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this paper, we prove that the n-dimensional hypercube Q, is spanning 2-cyclable of order
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1. Introduction

For those graph definitions and notations not defined here, we follow the standard terminology given in [12]. A pair of
two sets G = (V, E) is a graph if V is a finite set and E is a subset of {(a, b) | (a, b) is an unordered pair of elements of V}.
We say that V = V(G) is the vertex set, and E = E(G) is the edge set. Two vertices u and v are adjacent if (u, v) € E. The
neighborhood of vertex u in G, denoted by Nbd(u), is the set {v € V|(u, v) € E}. The degree of u in G, denoted by deg;(u), is
|Nbdg (u)|. A path is a sequence of adjacent vertices, written as (vg, v1, ..., Un), in which all the vertices vg, vy, ..., v, are
distinct except that possibly vo = vy,.

A cycle of a graph G is a path with at least three vertices such that the first vertex is the same as the last one. A hamiltonian
cycle is a spanning cycle in a graph. Until the 1970s, the interest in hamiltonian cycles had long been centered on their
relationship to the 4-color problem. Recently, some refined conditions for a graph to be hamiltonian were proposed by
researchers [8,17,18], and the study of hamiltonian cycles in general graphs has been fueled by the issue of computational
complexity and practical applications. Furthermore, a number of variations were developed and research efforts have been
dedicated to pancyclicity [4,9], super spanning connectivity [1,6,19,20], k-ordered hamiltonicity [17], and hamiltonian
decomposition [2,21,22] among many other areas. In particular, hamiltonian cycles are a major requirement to design
effective interconnection networks [12,14,25,26].

There are several directions of research based on the hamiltonian property. One direction involves the spanning property
of cycles. For example, a 2-factor of a graph G is a spanning 2-regular subgraph of G; that is, G has a 2-factor if it can be
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Fig. 1. Illustration for Examples 1 and 2.

decomposed into several disjoint cycles. This notion can be applied to identify faulty units in a multiprocessor system. In
particular, Fujita and Araki [7] proposed a three-round adaptive diagnosis algorithm by decomposing the hypercube into a
fixed number of disjoint cycles such that the length of each cycle is not too small. The other direction addresses the cyclability
of a graph G. Let S be a subset of V(G). Then, S is cyclable in G if there exists a cycle C of G such that S C V(C). Many results
of cyclability are known [3,5,11,13,23]. In this paper, we study a new property which is a mixture of these two directions.

Now, we extend the concept behind hamiltonian graphs and consider two or more cycles spanning a whole graph. Let
A1, Ay, ..., A be mutually disjoint nonempty vertex subsets of a graph G. Then G is cyclable with respect to A1, Ay, ..., A;
if there exist mutually disjoint cycles Cy, G, ..., G of G such that C; contains A; for every i. Obviously, a graph is unlikely
to be cyclable with respect to any r mutually disjoint vertex subsets if r > 2. For example, G cannot be cyclable with
respect to A; = {u, v} and A, = V(G) — {u, v} for any two vertices u, v of G. To make this notion more reasonable, we
impose one restriction on the order of A; U A, - - - U A;. To be precise, G is r-cyclable of order t if it is cyclable with respect
to Ay, A,, ..., A for any r nonempty mutually disjoint subsets Ay, A,, ..., A, of V(G) such that |A; UA, U ---A;] < t.In
addition, if C; UG, U - - - UG, spans G, then G is spanning r-cyclable of order t. Here we have two parameters r and t. We can
fix one of them and find the optimal value for the other. The (spanning) r-cyclability of G is t if G is (spanning) r-cyclable of
order kfork =r,r 4+ 1, ..., t butis not (spanning) r-cyclable of order t + 1. On the other hand, the (spanning) cyclability
of G of order t is r if G is (spanning) k-cyclable of order t for k = 1, 2, ..., r butis not (spanning) (r + 1)-cyclable of order
t. According to the presented notion, the problem of finding hamiltonian cycles focuses on r = 1. It is also noticed that not
only is the set of disjoint spanning cycles of G a 2-factor, but also each cycle contains a designated vertex subset. Rather than
2-factors, the number of disjoint cycles is controlled. We give two examples to clarify the proposed notion.

Example 1. Fig. 1(a) depicts the Petersen graph. Since the Petersen graph is not hamiltonian, it is not spanning 1-cyclable of
any order. However, it is 1-cyclable of order 9. To see that the Petersen graph is spanning 2-cyclable of order 2, we assume
that A; = {1} and A, = {i} fori # 1. Weset C; = (1,2,3,4,5,1)and C; = (6, 8, 10,7, 9, 6) ifi € {6, 7, 8, 9, 10}; we set
C; =(1,5,4,9,6,1)and G, = (2,3,8,10,7,2) ifi € {2,3}; wesetC; = (1,2,3,8,6,1)and C; = (4,5, 10,7,9, 4) if
i € {4, 5}. Then C; and C; are two disjoint spanning cycles with A; C V(C;) and A, C V((,), respectively.

Example 2. Let G be the graph shown in Fig. 1(b). Obviously, G is hamiltonian. Thus, it is spanning 1-cyclable of order 10.
However, as an example, it is not 2-cyclable with respect to A; = {i} and A, = {i + 5} fori = 0, 1, 2, 3, 4. As aresult, G is
not spanning 2-cyclable of order 2.

In this paper, we limit ourself by considering the n-dimensional hypercube Q, as the underlying graph and study its
spanning 2-cyclability. We have the following results: (1) for n > 3, Q, is spanning 2-cyclable of order n — 1; (2) Q; is
spanning k-cyclable of order kifk < n — 1forn > 2.

2. Properties of hypercubes

Letu = u,u,_q ...uyuq be an n-bit binary string. The Hamming weight of u, denoted by w(u), is the number of indices
i,1 <i < n,suchthatuy; = 1.Letu = uju,;_1...uUty and Vv = v,v,_1 ... Vv be two n-bit binary strings. The Hamming
distance h(u, v) between u and v is the number of different bits in the corresponding strings. The n-dimensional hypercube,
denoted by Q,, for n > 1, consists of all n-bit binary strings as its vertices, and two vertices u and v are adjacent if and only if
h(u, v) = 1. Obviously, Q, is a bipartite graph with bipartition W = {u € V(Q,) | w(u) iseven}and B = {u € V(Q,) | w(u)
isodd}.Fori =0, 1, letQ,;' denote the subgraph of Q, induced by {u = u,u,_1 ... uyu; | u, = i}. Obviously, Q,’, is isomorphic
to Q,—1 with n > 2. For any vertex u = u,U,_1 ... uyu; of Q,, we use (u); to denote the bit u;, where 1 < j < n. Moreover,
we use (u)¥ to denote the vertex v = v,v,_1 ... vv; withu; = vifor1 <i£k <nandv, = 1 — w.

The hypercube Q, is one of the most popular interconnection networks for parallel computer/communication
systems [16]. In the following, we discuss some properties of the hypercube that will be used in this paper.

First, Theorem 1 states that Q, is hamiltonian laceable and hyper-hamiltonian laceable.
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Theorem 1 ([10,25]). Assume that n is any positive integer with n > 2. Then there exists a hamiltonian path of Q, joining any
two vertices from different partite sets. Moreover, there exists a hamiltonian path of Q, — {X} joining y to z if X is in one partite
set whereas y and z are in the other partite set.

In particular, Lemmas 1 and 2 indicate that Q, — {w, b} remains hamiltonian laceable whenever w and b are vertices in
different partite sets.

Lemma 1 ([24]). Let n be any positive integer with n > 4. Let W and B form the bipartition of Q,. Assume that x and w are any
two different vertices in W, whereas 'y and b are any two different vertices in B. Then there exists a hamiltonian path of Q, —{w, b}
joining x and y.

Lemma 2 ([14]). Let n be any positive integer with n > 4. Assume that w and b are any two adjacent vertices of Q,, and F is
any edge subset of Q, — {w, b} with |[F| < n — 3. Then there exists a hamiltonian path of (Q, — {w, b}) — F joining any two
vertices from different partite sets.

Theorem 2 generalizes the fault-tolerance of hamiltonian laceability for Q,, and Theorem 3 gives two types of 2-disjoint-
path cover in Q.

Theorem 2 ([24]). Assume that n > 3. Let F, be a union of f, disjoint pairs of adjacent vertices in Q,, and let F, be a set consisting
of f. edges in Q, with f, + fo < n — 3. Then there exists a hamiltonian path of Q, — (F, U F,) joining any two vertices from
different partite sets. Moreover, there exists a hamiltonian path of Q, — (F, U F, U {X}) joining y and z if X is in one partite set,
andy, z are in the other partite set.

Theorem 3 ([15]). Let n be any positive integer with n > 4. Let W and B form the bipartition of Q,. Assume that x and w are
any two different vertices in W, y and b are any two different vertices in B. There are two disjoint paths P, and P, in Q, such
that (1) Py is a path of length 2"~ — 1 joining x and y, (2) P is a path of length 2"~! — 1 joining w and b, and (3) P; U P, spans
Q.. Moreover, there are two disjoint paths P; and P4 in Q,, such that (1) Ps is a path joining x and w, (2) P4 is a path joining y
and b, and (3) P3 U P4 spans Q,,.

In the rest of this section, we apply the results introduced above to prove Lemmas 3 and 4, which specify 2-disjoint-path
covers in Q, that are able to contain the prescribed vertices. The two lemmas will be used in the proof of Lemma 5, which is
a key result presented in the next section for deriving the spanning 2-cyclability of Q,.

Lemma 3. Let W and B form the bipartition of Q, with n > 4. Suppose that x and u are two different vertices in W, whereas y
and v are two different vertices in B. Let S be any nonempty subset of V(Q,) — {X,y, u, v} with |S| < n — 3. Then there are two
disjoint paths Py and P, such that (1) P; joins X toy, (2) P, joinsutov, (3) S C Py, and (4) P; U P, spans Q,.

Proof. We prove this lemma by induction on n. We describe in Appendix A that this lemma holds for n = 4. Since Q, is
vertex-transitive and edge-transitive, we assume, without loss of generality, that x is in Q,? ,andyisin Q,} Fori € {0, 1}, we
set W; = WNV(Q),B =BNV(Q)),andS; = SN V(Q)). We have the following cases.

Case 1: |So| > 1and |S1| = 1.Thus, |So| <n—4and |S;| <n—4.

Subcase 1.1: Both u and v are in Qg for somei € {0, 1}. Without loss of generality, we assume that both u and v are in Q,?.
Since |Bg| = 2" > (n—3) > |So U {v}| for n > 5, we can choose any vertex b from By — (So U {v}). By induction, there are
two disjoint paths Ry and R, in Q? such that (1) Ry joins x to b, (2) R joins u to v, (3) Sp € Ry, and (4) Ry U R, spans Q?. By
Theorem 1, there is a hamiltonian path H on,} joining (b)" toy. We set P; = (X, Ry, b, (b)", H, y) and P, = R,. Obviously,
P; and P, form the desired paths. See Fig. 2(a).

Subcase 1.2:uisinQY,andvisin Q). WesetT = {p € V(Q?) | (p)" € S;}. Obviously, [SoUT| < [So|+IT| = [Sol +[S1] =
IS| < n —3.Since |By — (S UT)| > |By| — |SoUT| = 2"2 — (n—3) > 2forn > 5, we can choose two distinct vertices
b, and b, in By — (Sg U T). By induction, there are two disjoint paths Ry and R; in Q,? such that (1) R; joins X to by, (2) R,
joins u to by, (3) Sy € Ry, and (4) R; U R, spans Qﬁ Moreover, there are two disjoint paths H; and H; in Qﬂ] such that (1)
Hy joins (by)" toy, (2) H, joins (by)" tov, (3) S; € Hy, and (4) H; U H, spans Q,} We set Py = (X, R, by, (by)", Hy,y) and
P, = (u, Ry, by, (by)", Hy, v). Obviously, P; and P, form the desired paths. See Fig. 2(b).

Subcase 1.3: uisinQ,,and visin Q2. We set T = {p € V(Q?) | (p)" € S;}. Similar to that shown in Subcase 1.2, we have
[Bo— (SoUTU{(w)"})| > 1and |Wp— (SoUTU{xX, (y)"})| gel. Thus, there exists at least one vertex b in By — (SoUT U {(u)"}),
and there exists at least one vertex win Wy — (So U T U {x, (y)"}). By induction, there are two disjoint paths R; and R, in
Q7 such that (1) Ry joins X to b, (2) R, joinsw to v, (3) So C Ry, and (4) Ry U R, spans Q2. Moreover, there are two disjoint
paths H; and H, in Q! such that (1) Hy joins (b)" toy, (2) H, joins u to (w)", (3)S; € Hy, and (4) H; U H; spans Q1. We set
P; = (X, Ry, b, (b)", Hy,y) and P, = (u, Hy, (W)™, w, R,, v). Obviously, P; and P, form the desired paths. See Fig. 2(c).

Case 2: Either |Sg| = 0 or |S;| = 0. Without loss of generality, we assume that |So| = 0.

Subcase 2.1: Both u and v are in Qno. Let b be any vertex in By — {v}. By Theorem 3, there are two disjoint paths R; and R,
in Q,? such that (1) R; joins x to b, (2) R, joins u to v, and (3) R; U R, spans Q,f. By Theorem 1, there is a hamiltonian path
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Fig. 3. Illustration for Case 2 of Lemma 3.

H onn1 joining (b)" toy. We set P; = (X, Ry, b, (b)", H,y) and P, = R;. Obviously, P; and P, form the desired paths. See
Fig. 3(a).

Subcase 2.2: Both u and v are in Q. Since |W;| > degQJ (v) =n—1>n—2 > |SU{u}|, there exists a vertex w in
Wi — (S U {u}) such that (v, w) € E(Q,). Since [B;| = 2"2 > n — 3 > |S; U {(x)"}| for n > 5, there exists a vertex b in
By — (51 U {(x)"}). By Theorem 2, there exists a hamiltonian path H onn1 — {u, v, w} joining b to y. By Theorem 3, there are
two disjoint paths Ry and R, in Q? such that (1) Ry joins x to (b)", (2) R; joins (u)" to (w)", and (3) Ry U R, spans Q. We set
P; = (X,Ry, (b)",b,H,y) and P, = (u, ()", Ry, (W)", w, v). Obviously, P; and P, form the desired paths. See Fig. 3(b).

Subcase 2.3: uis in Q,?, and vis in Qn1 Obviously, there exists a vertex wq in W7 — S; such that (v, wy) € E(Qn]). Let w, be
avertex in Wy — {wy}. By Theorem 2, there exists a hamiltonian path H onnl — {v, wy} joining w, to y. By Theorem 3, there
are two disjoint paths Ry and R; in Qr? such that (1) R; joins X to (w3)", (2) R, joins u to (w;)", and (3) Ry U R, spans Qr‘,) We
set Py = (X, Ry, (Wp)", Wy, H,y) and P, = (u, Ry, (W1)", wy, v). Obviously, P; and P, form the desired paths. See Fig. 3(c).

Subcase 2.4: wis in Q}, and vis in Q).

Suppose that (u, v) € E(Qy,). Let w be any vertex in Wy. By Theorem 1, there exists a hamiltonian path R; of Q,? — {v}
joining x to w, and there exists a hamiltonian path R, of Q! — {u} joining (w)" toy. We set P; = (X, Ry, w, (W)", R, y) and
P, = (u, v). Obviously, P; and P, form the desired paths. See Fig. 3(d).

Suppose that (u, v) & E(Qy). Let w be any vertex in Wy — {x, (y)"}. By Theorem 3, there exist two disjoint paths Ry and R,
in Qr? such that (1) R; joins x to w, (2) R, joins (u)" to v, and (3) Ry U R, spans Qr?. By Theorem 1, there exists a hamiltonian
path H of Q] — {u} joining (w)" toy. We set P; = (x, Ry, w, (W)", H,y) and P, = (u, (u)", Ry, v). Obviously, P and P, form
the desired paths. See Fig. 3(e). O

Lemma 4. Let W and B form the bipartition of Q, with n > 5. Let p, X, and y be three different vertices in W, and let q, u,
and v be three different vertices in B such that {(p, q), (X, u), (X, v)} C E(Q,). Then there exist two disjoint paths P, and P, in
Qn — {p, q} such that (1) P; joinsx toy, (2) P, joinsu tov, and (3) P, U P, spans Q, — {p, q}.

Proof. Since n > 5, there exists an integer 1 < k < nsuch that q # (p)¥, u # (X)*, and v # (x)*. By the symmetric
property of Q,,, we can assume k = n. Without loss of generality, we consider that both p and q are in Q,?. Fori € {0, 1}, we
set W; = W N V(Q)) and B; = BN V(Q,). Note that {x, u, v} C V(Q)) for some i € {0, 1}. We have the following cases.

Case 1: {x,u, v} C V(Q?) andy € V(Q,). By Theorem 2, there exists a hamiltonian path R of Q° — {p, q, x} joining u
and v. By Theorem 1, there exists a hamiltonian path H on,} joining (x)" and y. We set P; = (x, X)", H,y) and P, = R.
Obviously, P; and P, form the required paths. See Fig. 4(a).

Case2:y € V(Q,?) and {x, u, v} C V(Q,}). Since |By| = 2" 2 > 2, there exists a vertex b in By — {q, (x)"}. By Theorem 2,
there exists a hamiltonian path R of Q,? — {p, q} joining b and y. By Theorem 3, there exist two disjoint paths H; and H; in
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Q! such that (1) H; joins x and (b)", (2) H, joins u to v, and (3) H; U H; spans Q.. We set P; = (x, Hy, (b)", b, R, y) and
P, = H,. Obviously, P; and P, form the required paths. See Fig. 4(b).

Case 3: {x,y,u,v} C V(Q,?). By Theorem 2, there exists a hamiltonian path R on,? — {p, q, u} joining x and y. Without
loss of generality, we write R = (X, R{, W, V, Z, Ry, y). By Theorem 1, there exist two disjoint paths H; and H; in Q,} such that
(1) Hq joins (w)" and (z)", (2) H, joins (u)" to (v)", and (3) H; U H; spans in We set P; = (X, Ry, w, (W)", Hy, ()", Z, Ry, y)
and P, = (u, (w)", Hy, (V)", v). Obviously, P; and P, form the required paths. See Fig. 4(c).

Case4: {x,y,u, v} C V(in). Obviously, eitheru # (p)" orv # (p)". Without loss of generality, we assume that u # (p)".
Since dean] (v) > 3, there exists a vertex z in W; — {X,y, (qQ)"} such that (z,v) € E(Qy,). By Theorem 2, there exists a

hamiltonian path H of Qn] — {u, v, z} joining x and y, and there exists a hamiltonian R of Q,? — {p, q} joining (u)" and (z)".
Weset Py = H and P, = (u, (w)", R, (2)", z, v). Obviously, P; and P, form the required paths. See Fig. 4(d). O

3. Two disjoint cycles span hypercubes

A bipartite graph G, with bipartition W and B, is called 2-disjoint-path-coverable of order ¢t if for any {x,u} C W,
{y, v} C B, and any two disjoint subsets A;, A; of V(G) — {x,y, u, v} with |A; U A;| < t, there exists two disjoint paths
P; and P, of G such that (1) P; joins x and y, (2) P, joins u and v, (3) Ay C Py, (4) A, € P,, and (5) P; U P, spans G. The
following lemma is the key result to derive a tight lower bound of spanning 2-cyclability of Q,. Our proof idea is based
on constructing two disjoint paths that can span Q, and cover any two disjoint vertex subsets with the sum of orders not
exceeding n — 3. The proof will be divided into various cases, each of which may consist of a number of subcases. To stress
the main contribution of this paper, we thus defer those tedious details to Appendix B for the sake of clarity.

Lemma 5. Suppose that n > 3. Then, Q, is 2-disjoint-path-coverable of order n — 3.
The following theorem holds directly from Lemma 5.

Theorem 4. Assume that n > 4. Let A; and A, be any two disjoint vertex subsets of Q, with |A; UA;,| < n — 1. Then there exist
two disjoint cycles Cy and C, of Qj such that (1) Ay € C; (2) A; € Gy, and (3) C; U G, spans Q.

Proof. Without loss of generality, we consider |A; U Ay| = n — 1. There are two cases as follows.

Case 1: Both A; and A, are nonempty. Thus, |[A;] < n — 2 and |A;] < n — 2. Since |A{| + |A;] = n—1 > 3, we
may assume, without loss of generality, that |[A;| > 2. Let u be a vertex in A,. Since degg,(u) = n > n —2 > |A4],
there exists a vertex v in Nbdg, (u) — A;. (Note that it is possible that v is in A,.) Let x and X’ be any two distinct vertices
in Ay. Since [(Nbdg, (x) U Nbdg, (X)) — {x,X'}| > 2n —2 > n > |A; UA, U {v}| for n > 4, there exists a vertex y in
(Nbdg, (x) U Nbdg, (X)) — (A1 U A, U {v}). Without loss of generality, we assume thaty € Nbdg, (x). Let A] = A; — {x} and
A, = A; — {u, v}. Obviously, A} U A5| < n — 3. By Lemma 5, there exist two disjoint paths P; and P, in Q, such that (1) P,
joins x and y, (2) P, joinsu and v, (3) A; € V(Py), (4) A, € V(P;), and (5) P, U P, spans Q,,. We set C; = (X, P1,y, X) and
C, = (u, P,, v, u). Obviously, C; and C, form the required cycles in Q,.

Case 2: A or A, is empty. We can assume that A, is empty. First, we consider n > 5. Obviously, there exists a cycle C; of
length 4 in Q, such that V(C;) N A, = (. By Theorem 2, there exists a hamiltonian cycle C, of Q,, — V(C;). Then, we have
A; C G

On the other hand, we consider n = 4. Since Q4 is both vertex-symmetric and edge-symmetric, we assume that
Ay N V(Q4)| =1land|A; N V(Q41 H =2 w1thz € {0, 1}. For convenience, let A, N V(Q4) {s}. Obviously, there exists a
cycle C; of length 4 in Q4 not containing s. Moreover, Q4 V(Cy) is a cycle of length 4, denoted by (s, t, u, v, s). Then, we can

find a hamiltonian path P of Q; ' joining (s)* and (t)*. As aresult, G, = (s, (s)*, P, (©)*, t, u, v, s) and C; form the requested
cycles. O
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According to Theorem 4, Q, is spanning 2-cyclable of order n — 1 for n > 4. For Qs, let Ay = {x} and A, = {u}, where x
and u are different vertices of Qs. Since Qs is vertex-symmetric and edge-symmetric, we assume that X is in Q3° ,and uis in
Q,. Clearly, both QY and Q; are isomorphic to Qz, which is a cycle of length 4. Thus, Qs is spanning 2-cyclable of order 2. We
summarize the first main result of this paper as follows.

Corollary 1. The n-cube Q,, is spanning 2-cyclable of order n — 1 for n > 3.

To study the generalized spanning k-cyclability of Q, for k > 3, we argue by induction that Q, is spanning k-cyclable
of order k if k < n — 1. Trivially, Q, is spanning 1-cyclable of order 1. As the inductive hypothesis, we assume that Q,_1
is spanning r-cyclable of order r forr < n — 2 withn > 3.Let A = {uy, uy, ..., uy} consist of any k vertices of Q, with
k < n — 1. By the symmetric property of Q,, we may assume that u, is in Q,?, and vy is in Q,} WesetA; = AN V(Q,’;) for
i € {0, 1}. Then, A is partitioned into two nonempty subsets Ay and A;. Let t = |Ap|. Without loss of generality, we may
assume thatu; € Agif 1 <i < t,andwy € A;ift < i < k. Note that Q,; is isomorphic to Q,,_; fori = 0, 1. By induction,

there exist t disjoint cycles Cq, Cy, ..., G on,? suchthatu;isinCfor1 <i<tandC; UG, U---UC spans Qr?, and there
exist k — t disjoint cycles C¢11, Ci42, ..., Ck on,} such thatwjisin G fort +1 <i < kand Cy1 U Cryp U---UC, spans in
As aresult, Cy, G, ..., G form k disjoint cycles of Q,, such thatu;isin C;for 1 <i < kand C; UG U - -- U G spans Q,. For

clarity, this result is summarized below.

Theorem 5. The n-cube Q,, is spanning k-cyclable of order kif k < n — 1 forn > 2.

We give an example to indicate that Q, is not spanning n-cyclable of order n. Let u be any vertex of Q,, and let

{uy, uy, ..., u,} be the set of vertices adjacent to u. We set A = {uq, uy,...,u,_1} U {u}. Obviously, |A| = n. Since
dego, —(uy,uy,...up_q) (W) = 1, there is no cycle of G — {uy, up, ..., u,_¢} containing u. Thus, we cannot find n cycles
Ci,Cy, ..., Chof Q,suchthatujisinCifor1 <i<n-—1,anduisinG,.

4. Concluding remarks

In this paper we proved that Q, is spanning 2-cyclable of order n — 1 for n > 3. Now we show an example to indicate
that Q, is not 2-cyclable of order n. Let u and v be any two adjacent vertices of Q,. We set A; = Nbdg, (u) — {v} and A, = {u}.
Obviously, |A;| + |A;| = n. Since degq,—a, () = 1, there is no cycle of G — A; containing A,. Thus, the spanning 2-cyclability
of Q; isn — 1 forn > 3, and this result is optimal. Furthermore, we proved that Q, is spanning k-cyclable of order k if
k<n—1forn> 2.

For possible future directions with our result, we first conjecture that Q, is spanning k-cyclable of order n — 1 for every
k <n—1andn > 3. As we allowed A; or A, to be empty set in the statement of Theorem 4, we indeed have a stronger
conjecture: assume thatn > 4. Let Ay, A,, ..., Ai be k disjoint vertex subsets of Q,, with |[A; UA, U --- UA] <n—1and
k < n — 1, there exist k disjoint cycles Cy, G, ..., G of Q, such that (1)A;isinCifor1 <i <k,and 2)CGUGC U ---UC
spans Q,. Notice that the statement is not always true for n = 3. For counterexample, let A; = {000, 111} and A, = #. Then
the length of any cycle containing A; is at least 6. Thus, we cannot find two disjoint cycles C; and C, of Q3 such that (1) A; is
inC for1 <i<2,and(2)C; UG, spans Qs.
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Appendix A. Q4 is 2-disjoint-path-coverable of order one
We prepare the following lemma in advance.

Lemma 6. Let p and q be any two adjacent vertices of Qs. Let u and v be any two nonadjacent vertices of Q3 — {p, q} such that
they are in different partite sets. Then there exists a hamiltonian path of Q3 — {p, q} joining w and v.

Proof. Since Qs is vertex-symmetric and edge-symmetric, we assume that p = 000 and q = 001. We have {u, v} €
{{011, 100}, {101, 010}}. Clearly, both (011, 010, 110, 111, 101, 100) and (101, 100, 110, 111, 011, 010) are hamiltonian

pathsof Q3 — {p,q}. O

Recall that W and B form the bipartition of Q4. Let A; = {z} and A, = @, where z is any vertex of Q4 — {X, y, u, v}. Since
Q4 is vertex-symmetric and edge-symmetric, we assume that u = 0000 and v € {0001, 0111}.

Case 1: {x,y,z} C V(Q}).By Theorem 1, there exists a hamiltonian path P; of Q] joining x and y, and there exists a
hamiltonian path P, of Qf joining u and v.
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Table 1
The vertex b and paths Ry and R;.
Ry Ry
x = 0011,z = 0101 (0011, 0001, 0101, 0100 = b) (0000, 0010,0110,0111)
x=0011,z= 0110 (0011, 0010, 0110, 0100 = b) (0000, 0001, 0101, 0111)
x = 0101,z = 0011 (0101, 0001, 0011, 0010 = b) (0000, 0100, 0110, 0111)
x =0101,z = 0110 (0101, 0100, 0110, 0010 = b) (0000, 0001,0011,0111)
x = 0110,z = 0011 (0110, 0010, 0011, 0001 = b) (0000, 0100,0101,0111)
x = 0110,z = 0101 (0110, 0100, 0101, 0001 = b) (0000, 0010, 0011, 0111)
Table 2
The path P;.
X y Py

0011 0001  (0011,0010,0110,0100,0101, 0001)
0011 0010 (0011,0001,0101,0100, 0110, 0010)
0101 0001  (0101,0100,0110,0010,0011, 0001)
0101 0100 (0101, 0001, 0011, 0010, 0110, 0100)
0110 0010  (0110,0100, 0101, 0001, 0011, 0010)
0110 0100 (0110,0010,0011,0001, 0101, 0100)

Case 2: Either {x} C V(Qf), {y,z} C V(Q41) or{y} C V(Qf), {x,z} C V(Q4‘).Without loss of generality, we only consider
that {x} C V(Q)) and {y, z} C V(Q}).Letb € BNV (QY) — {v}. By Theorem 3, there exist two disjoint paths R; and R, of Q)
such that (1) Ry joins x and b, (2) R; joins u and v, and (3) Ry U R, spans Qf. By Theorem 1, there exists a hamiltonian path
H of Q/ joining (b)* and y. Then, we set P; = (x, Ry, b, (b)*, H,y) and P, = R,.

Case 3: {z} C V(QY), {x,y} C V(Q}). Since degqo(z) = 3 > 2, we can choose a vertex s of Q¥ — {(®)*, (y)*, u, v} such
that (s, z) € E(Q4). Note that both (x)* and v are in B, and both (y)* and u are in W. Let {w, b} = {s, z} such thatw € W
and b € B. By Theorem 3, there exist two disjoint paths Ry and R, of QA} such that (1) Ry joins x and (w)?, (2) R, joins (b)*
andy, and (3) Ry UR, spans Q. Then, P; is set to be (X, Ry, (W)*, w, b, (b)*, R, y). By Lemma 6, there exists a hamiltonian
path P, of Q) — {w, b} joining u and v.

Case 4: {x,y} C V(Q)), {z} C V(Q}). By Theorem 3, there exist two disjoint paths Ry and R, of Q) such that (1) Ry joins
xandy, (2) R, joinsuand v, and (3) Ry UR; spans Qf We write R; as (X, H;, w, y). By Theorem 1, there exists a hamiltonian
path H, of Q; joins (w)* and (y)*. We set P; = (x, Hy, w, (W)*, Hy, (y)*,y) and P, = R,.

Case 5: {x,z} C V(QY)), {y} C V(Q}).

Subcase 5.1: Suppose that z € B. By Theorem 3, there exist two disjoint paths R; and R; of Qf such that (1) Ry joins x and
Z,(2) R, joins u and v, and (3) Ry U R; spans Q‘?. By Theorem 1, there exists a hamiltonian path H of Q4l joining (z)* and y.
We set P; = (X, Ry, z, (2)* H,y) and P, = R..

Subcase 5.2: Suppose that z € W and v = 0001. By Theorem 1, there exists a hamiltonian path R onf — {v} joining
x and u. We write R as (x, R, b, u). Similarly, there exists a hamiltonian path H of Q; joining (b)* and y. Then we set
Py = (x,R,b, (b)* H,y) and P, = (u, V).

Subcase 5.3: Suppose that z € W and v = 0111. We have {x,z} C {0011, 0101, 0110}. We set a vertex b and
paths Ry and R, according to Table 1. By Theorem 1, there exists a hamiltonian path H of Q; joining (b)* and y. Then,
P; = (x, Ry, b, (b)*, H,y) and P, = R, are the requested paths.

Case 6: {X,y,z} C V(Q)).

Subcase 6.1: v = 0001. By Theorem 1, there exists a hamiltonian path R on40 — {v}. We write R as (X, Ry, w, y, Ry, b, u).
Similarly, there exists a hamiltonian path H of Q; joining (w)* and (b)*. We set P; = (x, Ry, w, (W)*, H, (b)*, b, rev(R,), y)
and P, = (u, v), where rev(R;) is the reverse path of R;.

Subcase 6.2: v =0111.

(i) x,y) &€ {(0011,0100), (0101, 0010), (0110, 0101)}. We set P, according to Table 2. Obviously, P; is a hamiltonian
path of QY — {u, v}. By Theorem 1, there exists a hamiltonian path H of Q; joining (u)* and (v)*. Then, we set P, as
(u, W* H, (V) v).

(ii) (x,y) € {(0011, 0100), (0101, 0010), (0110, 0101)}. We set R; and R, according to Table 3. Clearly, R; U R, spans
Q2, and we can write R, as (u, R}, w, v). By Theorem 1, there exists a hamiltonian path H of Q; joins (w)* and (v)*. Then
we set P; = Ry and P, = (u, R, w, (wW)*, H, (v)*, v).

Appendix B. Proof of Lemma 5
To prove that Q, is 2-disjoint-path-coverable of order n — 3, we prepare four propositions as follows. In the rest of this

paper, we continue using W and B to denote the bipartition of Q,. For convenience, we also call W and B partite sets of white
and black vertices, respectively.
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Table 3
The paths Ry and R,.

Ri

Ry

x = 0011,y = 0100, z € {0001, 0101}
x=0011,y = 0100, z € {0010, 0110}
x = 0101,y = 0010, z € {0001, 0011}
x = 0101,y = 0010, z € {0100, 0110}
x=0110,y = 0101, z € {0100, 0101}

0011, 0001, 0101, 0100
0011, 0010, 0110, 0100

0101, 0100, 0110, 0010
0110, 0100, 0101, 0001

0000, 0010, 0110, 0111)
0000, 0001, 0101, 0111)

0000, 0001, 0011, 0111)
0000, 0010, 0011, 0111)

2999

( ) (
( ) (
(0101, 0001, 0011, 0010) {0000, 0100, 0110, 0111)
( ) (
( ) (
( ) {

x = 0110,y = 0101, z € {0010, 0011} 0110, 0010, 0011, 0001 0000, 0100, 0101, 0111)
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Fig. 5. Illustration for Proposition 1.

Proposition 1. Let W and B form the bipartition of Q, with n > 7. Suppose that X and u are any two different vertices in W,
whereas y and v are any two different vertices in B. Furthermore, suppose that x € V(QQ),y € V(Q)), andy # (w)". Let A?
and Ag be any two disjoint nonempty subsets of V(Q?) — {x,y, u, v}, and let A} and A} be any two disjoint nonempty subsets of
V(QD) — {x,y, u, v} such that |AY| + |Al| + |AS| + |A}| = n — 3. Assume that Q,_, is 2-disjoint-path-coverable of order n — 4.
Then, there exist two disjoint paths Py and P, such that (1) Py joins X toy, (2) P, joinsutov, (3) AYUA] C Py, (4) AJUA} C Py,
and (5) Py U P, spans Q.

Proof. Obviously, |A’l:| <n-—6forie {1,2}andj € {0, 1}, and |A}| + |A}| + [{y}| < n— 4. We have the following two cases.

Case 1: Both u and v are in Q,Jl for some j € {0, 1}. Without loss of generality, we assume that j = 0. Since |V(Q?)| =
2> nn—4)+m—3)=n*>—-3n—3>nAl UAJ U {y}| + |A%U {x,u,v}|and 2" > n — 3 forn > 7, there exists
avertex pin V(Q?) — (A U {x, u, v}) such that (t)" & Al UA] U {y} forevery t € Nbdyo (p) U {p}, and there exists a black
vertex b in V(Q?) — (A3 U {v, p}) such that (b)" & A,. Since Q,_; is 2-disjoint-path-coverable of order n — 4, there are two
disjoint paths Ry and R, in Q? such that (1) Ry joins X to b, (2) R; joins u to v, (3) AY € Ry, (4) A U {p} € Ry, and (5) Ry UR,
spans Q,?. Without loss of generality, we write R, as (u, Ry 1, P, q, R2.2, V). Again, there are two disjoint paths H; and H; in
Q,! such that (1) Hy joins (b)" toy, (2) H joins (p)" to (q)", (3) Al € Hy, (4)A) € H,, and (5) H; U H, spans Q,!. We set
P; = (x,Ry, b, (b)", Hy,y) and P, = (u, Ry 1, p, (P)", Ha, (@", q, Ry.2, v). Obviously, P; and P, form the desired paths. See
Fig. 5(a).

Case 2: uisin Q,]1 and vis in infj forj € {0, 1}. On the one hand, we assume thatj = 0; that is, uis in Q,?, and vis in Q,}
Since 2""2 > n — 4 for n > 7, there exists a black vertex by in V(Q?) — A such that (b)" ¢ A}, and there exists a black
vertex by in V(Q?) — (A% U {by}) such that (b2)" & Aj. Since Q,_; is 2-disjoint-path-coverable of order n — 4, there are two
disjoint paths Ry and R, in Q? such that (1) Ry joins X to by, (2) R, joins u to by, (3)AY Ry, (4)AY € Ry, and (5) Ry UR, spans
Q,?; and there are two disjoint paths H; and H; in Qn] such that (1) Hy joins (by)" toy, (2) H; joins (by)" to v, (3) A} C Hy,
(4)A) C H,,and (5) H; U H, spans Q.. We set Py = (x, Ry, by, (by)", Hy,y) and P, = (u, Ry, by, (b2)", H,, v). Obviously, P;
and P, form the desired paths. See Fig. 5(b).

On the other hand, if j = 1, thenwis in Q;, and v is in Q?. Since 2"~ > n — 3 for n > 7, there exists a black vertex b
in V(Q2) — (A U {(u)", v}) such that (b)" ¢ Al, and there exists a white vertex w in V(Q?) — (A% U {x, (y)"}) such that
w)" & A}. Similarly, there exist disjoint paths Ry, Ry, H, H, joiningx tob,wtov, (b)" toy, and u to (w)", respectively, such
that(1)AY C Ry, A9 € Ry, Al C Hy,A) € Hy,(2)R{UR; spans Q2, and (3) Hy UH, spans Q.. We set P; = (X, Ry, b, (b)", Hy, y)
and P, = (u, Hp, (W)", w, Ry, v). See Fig.5(c). O

Proposition 2. Let W and B form the bipartition of Q, with n > 6. Suppose that x and u are any two different vertices in W,
whereas y and v are any two different vertices in B. Furthermore, suppose that X € V(Q,?), ye V(Qn]), andy # (w)". Let A(l’ and
A be any two disjoint nonempty subsets of V(Q?) — {X,y, u, v}, and let A} be any nonempty subset of V(Q,}) — {X,y, u, v}
such that |A?| + |A% |+ IASI = n — 3. Assume that Q,_1 is 2-disjoint-path-coverable of order n — 4. Then, there exist two disjoint
paths P; and P, such that (1) P; joinsxtoy, (2) P, joinsutov, (3) A? U A} C Py, (4) A C Py, and (5) P; U P, spans Q,.

Proof. We consider the following three cases.
Case 1: Bothu and vare in Q2. Since 2"? > n—4 > |AY| + |{v}| for n > 6, there exists a black vertex b in Q? — (A3 U {v}).
Since Q,,_; is 2-disjoint-path-coverable of order n — 4, there are two disjoint paths Ry and R, in Q,? such that (1) R; joins x
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Fig. 6. Illustration for Proposition 2.

tob, (2)R; joinsutov, (3)A? C Ry, (4)A(2) C Ry, and (5) Ry U R, spans Q,} By Theorem 1, there is a hamiltonian path H of
Q! joining (b)" toy. We set P; = (x, Ry, b, (b)", H,y) and P, = (u, Ry, v). Obviously, P; and P, form the desired paths. See
Fig. 6(a).

Case 2: Both u and v are in Q. Since [V(Q)| = 2" > n(n —4) + n > n|A% U {x}| + |A] U {y, u,v}| forn > 6,
there exists a vertex p € V(in) — (A} U {y, u, v}) such that (t)" & A? U {x} for every t € Nbdin (p) U {p}. Since
22 > (n—4) +n > |AU{W@"Y) + |Nbdin (p) U {p}|, there exists a black vertex b in V(Qr?) — (Ay U {(w)"}) such

that (b)" ¢ Nbd,1(p) U {p}. Since Q1 is 2-disjoint-path-coverable of order n — 4, there are two disjoint paths H; and
H, in Q! such that (1) H joins (b)" toy, (2) H, joins u to v, (3) A] < Hy, (4) {p} € H,, and (5) H; U H, spans Q,!. We
can write H, as (u, Hy 1, p, q, Hz.2, v). Again, there are two disjoint paths Ry and R; in Q,? such that (1) R; joins X to b,
(2) R, joins (p)" to (q)", (3) AY C Ry, (4) A2, € Ry, and (5) Ry U R, spans Q. We set P; = (x, Ry, (b)", b, Hy,y) and
P, = (u,Hy 1, p, (P)", Rz, (@), q, Ha 2, v). Obviously, P; and P, form the desired paths. See Fig. 6(b).

Case 3: uis in V(Q,];), and v is in V(Q,,H) for j € {0, 1}. On the one hand, we assume that j = 0. Hence, u is in V(Q),
and v is in V(Q,). Since 22 > n — 4, there exists a black vertex by in V(Q?2) — A9, and there exists a black vertex b, in
V(QY) — (A9 U {by}) such that (by)" & Aj. Since Q,_; is 2-disjoint-path-coverable of order n — 4, there are two disjoint
paths Ry and R, in Q? such that (1) Ry joins x to by, (2) R; joins u to z, (3) A9 € Ry, (4) A, € Ry, and (5) Ry U R, spans Q?,
and there are two disjoint paths H; and H, in in such that (1) Hy joins (b1)" toy, (2) H, joins (by)" to v, (3) A} C Hy, and
(4) Hy U H; spans Q}.We set Py = (X, Ry, by, (by)", Hy,y) and P, = (u, Ry, by, (by)", H,, v). Obviously, P; and P, form the
desired paths. See Fig. 6(c).

On the other hand, if j = 1, then u is in V(Q,!), and v is in V(Q?). Since 2"~ > n — 2, there exists a black vertex b in
V(Q?) — (A, U{v, (w)"}), and there exists a white vertex win V(Q?2) — (A9U{x}) such that (w)" ¢ Al U{(y)"}. Similarly, there
exist disjoint paths Ry, R,, Hy, H joining X to b, w to v, (b)" toy, and u to (w)", respectively, such that (])A‘l) C R1,A; TRy,
A} C Hy,(2)R1 UR; spans Q?, and (3) H; UH, spans Q.. We set P; = (x, Ry, b,(b)", Hy,y) and P, = (u, H, (W)", W, R;, V).
See Fig. 6(d). O

Proposition 3. Let W and B form the bipartition of Q, with n > 5. Suppose that x and u are any two different vertices in W,
whereasy and v are any two different vertices in B. Furthermore, suppose that x € V(Q,?), ye V(Qn]), andy # (u)". Let A1 be any
nonempty subset of V(Q,?) —{x,y, u, v}, and let A, be any nonempty subset of V(Qn]) —{x,y, u, v} such that |A{|+|A;| = n—3.
Then there exist two disjoint paths P; and P, such that (1) P; joins X toy, (2) P, joinsutov, (3) Ay € Py, (4) Ay C P,
and (5) P, U P, spans Q.

Proof. We consider the following three cases.
Case 1: Both u and v are in V(Q). Since (u)® # y and |Nbdin y)) = n—1 > |A U {(v)"}], there exists a vertex

W € Nbdin (¥) — (A U {(v)"}). By Lemma 1, there exists a hamiltonian path R; of Q,? — {u, v} joining x and (w)". By
Theorem 2, there exists a hamiltonian path R, of Qn] — {y, w} joining (u)" and (v)". Obviously, A; € V(R;) and A, C V(R;).
We set Py = (X, Ry, (W)",w,y) and P, = (u, (u)", Ry, (v)", v). It is apparent that P; and P, form the desired paths. See
Fig. 7(a).

gCa(se)z: Bothuandvare in V(Q,}). Since |NbdQJ (y)| =n—1 > |A; U{u}|, there exists a vertexw € NbdQJ (y) — (A U{u}).
By Theorem 1, there exists a hamiltonian path Ry of Q2 joining x and (w)". By Theorem 2, there exists a hamiltonian path
R, onﬂ] — {y, w} joining u and v. Obviously, A; C V(R;) and A, C V(R;). We set P; = (X, Ry, (W)",w,y) and P, = R;.
Obviously, P; and P, form the desired paths. See Fig. 7(b).
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Case 3: uisin V(Q,{), andvisin V(QHHI) forj € {0, 1}. On the one hand, we assume thatj = 0;i.e.,, uisin V(Q,?), andvisin
V(Qn‘). Since |NbdQI} (y)| = n—1 > |Ay|, there exists a vertex w € Nbdin (y) —A,. Since |NbdQ9 w]=n—1> |[A;U{(w)"}],
there exists a vertexb € Nber(]) (1) — (A; U{(w)"}). By Theorem 2, there exists a hamiltonian path R; of Q2 — {u, b} joining x
and (w)". Similarly, there exists a hamiltonian path R, on,} —{y, w} joining (b)" and v. Clearly,A; € V(R;) andA, C V(R,).
Now, we set Py = (X, Ry, (W)", w,y) and P, = (u, b, (b)", R,v). Again, P; and P, form the desired paths. See Fig. 7(c).

On the other hand, we considerj = 1;i.e,uisin V(Qn‘), andvisin V(Q,?). Since |NbdQn] Y| =n—1>n-2>|AU{u}|+
[{v}|, there exists a vertexw € NbdQn] (y) — (A2 U {u}) with (w)" # v. Since |NbdQ3 w|=n—1>n-2> A U{X}|+ {y}I,
there exists a vertex s € Nbdng) (v) — (A U {x}) with (s)" # y. Again, there exists a hamiltonian path R; of Qn0 —{s, v} joining
x and (w)", and there exists a hamiltonian path R, of Q! — {y, w} joining u and (s)". We set P; = (x, R;, (w)", w, y) and
P, = (u, Ry, (S)", s, v).See Fig. 7(d). O

Proposition 4. Let W and B form the bipartition of Q, with n > 5. Suppose that x and u are any two different vertices in W,
whereas y and v are any two different vertices in B. Furthermore, suppose that x € V(Q,?), y € V(Qn]), andy # (w)". Let A,
and A, be any two disjoint nonempty subsets of V(Q,?) — {x,y, u, v} such that |A;| + |A2| = n — 3. Assume that Q,_1 is 2-
disjoint-path-coverable of order n — 4. Then, there exist two disjoint paths Py and P, such that (1) Py joins X to 'y, (2) P, joins u
tov, (3) Ay C Py, (4) A, C Py, and (5) Py U P, spans Q.

Proof. We consider the following cases.

Case 1: Both u and v are in V(Q,?). We have the following two subcases, (a) and (b).

(a) There is a black vertex, say b, in A;. Since Q,_; is 2-disjoint-path-coverable of order n — 4, there exist two disjoint
paths Ry and R, in Q? such that (1) Ry joins x to b, (2) R, joins u to v, (3) A; — {b} C Ry, (4)A; C Ry, and (5) Ry UR, spans Q).
By Theorem 1, there is a hamiltonian path H onn1 joining (b)" toy. We set P; = (X, Ry, b, (b)", H,y) and P, = (u, Ry, V).
Obviously, P; and P, form the desired paths. See Fig. 8(a).

(b) Every vertex in A; is white. Let w be any vertex in A;. Since degQg w)=n—1>n-2 > |A] + |{v, ()"}|, there
exists a vertex b in NbdQl? (w) — (A U {v, (y)"}). By the premise, there exist two disjoint paths R; and R; in Q,? such that
(1)Ry joinsxto b, (2) R, joinsutov, (3)A; — {w} C Ry, (4)A; C Ry, and (5) Ry U R, spans Qf.

(b.1) wis in Ry. By Theorem 1, there exists a hamiltonian path H of Q! joining (b)" toy. We set P; = (X, Ry, b, (b)", H, y)
and P, = R,. Obviously, Py and P, form the desired paths. See Fig. 8(b).
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Fig. 9. Illustration for Case 2 of Proposition 4.

(b.2) w is in R,. Without loss of generality, we can write R, as (u, Ry 1, P, W, q, Rz 2, V). Suppose that (w)" # y. By
Theorem 3, there are two disjoint paths H; and H, in Q,} such that (1) H; joins (w)" toy, (2) H, joins (p)" to (q)", and
(3) Hi U Hy spans Q.. We set P; = (x, Ry, b,w, (W)", Hy,y) and P, = (u, Ry 1, p, (p)", H2, (@)", q, R2.2, v) to form the
desired paths. See Fig. 8(c). On the other hand, we consider the case that (w)" = y. By Theorem 1, there exists a hamiltonian
path H of Q! — {y} joining (p)" to (q)". We set P; = (x, Ry, b, w,y) and P, = (u, Ry 1, p, (p)", H, (", q, R22, v) to form
the desired paths.

Case 2: uisin V(Q,}), and vis in V(Q,?). We have the following three subcases, (c), (d), and (e).

(c) Every vertex in A; is white, and every vertex in A; is black. Let w be a vertex in A;. Since degQ"o x)=n—1> |A;U{v}|,
we can choose a black vertex b in Nber(‘) (X) — (A U {v}). With this premise, there exist two disjoint paths R; and R; in Q,?
such that (1) R; joins b tow, (2) R, joins xto v, (3) (A; — {w}) € Ry, (4) Az € Ry, and (5) Ry UR, spans Qr?. Without loss of
generality, we write R, = (X, p, R, v).

(c.1)y # (w)" and p # (u)". By Theorem 3, there are two disjoint paths H; and H, on,,l such that (1) Hy joins (w)" to
y, (2) H joins u to (p)", and (3) H; U H; spans Qn] We set P; = (x,b,R;, w, (W)", Hy,y) and P, = (u, H,, (p)", p, R, v) to
form the desired paths. See Fig. 9(a).

(c2)y # (w)"and p = (u)". By Theorem 2, there is a hamiltonian path H of Q! — {u} joining (w)" to y. We set
P; = (x,b,R{,w, (W)", H,y) and P, = (u, p, R, v) to form the desired paths.

(c3)y = (w)" and p # (w)". By Theorem 2, there is a hamiltonian path H of in — {y} joining u to (p)". We set
P; = (x,b,R{,w,y) and P, = (u, H, (p)", p, R, v) to form the desired paths.

(c.4)y = (w)" and p = (u)"™. Obviously, the length of R; or the length of R, is greater than 3. On the one hand, assume that
the length of R; is greater than 3. We write R; = (b, z, R, w). By Lemma 1, there exists a hamiltonian path H' of Q! — {u, y}
joining (b)" to (z)". WesetP; = (X, b, (b)", H’, ()", z, R’, w, y) and P, = (u, p, R, v) to form the desired paths. On the other
hand, we consider the length of R; is greater than 3. We write R, = (X, p, R”, q, v). By Lemma 1, there exists a hamiltonian
path H” of Q! — {u, y} joining (q)" to (v)". We set P; = (X, b, Ry, w,y) and P, = (u, p,R", q, (q)", H", (v)", v) to form the
desired paths.

(d) There is a black vertex in A; — {(u)"}, or there is a white vertex in A, — {(y)"}. Without loss of generality, we assume
that there is a black vertex bin A; — {(u)"}. Since 2"~ > n— 3, we can choose a white vertex win V(Q,?) — (A1 U{(y)"}D.With
this premise, there exist two disjoint paths R; and R, in Q,? such that(1)R; joinsxtob, (2)R, joinswtov,(3) (A; —{b}) C Ry,
(4)A; € Ry, and (5) Ry UR, spans Q,?. By Theorem 3, there are two disjoint paths H; and H, in Qn1 such that (1) H; joins (b)"
toy, (2) H, joins u to (w)", and (3) Ry U R, spans Q,?.We set Py = (X, Ry, b, (b)", Hy,y) and P, = (u, Hy, (W)™, w, Ry, v) to
form the desired paths. See Fig. 9(b).

(e)A; = {(w)"} and A, = {(y)"}. Since h(x,y) > 3, there exists an integer i with 1 < i < n — 1 to divide Q, into two
subcubes so that the following properties are satisfied: (1) x and y are in different subcubes, and (2)y # (u)’. To construct
the required paths, we can use the same approach described in part (c) and Case 1 of this proposition, or in Cases 1 and 3 of
Proposition 3.

Case 3: Bothuandvare in V(Qn]). Since dean] (y) =n—1>n—3 > |Ay|+|{u}], there exists a vertex w in NbdQ’} (y) —{u}
such that (w)" & A,. We have the following subcases, (f) and (g).

(f) Ay # {(y)"}. Obviously, there exists a vertex p in A, — {(y)"}.

(f1)p # (). Let F = {((p)", (t)") | t € A1, (P, t) € E(QQ)}. Obviously, |F| < |A{| < n — 4. By Lemma 2, there exists a
hamiltonian path H of (Qn1 — {w, y}) — F joining u and v. Apparently, (p)" is in V (H). Without loss of generality, we write
H as (u, Hy, (p)", (q)", Ho, v) such thatq € V(Q,?) — (A7 U {x}). With this premise, there exist two disjoint paths R; and R,
in Q2 such that (1) R, joins x to (w)", (2) R joins p to q, (3) A; C Ry, (4) A, — {p} € Ry, and (5) Ry U R, spans QP. We set
P; = (X, Ry, (w)", w,y) and P, = (u, Hy, (p)", p, R2, q, (q)", H2, v) to form the desired paths. See Fig. 10(a).

(f2)p = (w)". Since 2"2 > n — 1 > |{v,y}| + |A; U {x}|, there exists a black vertex b in V(Q,) — {v, y} such that
(b)" & A1 U {x}. By Theorem 2, there exists a hamiltonian path H of (in — {w, y}) — {u} joining b and v. With this premise,
there exist two disjoint paths Ry and R; in Q,? such that (1) Ry joins x to (w)", (2) R, joins (w)" to (b)", (3) Ay C Ry, (4)
A; — {(w)"} C Ry, and (5) Ry UR; spans Q,?.Thus, we can set Py = (X, Ry, (w)", w,y) and P, = (u, ()", R,, (b)", b, H, v) to
form the desired paths. See Fig. 10(b).
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(g) A, = {(y)"}. We have the following three possibilities.
(g.1) There exists a black vertexbin A; —{(u)"}. By Theorem 3, there are two disjoint paths H; and H; in in such that(1)H;

joins (b)" to y with length 2"~2 — 1, and (2) H, joins u to v with length 2"~2 — 1. Since [z"-zéw > n—3> |A;—{b}| +|{x}],
there exists an edge (p, q) in H, such that {(p)", (@)"} N (A; U {x}) = @. Without loss of generality, we write H, as
(u,H', p, q, H", v). With this premise, there exist two disjoint paths Ry and R, in Q2 such that (1) Ry joins x to b, (2) R,
joins (p)" to (@), (3) A1 — {b} € Ry, (4) A, C Ry, and (5) R; U R, spans Q,?. Hence, we set P; = (X, Ry, b, (b)", Hy, y) and
P, = (u,H', p, (p)", Ry, (q@)", q, H”, v) to form the required paths. See Fig. 10(c).

(82) A1 = {(w)"}. Since h(x,y) > 3, there exists an integer i, 1 < i < n — 1, to re-partition Q, so that (1) x and y are in
different subcubes, and (2) y # (u)'. To construct the required paths, we can use the same approach described in part (c)
and Case 1 of this proposition, or in Cases 1 and 3 of Proposition 3.

(g.3) Every vertex of A; is white vertex. Since h(x, y) > 3, there exists an integeri, 1 <i < n — 1, to re-partition Q, such
that (1) x and y are in different subcubes, and (2) y # (u)'. To construct the required paths, we can use the same approach
described in part (f), or in Propositions 2 and 3.

Case 4: uisin V(Q,?), and visin V(Qﬂ]). We have the following subcases, (h) and (i).

(h) There is a black vertex by in A; UA,. Without loss of generality, we assume thatb; € A;.Since 22 > n—3 = |A;UA,|,
we can choose a black vertex b, in V(Q,?) — (A1 UA,). With this premise, there exist two disjoint paths Ry and R; in Q,? such
that (1) Ry joins X to by, (2) R, joins u to by, (3) (A; — {b1}) € Ry, (4) A, C Ry, and (5) Ry U R, spans Q,?. By Theorem 3,
there are two disjoint paths H; and H; in in such that (1) Hy joins (b1)" toy, (2) H, joins (by)" to v, and (3) H; U H, spans
in. We set P; = (X, Ry, by, (b)", Hy,y) and P, = (u, Ry, by, (by)", Hy, v). Obviously, P; and P, form the desired paths. See
Fig. 11(a).

(i) Every node in A; U A, is white.

(i.1) JAy — {(W)"}] = 1or A, — {(y)"}|] = 1. Without loss of generality, there exists a white vertex w in A; such that
(w)™ # v. Let b be a black vertex in NbdQ}.’ (w), and let z be a white vertex in Nbdin (v) — {(b)"} such that (z)" & A;. With this

premise, there exist two disjoint paths Ry and R, in Q2 such that (1) Ry joins x to b, (2) R, joins u to (2)", (3) (A; — {w}) C Ry,
(4)A; C Ry, and (5) Ry U R, spans Q.

(.1.1) w is in R;. By Lemma 1, there exists a hamiltonian path H of Q! — {z, v} joining (b)" to y. Then we set P; =
(X, Ry, b, (b)",H,y) and P, = (u, Ry, (z)", z, v) to form the desired paths. See Fig. 11(b).
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(i.1.2) w is in R,. Without loss of generality, we write R, = (u, Ry 1, by, w, by, Ry 5, (2)"). We have the following two
possibilities.

Suppose that w = (y)". By Theorem 2, there exists a hamiltonian path H on,f —{y, v, z} joining (b)" to (by)". Then we
set P = (X, Ry, b, w,y) and P, = (u, Ry 1, by, (by)", H, (b2)", by, Rz 5, (2)", z, v) to form the desired paths. See Fig. 11(c).

Suppose that w # (y)". By Lemma 4, there exist two disjoint paths H; and H, of Qn] — {v, z} such that (1) H; joins
(W)" toy, (2) H, joins (b1)" to (b2)", and (3) H; U Hy spans Q! — {v, z}. Then we set P; = (x, Ry, b, w, (w)", Hy,y) and
P, = (u,Ry1, by, (by)", Hz, (by)", by, Ry 2, (2)", z, v) to form the desired paths. See Fig. 11(d).

(i.2) |Ay — {(v)"}] = 0and |A; — {(y)"}| = 0.Thatis, Ay = {(v)"} and A, = {(y)"}. Since h(x,y) > 3, there exists an
integeri, 1 < i < n — 1, to re-partition Q, so that (1) x and y are in different subcubes, and (2)y # (u)'. To construct the
required paths, we can use the same approach described in part (h) and Case 1 of this proposition, or in Cases 1 and 4 of
Proposition3. 0O

Below is the proof of Lemma 5: let W and B form the bipartition of Q,, with n > 3. Suppose that x and u are any two
different vertices in W, whereas y and v are any two different vertices in B. Let A; and A; be any two disjoint vertex subsets
of Q, — {X,y, u, v} such that |A;| + |Ay| = n — 3. The proof proceeds by induction. Obviously, the lemma holds for n = 3.
By Lemma 3, this lemma holds for n = 4. As the inductive hypothesis, we assume that the lemma holds for Q,_, for n > 5.
Lemma 3 also implies that this lemma holds if A; or A, is empty. Thus, we consider thatn > 5, |A;| > 1,and |A;| > 1.

Since x and y are in different partite sets of Q,, there exists an integer k, 1 < k < n, to partition Q, so that x and y belong
to different subcubes and y # (u)X. By the symmetry of Q,, we assume that k = n; that is, x € V(Q,?), y € V(in), and

y # (w)". Fori € {1,2}andj € {0, 1}, we setAjlj =AN V(Q,f). Then, we have the following four cases.

Case 1: [{(i,]) | A, = #}| = 0. Obviously, n — 3 = |A;| + |Az| = |A%| + |A!| + |A9| + |A}| > 4.Thus, n > 7. Moreover,
|Af| <n-—6forie {1, 2} andj € {0, 1}, and |A}| + |A§| + |{y}| < n — 4. By Proposition 1, this case follows.

Case 2: |{(i,)) | AJ,. = (}| = 1. Without loss of generality, we assume that |A}| = 0. Obviously,n — 3 = |A]| + |Az] =
|A9| + |Al| + |A9| > 3.Thus, n > 6. By Proposition 2, this case follows.

Case 3: Either |AS| = |Al| = 0 or |Al| = |AY] = 0. Without loss of generality, we assume that |Al| = |A9| = 0. That is,
A; C V(QY) and A; C V(Q,). By Proposition 3, this case follows.

Case 4: Either |AS| = |AJ| = O or |Al| = |A}| = 0. Without loss of generality, we assume that |Al| = |A}| = 0. Obviously,
n—3 = |A| + |Az] = |A% + |AY| > 2. Thus, n > 5. By Proposition 4, this case follows.

These enumerated cases have addressed all possibilities and complete the proof.
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