung
University, Hsinchu, Taiwan, in 2010.

His research interests include control systems,
fault detection and diagnosis issues, and vehicle
control. He is currently a Software Engineer at
ASUSTOR Inc.




