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By exploiting the instantaneous normal mode (INM) analysis for models of flexible molecules, we
investigate intermolecular and intramolecular vibrations of water from the atomic point of view. With
two flexible SPC/E models, our investigations include three aspects about their INM spectra, which
are separated into the unstable, intermolecular, bending, and stretching bands. First, the O- and H-
atom contributions in the four INM bands are calculated and their stable INM spectra are compared
with the power spectra of the atomic velocity autocorrelation functions. The unstable and intermolec-
ular bands of the flexible models are also compared with those of the SPC/E model of rigid molecules.
Second, we formulate the inverse participation ratio (IPR) of the INMs, respectively, for the O- and
H-atom and molecule. With the IPRs, the numbers of the three species participated in the INMs are
estimated so that the localization characters of the INMs in each band are studied. Further, by the
ratio of the IPR of the H atom to that of the O atom, we explore the number of involved OH bond per
molecule participated in the INMs. Third, by classifying simulated molecules into subensembles ac-
cording to the geometry of their local environments or their H-bond configurations, we examine the
local-structure effects on the bending and stretching INM bands. All of our results are verified to be
insensible to the definition of H-bond. Our conclusions about the intermolecular and intramolecular
vibrations in water are given. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4829679]

I. INTRODUCTION

Water is ubiquitous in nature and important to biological
systems. Researches about water are actively in progress. The
dynamic and structural information of water at ambient condi-
tions can be obtained via its vibrational spectroscopy.1 From
collective vibrations among molecules to the stretching vibra-
tions of OH bonds, the vibrational spectroscopy of water cov-
ers quite a broad range in frequency and has been measured
by different kinds of experiments, including conventional
IR absorption,2–4 Raman scattering,5–8 the OHD-RIKES
method,9 and recently developed ultrafast techniques,10–13

such as the two-dimensional IR measurement14–17 and the
sum frequency generation.18, 19 Fluctuating in time and chang-
ing patterns frequently,20 the H-bond network in water causes
many unusual physical properties and makes its vibrational
spectroscopy not fully understood so far.

The vibrational spectroscopy of water is affected by
both molecular motions and local structures in the liquid
phase.12, 21 Because of their local environments, individual
molecules possess different vibrational frequencies, which re-
sult in the inhomogeneous broadening via an ensemble av-
erage over liquid configurations. This broadening carries no
dynamic information. On the other hand, molecular motions,
strongly influenced by intermolecular forces, produce dephas-
ing in vibrational modes of molecules. In the dephasing time
scale, molecular dynamics gives rise to the so-called homoge-
neous broadening in the line shape, for this effect is identical

a)Author to whom correspondence should be addressed. Electronic mail:
tmw@faculty.nctu.edu.tw

for all molecules.21 In the past two decades, the ultrafast and
conventional vibrational spectroscopy of water have been in-
tensively studied by various theories.22–31 Among them, by
treating molecular motions with classical mechanics, the in-
stantaneous normal mode (INM) theory is the one from the
viewpoint of potential energy landscape.32, 33

Nowadays, the INM theory has been developed as an
analytical tool to study the vibrational modes in disordered
systems and some results by this analysis have been reported
recently.34–40 In general, the density of states (DOS) of INMs
can be related to the vibrational spectrum observed by ex-
periments. On the other hand, with inverse participation ratio
(IPR),41 the localization of INMs can be studied. In such a
way, the INM analysis is useful for exploring microscopically
the vibrational spectroscopy.

For water, the INM spectra of several models have been
reported.42–46 For models of rigid molecules, the INM spec-
trum consists of the intermolecular and unstable branches,
corresponding to the real and imaginary INM frequencies,
respectively. From the molecular point of view, in which
molecules in the gas phase are considered as the basic units,
the INM spectrum of a rigid-molecule model is attributed
to components associated with the translational and orienta-
tional motions of molecules.42, 46 By classifying molecules
in configurations into subensembles with some features of
their local environments, the local-structure effects on the in-
termolecular and unstable INM spectra of water have been
examined.46, 47

In the model of water molecules with flexibility, the
bending and stretching motions of molecules produce the

0021-9606/2013/139(20)/204505/13/$30.00 © 2013 AIP Publishing LLC139, 204505-1
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intramolecular vibrational spectrum. Besides the unstable
branch, the stable INM spectrum of a flexible water model
is well separated in frequency into the intermolecular and
intramolecular regimes, with the latter also resolvable into
the bending and stretching INMs by their frequencies.44, 45 In
Ref. 45, the stretching INMs were further decomposed into
the symmetric and antisymmetic modes; however, the two
kinds of modes are strongly overlapped in frequency. Also,
the intermolecular interactions and the local environment
of a molecule break the symmetry of the molecule, which
makes the assignments of the symmetric and antisymmetic
stretching INMs meaningless.

In this paper, by the INM analysis, we investigate the
intermolecular and intramolecular vibrations in two SPC/E
flexible water models. Instead of the molecular point of view,
we consider from the atomic viewpoint, in which atoms are
regarded as the basic units, so that the INM spectrum of each
model is contributed from the O and H atoms. The paper is
organized as the following. In Sec. II, we first introduce the
two flexible models and then their structures and H-bond
patterns generated by simulations are compared. In Sec. III,
the INM formalism based on the atomic point of view are
given, including the IPRs formulated, respectively, for the
O- and H-atom and molecule, and the subensemble approach
for investigating the local-structure effects on the INM
spectrum. The results and discussions are given in Sec. IV.
Our conclusions are given in Sec. V.

II. FLEXIBLE WATER MODEL AND SUBENSEMBLES

A. Flexible SPC models

We consider two flexible SPC water models, in which
each molecule carries three point charges with qO and qH

at the positions of the O- and H-atoms, respectively. The
total interaction V in each model includes intermolecular
VInter and intramolecular VIntra terms, where VInter is the
same for the two models but VIntra is different. In the SPC
model,48 VInter consists of Coulombic potentials between
any pairs of charges from two molecules and the Lennard-
Jones (LJ) potential between the O atoms, with the param-
eter values referred to Ref. 48. In the flexible SPC model,
the two OH bonds of a water molecule generally oscil-
late in stretching around a bond length re = 1 Å and the
HOH bond angle makes a bending oscillation around a value
θ e close to the tetrahedral angle 109.4◦. In the next, we
describe separately the intramolecular interactions in each
model:

(i) Model I: In the model proposed by Toukan and
Rahman,49 the stretching motion of each OH bond is de-
scribed by the Morse potential and the bending motion
of bond angle is by a harmonic term of the HH dis-
tance around its equilibrium value. Besides these two,
the model contains linear couplings between the stretch-
ing motions of the two OH bonds and between each
OH-bond stretching and the bending of bond angle.
In this model, referred as Model I in this paper, the
intramolecular interactions of a molecule are expressed

as50–52

V
(I )
Intra =

2∑
l=1

D
[
1 − exp(−a�rl)

]2 + 1

2
kθ (�r3)2

+ krθ�r3(�r1 + �r2) + krr�r1�r2, (1)

with �r1 = rOH1 − re, �r2 = rOH2 − re, and
�r3 = rH1H2 − rae, where rOH1 , rOH2 , and rH1H2

are the three distances between any two atoms in a
molecule, with the two H atoms denoted as H1 and
H2, and rae is the equilibrium distance between the two
H atoms sustaining a bond angle θ e. D and a are the
parameters of the Morse potential. The force constants
kθ , krr, and krθ describe the harmonic potential of bond
angle, the coupling between two stretching motions and
the stretching-bending coupling, respectively. Referred
from Ref. 52, the parameter values are summarized in
Table I. This flexible model has been used to study the IR
spectra of bulk water,53, 54 from the supercooled regime
to the liquid-vapor coexistence at high temperatures, and
the spectra of confined water in carbon nanotubes55, 56

and in mixtures.57

(ii) Model II: In a simple flexible SPC model, without any
coupling between the stretching and bending motions,
only a harmonic bending of bond angle and an anhar-
monic stretching of each OH bond are involved.58 We
refer this model as Model II in this paper and its in-
tramolecular interactions are written as

V
(II )
Intra =

2∑
i=1

[kOH (�ri)
2 + αkOH (�ri)

3] + kHOH (�θ)2,

(2)

where �θ = θ − θ e and �ri (i = 1 and 2) are defined
as in Model I and kOH and kHOH are the force constants
for harmonic stretching and bending oscillations, respec-
tively. The parameter α describes the anharmonicity of
the OH stretching relative to its harmonic potential. This
flexible model is characterized by the appearance of cav-
ities in the local structures of molecules as the system
density is decreased. Also, the vibrational spectra of this
model have been studied.58 The parameter values in our
study are listed in Table I, where the kOH and α values

TABLE I. Parameters in intramolecular interactions of Model I and II. The
values of the parameters in Model I and II are referred from Refs. 52 and 58,
respectively, except for the kHOH value being reduced to one quarter of the
referred data. The force constants kθ , krθ , krr, and kOH are in the unit of kJ
mol−1 Å−2 and the unit of kHOH is kJ mol−1 rad−2.

Model I Model II

θ e = 109.47◦ θ e = 109.43◦

re = 1 Å re = 1 Å
rae = 1.633 Å kOH = 2288.90
a = 2.567 Å−1 kHOH = 208.41
D = 426.43 kJ mol−1 α = −1.65Å−1

kθ = 1375.05
krθ = −884.78
krr = 467.38
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are the same as in Ref. 58 but the kHOH value is reduced
to one quarter of the referred data such that the peak po-
sition of the calculated bending band is close to that ob-
served in the IR spectrum of water at room temperature.2

In our MD simulation for each model, we confined 256
water molecules in a cubic box of length L = 19.712 Å at
T = 300 K and density ρ = 1 g/cm3. The leap-flog algorithm59

was used to integrate the equations of motion with a time
step of 0.2 fs. Subject to the periodic boundary conditions
and the image convection, the long-range Coulombic inter-
actions were treated with the Ewald summation method60 and
the LJ potential between the O atoms was truncated at a half
of box length. The molecules were initially positioned in a
fcc lattice and their velocities were randomly distributed. The
system was ensured to get equilibrium in the first 300 ps of
each simulation. Then, we started to collect data at every five
time steps for total 106 configurations.

The structures of the two flexible models are compared
by their radial distribution functions gOO(r), gOH(r), and
gHH(r) and with the corresponding distributions of the rigid
SPC/E model at the same density and temperature; the results
are shown in Fig. 1. Our results indicate that the two flexi-
ble models have almost the same radial distribution functions
of the OO, OH, and HH atomic pairs. However, compared
with the rigid model, the local structures of the flexible model
have some changes due to the intramolecular interactions such
that the three radial distribution functions have a higher first
peak occurring at a shorter distance and a deeper first min-
imum. For individual molecules in the two flexible models,
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FIG. 1. Radial distribution functions of SPC/E models at T = 300 K and
ρ = 1 g/cm3: (a) gOO(r), (b) gOH(r), and (c) gHH(r). The solid lines are for
the rigid model. The dashed and dotted-dashed lines are for Model I and II of
flexible molecules, respectively.

the OH bond length in average is prolonged to 1.02 Å and the
HOH bond angle is somewhat compressed to the most proba-
ble value at 104.9◦, close to the bond angle of a realistic water
molecule.

B. Subensembles of local structures

To explore the local structures in simulated liquids, we
have performed two structural analyses: the Voronoi tessel-
lation method61 and the H-bond configuration.46 By the two
analyses, the local structures of the rigid SPC/E model have
been given in Ref. 46. In the following, we describe the two
methods and the analyzed results of the two flexible SPC/E
models.

1. Voronoi tessellation method

The Voronoi tessellation is a standard method to
investigate local structures of water.46, 62–67 We applied this
method for the O atoms in each flexible model. In this anal-
ysis, each molecule is associated with a Voronoi polyhedron
(VP), which geometry is determined by the arrangement of
its nearest neighbors. With the definition given in Ref. 46,
a parameter η, called the asphericity, is a measurement for
the geometric deviation of the VP from a sphere, which has
η = 1. With the nearest neighbors in the tetrahedral arrange-
ment as in the ice Ih structure, the VP of the molecule is
strongly deviated from a sphere and its η value is 2.25. For
molecules in liquid water, the η values are between the two
extremes, with a general trend that the local structures of
molecules with a larger η value are more tetrahedral-like.

Evidenced in Fig. 2, the asphericity distributions of the
two flexible models are almost equivalent. As compared with
the rigid model, the maximum in the asphericity distribution
of a flexible model shifts toward a larger η value, indicat-
ing that the flexibility of water molecules favors the local
structures of molecules to be tetrahedral-like. By dividing the
asphericity distribution into four regions (shown in Fig. 2),
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FIG. 2. Asphericity distribution of SPC/E model. The solid line is for the
rigid model. The dashed and dotted-dashed lines are for Model I and II, re-
spectively. By the dot vertical lines at η = 1.46, 1.72, and 1.98, the distri-
bution of each model is divided into four regions, with each corresponding
to a VG.
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TABLE II. Average molecular fractions of subensembles for Model I and Model II. The subensembles are
either four VGs or ten H-bond configurations. For each kind of classification, the fractions of all subensembles
are summed to be unit. For H-bond configurations, the results are evaluated with the H-bond definition of both
energetic and OOH-angle criterions described in the text and the results evaluated with the energetic criterion
only are given in the parentheses.

Model Molecular fraction χS of subensmble S

Subensembles classified by Voronoi group
VG I VG II VG III VL IV

(η < 1.46) (1.46< η < 1.72) (1.72 < η < 1.98) (1.72 < η)

Model I 0.0065 0.5020 0.4480 0.0435

Model II 0.0060 0.5054 0.4448 0.0438

Subensembles classified by H-bond configuration
D2A3 D3A2 D2A2 D1A2 D2A1

Model I 0.0269 0.0003 0.4684 0.1533 0.2145
(0.0516) (0.0163) (0.5266) (0.1315) (0.1879)

Model II 0.0271 0.0003 0.4726 0.1536 0.2138
(0.0508) (0.0163) (0.5285) (0.1326) (0.1881)

D0A2 D1A1 D2A0 D0A1 D1A0

Model I 0.0135 0.1004 0.0063 0.0129 0.0035
(0.0076) (0.0672) (0.0033) (0.0057) (0.0014)

Model II 0.0130 0.0982 0.0062 0.0120 0.0032
(0.0074) (0.0661) (0.0033) (0.0055) (0.0014)

with the same partitions for the rigid model as before,66,46, 47

we classify water molecules in each flexible model into four
groups, assigned as Voronoi Group (VG) I to IV with increas-
ing their η values. For the two flexible models, the average
molecular fractions χS of the four VGs are given in Table II.
Compared with the rigid model,46 the χS values of VG I and
II decrease but those of VG III and IV increase due to the
flexibility of molecules.

The local structures of the four VGs are characterized by
their radial distribution functions. Again, almost the same for
the two flexible models, the results calculated for Model II
are shown in Fig. 3 and the radial distribution functions of
each VG have behaviors similar as those of the rigid model.
A point worth noticing is that, rather than a plateau as for the
rigid model, the second shell in gOO(r) of VG I is well ob-
served for the flexible model and occurs in a regime where
the corresponding distributions of the other three VGs have
a minimum. Also, the maxima in gOH(r) and gHH(r) of VG I
change from the first shell to the second. According to these
features, the local structures of VG I are suggested to be
resulted from some interstitial molecules.66

2. H-bond configuration

The local structures in water are strongly determined by
its H-bond network. Generally, there are two approaches for
defining a H-bond.68 In the energetic definition, the shortest-
distance O-H pair from two water molecules is considered to
connect with a H-bond as the potential energy of the molecu-
lar pair is lower than a cutoff EHB, which is usually set near the
minimum in the potential-energy distribution of every molec-
ular pairs in the liquid, so that the value of EHB depends on
the model studied. In the geometric definition, a H-bond in
the simplest version is determined by a single criterion on

the O-O distance between two molecules, with the first min-
imum of the gOO(r) function as the cutoff. Besides this dis-
tance restriction, a more popular version of the H-bond defi-
nition is to impose an extra criterion on the angle between the
OH bond of a molecule and the O-O direction with respect to
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FIG. 3. Radial distribution functions of the four VGs for Model II:
(a) gOO(r), (b) gOH(r), and (c) gHH(r). In each panel, the solid, dotted, dashed,
and dotted-dashed lines are for VG I, II, III, and IV, respectively.
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another molecule. By requiring this OOH angle to be smaller
than a cutoff θ c, mostly chosen at 30◦, the H-bond is roughly
directional along the OH bond. Though different definitions
of a H-bond have been adopted, the analyzed structures and
dynamics of liquid water are generally consistent in quality.

In this paper, we adopt a combination of the energetic
and geometric definitions. That is, we define a H-bond with
two criterions: (i) the energetic definition with EHB = −12
kJ mol−1 and (ii) the cutoff θ c = 30◦ for the OOH angle. As
usual, two molecules connected by a H-bond are named as the
donor (D) and acceptor (A), which donates and accepts the
proton intermediate between the two O atoms, respectively.
We denote the H-bond configuration of a molecule donating
n and accepting m H-bonds as DnAm.46 According to this
definition, we find nine possible H-bond configurations for
Model I and II; listed in Table II, their average molecular
fractions calculated for the two models are rather similar. The
D2A2, molecules with four H-bonds, is the most probable
one. The average number of H-bonds per molecule is close
to 3.37. On the other hand, for H-bonds with the energetic
definition only, the molecular fractions are also given in
Table II; the D3A2 molecules are found and the average H-
bond number per molecule increases to 3.57. Thus, imposing
the OOH angle criterion into the H-bond definition reduces
the D3A2 fraction to almost vanish.

We have examined the distribution of the H-bond
configurations for molecules in each VG. The results are
still similar for the two flexible models so that we only show
those of Model II in Fig. 4. Qualitatively, the correlations
between the H-bond configurations and the VGs are similar
for the flexible and rigid SPC/E models.46 D2A2 is the most
probable configuration for VG II, III, and IV but D1A1 is
for VG I.

III. INM FORMALISM FOR FLEXIBLE MODELS
OF WATER

With the generated configurations, we have calculated
their Hessian matrices,42 the second derivatives of total
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FIG. 4. Distribution of H-bond configuration for molecules in each VG of
Model II. For a VG, the distribution is presented by bars with the same symbol
and color, with the bars summed to be a unit. The distribution of each VG is
shown for nine H-bond configurations, with the fraction of D3A2 almost zero
for all VGs.

potential energy V with respect to the mass-weighted atomic
coordinates zkγμ = √

mγ rkγμ, where mγ is the mass of atom
γ and rkγμ is the Cartesian coordinate in the μ direction of
atom γ in molecule k, with γ = O, H1, H2 for the three atoms
of each molecule. For a configuration R of N flexible water
molecules, diagonalizing the 9N × 9N Hessian matrix pro-
vides the INM frequencies ωα(R), α = 1, . . . , 9N, and the
INM eigenvectors, which components are expressed as eα

kγμ

for the αth INM. The INMs are distinguished into the stable
and unstable modes by their real and imaginary frequencies,
respectively. The three eigenvector components eα

kγμ, with
μ = x, y, z, form a three-dimensional displacement �eα

kγ of
atom γ in molecule k in the INM. Each INM eigenvector is
normalized so that the 3N displacements of atoms in this INM
follow a sum rule,

N∑
k=1

∑
γ=O,H1,H2

∣∣�eα
kγ

∣∣2 = 1, (3)

with ∣∣�eα
kγ

∣∣2 =
∑

μ=x,y,z

eα
kγμ · eα

kγμ. (4)

A. INM density of states

With the INM frequencies, the density of states (DOS) of
INMs is expressed as

D(ω) =
〈

1

9N

9N∑
α=1

δ(ω − ωα(R))

〉
, (5)

where the angular brackets denote an ensemble average over
liquid configurations. In the atomic point of view, we regard
the INM DOS as contributions from the O and H atoms. To
separate out the contributions of the two species, we define
the atomic projector of the αth INM as

Pα,γ =
N∑

k=1

∣∣�eα
kγ

∣∣2
, (6)

where γ is either O, H1, or H2. The eigenvector normalization
gives the relation

Pα,O + Pα,H1 + Pα,H2 = 1. (7)

In terms of the atomic projectors, the atomic contribution to
the INM DOS is defined as

Dγ (ω) =
〈

1

9N

9N∑
α=1

Pα,γ δ(ω − ωα(R))

〉
. (8)

After the ensemble average, the contributions of the two H
atoms of each molecule are equivalent and therefore, at this
level, the subscript γ is reduced to either O or H. Thus,
D(ω) = DO(ω) + 2DH(ω), where DO(ω) and DH(ω) are the
contributions to the INM DOS from the O and one H atom of
each molecule, respectively.
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B. Inverse participation ratio

One measure for localization of normal modes is the
IPR.41, 42 Based on the idea of IPR, we formulate the IPRs of
the O- and H-atoms participated in the αth INM, respectively,
as

Rα,O =
(

1

P 2
α,O

N∑
k=1

∣∣�eα
kO

∣∣4

)−1

(9)

and

Rα,H =

⎡
⎢⎢⎢⎣

N∑
k=1

(∣∣�eα
kH1

∣∣4 + ∣∣�eα
kH2

∣∣4)
(Pα,H1 + Pα,H2 )2

⎤
⎥⎥⎥⎦

−1

. (10)

As so defined, Rα, O and Rα, H measure the numbers of O
and H atoms involved in the INM, respectively. For a com-
pletely delocalized INM, which eigenvector is equally shared
among the 3N atoms, |�eα

kγ |2 = 1/3N for each atom and Pα,O

= Pα,H1 = Pα,H2 = 1/3 so that Rα, O and Rα, H are equal to N
and 2N, respectively. On the other hand, if an INM is local-
ized at a single atom, either O or H, both Pα, γ and Rα, γ are
one for this species of atom or are zero otherwise.

After averaging the IPRs over a small INM frequency
window, the number of atomic species γ participated in the
INMs with ω is given as

Rγ (ω) = 1

9ND(ω)

〈
9N∑
α=1

Rα,γ δ(ω − ωα(R))

〉
, (11)

where γ can be either O or H. Similarly, we define the IPR of
molecules as

Rα,M =

⎡
⎢⎣ N∑

k=1

⎛
⎝ ∑

γ=O,H1,H2

∣∣�eα
kγ

∣∣2

⎞
⎠

2
⎤
⎥⎦

−1

, (12)

where the sum rule in Eq. (7) has been used. This definition
ensures that Rα, M equals one or N for a completely local-
ized or delocalized INM, respectively. Thus, the number of
molecules participated in the INMs with ω can be obtained
via Eq. (11) by generalizing the subscript γ to include M for
the case of molecule.

C. INM DOS of a subensemble

In Sec. II, we have classified molecules in configurations
into subensembles of either VGs or H-bond configurations.
For each kind of classification, we define a selector �k (S) for
each molecule such that �k (S) is one for molecules belong-
ing to a subemsemble indexed with S or zero otherwise.46, 47

Thus, for a configuration, the number of molecules in
subensemble S is given as

NS =
N∑

k=1

�k(S). (13)

With �k (S), the INM atomic projector for molecules in
subensemble S is defined as

P S
α,γ =

N∑
k=1

∣∣�eα
kγ

∣∣2
�k(S). (14)

The projectors of subensembles are subject to two sum rules:∑
S

P S
α,γ = Pα,γ (15)

and

9N∑
α=1

P S
α,γ = 3NS. (16)

It is easy to understand the first sum rule, in which the
summation runs for all subensembles characterized by a
certain feature of local structure. In the second sum rule,
the equality is based on the completeness of the 9N INM
eigenvectors of each configuration and the projector P S

α,γ

involves 3Ns components of an INM eigenvector, where the
factor three comes from the x, y, z components of each atom.

Similarly, with the projector P S
α,γ , the average contribu-

tion of one atom of species γ in subensemble S to the INM
DOS is given as

D(S)
γ (ω) =

〈
1

3NS

9N∑
α=1

P S
α,γ δ(ω − ωα(R))

〉
. (17)

Due to Eq. (16), D(S)
γ (ω) is normalized. By using Eq. (15),

one can verify

Dγ (ω) = 1

3

∑
S

χSD
(S)
γ (ω), (18)

where χS = NS/N is the average molecular fraction of
subensemble S.

D. Related to velocity autocorrelation function

Through a series of approximations,52, 53 the vibrational
spectrum of water is related to the power spectra Zγ (ω) of
the normalized velocity autocorrelation functions (VACFs)
Cv,γ (t) of H and O atoms. The INM and VACF approaches
are correlated via a correspondence between the atomic power
spectrum Zγ (ω) and the stable branch of Dγ (ω), with both
normalized. The atomic power spectra are usually considered
as a result of full interactions. Obtained via a long-time MD
simulation, the VACFs contain the motional narrowing ef-
fect; however, during the simulation the local structure of a
molecule changes frequently so that the structural informa-
tion is averaged out. Thus, this approach is unavailable to
extract the structural effects on vibrational spectrum of wa-
ter. On the other hand, without the motional narrowing ef-
fect, the INM DOS is in the inhomogeneous limit.69 Hence,
the INM formalism for subsensembles derived in this section
paves the way for studying the local-structure effects on the
INM spectrum of water.46, 47 Comparisons of the INM and
VACF approaches for the two flexible models are presented in
Sec. IV.
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FIG. 5. INM DOS, D(ω), and its atomic contributions, Dγ (ω), for (a) Model
I and (b) Model II at T = 300 K and ρ = 1 g/cm3. The black solid lines are for
the INM DOS. The red dashed and blue dotted-dashed lines are for the H- and
O-atom contributions, respectively. The inset in (a) shows the comparison of
the intermolecular and unstable branches calculated for Model I (black-solid
line) with those of the rigid model46 (green dashed line) at the same density
and temperature, where both curves are normalized.

IV. RESULTS AND DISCUSSIONS

A. INM spectrum

The INM DOS, D(ω), and its atomic contributions,
Dγ (ω), of the two flexible models are shown in Fig. 5, in
which the stable and unstable branches are plotted along the
positive- and negative-frequency axes, respectively. For each
model, the stable-INM spectrum is clearly separated into three
frequency regimes corresponding to the intermolecular, bend-
ing and stretching vibrations. Almost identical for the two
flexible models, the intermolecular portion and the unstable
branch of the flexible model are compared with the INM DOS
of the rigid SPC/E model46 in the inset in Fig. 5(a). But, the
intramolecular INM spectra of the two flexible models differ
in shape and frequency regime. The comparisons between the
stable branch of Dγ (ω) after normalized and the atomic power
spectrum Zγ (ω) are presented in Figs. 6 and 7 for Model I
and II, respectively. In the following, we discuss separately
the INM spectra of the flexible models in different frequency
regimes.

1. Intermolecular INMs and the unstable branch

At frequencies less than 1200 cm−1, the stable INM
spectrum of the flexible model is associated with the
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FIG. 6. Stable INM spectrum of Dγ (ω) and the atomic power spectrum
Zγ (ω) for Model I: (a) O atom and (b) H atom. In each panel, the solid line
is for the stable branch of Dγ (ω) and the dash line is for Zγ (ω) obtained via
the VACF Cv,γ (t) shown in the inset, with both curves normalized. In an in-
set in (a), the bending and stretching portions of the O-atom contribution are
enlarged for a clear view.
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FIG. 7. The same as in Fig. 6, except for Model II.
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intermolecular vibrations. Near 75 cm−1, we observe a sharp
peak, which comes from the 60 cm−1 peak as molecules are
rigid.47 This peak is strongly dominated by O atoms and this
is consistent with the assignment of the peak as the O-O-O
bending of the triplets of water molecule.47, 70 Dominated at
low frequencies, the O-atom contribution monotonically de-
cays with ω from this peak up to 500 cm−1. For the two flexi-
ble models, the power spectrum ZO(ω) exhibits a maximum
close to 50 cm−1 and a shoulder around 200 cm−1, corre-
sponding to the two bands observed in Raman spectrum of
water;6 however, the two bands merge together in the INM
spectrum. Beyond 500 cm−1, D(ω) becomes dominated by H
atoms and a second peak is observed around 670 cm−1 but the
corresponding peak in ZH(ω) appears roughly at 550 cm−1.
From the molecular viewpoint,45 this second peak is associ-
ated with the orientational motions of molecules. In the orien-
tational contribution, the INM displacements associated with
H atoms have larger amplitudes than those associated with O
atoms. This explains why the intermolecular spectrum beyond
500 cm−1 is dominated by H atoms. Compared with the rigid
model, the orientational contribution in the flexible model ap-
parently shifts toward higher frequencies and, therefore, the
upper limit of the intermolecular spectrum is extended about
100 cm−1.

Due to the flexibility of molecules, the fraction of the
unstable INMs is somewhat reduced (about 10.5%).46 Much
broader than the case of the rigid model and deformed from
the triangular shape usually observed for the Lennard-Jones
fluids,71, 72 the unstable INM spectrum of the flexible model
is composed of two quite different components, a narrow one
with a sharp peak near imaginary frequency of 50 cm−1 and
a broad one with a weak peak close to 400 cm−1, where the
former is contributed by the O atoms and the latter is by the
H atoms. Referred to the results in Ref. 45, the O-atom con-
tribution is much associated with the translational motions of
molecules and the H-atom contribution is with the orienta-
tional motions.

2. Intramolecular INMs

There are several common features in the intramolecu-
lar INM spectra of the two flexible modes: The spectrum is
separated into the bending and stretching bands in different
frequency regimes, the shape of each band is almost symmet-
ric with respect to its maximum, and the H-atom contribu-
tion for each band is much dominated. The main differences
for the two models lie in the frequency regimes of the bend-
ing and stretching bands and their bandwidths (FWHM). For
Model I, the bending band has a maximum near 1850 cm−1

and a bandwidth about 310 cm−1; for Model II, the maximum
is near 1665 cm−1, which is close to that observed in the IR
spectrum of water,2 and the bandwidth is roughly 150 cm−1.
For the stretching band, the maximum roughly occurs at the
same position for both models, near 3500 cm−1; however, the
bandwidth of Model I is much broader than that of Model II,
where the former and the latter are about 1000 cm−1 and
600 cm−1, respectively. For Model I, the bending and stretch-
ing INM bands are so broad that they almost touch in tail.
According to the results in Figs. 6 and 7 for both models, the

maximum position of the bending band in the INM spectrum
is close to that obtained from the atomic power spectrum,
while the maximum position of the stretching INM band is
about 100 cm−1 higher than that of the atomic power spec-
trum. However, except for the bending band of Model II, the
bandwidths of the stretching and bending bands in the atomic
power spectrum are much narrower (about 40 percents) than
those in the INM spectrum. One reason for the broadness of
the bending and stretching INM bands is the absence of the
motional narrowing effect in the INM theory;33, 73 however,
this effect is included in the atomic power spectrum.

B. Inverse participation ratio

The calculated RH(ω), RO(ω), and RM(ω) for Model I and
II are presented in the left and right columns in Fig. 8, re-
spectively; the IPRs of intermolecular, bending and stretching
INMs are plotted in separately panels for they are quite differ-
ent in order of magnitude. Shown in Figs. 8(a) and 8(d) are
the IPRs of the intermolecular and unstable INMs, which are
almost equivalent for the two flexible models. On the other
hand, except for small differences at some intermolecular fre-
quencies, the RO(ω) values are almost the same as those of
RM(ω). With increasing imaginary frequency, the three IPRs
of the unstable INMs decay monotonically from an order of
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FIG. 8. IPRs of INMs in Model I (left column) and Model II (right column).
In each panel, the red solid, green dotted-dashed, and blue dashed lines are
the calculated results of RO(ω), RH(ω), and RM(ω), respectively. For each
column, the three panels from top to bottom are for the intermolecular and
unstable, the bending, and the stretching INMs.
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FIG. 9. Average number NB(ω) of involved OH bond in each molecule par-
ticipated in INMs with ω. The average number is obtained by Eq. (19) evalu-
ated at frequencies where DO(ω) is larger than 10−6 cm. The red circles and
black squares are the results calculated for Model I and II, respectively.

hundred down to a value close to one, indicating that the be-
haviors of the unstable modes change from delocalized to ex-
tremely localized. In the intermolecular band, the variation of
RM(ω) with frequency is dramatic. At frequencies where the
translational INMs are dominated, RM(ω) decays from more
than a hundred down to a minimum about 20 near 400 cm−1.
Beyond this minimum, where the INMs change behaviors to
be associated with the rotational motions of molecules, RM(ω)
ascends to a maximum having a value of 50 and occurring
roughly at 750 cm−1, and then descends again to a value less
than 2 at the band edge, where the INMs are quite localized.

With RH(ω) and RO(ω), the number of involved OH bond
in each molecule that is participated in INMs can be estimated
by their ratio

NB(ω) = RH (ω)

RO(ω)
. (19)

As NB(ω) = 2 or 1, two OH bonds or a single OH bond of each
participated molecule are involved in the INMs, respectively.
To avoid the frequencies where the INMs occur scarcely, we
evaluate NB(ω) only at frequencies with DO(ω) larger than
certain value (10−6 cm), and the results of the two flexible
models are shown in Fig. 9. According to our results, both
OH bonds of each participated molecule are involved in the
INMs at very low imaginary frequencies; however, the num-
ber of involved OH bond decreases to one as the imaginary
frequency increases up to near 140 cm−1. At higher imaginary
frequencies, NB(ω) becomes less than one, indicating that the
O atoms are more in number involved in these unstable INMs
than the H atoms. This will be explored further in our future
works.

For the intermolecular INMs, the variation of NB(ω) with
frequency is interesting. At ω less than 100 cm−1, NB(ω)
is close to 2 and this is consistent with the assignment of
the 75 cm−1 peak shown in Fig. 5 as the O-O-O bending:
The two OH bonds of the central molecule of a water triplet
are required for undergoing the O-O-O bending. For ω over
100 cm−1, the behavior of NB(ω) exhibits a minimum near
230 cm−1 and a maximum close to 450 cm−1, with the ex-
treme values about 1.3 and 1.8, respectively. Since the INMs
around 230 cm−1 are associated with the stretching motions

between O-O atoms,6, 70 we attribute the minimum in NB(ω)
as a result of these stretching motions, which do not require
both OH bonds of a molecule at the same time. However,
the appearance of the maximum near 450 cm−1 is some-
what bizarre, but intriguing. Around 450 cm−1, both transla-
tional and orientational motions of molecules contribute the
INM DOS; however, the orientational motions about the x
and z principal axes of water molecule are more dominated
than those about the y axis.46 To explain the bizarre maxi-
mum and the decay of NB(ω) with increasing ω to one at the
band edge, we conjecture that the orientational motions about
the three principal axes maybe involve different numbers of
OH bond of each participated molecule but this needs some
further studies.

The IPR variations in the bending and stretching
INM bands are much simpler, by exhibiting a maximum near
the center of each band and decaying to one at both band
edges. However, the maximum RM(ω) values of the bending
and stretching bands are different and depend on the flexible
model. Indicated in Figs. 8(b) and 8(e) for the bending band,
the maximum of RM(ω) is 6 or 7 for Model I but can be as
large as 30 for Model II. Relative to the total number of simu-
lated molecules (N = 256), the bending INMs are expected to
be localized in nature. For the stretching band shown in Figs.
8(c) and 8(f), the values of RM(ω) are less than 3 for both
models, which clearly indicates that all stretching INMs are
extremely localized. This localization usually happens to the
high-frequency vibrational modes of disorder systems.37, 74, 75

Shown in Fig. 9 for both models, NB(ω) is generally close to
two for the bending INMs and around one for the stretching
INMs. These results strongly indicate that in water the bend-
ing vibrations of molecules should require both OH bonds
of each molecule but the stretching vibrations may not re-
quire both OH bonds of a molecule at the same time, with
the two bonds oscillating independently. This indication sug-
gests that the symmetric and antisymmetic assignments as in
Ref. 45 are no longer valid for the stretching vibrations of
water molecules in a disordered environment.

C. Local-structure effects on bending and stretching
INM bands

By classifying molecules into subensemles as given in
Sec. II B, the local-structures effects on the translational and
orientational contributions to the intermolecular INM spec-
trum of the rigid SPC/E model have been reported in Ref. 46.
Here, with the same methodology, we investigate the local-
structure effects on the bending and stretching INM spec-
trum of flexible SPC/E models. We discuss only the H-atom
contribution, although the conclusions given in the following
can be also obtained by the O-atom contribution, which is in
the same spectral shape as the H-atom contribution but much
smaller in magnitude.

For the four VGs described in Sec. II B, their H-atom
contributions D

(S)
H (ω) to the bending and stretching INM

spectra are shown in Figs. 10(a) and 10(b) for Model I and II,
respectively. Indicated by the results, the variation of D

(S)
H (ω)

with the asphericity η of the VP constructed by the local
structure of a molecule is generally consistent for the two
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FIG. 10. H-atom contribution to the bending and stretching bands calculated
for the four VGs: (a) Model I and (b) Model II. In each panel, the solid, dotted,
dashed, and dotted-dashed lines are the results calculated for VG I, II, III, and
IV, respectively.

flexible models. Clearly, for molecules with large η values,
their local structures cause the bending band shifting toward
higher frequencies (blue shift) but the stretching band shift-
ing toward lower frequencies (red shift) so that the two bands
approach each other. Physically, through interacting with its
neighbors, the local environment of a molecule has a feedback
on the structure of the molecule by changing the two OH bond
lengths and the HOH bond angle and consequently influences
the bending and stretching frequencies of the molecule. The
agreement in the variation of D

(S)
H (ω) with η for the two flex-

ible models is attributed to the same intermolecular interac-
tions of the two models. Meanwhile, this agreement indicates
that classifying molecules into subensembles by some feature
of their environments is an effective method to examine the
local-structure effect on the INM spectrum.

Certainly, the vibrational spectrum of water is strongly
related to its H-bond network. Since the H-bond network
in water is complicated and fluctuated, a key parameter that
characterizes the cooperativity of the H-bonding on the vibra-
tional spectrum, especially for the OH-stretching frequency
of water molecule, is appealed. Generally, the stretching fre-
quency of an OH bond is inversely proportional to the OH
bond length,76 which is influenced by the H-bonds attaching
to the OH bond. But, the OH bond length of a molecule is
also affected by other H-bonds connecting to this molecule
and/or those connecting to the acceptor molecule conjugated
to this OH bond through a H-bond. By studying water clus-
ters, Ohno et al. proposed a M value that describes a superpo-
sition of the effects coming from other H-bonds connecting to
the DA molecular pair, with some H-bonds contributed pos-
itively and some negatively.76 They showed that the M value
is a useful parameter for correlating the H-bonding patterns
in regard to the molecular pair with the shifting in the stretch-
ing frequency of the OH bond, which belongs to the D and is

connected with the A via a H-bond. Recently, with a similar
idea, the M value is simplified as the number of the accepted
H-bonds on the D subtracted out the number of the additional
accepted H-bonds on the A; with this simplified M parameter,
the OH-stretching spectroscopy of water molecules in cluster,
liquid and ice and at liquid surface has been studied.31

We here consider each individual molecule as an identity,
rather than an OH bond as for the M value. We have calculated
the H-atom contribution to the bending and stretching INM
bands for the subensembles of H-bond configurations listed
in Table II. The calculated D

(S)
H (ω) of the bending band are

shown in Fig. 11, in which the results with the same nD are
plotted in one panel, and the D

(S)
H (ω) of the stretching band

are shown in Fig. 12, in which the results with the same n
= nD + nA are plotted together, where nD and nA are the
numbers of donated and accepted H-bonds of a H-bond con-
figuration, respectively. For each H-bond configuration, we
define the average frequency of an INM band as the mean
of D

(S)
H (ω) in a frequency range, within which only the

INM band resides.77 In such a way, the average bending and
stretching frequencies, denoted as ωbe and ωst, respectively,
of the nine possible H-bond configurations given in Table II
are obtained78 and their values versus the total H-bond num-
ber n of a molecule are plotted in Figs. 13 and 14. Clearly
indicated in the two figures, attaching one more H-bond, no
matter donated or accepted, to molecules causes the bending
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FIG. 11. H-atom contribution to the bending band calculated for subensem-
bles of H-bond configuration: Model I (left column) and Model II (right col-
umn). In each column, the panels from top to bottom are for H-bond con-
figurations with two, one, or zero donated H-bonds. In all panels, the dotted,
solid, dashed, and dotted-dashed lines indicate the results of H-bond config-
urations with three, two, one, and zero accepted H-bonds, respectively.
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FIG. 12. H-atom contribution to the stretching band calculated for
subensembles of H-bond configuration: Model I (left column) and Model II
(right column). In each column, the panels from top to bottom are for H-
bond configurations with total H-bond number n from 5 to 1. For n = 5 or 4,
there is only one possible H-bond configuration. For n = 3, 2, or 1, the solid,
dashed, and dotted-dashed lines are for the configurations with two, one, or
zero accepted H-bonds, respectively.

band a blue shift (with ωbe increasing) and the stretching band
a red shift (with ωst decreasing); the amount of average shift-
ing of each band depends on the type of the attaching H-bond
and the flexible model. Especially, for H-bond configurations
with n ≤ 4 (except for D2A3), each of ωbe and ωst shows lin-
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FIG. 13. Average bending frequency ωbe versus the total H-bond number n
of a configuration: (a) Model I (left panel) and (b) Model II (right panel).
The circles, squares, diamonds, and triangles are for the configurations with
nA from zero to three, respectively. The solid lines from left to right are the
linear fit for each data set with nA = 0, 1, or 2; the dash lines from top to
bottom are the linear fit for the data set with nD = 2, 1 or 0, respectively.
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FIG. 14. Average stretching frequency ωst versus the total H-bond number
n of a configuration. The rest are the same as in Fig. 13, except that the dash
lines from top to bottom are the linear fit for the data set with nD = 0, 1 or 2,
respectively.

ear dependences on nD and nA with different slopes that reply
on the model. The details are addressed in the following.

In Fig. 13, we fit each ωbe data set (n ≤ 4) with the same
nA or nD by a linear function, which is shown by a solid or
dash line, respectively. Generally, the increase of ωbe by one
donated H-bond can be obtained by the average slope of the
three solid lines in Fig. 13; the increase by one accepted H-
bond can be given by the average slope of the three dash lines.
As so estimated, the increase of ωbe for Model I is about
47 cm−1 by one donated H-bond and 21 cm−1 by an ac-
cepted one. For Model II, the increase of ωbe is about 27
cm−1 or 3.7 cm−1 by one donated or one accepted H-bond,
respectively. Therefore, these data indicate that the shifting
in the bending band caused by one donated H-bond is more
than double of that by one accepted H-bond for Model I,
but the ratio is more than seven times for Model II. Physi-
cally, this result can be realized as the following: Indicated by
NB(ω), the bending vibration of a molecule involves its two
OH bonds at the same time and is more strongly related to
the motions of H atoms than the O atom. Directly attaching
to the H atoms, the donated H-bonds of a molecule conceiv-
ably result in an increase in the force constant of the bend-
ing vibration and, therefore, increase the bending vibrational
frequency of the molecule. On the other hand, evidenced in
Fig. 13, the bending frequency is also enhanced by the ac-
cepted H-bonds, which attach the O atom of the molecule. As
shown in Fig. 11, this enhancement is detectable in D

(S)
H (ω)

for Model I but weak for Model II. Thus, we consider Model
I to be more flexible in the bending vibration than Model II.

Similarly, the decrease of ωst by attaching one more do-
nated or accepted H-bond to molecules can be obtained by the
average slope of the solid or dash lines in Fig. 14, which are
the linear fit for each data set of the H-bond configurations
with the same nA or nD, respectively. The estimated decrease
of ωst caused by one donated or accepted H-bond is about
115 cm−1 or 47 cm−1 for Model I and about 74 cm−1 or 26
cm−1 for Model II, respectively. Hence, the ratio of the ωst

decrease by one donated H-bond to that by an accepted one
is about 2.5 for Model I and 2.9 for Model II. Therefore, for
both models, the red shift of the stretching band is dominated
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by the donated H-bonds and partially contributed by the ac-
cepted H-bonds. For Model II, the accepted H-bonds play a
more significant role to the stretching shift than the bending
shift.

These results inspire us a physical picture for the stretch-
ing vibration of a water molecule. Though the two OH bonds
of a molecule generally oscillate independently according
to the results of NB(ω), the stretching vibrational frequen-
cies of a molecule are associated with all H-bonds attach-
ing to it. In details, a donated H-bond, which directly ex-
erts a force on the H atom, elongates effectively the attach-
ing OH bond and, therefore, reduces significantly the stretch-
ing vibrational frequency of the OH bond. However, attach-
ing to the heavy O atom which connects two OH bonds,
an accepted H-bond of a molecule is supposed to elongate
two OH bonds at the same time and results in, roughly, a
half of the reduction in the stretching vibrational frequency
caused by one donated H-bond. This picture is generally con-
sistent with the results presented in Fig. 14 for the two flexible
models.

The case of D2A3 molecules, which have five H-bonds,
is intriguing. The average bending and stretching frequencies
of D2A3 do not follow the linear dependences for the H-bond
configurations with n ≤ 4. Relative to the data of D2A2, the
unique configuration with n = 4, the increase of ωbe or the
decrease of ωst caused by the fifth H-bond of D2A3 is found
to be about the average of the frequency shift caused indepen-
dently by one donated H-bond and that by one accepted H-
bond according to the linear dependences for n ≤ 4. Though
it is interesting, to study further the effects of the fifth H-bond
on the bending and stretching bands of water is beyond the
scope of this paper. On the other hand, we have calculated the
O- and H-atom contributions to the bending and stretching
INM bands for the H-bond configurations with the H-bonds
defined by the energetic definition only and the results calcu-
lated for the two models are almost the same as those with
the H-bonds defined by both the energy and the OOH-angle
criterions. Therefore, we remark that our conclusions about
the H-bond effects on the bending and stretching INM bands
of water are insensible to whether the OOH-angle criterion is
included in the H-bond definition or not.

V. CONCLUSIONS

In terms of the INM analysis, we have investigated
intermolecular and intramolecular vibrations in two flexible
SPC/E water models, which have the same intermolecular but
different intramolecular interactions. In an equivalence in the
gOO(r), gOH(r), and gHH(r) functions and the average frac-
tions of H-bond configurations, the two flexible models pos-
sess almost the same local structures and H-bond networks.
Separated into several bands, the calculated INM spectra of
the two models are almost identical in the unstable and in-
termolecular bands but differ in the bending and stretching
intramolecular bands. From the atomic point of view, the
O- and H-atom contributions to each INM band are calcu-
lated. In general, the O-atom contribution is dominated in
the low-frequency unstable and intermolecular bands but the
H-atom contribution spreads over the entire INM spectrum.

In the absence of the motional narrowing effect, the atomic
contributions to the bending and stretching INM bands are
much broader than the corresponding atomic power spec-
tra obtained by the VACFs but the predictions for the peak
position of each band by the two approaches are generally
consistent.

We have formulated three IPRs of INMs, respectively, for
O- and H-atoms and molecules. In terms of the three IPRs, the
average numbers of the three species that participated in the
INMs are estimated for the two flexible models. For the two
models, the numbers of participated O atoms and molecules
are almost the same. The number of molecules participated
in the intermolecular INMs exhibit two maxima at frequen-
cies corresponding to the translational and orientational vi-
brations of molecules and the INMs around the two maxima
are generally delocalized. Though the maximum number of
molecules participated in the bending or stretching INMs de-
pends on the flexible model, our results indicate that the bend-
ing INMs in the two models are generally localized in nature
and the stretching INMs are strongly localized for sure. By
the ratio of the IPR for H atoms to that for O atoms, we es-
timate the number of involved OH bond per molecule that is
participated in the INMs. The estimated results indicate that
both OH bonds of each molecule participated in the bending
INMs are required but the two OH bonds of molecules par-
ticipated in the stretching INMs oscillate independently; the
latter leads us to conclude that the symmetric and antisym-
metic assignments are no longer valid for the stretching vi-
brations of water molecules in liquids. In the intermolecular
band, we find that both OH bonds of molecules participated
in the low-frequency translational vibrations are involved and
the situation also occurs with a large chance in a transition
regime of frequency from the translational to orientational
vibrations.

By subensembles of VGs and the H-bond configura-
tions, we have examined the local-structure effects on the
bending and stretching INM bands. In general, molecules
with tetrahedral-like local structures favor the bending band
having a blue shift and the stretching band having a red
shift. Our results indicate that the shifts of the bending and
stretching bands are dominated by the donated H-bonds and
partly contributed by the accepted ones. In details, except
for the rare molecules with five H-bonds, we find that the
shifts in the average frequency of the bending and stretch-
ing INM bands are linearly proportional to the numbers of
donated and accepted H-bonds attaching to a molecule, with
the proportional constants of each band depending on the
H-bond type and the model. Quantitatively, for the stretch-
ing band, the proportional constant due to the donated H-
bond is more than double of that due to the accepted H-
bond; this is applied for both models studied in this paper.
For the bending band, the ratio of the proportional constant
with the donated H-bond number to that with the accepted
H-bond number is about two for Model I but about seven
for Model II so that the shifting of the bending band for
Model II is strongly associated with the donated H-bonds
of a molecule. All of these conclusions are insensible
to the H-bond definition, with the OOH-angle criterion
or not.
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