
Economic Modelling 35 (2013) 715–721

Contents lists available at ScienceDirect

Economic Modelling

j ourna l homepage: www.e lsev ie r .com/ locate /ecmod
Real options game over the business cycle
Hsing-Hua Huang ⁎, Wei-Liang Chuang
Department of Information Management and Finance, National Chiao Tung University, Taiwan
⁎ Corresponding author at: No. 1001 University Rd., Hsin
3 5712121x57056; fax: +886 3 5729915.

E-mail address: hhhuang@mail.nctu.edu.tw (H.-H. Hu

0264-9993/$ – see front matter © 2013 Elsevier B.V. All ri
http://dx.doi.org/10.1016/j.econmod.2013.08.029
a b s t r a c t
a r t i c l e i n f o
Article history:
Accepted 29 August 2013

JEL classification:
L16
D43
E32
G31

Keywords:
Real options
Preemption game
Business cycle
This paper studies the impact of business cycles on firms' strategic investment decisions by developing and solv-
ing a continuous time regime-dependent real options game in an asymmetric duopoly. The value functions, roles
and optimal investment timing decisions of the two firms in the expansion and recession states are jointly deter-
mined.We show that the preemptive investment equilibrium,where the leader invests earlier than its own first-
best investment timing, is pro-cyclical. Moreover, the simultaneous investment equilibrium, where the firms
simultaneously invest late and enjoywaiting flexibility as a tacit collusion, is counter-cyclical. In addition,we spe-
cifically demonstrate that the values of the leader and follower in the expansion state are smaller than those in
the recession state when the preemptive equilibrium prevails in the expansion state and the simultaneous equi-
librium prevails in the recession state.
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1. Introduction

Since two seminal papers of McDonald and Siegel (1986) and Majd
and Pindyck (1987) and one pronounced book by Dixit and Pindyck
(1994), the real option approach has become a standard tool for analyz-
ing firms' investment decisions under uncertainty. Recently, literature
pays more attention to respectively explore the impacts of macroeco-
nomic conditions and productmarket competition on firms' investment
decisions due to the stylized facts that a firm's investment policy is usu-
ally dependent on business cycle and is frequently affected by its com-
petitors' investment decisions as in an oligopoly. The two effects must
be analyzed in a unified dynamic model, but surprisingly real options
literature has not yet investigated how the interactions between a
firm's and its rivals' investment decisions vary with macroeconomic
conditions. This paper intends to fill this gap by developing and solving
a continuous-time regime-dependent real options game model which
integrates the setup of business cycle from Guo et al. (2005) into an
asymmetric duopoly real options game framework of Pawlina and
Kort (2006). In particular, we can investigate the effects of business
cycle on the equilibriums of an investment timing game and on the
firms' optimal investment strategies as well as values.

UsingMarkov chain tomodel regime shifts, Guo et al. (2005) analyze
a firm's optimal investment policy, taking account of the possibility of
future macroeconomic condition shift. This methodology is recently
employed to investigate various issues, such as capital structure
(Bhamra et al., 2010; Hackbarth et al., 2006), credit risk (Chen, 2010),
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and agency problem (Chen and Manso, 2010). However, they are all
based on a single-firm assumption, and therefore ignore the inter-
dependent effect of the firm's and its rivals' investment policies. In a
more related paper, Du andMackay (2011) analyze investment and dis-
investment timing decisions in both monopoly and competitive markets
when firms are subject to macroeconomic conditions. They particularly
show that monopoly and competitive firms still adopt identical policies
under some realistic environment. Yet, they do not investigate a firm's in-
vestment decision in an oligopolywhere the firm competeswith its rivals
in investing the same investment project.

Assuming firms are symmetric in Cournot–Nash oligopoly equilibri-
um, Grenadier (2002) analyzes a firm's delay option on an incremental
investment project, while Jou and Lee (2008) focus on that option on a
lumpy investment project. In addition, Aguerrevere (2009), with the
same assumption, specifically demonstrates the relationship between
the degree of competition and the assets' expected rates of return varies
with product market demand. As mentioned by Back and Paulsen
(2009), the symmetric Nash equilibriums in the models do not satisfy
the requirement of subgame perfection and hence are open-loop
equilibriums.

Firms, however, are seldom identical. The extensive literature on
real options games suggests that, when a relative small number of
firms compete, there often exists a first-mover advantage (FMA). For
example, winning patent races and can be characterized by a persistent
FMA, that is, the first to invent gains an exclusive right over the technol-
ogy. The simple asymmetric duopoly equilibrium is often employed to
analyze a firm's irreversible investment decision while the two firms
have different investment costs. Pioneered by Fudenberg and Tirole
(1985) that capture the threat of preemptive investment, Pawlina and
Kort (2006) and Mason and Weeds (2010) examine the irreversible
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investment behavior when there is a competitor who can potentially
preempt the investment project. They show that a greater FMA will
lead a firm to adopt a preemptive investment threshold which is signif-
icantly lower than its optimal investment trigger. Recently, Carlson et al.
(2011) focus on the effects of afirm's expansion and contraction options
on risk dynamics of the required returns when there exists a rival firm
owning the sameflexibilities. In sum, they generallyfind that competition
will erode the values ofwait-and-see options and their Nash equilibriums
meet the requirement of Markov perfect closed-loop equilibriums which
satisfy continuous-time dynamic subgame perfection. Nevertheless, none
of existing real options game literature takes macroeconomic conditions
into consideration.

Some empirical studies show supportive evidence that competi-
tion precipitates investment. For example, Driver et al. (2008) show
that a FMA of investment created by R&D and advertising expendi-
tures offsets the irreversibility effect of investment. In particular,
Akdoğu and MacKay (2008) indicate that the value of investing stra-
tegically can outweigh the value of waiting in an oligopolistic industry.
On the other hand, some studies propose that both macroeconomic con-
ditions and industry-specific competition play important roles in deter-
mining a firm's optimal investment decision. For example, Martynova
and Rennegoog (2008) provide further evidence that waves of corporate
takeovers tend to occur following economic recovery from previous
recessions.1

As pointed out by Ghemawat (2009), “At the bottom of the business
cycle, firms seem to overemphasize the financial risk of investing at the
expense of the competitive risk of not investing. Once-in-a-cycle errors
of this sort can create a lasting competitive disadvantage.” This calls for a
new dynamic model to analyze a firm's investment decision that en-
compasses both macroeconomic conditions and industry competition.
By integrating the business cycle framework of Guo et al. (2005) into
the two-player real options game model of Pawlina and Kort (2006),
we investigate the interdependent effects between macroeconomic
conditions (expansion and recession) and industry-specific strategic in-
teraction on firms' optimal investment timing decisions andfirm's value
functions in an asymmetric duopoly.

Theoretically, we develop and solve a continuous time real options
game, where the regime-dependent value functions, roles and optimal
investment timing decisions of the two firms are jointly determined.
We specifically demonstrate that the preemptive investment equilibri-
um, where the leader invests earlier than its own first-best investment
timing, is pro-cyclical, i.e., the leader tends to adopt a more aggressive
strategy to preempt in the expansion state. In addition, the simultaneous
investment equilibrium, where the firms simultaneously invest late and
enjoy waiting flexibility as a tacit collusion, is counter-cyclical, i.e., the
tacit collusion to invest late is more significant in the recession state.
We particularly show that the values of the leader and follower in the ex-
pansion state are smaller than those in the recession state as the preemp-
tive equilibrium prevails in the expansion state and the simultaneous
equilibrium prevails in the recession state.

The paper is organized as follows. In section 2 we present themodel
setup and two special cases. Section 3 demonstrates value functions and
solution concept and section 4 explains three types of game equilibriums
and provides numerical examples. Finally, section 5 concludes.
2. The model

This section details the basic setup of our model. We employ the
basic framework of Pawlina and Kort (2006) with the essential differ-
ence that we consider the two-state regime swifts rather than only
one state to reveal the characteristic of the business cycle. The two
1 Somemergers and acquisitions can result from a strategic motive to compete with in-
dustry rivals.
risk neutral firms, Firm 1 and Firm 2, compete in the product market
and have a single investment opportunity to raise their instantaneous
profits. The common uncertainty of the two firms' profits, x(t), is
governed by

dxt ¼ μεt
xtdt þ σεt xtdWt ; given x 0; ε0ð Þ ¼ x≥0; ð1Þ

whereμεt
andσεt are thedrift anddiffusion terms, andWt is aWiener pro-

cess. εt is a continuous time Markov chain with two states R (Recession)
and E (Expansion). The intensity λR (λE) shows the leaving rate of state
R (E) to state E (R). Consequently,μεt

andσεt canbe respectively explained
as the industry growth rate and volatility which vary over business cycle.
The riskless interest rate is r, and we assume that r−μεt

N0 for ensuring
finite valuation. Following Guo et al. (2005), we assume μE N μR and
σE b σR, and the relationships between the optimal investment triggers
of the leader and follower in the expansion and recession states are
given by: xiL,E b xi

L,R, xiF,E b xi
F,R, xiL,E b xi

F,E and xi
L,R b xi

F,R, i = 1,2, showing
that the leader and follower both invest earlier in expansion state, and
the leader invest earlier than the follower in both states. For simplicity,
we further assume that xjL,E b xj

L,R b xi
F,E b xi

F,R, i ≠ j, where i,j = 1,2.
The instantaneous profits offirms are given by πmn = xDmn,m,n = 0,1,

in an asymmetric duopoly,whereDmn stand for thedeterministic part of
profit function. The profits of the leader and follower are xD00 when the
two firms have not invested and are xD11 when the two firms have al-
ready invested. xD10 and xD01 are respectively the profits of the leader
and follower when the leader has invested and the follower has not. We
assume that D10 N D00, D10 N D11, D11 N D01 and D00 N D01 to assure
that there is a first-mover advantage and a second-mover disadvantage.

The two firms both face a perpetual, irreversible investment
(growth) opportunity. Without loss of generality, we suppose the in-
vestment cost of Firm i is Ii, i = 1,2, where I1 = I and I2 = κI, κ N 1.
Firm 1 is therefore the low-cost firm and Firm 2 is the high-cost firm.
We also assume the initial realizations of the process underlying both
firms' profits are low enough in both macroeconomic states so that im-
mediate investment decisions are not optimal for both firms.

3. Value functions and investment thresholds

There are three possible investment timings for the two firms in
both recession and expansion states. First, Firm i can invest first as the
leader, and alternatively, Firm j can invest earlier and Firm i is hence
the follower. Finally, the two firms can invest simultaneously. In this
section, wewill establish the two firms' value functions and investment
thresholds associated with the three possibilities in two economic
states. At the beginning, we analyze the case of simultaneous invest-
ment, which can be helpful to explain how possible regime shifts affect
the firms' value functions and investment thresholds. Following the
standard approach to solve a dynamic game backward in time, we sub-
sequently introduce the leader's and follower's value functions and fol-
lower's optimal investment threshold when the leader has invested but
the follower has not. Finally, we analyze the leader's and follower's
value functions and leader's optimal investment threshold when both
of the firms have not invested yet.

3.1. When the two firms invest simultaneously

Let ViS,E and Vi
S,R and xi

S,E and xi
S,R, i = 1,2, respectively denote the two

firms' value functions and investment thresholds in states E and Rwhen
Firm 1 and Firm 2 invest simultaneously. Fig. 1 illustrates the relation-
ships between the value functions and investment thresholds. When
x ≥ xi

S,R, the two firms have already invested in both states and receive
perpetual profit flows xD11. The value functionsV

D11
E andVD11

R can switch
between the two states even after the two firms have both invested.

In general, VDmn
E xð Þ and VDmn

R xð Þ, m,n = 0,1, denote the value func-
tions when the two firm's instantaneous profit flow is given by xDmn



i1 gR θ1ð Þ i1 i2 gR θ2ð Þ i2

Fig. 1. The value functions and investment thresholdswhen the twofirms invest simultaneously in the expansion and recession states. The vertical bold lines not only show that value-matching
and smooth-pasting conditions hold, but also denote the optimal investment thresholds,while the vertical bold dotted line only shows that both value-matching and smooth-pasting conditions
hold. The contents in parentheses are the cashflows for the corresponding value functions. The up-and-down arrows show that the value functions between the two states can two-way switch
while the up arrow shows that the value function can only change one way.
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in states E and R, respectively, which satisfy the following ordinary dif-
ferential equations (ODE) system:

rVDmn
E ¼ xDij þ μEx

∂VDmn
E

∂x þ 1
2
σ2

Ex
2 ∂2VDmn

E

∂x2
þ λE VDmn

R −VDmn
E

� �
rVDmn

R ¼ xDij þ μRx
∂VDmn

R

∂x þ 1
2
σ2

Rx
2 ∂2VDmn

R

∂x2
þ λR VDmn

E −VDmn
R

� � :
8>>><
>>>:

ð2Þ

Using four free boundary conditions in states E and R, the solutions of
VDmm
E xð Þ and VDmn

R xð Þ are:

VDmn
ε xð Þ ¼ xDmnKε ; ε ¼ E;R; ð3Þ

where,KE ¼ rþλRþλE−μRð Þ
rþλE−μEð Þ rþλR−μRð Þ−λEλR

and KR ¼ rþλRþλE−μEð Þ
rþλE−μEð Þ rþλR−μRð Þ−λEλR

.

VDmn
ε xð Þ, in fact, denotes the expected present value of perpetual profit

flow xDmn where the uncertainty of the profit flow can switch between

expansion and recession states in the future. In other words, VDmn
ε xð Þ ¼ E

∫
∞
0
e−rtx tð ÞDmndtjx 0ð Þ ¼ x; ε 0ð Þ ¼ ε

h i
, ε = E,R.

In view of Fig. 1, the two value functions, ViS,E and Vi
S,R, and the two

investment thresholds, xiS,E and xi
S,R, are interdependent and should be

solved together. ViS,E and Vi
S,R must satisfy the following ODE system.

For x b xi
S,E,

rVS;E
i ¼ xD00 þ μEx

∂VS;E
i

∂x þ 1
2
σ2

Ex
2 ∂2VS;E

i

∂x2
þ λE VS;R

i −VS;E
i

� �
rVS;R

i ¼ xD00 þ μRx
∂VS;R

i

∂x þ 1
2
σ2

Rx
2 ∂2VS;R

i

∂x2
þ λR VS;E

i −VS;R
i

� � ; and

8>><
>>: ð4Þ

for xiS,E ≤ x b xi
S,R,

rVS;R
i ¼ xD00 þ μRx

∂VS;R
i

∂x þ 1
2
σ2

Rx
2 ∂2VS;R

i

∂x2
þ λR VD11

E xð Þ−Ii−VS;R
i

� �
: ð5Þ

The general solutions of ViS,E and Vi
S,R are given by

VS;E
i xð Þ ¼ VD00

E xð Þ þ
X4
z¼1

aEizx
θz ; xbxS;Ei

VD11
E xð Þ−Ii; xS;Ei ≤x

; and

8><
>: ð6Þ

VS;R
i xð Þ ¼

VD00
R xð Þ þ

X4
z¼1

aRizx
θz ; xbxS;Ei

xD00

r þ λR−μR
þ λRV

D11
E xð Þ

r þ λR−μR
− λRIi

r þ λR
þ bi1x

βR
1 þ bi2x

βR
1 ;

xS;Ei ≤xbxS;Ri VD11
R xð Þ−Ii; xS;Ri ≤ x

8>>>>>>><
>>>>>>>:

ð7Þ

where θ1 N θ2 N 1 N 0 N θ3 N θ4 are the four real roots of the following
characteristic function. gE(θ)gR(θ) − λEλR = 0, and β1

ε N 1 N 0 N β2
ε

are the two real roots of gε(β) = 0 in which gε ϕð Þ ¼ r þ λεð Þ−μεϕ− 1
2

σ2
εϕ ϕ−1ð Þ , ε = E, R. All the unknown parameters can be solved by

the following boundary conditions:
(i) lim
x↓0

VS;E
i xð Þb∞ and lim

x↓0
VS;R
i xð Þb∞ (free boundary conditions);

(ii) lim
x↑xS;Ei

VS;R
i xð Þ ¼ lim

x↓xS;Ei

VS;R
i xð Þand lim

x↑xS;Ei

∂VS;R
i xð Þ
∂x ¼ lim

x↓xS;Ei

∂VS;R
i xð Þ
∂x (value-

matching and smooth-pasting conditions at xiS,E);
(iii) lim

x↑xS;Ei

VS;E
i xð Þ ¼ VD11

E xS;Ei

� �
−Ii and lim

x↑xS;Ri

VS;R
i xð Þ ¼ VD11

R xS;Ri

� �
−Ii

(value-matching conditions at xiS,E and xi
S,R); and

(iv) aR ¼ λR aE and aR ¼ λR aE (auxiliary conditions).
The optimal investment decisions of the two firms in states E and R,
xi
S,E and xi

S,R, are then jointly determined by the following two smooth-
pasting conditions: lim

x↑xS;Ei

∂VS;E
i xð Þ=∂x ¼ D11KE and lim

x↑xS;Ri

∂VS;R
i xð Þ=∂x ¼ D11

KR.

3.2. When the leader has invested but the follower has not

In this subsection, to solve the game backward, we first introduce
the value functions of the leader and follower when the leader has
invested but the follower has not. Tomake the following value functions
of the leader and follower clearer, we assume that Firm i is the follower
and Firm j is the leader without loss of generality.

Let V
F;E
i and V

F;R
i , and xi

F,E and xi
F,R respectively denote the follower's

value functions and investment thresholds in states E and R when the
leader has invested but the follower has not. The cashflowof the follow-
er is xD01. The value functions, V

F;E
i and V

F;R
i , can switch according to

transition probability λE and λR when the follower has not invested in
both states. Since the follower's optimal investment trigger in the
expansion state is lower than that in the recession state, the follower
may invest immediately in the expansion state, but have not yet invested
in the recession state. In the recession state, the followerwill invest either
when x goes up and touches his optimal investment trigger or when the
economy switch from the recession to expansion state. As a consequence,
V

F;E
i and V

F;R
i satisfy the following ODE system.

For x b xi
F,E,

rV F;E
i ¼ xD01 þ μEx

∂V F;E
i

∂x þ 1
2
σ2

Ex
2 ∂2V F;E

i

∂x2
þ λE V F;R

i −V F;E
i

� �
rV F;R

i ¼ xD01 þ μRx
∂V F;R

i

∂x þ 1
2
σ2

Rx
2 ∂2V F;R

i

∂x2
þ λR V F;E

i −V F;R
i

� � ; and

8>><
>>: ð8Þ

for xiF,E ≤ x b xi
F,R,
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rV F;R
i ¼ xD01 þ μRx

∂V F;R
i

∂x þ 1
2
σ2

Rx
2 ∂2V F;R

i

∂x2
þ λR VD11

E −Ii−V F;R
i

� �
: ð9Þ

The general solutions of V
F;E
i and V

F;R
i are given by

V F;E
i xð Þ ¼ VD01

E xð Þ þ
X4
z¼1

cEizx
θz ; xbxF;E

i

VD11
E xð Þ−Ii; xF;E

i ≤x

; and

8><
>: ð10Þ

V F;R
i xð Þ ¼

VD01
R xð Þ þ

X4
z¼1

cRizx
θz ; xbxF;E

i

xD01

r þ λR−μR
þ λRV

D11
E xð Þ

r þ λR−μR
− λRIi

r þ λR
þ di1x

βR
1 þ di2x

βR
2 ;

xF;E
i ≤xbxF;R

i VD11
R xð Þ−Ii; xF;R

i ≤x:

8>>>>>>><
>>>>>>>:

ð11Þ

All the unknown parameters can be solved by the following boundary
conditions:

(i) lim
x→0

V
F;E
i xð Þb∞ and lim

x→0
V

F;R
i xð Þb∞ (free boundary conditions);

(ii) lim
x↑x F;E

i

V
F;R
i xð Þ ¼ lim

x↓x F;E
i

V
F;R
i xð Þ and lim

x↑x F;E
i

∂V F;R
i xð Þ
∂x ¼ lim

x↓x F;E
i

∂V F;R
i xð Þ
∂x

(value-matching and smooth-pasting conditions at xiF,E);

(iii) lim
x↑x F;E

i

V
F;E
i xð Þ ¼ VD11

E xF;E
i

� �
−Ii and lim

x↑x F;R
i

V
F;R
i xð Þ ¼ VD11

R xF;R
i

� �
−Ii

(value-matching conditions at xiF,E and xi
F,R); and

(iv) cRi1 ¼ λR
gR θ1ð Þ c

E
i1 and cRi2 ¼ λR

gR θ2ð Þ c
E
i2 (auxiliary conditions).

The optimal investment decisions of the follower, xiF,E and xi
F,R, are

jointly determined by the following smooth-pasting conditions: lim
x↑x F;E

i

∂
V

F;E
i xð Þ=∂x ¼ D11KE and lim

x↑x F;R
i

∂V F;R
i xð Þ=∂x ¼ D11KR.

Let V
L;E
j and V

L;R
j respectively denote the leader's value functions in

states E and R when the leader has invested but the follower has not,
and satisfy the following ODE system.

For x b xi
F,E,

rVL;E
j ¼ xD10 þ μEx

∂VL;E
j

∂x þ 1
2
σ2

Ex
2 ∂

2VL;E
j

∂x2
þ λE VL;R

j −VL;E
j

� �

rVL;R
j ¼ xD10 þ μRx

∂VL;R
j

∂x þ 1
2
σ2

Rx
2 ∂

2VL;R
j

∂x2
þ λR VL;E

j −VL;R
j

� � ; and

8>>><
>>>:

ð12Þ

for xiF,E ≤ x b xi
F,R,

rVL;R
j ¼ xD10 þ μRx

∂VL;R
j

∂x þ 1
2
σ2

Rx
2 ∂

2VL;R
j

∂x2
þ λR VD11

E xð Þ−VL;R
j

� �
: ð13Þ

The general solutions of V
L;E
j and V

L;R
j are given by

VL;E
j xð Þ ¼ VD10

E xð Þ þ
X4
z¼1

eEjzx
θz ; xbxF;E

i

VD11
E xð Þ; xF;E

i ≤x

; and

8><
>: ð14Þ

VL;R
j xð Þ ¼

VD10
R xð Þ þ

X4
z¼1

eRjzx
θz ; xb xF;E

i

xD10

r þ λR−μR
þ λRV

D11
E xð Þ

r þ λR−μR
þ f j1x

βR
1 þ f j2x

βR
2 ;

xF;E
i ≤xb xF;R

i VD11
R xð Þ; xF;R

i ≤x

8>>>>>>><
>>>>>>>:

ð15Þ
All the unknown parameters can be solved by the boundary
conditions:

(i) lim
x→0

V
L;E
j xð Þb∞ and lim

x→0
V
L;R
j xð Þb∞ (free boundary conditions);

(ii) lim
x↑x F;E

i

V
L;R
j xð Þ ¼ lim

x↓x F;E
i

V
L;R
j xð Þ and lim

x↑x F;E
i

∂VL;R
j xð Þ
∂x ¼ lim

x↓x F;E
i

∂VL;R
j xð Þ
∂x

(value-matching and smooth-pasting conditions at xiF,E);

(iii) lim
x↑x F;E

i

V
L;E
j xð Þ ¼ VD11

E xF;E
i

� �
and lim

x↑x F;R
i

V
L;R
j xð Þ ¼ VD11

R xF;R
i

� �
(value-

matching conditions at xiF,E and xi
F,R); and

(iv) eRj1 ¼ λR
gR θ1ð Þ e

E
j1 and eRj2 ¼ λR

gR θ2ð Þ e
E
j2 (auxiliary conditions).

3.3. When the leader and follower have not invested

Let Vj
L,E and Vj

L,R, and xi
L,E and xi

L,R respectively denote the leader's
value functions and investment thresholds in states E and R when the
leader has not invested, satisfying the following ODE system.

For x b xj
L,E,

rVL;E
j ¼ xD00 þ μEx

∂VL;E
j

∂x þ 1
2
σ2

Ex
2 ∂

2VL;E
j

∂x2
þ λE VL;R

j −VL;E
j

� �

rVL;R
j ¼ xD00 þ μRx

∂VL;R
j

∂x þ 1
2
σ2

Rx
2 ∂

2VL;R
j

∂x2
þ λR VL;E

j −VL;R
j

� � ; and

8>>><
>>>:

ð16Þ

for xjL,E ≤ x b xj
L,R,

rVL;R
j ¼ xD00 þ μRx

∂VL;R
j

∂x þ 1
2
σ2

Rx
2 ∂

2VL;R
j

∂x2

þ λR VD10
E xð Þ þ

X4
z¼1

eEjzx
θz−I j

 !
−VL;R

j

 !
: ð17Þ

The general solutions of VjL,E and Vj
L,R are given by

VL;E
j xð Þ ¼ VD00

E xð Þ þ
X4
z¼1

hEjzx
θz ; xbxL;Ej

VL;E
j xð Þ−I j; xL;Ej ≤xbxF;E

i

; and

8>><
>>: ð18Þ

VL;R
j xð Þ ¼

VD00
R xð Þ þ

X4
z¼1

hRjzx
θz ; xbxL;Ej

xD00

r þ λR−μR
þ kj1x

βR
1 þ kj2x

βR
2

þλR
VD10
E xð Þ

r þ λR−μR
−

I j
r þ λR

þ
X4
z¼1

eEjzx
θz

gR θzð Þ

 !
;

xL;Ej ≤xbxL;Rj VL;R
j xð Þ−I j; xL;Rj ≤xbxF;R

i :

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð19Þ

All the unknown parameters can be solved by the boundary
conditions:

(i) lim
x→0

VL;E
j xð Þb∞ and lim

x→0
VL;R

j xð Þb∞ (free boundary conditions);

(ii) lim
x↑xL;Ej

VL;R
j xð Þ ¼ lim

x↓xL;Ej

VL;R
j xð Þand lim

x↑xL;Ej

∂VL;R
j xð Þ
∂x ¼ lim

x↓xL;Ej

∂VL;R
j xð Þ
∂x (value-

matching and smooth-pasting conditions at xjL,E);

(iii) lim
x↑xL;Ej

VL;E
j xð Þ ¼ V

L;E
j xL;Ej
� �

−I j and lim
x↑xL;Rj

VL;R
j xð Þ ¼ V

L;R
j xL;Rj
� �

−I j

(value-matching conditions at xjL,E and xj
L,R); and

(iv) hRj1 ¼ λR
gR θ1ð Þh

E
j1 and gRj2 ¼ λR

gR θ2ð Þ g
E
j2 (auxiliary conditions).



Fig. 2. The relationships of the value functions and investment thresholds between the leader and follower in the expansion and recession states. The vertical bold solid lines not only show
that value-matching and smooth-pasting conditions hold, but also denote the optimal investment thresholds, while the vertical bold dotted lines only show that both value-matching and
smooth-pasting conditions hold. The vertical dotted lines just denote the value-matching condition. The contents in parentheses are the cash flows for the corresponding value functions.

2 The definitions of the three types of equilibria are mentioned in Pawlina and Kort
(2006).
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The optimal investment decisions of the leader, xjL,E and xj
L,R in states

E and R, are jointly determined by the following two smooth-pasting con-

ditions: lim
x↑xL;Ej

∂VL;E
j xð Þ=∂x ¼ lim

x↓xL;Ej

∂VL;E
j xð Þ=∂x and lim

x↑xL;Rj

∂VL;R
j xð Þ=∂x ¼ lim

x↓xL;Rj

∂

V
L;R
j xð Þ=∂x.
Let ViF,E and Vi

F,R respectively denote the follower's value functions in
states E and R when the leader and follower both have not invested,
which satisfy the following ODE system.

For x b xj
L,E,

rV F;E
i ¼ xD00 þ μEx

∂V F;E
i

∂x þ 1
2
σ2

Ex
2 ∂2V F;E

i

∂x2
þ λE V F;R

i −V F;E
i

� �
rV F;R

i ¼ xD00 þ μRx
∂V F;R

i

∂x þ 1
2
σ2

Rx
2 ∂2V F;R

i

∂x2
þ λR V F;E

i −V F;R
i

� � ; and

8>><
>>:

ð20Þ

for xjL,E ≤ x b xj
L,R,

rV F;R
i ¼ xD00 þ μRx

∂V F;R
i

∂x þ 1
2
σ2

Rx
2 ∂2V F;R

i

∂x2

þ λR VD01
E xð Þ þ

X4
z¼1

cEizx
θz

 !
−V F;R

i

 !
: ð21Þ

The general solutions of ViF,E and Vi
F,R are given by

V F;E
i xð Þ ¼ VD00

E xð Þ þ
X4
z¼1

lEizx
θz ; xbxL;Ej

V F;E
i xð Þ; xL;Ej ≤xbxF;E

i

; and

8>><
>>: ð22Þ

V F;R
i xð Þ ¼

VD00
R þ

X4
z¼1

lRizx
θz ; xbxL;Ej

xD00

r þ λR−μR
þ oi1x

βR
1 þ oi2x

βR
2

þλR
VD01
E xð Þ

r þ λR−μR
þ
X4
z¼1

cEizx
θz

gR θzð Þ

 !
; xL;Ej ≤xbxL;Rj

V F;R
i xð Þ; xL;Rj ≤xbxF;R

i

:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð23Þ

All the unknown parameters can be solved by the boundary
conditions:

(i) lim
x→0

V F;E
i xð Þb∞ and lim

x→0
V F;R
i xð Þb∞ (free boundary conditions);

(ii) lim
x↑xL;Ej

V F;R
i xð Þ ¼ lim

x↓xL;Ej

V F;R
i xð Þ and lim

x↑xL;Ej

∂V F;R
i xð Þ
∂x ¼ lim

x↓xL;Ej

∂V F;R
i xð Þ
∂x

(value-matching and smooth-pasting conditions at xjL,E);
(iii) lim
x↑xL;Ej

V F;E
i xð Þ ¼ V

F;E
i xL;Ej
� �

and lim
x↑xL;Rj

V F;R
i xð Þ ¼ V

F;R
i xL;Rj
� �

(value-

matching conditions at xjL,E and xj
L,R); and

(iv) lRj1 ¼ λR
gR θ1ð Þ l

E
j1 and lRj2 ¼ λR

gR θ2ð Þ l
E
j2 (auxiliary conditions).

In sum, we employ Fig. 2 to illustrate the relationships among the
leader's and follower's value functions and investment thresholds in
states E and R. To solve the game backward, we first jointly solve the fol-
lower's value functions, V

F;E
i and V

F;R
i , and investment thresholds, xiF,E

and xi
F,R, in states E and R when the leader has invested but the follower

has not. Second, given the follower's optimal investment thresholds, we
then jointly derive the leader's value functions, V

L;E
j and V

L;R
j , in both

states when the leader has invested but the follower has not. Third,
we jointly solve the leader's value functions, Vj

L,E and Vj
L,R, and invest-

ment thresholds, xjL,E and xj
L,R, in states E and R when the leader has

not yet invested. Finally, given the leader's optimal investment thresh-
olds, we jointly derive the follower's value functions, ViF,E and Vi

F,R, in
both states when the leader has not yet invested.

The solution procedure mentioned above clearly demonstrates that
the two firms' value functions and investment thresholds are not only
relevant to the rival's decisions but also dependent on the macroeco-
nomic conditions (the expansion and recession states) or business
cycle. Until now, the two firms' roles (leader or follower) of the invest-
ment timing game are pre-specified, and will be endogenously deter-
mined later. We analyze the game equilibria in the following section.

4. Equilibria and numerical examples

There are three types of the equilibria in states E and R due to the in-
teraction between the two firms' investment timing decisions, namely
preemptive, sequential and simultaneous equilibria.2

The first type of equilibrium, the preemptive equilibrium, occurs
when the cost asymmetry between the two firms is relatively small. In
other words, both of the firms have an incentive to be the leader. The
low-cost Firm 1, therefore, must consider the possibility that Firm 2 can
preempt the investment project. To analyze the preemptive equilibrium,

we first define ξεi xð Þ≡ V
L;ε
i xð Þ−Ii

� �
−V F;ε

i xð Þ, i = 1,2 and ε = E,R. Next,

we define x2P,ε = inf{x N 0 : ξ2ε(x) = 0}, ε = E,R, which is the lowest real-
ization of x for a given regime ε so that Firm2 is indifferent between being
the leader and follower. It is also the lowest investment trigger of x for a
given regime ε so that Firm 2 still has an incentive to be the leader. If
x2
P,ε exists in the regime ε, then the prevailing preemptive equilibrium
leads the low-cost Firm1 tobe the leaderwho chooses the optimal invest-
ment trigger as min(x1L,ε,x2P,ε) and Firm 2 to be the follower who chooses
x2
F,ε, ε = E,R.



Fig. 3. The regions of the sequential, preemptive and simultaneous equilibria for various
first-mover advantages and cost asymmetries. The first-mover advantage is defined as
γ = D10/D11 and κ denotes the cost asymmetry. The parameters are given by r = 0.05,
μE = 0.015, μR = 0.01, σE = 0.1, σR = 0.15, λE = 0.1, λR = 0.15, I1 = 50, I2 = κI1,
D01 = 0.25, D00 = 0.5, and D11 = 0.9.
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Secondly, the sequential equilibrium occurs when Firm 2 has no in-
centive to preempt to be the leader, i.e., when ξ2ε(x) b 0 for all x b x2

F,ε. In
this case, the low-cost Firm 1 is still the leader whose optimal investment
trigger is x1L,ε, while the follower, Firm 2, chooses x2F,ε, ε = E,R.

The final type of equilibrium is the simultaneous equilibrium in
which the two firms invest at the same time. If ζ1ε(x) ≤ 0 where
ζiε(x) = Vi

L,ε(x) − Vi
S,ε(x), ∀ x ≤ x1

S,ε and x2
F,ε b x1

S,ε, then the two firms
invest simultaneously at x1S,ε, ε = E,R. The above-mentioned condition
shows that the two firms both prefer investing simultaneously to
being the leader. Although this type of equilibrium is non-cooperative,
it is often referred to as a tacit collusion since the two firms choose
joint investment, implying that some implicit coordination to increase
rents over their preemption level.

To illustrate the conditions for the three equilibriums, we first define xε∗

and κε∗ N 1 as the solutions of ξ2ε(x;κ) = 0 and ∂ ξ2ε(x;κ)/∂ x = 0, ε = E, R,
and xε

∗ ∗ and κε∗ ∗ N 1 as the solutions of ζ1ε(x;κ) = 0 and ∂ ζ1ε(x;κ)/∂ x = 0,
ε = E, R, and the conditions of three types of equilibria in state ε ∈ (E,R)
are defined as: (i) the preemptive equilibrium is characterized by
κ b κ∗(ε) and κ ≥ κ∗ ∗(ε); (ii) the sequential equilibrium is characterized
by κ ≥ κ∗(ε) and κ ≥ κ∗ ∗(ε); and (3) the simultaneous equilibrium is char-
acterized by κ b κ∗ ∗(ε).3 It is worthwhile emphasizing that our results are
not only related to macroeconomic conditions but also interdependent.
Therefore, the above solutions and conditions of the two regimes need to
be solved simultaneously.

Fig. 3 illustrates the regions of the three equilibriums for different
first-mover advantages and cost asymmetry, with the following basic
parameters: r = 0.05, μE = 0.015, μR = 0.01, σE = 0.1, σR = 0.15,
λE = 0.1, λR = 0.15, I = 50, D01 = 0.25, D00 = 0.5, and D11 = 0.9.
The level of first-mover advantage is defined as γ = D10/D11 and the
level of cost asymmetry is denoted as κ. For both expansion and reces-
sion regimes, there are three general observations. First, when the cost
asymmetry is relatively small and there is no significant first-mover ad-
vantage, the two firms invest simultaneously (the southwest region).
Second, when the first-mover advantage becomes significant and the
cost asymmetry is insignificant, the low-cost Firm 1 prefers being the
leader to investing simultaneously, resulting in the preemptive equilib-
rium (the southeast region). Third, when there is a significant cost
asymmetry between the two firms, Firm 1 is the leader and the6 follow-
er, Firm 2, does not have any incentive to preempt, leading to the se-
quential equilibrium.

In Fig. 3, we first demonstrate that the region of the simultaneous
equilibrium in the recession state is larger than that in the expansion
state. Asmentioned in Boyer et al. (2005), the simultaneous equilibrium
can be viewed as a tacit collusion. Both of the two firms tend to defer
their investment and enjoy waiting flexibility, and the optimal invest-
ment timing is even later than the optimal investment timing when
the high-cost Firm 2 is the follower. This shows that the tacit collusion
to invest late ismore significant in the recession state than in the expan-
sion state, i.e., the simultaneous equilibrium (tacit collusion) is counter-
cyclical. In addition, the region of the preemptive equilibrium becomes
larger as in the expansion state. The leader in the preemptive equilibri-
umwill invests earlier than its own single-firmfirst-best optimal invest-
ment timing, i.e., the preemptive equilibrium is pro-cyclical. It therefore
implies that firms' strategic investments (e.g., patent races,mergers and
acquisitions, new product introductions and new technology adoptions)
are often pro-cyclical, which is generally in linewith the realworld obser-
vation that some larger firms are apt to merge or acquire firms before or
just at the early beginning of economic recovery.

Fig. 4 displays the two firms' value functions of the three types of
equilibriums for different investment cost asymmetries. First, the rela-
tionships between the leader's and follower's value functions in the
expansion and recession states are generally consistent with Pawlina
and Kort (2006), and demonstrate that increasing high-cost Firm 2's
3 The proof of proposition is similar to that of Pawlina and Kort (2006) and thus
omitted.
investment costs (κ increases) can particularly raise its own firm value
when the preemptive equilibrium prevails. Next, as mentioned above,
the region of the preemptive equilibrium is enlarged in the expansion
state, while the area of the simultaneous equilibrium becomes greater
in the recession state. Third, in both states, the value functions of the
leader are always higher than those of the follower, which is consistent
with the case of single-state economy. Finally, the values of the leader
and follower in the expansion state, as expected, are generally larger
than those in the recession state. However, in the region that the preemp-
tive equilibrium prevails in the expansion state while the simultaneous
equilibrium prevails in recession state, the values in the expansion state
are smaller than those in the recession state. The economic intuition is
given as below. When the two firms tend to collude to invest late in the
recession state and tend to compete in investing early in the expansion
state, the values of the two firms which enjoy the waiting flexibility in
Fig. 4.The value functions of the twofirms for various cost asymmetries. κ denotes the cost
asymmetry, and the parameters are given by r = 0.05, μE = 0.015, μR = 0.01, σE = 0.1,
σR = 0.15, λE = 0.1, λR = 0.15, I1 = 50, I2 = κI1, D01 = 0.25, D00 = 0.5, D11 = 0.9,
γ = D10/D11 = 1.45 and x = 2.

image of Fig.�4
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the recession state can be greater than those in the expansion statewhere
the flexibility value is eroded by the rival's preemption.

5. Concluding remarks

This paper studies the impacts of business cycle on firms' strategic
investment decisions in a duopolistic preemption game by integrating
the business cycle framework of Guo et al. (2005) into the two-player
real options game model of Pawlina and Kort (2006). We theoretically
develop and solve a continuous time real options game, where the
regime-dependent value functions, roles and optimal investment timing
decisions of the two firms are endogenously determined. On one hand,
we demonstrate that the preemptive investment equilibrium, where
the leader invests earlier than its own first-best investment timing, is
pro-cyclical. Thismay particularly provide an explanationwhy the strate-
gically preemptive investments (e.g., patents, mergers and acquisitions,
new product introductions and new technology adoptions) are usually
considered as pro-cyclical indicators. On the other hand, the simultaneous
investment equilibrium, where the firms simultaneously invest late and
enjoy waiting flexibility together as a tacit collusion, is counter-cyclical.
Furthermore, we show that the values of the leader and follower in the
expansion state are smaller than those in the recession state when the
preemptive equilibrium prevails in the expansion state and the simulta-
neous equilibrium prevails in the recession state.
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