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Abstract—This paper investigates a multiuser MIMO relay
downlink system with imperfect channel estimation and limited
feedback. We analyze the achievable rate loss due to channel
state information (CSI) mismatch arising from both channel
estimation and quantization feedback. We first derive an upper
bound to characterize the effect of imperfect CSI, and then
present a limited feedback strategy for both the two-hop channels
in the relay system. This newly presented feedback strategy
reveals the relationship among the CSI quantization levels,
the transmit power, and the pilots for channel estimation. An
optimized pilot design at the base station and the relay is also
presented by applying the derived bounds for the two-hop system.

Index Terms—Achievable rate, limited feedback, imperfect
CSI, MIMO relay, channel estimation

I. INTRODUCTION

ELAYING has been well acknowledged as a promis-
Ring technique for improving the cell-edge performance
of conventional cellular networks. Meanwhile, applying the
multiple-input multiple-output (MIMO) technique can signif-
icantly improve the capacity of wireless systems [1] [2]. By
combining the relaying and MIMO techniques, MIMO-relay
techniques can thus make use of their advantages to increase
data rate at the cell edge and extend the network coverage
[3]-[5].

The theoretical capacity for a single user MIMO relay
system has been widely investigated in [6]-[10]. Specially, in
[6]-[8], ergodic capacity and precoding schemes for a MIMO
system with a single relay were studied. The average capacity
with relay selection for multiple-relay MIMO system was
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analyzed in [9], and the capacity of a multi-hop relay channel
was characterized in [10]. The performance of a multiuser
MIMO relay system with different beamforming methods was
studied in [11], while a linear precoding design was presented
in [12] for the system by jointly optimizing the precoders at
both source and relay sides.

In the above-mentioned literatures, the authors all assumed
that channel state information (CSI) at the transmitter (CSIT)
and the receiver (CSIR) are perfect. However, in practice,
either exact CSIT or exact CSIR is hard to achieve. A common
way to deal with this problem is to deploy channel estimation
at the receiver and then send a quantized version of CSI back
to the transmitter for precoding design [13] [14]. This process
degrades the system performance due to imperfect CSI at both
sides. Generally, there exist three imperfect CSI scenarios: 1)
imperfect CSIR, without quantization errors in the backhaul
channel, 2) imperfect CSIT due to quantization errors, but
having perfect CSI at receiver, 3) without perfect CSI at both
transmitter and receiver, saying that both estimation errors and
quantization errors exist.

In the first imperfect CSI scenario, the receiver commonly
uses pilots sent by the transmitter to estimate channels with er-
rors. For a point-to-point MIMO relay system, a superimposed
training strategy and the bit error rate (BER) performance have
been investigated [15]-[18]. The capacity lower bound when
using pilot to estimate the source-relay-destination channel
was then derived in [19]. The authors of [20] then analyzed the
robustness for a multipoint-to-multipoint MIMO relay system
with channel estimation errors at both source-relay and relay-
destination channels.

In the second imperfect CSI scenario, the transmitter is
unable to obtain the CSI perfectly, especially in a frequency
division duplexing (FDD) system. The design of an effective
limited feedback mechanism is crucial to deal with this issue,
where each receiver sends back a finite number of bits of CSI
to the corresponding transmitter [14] [21]. In [22], the capacity
and an optimized feedback strategy have been presented for a
multiuser relay system with imperfect CSIT at both the base
station (BS) and the relay.

In the third imperfect CSI scenario which is more practical
in applications, the channel estimation and limited feedback
techniques are applied to obtain the CSIR and CSIT, respec-
tively. Nevertheless, to our best knowledge, few existing works
have considered both channel estimation and limited feedback
in MIMO relaying systems. Two noticeable exceptions are
[23] and [24]. In [23], the authors analyzed the achievable rate
and relay precoder design for a MIMO point-to-point two hop
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Fig. 1. MIMO relay system model.

network, and the authors of [24] investigated the throughput
for a single user multi-hop MIMO relay system. However,
both studies were confined to a single user relay system, and
the CSI feedback strategy was not considered.

In this work, we investigate the effects of various CSI mis-
matches under a multiuser two-hop relay downlink channel.
We will first characterize the rate loss due to both channel
estimation errors and limited feedback by deriving a rate loss
upper bound. This bound is then utilized for developing a
scaling CSI feedback strategy to improve the entire system
performance, hence the well-known “interference limited”
effect [14] for limited feedback systems is avoided. Moreover,
we also derive an optimized BS-relay pilot design to assist
channel estimation.

The remainder of this paper is organized as follows. Sec-
tion II presents the multiuser MIMO relaying system model
under consideration. Section III analyzes the rate loss as well
as the achievable rate bounds for the system. Section IV
presents the scaling number of feedback bits in order to
maintain a predetermined rate loss and designs the optimal
numbers of pilots for channel estimation. Section V provides
numerical simulations before conclusions in Section VI.

Notation: Boldface upper and lower case letters respectively
denote matrices and column vectors; () stands for Hermitian
transpose. The complex number field is represented by C. I,
is an identity matrix of size M x M. CN (u,v) stands for the
complex Gaussian distribution with mean p and covariance v.
E {-} denotes the expectation operator. A;; denotes the (7, j)th
element of a matrix A, while ay, ,, represents the nth element
of a vector ay. ||a|| and |a| stand for the Euclidean norm of
a vector a and the norm of scalar a, respectively. h (x) is the
differential entropy of random variable x, and Z (z;y) is the
mutual information between random variables = and y.

II. SYSTEM MODEL

Consider an amplify-and-forward (AF) MIMO relay wire-
less system in Fig. 1. There is an M-antenna BS serving K
single-antenna users through a relay station (RS) equipped
with N antennas. In this paper, we neglect the direct link
from the BS to users due to severe path loss. Denote that
H € CV*M g the channel matrix of the channel from BS to
RS, and gj, € CV*! (k = 1,--- K) is the channel vector from
RS to the kth user. Then, the received symbol at the kth user
for the input symbol vector x € CX*1 is given by

yr = v/p1p28i FHWX + \/pagi Fn + z, ()

where W € CM*K and F € CV*V are precoding matrices
for the BS and the RS, respectively; n € CV*! and z,
denote the complex additive white Gaussian noises (AWGN5s)
at the RS and the kth user, respectively; and p; and po are

scaling factors for the transmit symbols at the BS and the RS,
respectively. Note that the channel input symbols x normalized
by I {xxH } = Ix are Gaussian independent and identically
distributed (i.i.d.) random variables. In this paper, we consider
the Rayleigh fading channels with independent fading from
block to block, and the entries of H, gi, n and z; are
independent complex Gaussian variables with zero-mean and
unit variance. Also, we assume that the number of antennas at
the BS is not less than that at the RS, which means M > N. To
focus our study on the effect of limited feedback and channel
estimation, we consider X = N.

A. Linear Precoding

In this study, we exploit the precoding scheme in [22] with
either perfect or limited CSI feedback. First, we briefly review
the precoding scheme. The RS performs the singular value
decomposition (SVD) of H, which yields

H=U[Z 0]V V] 2)

where U is an N x N unitary matrix, 3 is an N x /N diagonal
matrix, and V is a column unitary matrix with size M x N.
The precoding matrix W at the BS is

W=V, 3)

and the precoding matrix F at the RS follows
F =F;U" (4)
where Fg = [fq1, - ,fo,n] is calculated according to zero-

forcing beamforming (ZFBF) [14], fo ) is the normalized
kth column of GH#(GGH)~1, and G is defined by G =
[g1, - ,gn]. By exploiting the precoding matrices in (3)
and (4), the system model in (1) becomes

Ui = /pio28r FaEx + \/p2gh Foi + 2 (5)

where i = Ufn. Since every column of U is an unit-
norm vector, the equivalent AWGN n is complex Gaussian
distributed with an identity variance Iy. Given the BS transmit
power constraint P; and the RS transmit power constraint Ps,
the scaling factors p; and py are determined by [22]

P Py

-1 == 6
NJ P2 MP1+N ()

p1 =

B. Channel Estimation

In this subsection, we characterize both two-hop channels
with estimation error. In order to obtain H and g at corre-
sponding receivers, we employ channel estimation techniques
using pilots at the relay and remote users. Like [25], we
assume that the BS uses 81 M orthogonal pilots for M transmit
antennas at the BS. The 8; M pilots are then utilized at the re-
lay for estimating H via minimum mean square error (MMSE)
estimation. Meanwhile, a similar procedure is implemented
at remote users to estimate gy with 83N orthogonal pilots.
Then the relationships between the real channels and their
estimations are modeled by [25] [26]

H=H+E, (7

and
8k = 8k + € (8)
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where H and g are the estimations of H and gy, respec-
tively. E and e, are the corresponding estimation errors that
are independent of their estimated channel components. The
entries of I:I are i.i.d. complex Gaussian distributed with its
elements H;; ~ CN (0,1 —6%) and &, ~ CN(0,1 — 63).
Similarly, the entries of E and ej, follow E;; ~ CN(0,67)
and ey, ~ CN(0,63), respectively. Further, given that the
energy of noise is normalized, we have 67 = e [3 P and
52 1+,32P2

C. Channel State Information Feedback

In this subsection, we consider the precoding scheme pre-
sented in Subsection II-A to scenarios using estimated and
quantized CSI. When a RS obtains H, it performs SVD of H
as follows:

H=UE oV V,]" ©)
where U is an N x N unitary matrix, Sisan Nx N diagonal
matrix, and V is a column unitary matrix with size M x N.
We use B; bits (as an index) to quantize each column of A%
via random vector quantization (RVQ) [27], and then the RS
sends the index to the BS. Let V, = [Vea, -+, Ve n] be the
quantization of V where Ve, 1s column quantization of \Y%
given by

Ve, = arg max ‘vaqj‘ (10)

Va, €Vq

and Vq = [vqy, ", Vqgs, | is the codebook. The precoding
matrix W is equal to

W=V.. (11)

Meanwhile at the user side, after obtaining g; through
channel estimation, the kth user quantizes the vector with Bg
bits. Let g5 be the quantized version of gj. We have

gr = arg max ‘gk gqj‘ : (12)

qu

where Gq = [gql, “++,8qqns, | is the codebook. By defining
G =[g1,---,&n]" at the RS, F is designed by
F =FqU" (13)

where Fg = [fG,l’ N f'QN] and fg ; is the normalized kth
column of G# GGH) B
and (13) into (1), it gives

Uk = VP28 F (Vo1 HWX + 1) + 2,
el B UV x + Vopael G UEV,.x
+ \/p_Qg,’?f‘Gﬁ + 2k

where i = UHn. Note that if there is no estimation and
quantization error, implying that H=H, gr =gk E =0,
V.=V, Fg =Fg, and U = U, the received signal in (14)
reduces to (5). It indicates that vy is a special case of yy.

. Further by substituting (7), (11),

(14)

III. ACHIEVABLE RATE BOUNDS

In this section, we study the effect of CSI imperfection on
the achievable rate in a MIMO relaying system. We first derive
a lower bound of the achievable rate for each user, which then
generates an upper bound of the rate loss due to both channel
estimation error and quantized CSI feedback.

A. Upper Bound of the Rate Loss

Specially, when perfect CSI are available at both BS and RS,
the achievable rate by using linear precoding in Section II-A
can be easily formulated. From (5), the SINR for the kth user
is

N lel o]
o = — bl o - (15)
igk e k|

P1P2
where )\j; is the kth diagonal element of 3. Thus the ergodic
achievable rate for the entire system with perfect CSI equals

N
R = S F {logy (1+7)}

where the factor 1/2 results from the fact that data is trans-
mitted over two time-slots.

For the scenario with imperfect CSI considering both chan-
nel estimation and quantized CSI feedback, we derive a lower
bound on the mutual information for the kth user, which
is indicated by Ry 2 1T (xk;gk,ﬁ,gk). The following
theorem gives a lower bound on the achievable rate under
imperfect CSI.

Theorem 1: The ergodic achievable rate for the kth user
with imperfect CSI can be lower bounded by

(16)

1 ‘g FoU Hveki
Rk>§E logy | 1+ T

A7)

where T is defined by (37) in Appendix A.
Proof: See Appendix A. [ ]
From Theorem 1, it is easy straightforward to obtain the
lower bound of the achievable rate for the entire system given
by the following lemma.
Lemma 1: The achievable rate of the entire system with
imperfect CSI can be lower bounded by

P 2
gEFgUHH\Af&k
T

M. N
R:;R,@TE log, | 1+

A =
= Rlower

Here, from (16) and (18), we can quantify the effects of
imperfect CSI by characterizing the rate loss as follows:

(18)

ARéi(R_R). (19)

N
Note that it is difficult to analyze A R with exact closed form
expressions. Hence, we resort to deriving an upper bound to
AR, which will be shown useful to offer some guidelines for
the system design. Now, by using Theorem 1, we are able to
derive a useful upper bound to the rate loss AR in (19). The
rate loss is characterized in Theorem 2.
Theorem 2: The rate loss per user due to the channel
estimation error and limited feedback for high SNRs can be
upper bounded by

AR< Jlogy (L+ pips (and 057 +03)) + 0 (1) £ ARy

(20)
where & and T are quantization errors, &€ = M _12_“&3—5
and T = g, and a3 are
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defined by (54), (55), and (56) in Appendix B, respectively,
and they are constants depending on fixed system parameters
Pl, PQ, 61, 62, M, and N.

Proof: See Appendix B. |

From Theorem 2, we have the following remark:

Remark 1: A special case is 07 = d5 = 0 when there is no
estimation error. In this case, we obtain that a; = M]f/[]\:l),
ag = MN + N/p1, and ag = 0. Then Theorem 2 reduces
to Theorem 1 in our previous work [22] with perfect channel
estimation.

Remark 2: The rate loss increases with increasing transmit
powers P; and P», while it decreases with increasing numbers
of feedback bits By and Bs, and it also decreases with
increasing numbers of pilot symbols 31 and 2. In detail, the
quantization errors £ and 7 decrease exponentially with B;
and Bo; while the variances of estimation errors 67 and 6 are
inversely proportional to 3; and 2. Hence, we can observe
that the rate loss decreases more quickly with the increment
of feedback bits than with that of the pilot symbols.

We can obtain large achievable rate in the high SNR regions
for the MIMO relay system, and imperfect CSI mainly affects
these regions. However, we can not obtain the exact system
performance in the high SNR regions, we will analyze the
asymptotic performance in the following lemma.

Lemma 2: As P, = kP grows large, the upper bound of
rate loss in the high SNR region can be characterized by

ARw = 3log, (1+)+0(1) e

where o is defined by (62) in Appendix C.
Proof: See Appendix C. [ ]

In order to analyze the effect of channel estimation on the
rate loss, we consider the special case with no quantization
error. For the special case, the quantization errors € and T
are equal to zero, thus, we have o = % (% + ,3_]\/21) In the
high SNR regions, the term O (1) can be neglected. Then, the
behavior of AR, with no quantization error is characterized
by the following lemma.

Lemma 3: As P, = kP grows large, the upper bound of
rate loss in the high SNRs with no quantization error can be
written by

1 1 K M
li ARy = =1 1+—(=—+— £ ARE .
Bli>n-|1-oo 20g2< +M<ﬂ1+ﬂg)> >
Bs—+0c0

(22)

From (22), it is observed that the upper bound of rate loss in
the high SNR regions decreases with 31 and (5, and increases
with Kk = % when there is no quantization error.

Fig. 2 shows the lower bound of the achievable sum rate for
estimated channel with no quantization error and perfect CSI
for a system with 5y = o =1, f1 = B2 = 3, and P, = kP;.
In the system, both BS and RS deploy four antennas, i.e.,
M = N = 4, and there are four users, i.e., X = 4. In this
figure, Rlower is defined by (18), while in the simulation, the
term 71" in (18) is calculated by its closed-form expression
T} defined by (38) in Appendix B. For this special case, in
(38), it is noted that V., = v;, G = [g1,--- ,&n]|", Fg =
Fg = [f'G’l, . ,fGN], and fg 1, is the normalized kth column

S N |
of GH (GGH ) . From this figure, it is observed that the

=—O—: R perfect CSI (k=3)

-9 - R/O",ET with no quantization error (=3, BI:B2:3)

Qe Riower with no quantization error (k =3, B,=B,=1)

—af— R perfect CSI (k= 1/3)
107 - - }:?/lvwe,. with no quantization error ( x=1/3, BI:BZ:S)

ke Riower with no quantization error ('« =1/3, §,=B,=1)

System achievable rate (bps/Hz)

T i i i i
0 5 10 15 20 25 30
Transmit power at BS (P1 in dB)

Fig. 2. The achievable rate with perfect CSI and estimated CSI with no
quantization error for M = N = K = 4 and P» = kP; with increasing
transmit power.

rate loss gap between perfect CSI and the estimated channel
decreases with (57 and (2 and increases with  in the whole
SNR regions, which coincides with AROB; in (22). And the
gap is upper bounded by N - ARZ bps/Hz, thus, Lemma 3 is
verified by the numerical results.

B. Upper Bound of the Achievable Rate

An upper bound of the achievable rate is directly derived by
considering perfect CSIR at both RS and users, i.e., H=H
and g = gi. The upper bound is given in the following
lemma.

Lemma 4: The achievable rate for the system with both the
channel estimation error and limited feedback can be upper
bounded by

- N 7
R< B {logy (1+7%)} = Rupper

(23)
where 7 is the SINR of the kth user with limited feedback
and no estimation error, and 7, is defined by (63) in Appendix
D.
Proof: See Appendix D. [ |
From [22], it is observed that Ry, in above l~emma is
equal to Rqg in [22, eq.(24)], and it means that R,ppe, iS
also the achievable sum rate for the scheme proposed in [22].

It means that the achievable sum rate of this work is upper
bounded by that of [22].

IV. FEEDBACK AND PILOT DESIGN

In this section, we will specify the required numbers of
feedback bits for the multiuser relay system to maintain a
certain rate loss gap according to the rate loss upper bound.
Moreover, considering the channel estimation, we also derive
an optimized (; and [y for joint BS-RS pilot design via
maximizing the lower bound of the achievable rate in the high
SNR regions.
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A. Scaling Feedback

It is known in [14] that, due to the “interference-limited
effect” phenomenon, the system performance will be upper
bounded in a limited feedback system when SNR grows large.
In order to let the rate performance always increase with the
system SNR, one needs to assign more feedback bits for CSI
quantization. Theorem 2 has predicted how the rate loss varies
with a growing SNR and the numbers of feedback bits. The
following theorem allows us to further specify a sufficient
scaling of the feedback bit numbers B; and B5 to maintain a
bounded rate loss gap.

Theorem 3: In order to maintain the rate offset no larger
than %long per user, it is sufficient to scale B; and By
according to (24) and (25), respectively. Specially, as P, =
kP; — 400, B; and Bs can be scaled according to simpler
expressions (26) and (27).

By = (M —-1) [bgz (p1p2c1) — log, ( 5

+ (M — 1) log, (Mj\zl)

b—1-— «
By = (N —1) {1og2 (p1p2cra) — log, (#ﬂ

b—-1 —ppoOés)}

(24)

N -1
N—-1)1 _— 2
(08 = 1)to (V) es)
B = (M — 1) (logy P> — log, M)
2(N -1
+ (M —1)log, ( 5 )H T
NOp-—1)- (= a_)
(26)
By® = (N —1)logy P,
2(N—-1)
+ (N —1)log, _%(ﬂi BM)
(27
Proof: See Appendix E. |

Remark 3: In the high SNR regions, (26) and (27) reveal
that the numbers of feedback bits increases with P> (the SNR
at the RS) and x (the ratio of the SNR at the RS and the
SNR at the BS), and decrease with 8; and (5 (the numbers
of pilots). And in (26) and (27), the terms (M — 1)log, P
and (N —1)log, P, dominate By and B5°, respectively.
This indicates that the numbers of feedback bits increase
approximately linearly with log, P in the high SNR regions.

Remark 4: Further, we consider a special case when there
is no channel estimation error, i.e., 07 = 63 = 0. With this
case, we obtain that oy = Mjf/[N 11) as = MN + N/py, and
as = 0, then our derived Theorem 3 and Theorem 4 reduce
to Theorem 1 and Theorem 3 in [22], respectively.

B. Optimal Number of Pilot Symbols

By substituting (21) into (19), the lower bound of the
achievable rate in the high SNRs is specified as (28) on the
top of the next page.

Firstly, we analyze the tightness of RS, _ . However, it is
quite difficult to stringently characterize the tightness of the

—a— I?WNT in (18 ) by simulation — lower bound
—be— 15, .in (28 ) — lower bound

System achievable rate (bps/Hz)

i i i i i
0 5 10 15 20 25 30
Transmit power at BS (Pl in dB)

Fig. 3. The lower bound of achievable rate for M = N = K = 2,
Py = P; —4dB, By = B2 = 10 with increasing transmit power.

bound. Hence, in order to address the tightness in a qualitative
way, we focus on the high SNR regime which is the most
interest in our work. In (28), only the term AR is affected
by the numbers of feedback bits (5B; and Bs) and the numbers
of pilot symbols (81 and 33). Thus, the main term affecting
the tightness of RS, . is ARw in (21).

From the system viewpoint, if By, By, 1, and (3, are
large enough in the high SNR regimes, CSIT and CSIR are
approximately perfect, and the rate loss is approximately equal
to zero. Whlle for the above similar scenario, the terms
2” e , 27 pe ,and -+ ( + Ié,w in (21) converge to zero,
and thus, AR converges to zero. From the above analysis,
it is observed that AR, becomes tighter as By, B, 31, and
B2 increase. According to (26) and (27) in Theorem 3, By and
By scale linearly with log, P, and they are large in the high
SNR regions. Therefore, R}, is also tight in the high SNR
regions.

Then, we provide some simulation results in Fig. 3 to test
the tightness. Fig. 3 considers a system with P, = P; —4 dB,
B1 = B2 = 3, and By = By = 10. In the system, both BS
and RS deploy two antennas, i.e., M = N = 2, and there are
two users, i.e., K = 2. In Fig. 3, Rlower defined in (18) is the
lower bound of the achievable sum rate, and R;%, . defined in
(28) is the lower bound for the high SNR regions. From this
figure, it is observed that Rlower _converges to Rlower with
increasing transmit power. Thus, Rlower becomes tighter for
the high SNR regimes.

From Lemma 2, we observe that AR, is a function of (;
and (. In the following lemma, we will find the optimal 3;
and (3, to obtain better performance.

Lemma 5: In order to maximize the lower bound of the
achievable rate in the high SNR regions (i.e., P» = kP, —
+o00) under the condition that 5 + 2 = Cjp, we use the
Lagrange multiplier method to obtain the optimal 3; and 5
as

(29)

1
ﬂlfopt — 70
VE+1
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200 A o N PQN
Ry e =R—NARw =R 21og2 N M 2

T4+ P

N_12*1\]732

(o) o o
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—©— perfect CSI D
9| == Riouyer With B =B =16 bits/user (B =B,=3) b
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—— fglnwm_with B]=B2=8 bits/user (Bl=|32=3)

System achievable rate (bps/Hz)
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Fig. 4. The achievable rate with different number of feedback bits for M =
N =K =4, 31 =02 =3, P, =P —4dB and B; = By with increasing
transmit power.

and
/M
Bo_opt = —A=—Cj (30)
VE+1
Proof: See Appendix F. [ ]

If both 5; and [, are integers, pilot symbols can be
orthogonal in time, i.e., 31 pilots are successively transmitted
from each of the M BS antennas for a total of $; M channel
realizations, and (3, pilots are successively transmitted from
each of the NV RS antennas for a total of 83N channel
realizations.

For arbitrary values of 3 and (35, from [29], it is found
sufficient for both 51 M and BN to be integers. Therefore,
we should set 31 _opt OF B1_opt M to be an integer. In the same
way, we can also set B2_opt OF B2_opt IV to be an integer for RS.

Thus, if \/_+ Cp is an integer, we set B1_opt = ++10[3
and B2 opt \/\/_— CB, which are defined by (29) and

(30), respectively. If \/—Jr C’g is not an integer, we set
{ ﬁﬂcﬁ—‘ ’7(05_510;115)]\7—‘
Biopt = 57— and By gpy = ~——F—, Where

the function [z] stands for the smallest integer that is not less
than x.

K

V. NUMERICAL RESULTS

This section presents some numerical results for the relay
system under various scenarios. It is noted that in the following
figures, the lower bound of the achievable sum rate Rlower is
defined by (18), and for the simulation results, the term 7" in
(18) is calculated by its closed-form expression 7' defined by
(38) in Appendix B.

25

Number of feedback bits

= A - B caulculated by (24)
—— B] caulculated by (26)
-9 - B2 caulculated by (25)
—— B2 caulculated by (27)

w3 bits/user

i i
0 5 10 15 20 25 30
Transmit power at BS (PI in dB)

Fig. 5. The number of feedback bits calculated by two different equations
for M =N =K =4,01 =p02=3, P, =P —4dB and b = 4 with
increasing transmit power.

Firstly, we investigate how the quantization level influences
the system performance. Regardless of how many feedback
bits (B; and By) are used, the system eventually becomes in-
terference limited because both interference and signal power
scale linearly with P, and P». Fig. 4 shows the achievable
rate with fixed By and By for a system with 51 = 83 = 3,
P, = P, —4 dB, and B; = Bs. In the system, both BS
and RS deploy four antennas, i.e., M = N = 4, and there
are four users, i.e., K = 4. As shown in this figure, the
performance of the limited feedback is very close to the
perfect CSI when the SNRs are small, while the rate loss
gap between the limited feedback and perfect CSI becomes
larger as the SNRs increase. As the numbers of feedback bits
increase, the gap becomes smaller. Thus, we can improve the
quality of feedback to get larger achievable rate. In Fig. 5,
we show the scaled numbers of feedback bits to maintain the
rate loss no larger than % log, b bps/Hz/user for a system with
B1 =02 =3, P, =P —4dB and b = 4. In the system,
both BS and RS deploy four antennas, i.e., M = N = 4,
and there are four users, i.e., K = 4. The scaled numbers B;
and By are calculated by (24), (25), and simple expressions
(26), (27) in Theorem 3, respectively. Note that if By or Bg
is smaller than three, its value is set to three. In the high SNR
regions, it is observed that B; calculated by (24) and (26)
are also very close when P; is larger than 15 dB, while By
calculated by (25) and (27) are very close when P; is larger
than 9 dB. Therefore, in the high SNR regions, we can use
the simple expressions (26) and (27) to respectively calculate
B1 and BQ.

Furthermore, we show that the achievable rate grows with
the system SNRs by using scaled B; and B>. We assume that
B, and B, are scaled according to (24) and (25) in Theorem 3.

1) M = N = K. In Figs. 6-7, the achievable rates



786 IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 13, NO. 2, FEBRUARY 2014

T
=——©— perfect CSI less than'2 bps/Hz

+{zlww with scaled B, and B, (b=2, B =B,=1)
[| —p—Liower with scaled B, and B, (b=4, B,=,=1)
—he— Riower with B,=B,=5 bits/user (B,=B,=1)
5 —Q—leuer with B =B =3 bits/user (B =B =1)

less than 1 bps/Hz

System achievalbe rate (bps/Hz)

i i i
0 5 10 15 20 25 30
System SNR (P1 = P2 in dB)

Fig. 6. The achievable rate for M = N = K =2, Py = P>, 81 = 2 = 1,
and b = 2, 4 with increasing SNR.

10 T
=——©— perfect CSI less than 4bps/Hz

9 == Ry, Withscaled B, and B, (b=2, B,=B,=3) d
Riower with scaled B, and B_ (b=4, B =p_=3) | less than 2bps/Hz
-~ 1 2 1P
—A-—}.?zmm with B =B,=12 bits/user (B,=B,=3)
7| === Liower with B =B =5 bits/user (B, =,=3)

System achievalbe rate (bps/Hz)
&)
T

H i i
0 5 10 15 20 25 30
Transmit power at BS (PI in dB)

Fig. 7. The achievable rate for M = N = K = 4, P, = P; — 4 dB,
81 = B2 = 3, and b = 2,4 with increasing transmit power.

are shown to compare perfect CSI, quantized feedback using
scaled B; and Bs, and quantized feedback with fixed B; and
B,. Fig. 6 displays the achievable rate for a system with
P =P, 81 =0, =1,b=2,and b = 4. In the system,
both BS and RS deploy two antennas, i.e., M = N = 2,
and there are two users, i.e., K = 2. For the system with a
fixed By = B, = 3 and By = By = b, the rate loss due to
quantized feedback is unbounded and grows with P, and P,
thereby resulting in an upper bounded system rate when P
and P, increase. However, coinciding with Theorem 3, it is
observed that the rate loss is smaller than 1 bps/Hz (b = 2) and
2 bps/Hz (b = 4) in the whole tested SNR regime by using the
proposed scaled feedback strategy. Fig. 7 plots the achievable
rate for a system with P, = P, —4 dB, 1 = [y = 3,
b = 2, and b = 4. In the system, both BS and RS deploy
four antennas, i.e., M = N = 4, and there are four users, i.e.,
K = 4. By using scaled B; and Bs, the system rate grows
with the system SNRs and the rate loss is always maintained
within 2 bps/Hz (b = 2) and 4 bps/Hz (b = 4) with increasing
transmit power P; and Ps.

—— perf‘ecl CSI less than 2b‘ s/Hz
—— R} gyper Withscaled B, and B, (b=2, B, =B,=3)
=8F— Riower Withscaled B, and B, (b=4, BI:[S2:3)
—fe— Ryoue with B =B,=12 bits/user (B,=B,=3)

—O— Riue, with B,=B,=5 bits/user (B =B,=3)

~

less than 1bps/Hz

o0

o
T

W
T

System achievalbe rate (bps/Hz)
IS
T

N

i i i i
0 5 10 15 20 25 30
System SNR (P] = P2 in dB)

Fig. 8. The achievable rate for M = 4, N = K = 2, P, = Py, 1 =
B2 = 3, and b = 2,4 with increasing SNR.

2) M > N = K. Fig. 8 demonstrates the results for P, =
Py, p1 = B2 =3, and b = 2, 4. In the system, BS deploys four
antennas, i.e., M = 4, RS deploys two antennas, i.e., N = 2,
and there are two users, i.e., K = 2. By adopting feedback
strategy in Theorem 3, the system rate loss is always controlled
to remain within 1 bps/Hz (b = 2) and 2 bps/Hz (b = 4) in
the whole SNR regions. Note that although the scaled B; and
By in Theorem 3 are derived by omitting the O(1) term in
the whole tested SNR regime, the results in the above three
figures verify its accuracy and effectiveness for different tested
cases.

Then, we compare the performance of this scheme with the
scheme proposed in [22]. Fig. 9 shows the achievable rate with
P =P, 1 = P2 =1, and By = By = 18. In the system,
both BS and RS deploy four antennas, i.e., M = N = 4,
and there are four users, i.e., K = 4. In Fig. 9, Rlower in
(18) is the lower bound of the achievable sum rate for our
proposed scheme, while Ruppw in (23) is the upper bound of
the achievable sum rate for the scheme. As detailed in Lemma
4, Ruppw is also the achievable sum rate for the scheme
proposed in [22]. Due to considering the channel estimation
errors, the achievable sum rate of this work is smaller than that
of [22] in the low and medium SNR regions. However, in the
high SNR regions, the system can obtain the approximately
perfect CSIR. Thus, the performance in this work is very
close to the performance of [22] in the high SNR regions.
As it is shown in Fig. 9, Rlower does converge to Rupper
with increasing SNRs.

In addition, the effect of kK = % on the system performance
is illustrated in Fig. 10. This figure displays the lower bound
of achievable rate for a system with increasing ~ and constant
total power, i.e., P + P» = 20 dB and P, + P, = 25 dB.
In the system, both BS and RS deploy four antennas, i.e.,
M = N = 4, and there are four users, i.e., X = 4. From
the numerical results, it is observed that there exist different
optimal values of x for different scenarios. For the system
with P, + P, = 20 dB, ﬁl 2[32 =3, and By = By = 15,
the optimal « is 1.9, while the optimal x is 2.5 for the system
with P, + P, = 25dB, 81 = 3> = 3, and By = B, = 18.
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—— éuppm“ in (23) — upper bound

—hk— Riouwer in (18) - lower bound

System achievable rate (bps/Hz)

0 i i i i i i
0 5 10 15 20 25 30 35

Transmit power at BS (P1 in dB)

Fig. 9. The lower and upper bound of the achievable rate for M = N =
K =4, P, = Py, f1 = B2 =1, By = By = 18 with increasing SNR.

System achievable rate (bps/Hz)

—— Rlows,. with Pl + P2 =25dB and B1=B2=18 bits/user
—fp— Riower with P, +P,=20dB and B =B =15 bits/user

0 2 4 6 8 10 12 14
The ratio of P2 and P1 (x)

Fig. 10. The achievable rate for M = N = K = 4, P» = xkP1, and
B1 = B2 = 3 with increasing x.

At last, we show that the achievable rate for a system with
the optimal number of pilots. In Fig. 11, throughput curves
are shown for a system with P, = P, /4, k =1/4, and C3 =
b1+ B2 = 5 as feedback bits increase. In the system, both
BS and RS deploy four antennas, i.e., M = N = 4, and there
are four users, i.e., K = 4. The optimal numbers of pilots
calculated by (29) and (30) are §; = 1 and B2 = 4 when
Cps = 5. It is observed that we can obtain more achievable
rate by optimizing the number of pilots in the whole tested
SNRs regime.

VI. CONCLUSIONS

In this paper, we have investigated the effects of various
imperfect CSI on the performance of the multiuser AF MIMO
relay downlink system. Compared with the system using
perfect channel state information (CSI), we have analyzed the
achievable rate loss due to CSI mismatch arising from both
channel estimation and CSI quantization feedback. In order
to quantitatively characterize the effect of imperfect CSI, we
have derived an upper bound to the rate loss. Given the rate

3.5

—6— Ripyer WithB =1, B,=4, and P =20 dB (optimal)
= © = Ripwer with B,=4,B,=1,and P =20 dB

1

1

3[| —she— Riower WithB,=1,B,=4, and P = 16 dB (optimal) 1
= X =Riouwe, withB=4,p,=1,and P =16 dB

251

System achievable rate (bps/Hz)
N
T

05 i i i i i i i i i
2 4 6 8 10 12 14 16 18 20 22
The numbers of feedback bits (B = Bz)
Fig. 11.  The achievable rate of optimal number of pilots for M = N =

K =4, P, = P1/4, k = 1/4, and Cg = B1 + B2 = 5 with increasing
numbers of feedback bits.

loss bound, we then presented a limited feedback strategy
for both two-hop channels in the relay system to guarantee
a bounded rate loss for growing SNRs. It’s found that this
newly presented strategy reveals the relationship among CSI
quantization level and other system parameters, including the
transmit power and the pilots for channel estimation. As a
special case where there is no channel estimation error in
the two-hop channels, we found that our derived Theorem 2
and Theorem 3 respectively reduce to the Theorem 1 and
Theorem 3 in [22], and hence the model in this paper is
more general. Besides these, we also have derived the optimal
numbers of pilots by using the upper bound considering both
channel estimation and quantization errors in the high SNR
regions. This result can serve as a guideline for optimal
channel estimation pilot design in practical applications.

APPENDIX A
PROOF OF THEOREM 1

The proof is inspired by Theorem 1 of [25] and Lemma
B.0.1 of [30]. From (14), we have

T (wus g L&) = h(wn) — b (] L &1 )
= log, (me) — h (xk|§;€, ﬁ,gk) 31

where the last equality holds because the entropy h (z)
equals to log, (me) as xy is a complex Gaussian input with
unity variance [31]. Then, by further concerning the second
term of the last equality in (31), the conditional entropy

h (xk‘gk, H, gk) satisfies

R AN ) I
h (xk|y7€7 H7gk) =h ((xk - ayk) |y7€7 H7gk)
(b) s
<h((@e—op) [AE) G
where (a) holds for any deterministic factor ¢ depending
only on yi, H and g, and (b) follows from the fact that
conditioning reduces entropy. By substituting (32) into (31),
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we have
I(%;ﬂmﬁagk)
> log, (re) — h (i — 05) |FL, &)
> log, (me) — E {1og2 (7re E {m 9] |ﬁ,gk})} .
(33)

In (33), we use fact that Gaussian distributed random
variable maximizes the entropy given a fixed variance [31].

In detail, if ((a:k — 0yx) |ﬁ, gk ) is a complex Gaussian ran-
dom variable with its variance F {|a:k - 0§k|2 |ﬁ, gk}, the

entropy h ((xk — 09y,) ‘I:I7 gk) is thus maximized to achieve
the second term in the last inequality, which yields (33).

In order to obtain a tighter bound in (33), we need
to select a proper value of the scaling factor € to maxi-
mize the right hand side of (33), equivalently to minimize

E {|:c;~C — egk|2 \f{,gk}. This corresponds to using a linear

MMSE estimator to xj given yi, H and gj. According to
[25], 6 is determined by

B {8}
0= ———F =3 (34)

E{|ol [}
where (-)* denotes the conjugation of the complex input. By
substituting (14) in Section II-C into E{xkgﬂﬁ,gk} and

E {|gjk|2 |fI, gk}, and using the fact that E, ey, x, 0, and z,
are independent, zero-mean Gaussian random variables, we
have

E{wdgi[fLa} = vops (8 PO o) . (39)
and

£ {18} = e (el PO o

2
+T) (36)
where 7' is defined by

1 L2 N e~ 2
T=-E, {HgEFGH }+E {\ei’FcUHH%,k\ }
1

]
" o~ - 2
+ZEek{}g}jFGUHH\7€J } . 37)
ik

Then, with simple calculations, the closed-form of T is
written by

+

+ B, { |6/ BBV,

P1P2

N - - 2 N 2
T = 5§HFGUHHGG,kH + N§?2 Hg,?FGH + N26262
‘2

(38)

" g~ 2 n o~ g~
+ 3 [l RO Y|+ Y 6| Fe T v,
ot ot

e 121 1
g,?FGH + —N& + —.
P1 P1P2

From (34), (35), and (36), we have the corresponding
MMSE as

1
+_
P1

B {Jox — 03[ A, &}
| {matia)f

B {|5:)" [ &}
2

:E{|xk|2 |ﬁ,gk}

T
~  ~ ~ 2 .
(ggIFGUHHoe,k( 4T
(39)

B {|5l” [, &}

Now that, by substituting (39) into (33), we have (17),
which completes the proof.

APPENDIX B
PROOF OF THEOREM 2

By substituting (16) and (18) in Theorem 1 into (19), the
rate loss AR is upper bounded by (40) on the top of the next
page. In (40), the last equality comes from the fact that fc)k
and fg ;. follow the same distribution. In the following, we
separately calculate A, and Ay.

From (37) and (40), A, is bounded by (41) on the top of the
next page. In (41), V = [¥1, - - - , ¥y] denotes the quantization
of V.= [vy, -+, vy]. Inequality (a) holds by dropping some
positive terms in the den012ninator and using the equazlity
S B, {‘g}jFGI’JHﬁvm } _ v |0, +
i#k J#k

N 2
> FEe, {‘ekHFGUHH\“/e,j }, and the facts that g and
J#k
H are statistically equivalent to 11 = g, and /1 —§°H
—Y2

L2
, respectively. In (b), we use the fact that /\z‘g,‘;{ fg,k‘

. 2
’ glFoxVvH vk‘ , and drop some positive terms in the nu-
merator. Inequality (c) comes from the inequality vivi —
UV < /I [22], and dropping some positive terms
in the denominator. In (41), we obtain (d) by using the
generalized Rayleigh quotient theorem [32] and the Jensen’s
inequality, where ¢, = 1— |V} f/k}g, Amin (+) is the minimum
eigenvalue of a matrix, and matrix Q is defined by
Q=Vivviv. (42)

Then we calculate A, and derive (43) (on the top of
the next page) from (37) and (40). In (43), (a) holds for

. . . . 1 ~
the fact that gy is statistically equivalent to —mgk, and

L2
&l >0 and the
Jensen’s inequality. By respectively deriving the upper bounds
to the five variables Ap1, Apo, Aps, Aps, and Ay in (43), we
can obtain an upper bound on A;. Before calculating them,

we need to recall some preliminary results as in (44) and (45)
from [22], (46), and (47).

. . 1
the inequality follows from o (1-0) 65‘(8

1 -
M 185ij

By {VIv vV =1 —2)sisff +
i7k
(44)
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“ -~ ~ 2
g ka + \2 g ka 1 T+‘Q£FGUHH\7€’;€’
2AR < E | log, |k ‘ e ‘ 102 — E ( log,
|gk ka‘ +P1P2 T
2
1
gkak‘ +/\k‘gkf6k‘ + T
= E{log, | 2 2| b+ E L log, — (40)
A, Ay
A(Z)E{lo ( L (1 1, ’ +/\’ HE ‘2+1_5§>)}
a X g2 1-02) G,k k |8k G,k o1
—E{log2 ((1—51 HgngGzVHVH g H + )}
pP1P2

N H
52 g’FGEVHvkv,gfvz (&1Fo)

1+

~ ~ 112
®) 1 (1-67) HE?FGEVHVH —Hgk FGH + o
< logy 152 + I < log, X
2 (1-8) gl TV (vivll - 09f) VE (gl FG)
N ~ 112
(- |etamvird]] 5 e ol + 73
_ I H
© ) ST F SV H G VE( FG) \/¢kngFgEE(g,’3 FG)
< log, =5 + E{logy | 1+ N 3 N 2
2 (1-82) ‘ggFGEVHvk‘ (1-42) Hg,?FGEVHVH
(d) 1 1 1 1 O
Slogy () +logy (s ) + Zlog, (14 BV PE 41
e (=) +1om () 5 (142 {5 g @

(a) 1 _ga |2 1
Ay = E{log, T} — E<1 7’ g —
b { 082 } { 082 (pl (1 — 5%) g1 g,k + )}

P1pP2
2
1 |sHp 1
P gy 0 o~ 5mm
=Edlog, | 1+ 3
1 |smp 1
=7 ka‘ t o
.2 e 2
1+PQZE{‘ngfG,j‘ }+0102E{HngFG e }
J#k
Ap2
< log, . , , , (43)
+ p1p2 ZE { gl FoUHY, } +P1P2E{‘ekaGUHH\A’e7k‘ } +poF {‘ekaak‘ }
i#h
A Apg Aps
noa N —1_ L2 2 2
ZEVe {Vf"@ﬂjvgjve} =1 155kSkH E{’gffG,k‘ } =K {‘ngfG,k’ } +FE {‘ekaG,k‘ } =1
7 47)
M—-N+1
+ Z <1 e E) sjsf By
ik M —1 where ¢ = F 1—|v } -1 and T =
(45) . H
E {1 - ’(?) 8k } = &=io” Wi [22]. In (46), (a)
2 2 2
Hp ~H? Hf ~ 2
E{‘gk fG,j‘ } =K {‘gk fG,j‘ } + B {‘ek fG,j‘ } holds because E ‘ngfGJ } N(-2%)7 5 T [22]. Note that,
@N@A-8)7 s; in (45) represents the vector with 1 at the ith element and

T N1 02 (46)  zeros elsewhere.
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By using (46), Ap; in (43) is rewritten by

Apr = poN (1 —63) 7+ p2 (N —1)65 . (48)

Concerning Ape in (43), we have (49) at the bot-
tom of the next page. In (49), G = (&1, ,8n]"

Due 1o i {(EV.) (B9.)"} = w(V.92) o1y

tr (VIV, ) 631y = N&2Ly, inequality (a) in (49) establishes.
By substituting (46) and (47) into (a), we have (b).

Now, we calculate Az in (43) as (50) at the bottom of
the next page. In (50), (a) uses (45), and (b) holds because

s {22} = M (1—62) Iy and using (46) and (47).
Then, Ay in (43) is calculated by (51) at the bottom of
the next page. In (51), (a) uses (44), and (b) holds because

o 2 ~ 2
E{‘ekaQk‘ } =63 and E{}ekaGJ} } =62
L2
At last, by using £ {}ekaGJc} } = 62, we have

Aps = pad3. (52)

Here, we substitute (48), (49), (50), (51), and (52) into (43).
It gives
1
Ay < §1Og2 (1 + p1p2 (Ozl?—l— QT + (13)) (53)

where notations «;, a9, and «g are defined in (54),

(55), and (56), respectively. In (53), the inequality
holds for pyp MMNEUN (1 _52) (1 —62)e7 > 0 and

M(MN-—N?
P1P2 7( ) (

T 1—63) 638 > 0.

a = % (1—47) (1-03) (54)

o= N(-a) (VR M=) ) )

oy = N2+ MN (1—62) 62+ N (N —1)6268 + 2%
"(s6)

At this step, by substituting (41) and (53) into (40), the rate
loss can be readily bounded by

1 1 1
AR < Zlog, (1 + p1p2 (1€ + a7 + a3)) + slogy, | —
2 2 1— 67
1 1 1 V Ok
“gon () + o (142 {2 ) -
(57)

In (57), the rate loss upper bound consists of four compo-
nents. The first component increases with P; and P», while
the second and third components decrease with P, and P,
respectively. In the high SNR regions, both the second and
the third components converge to 0 since 67 = ﬁ and
02 = m go to 0. The fourth component is a function of
¢ and Q, which only depend on B; and are independent of
SNR. Thus, we can conclude that the rate loss upper bound
is dominated by the first component at high SNRs. Therefore,
a more concise expression for the rate loss bound in the high
SNR regions can be obtained as (20), which completes the
proof.

APPENDIX C
PROOF OF LEMMA 2

As P, = kP; — 400, three equations can be obtained as
(58), (59) (at the bottom of the next page), and (60) at the
bottom of the next page.

: M(N-1) 2 2
plim prpaon = lim pipp—y—— (1-67) (1-03)
P, N —
TNM-T o9
By substituting (58) — (60) into (20), it gives
AR, 2 lim ARy
Py —+o0
1
= §1og2 1+0)+0()
N(1+,31)NN 1
1 —Mp N 2 o=
=1 1 ! 61
+5logy {1+ 1+Q (61)
In (61), p is defined by
P2 N — N—1__ B 1 K M
= P. 27T 4 — [ — 4+ — | .
o=y ente g (5 5)
(62)

From results above, we further consider the following term.

]\7(14’ﬂ1)N N— 12

(N 1)
lim MPp,
Ba
_ —N=D
< lim N-DAA+B)K2 .
Py —+o0 PzMﬁl

Thus, the third term of (61) converges to 0. Then we have
(21), which completes the proof.

APPENDIX D
PROOF OF LEMMA 4

When there is no estimation error, the RS and the kth user
can respectively obtain H and gj,. Let V= A ZPREREEE , VN
and gj, denote the quantizations of V and gy, respectlvely
We define G = [g1,---,gn]" and Fg = [T 1, - T n].
where fg ), is the normalized kth column of (_}H((_}(_}H )~
Then, the SINR for the kth user is given by

FoUTH
= Lkl 1““’ - (63)
el Fal|” +

P1P2

By respectlvely defining sets A}, and Ay as A, 2 {H g
and A;, = {H, g}, it is observed that Ay isa noisy version
of Aj. Then, by using the data-processing inequality, we can
obtain

1 i 1 A
Ry = 51 (xk§ (ﬂkaAk)) < 51 (s Tk, Ax))
1
= 5E{logy (1+ )} (64)

Thus, the achievable rate for the system is upper bounded by
(23), which completes the proof.
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APPENDIX E
PROOF OF THEOREM 3

In order to characterize a sufficient scaling law of feedback
bits, we set ARy, in (20) equal to %1og2b. Then we have

1 1
glogz (14 p1p2 (E + T +a3)) +O(1) = §log2b (65)

By omitting the O (1) term for high SNRs, (65) reduces to

1 1
§log2 (14 p1p2 (1€ + 2T + a3)) = glogzb (66)
which implies that
b—1-
Q1€ + aoT = w . (67)

P1P2

To get a more meaningful result, we introduce a new
variable ¢ € (0, 1) to rewrite (67) by

C(b—1— pipaaz)
P1P20

g =

(68)

791

and
(1-¢)(b—1— pipac3)
pP1P202 '

where different values of ¢ result in different solutions to &

and 7, while keeping the rate loss requirement guaranteed.
o _ D1 _ e 22

By substituting £ = %2 =1 and T = %2 =0

into (68) and (69), respectively, we have

By = (M — 1) (logy (p1p2a1) — logy (C(b— 1 — p1p2as)))

T =

(69)

+(M—1)10g2<MN_[1) , (70)
and
By = (N — 1) (log, (p1p2az) —log, (1 =€) (b— 1 — p1p2a3)))

+ (N = 1)log, (%) .

From the above results in (70) and (71), it is found that there
are many pairs of By and By as a function of ( to guarantee
the required rate loss bound. Therefore, we are able to find

(71)

Doz = p1p2Eg e, v, 6 { (e FaT") Fi {EVe (BV.) H} (ef 0" H}

(@) NI s 2 lw _
E NGt Eg o, § st on| + Y |elfes| p = o (14N (1-03) 74 (V = 1) 53) 67 (49)
%k
Hf ¥ THo  oH X7 s\
Dis = p192Fg o, 5 3 BHFGE Y By {VH0,90 V11 5 (gl o)
%k
(@) . . N-1 M—N+1_ N
© pipeBe o, | el fa (Bs {52} T 165k8£{+#k (1 v ) i | (el Fo)
®) N-1_ M—N+1_ _
= p1paM (1 - 67) (M_ T (1 - Wa) (N(1-63)7+ (N — 1)5’;’)) (50)
A~ ~ ~ ~ N H
Ao = p1p2Pe o, 5 {ekHFGZ] {Bg {V19.198,9}} (el o) }
(@) - = 3 1 -\
= pip2Eg o, elFg (Ei: {22}) (1 —¢&)sisy, —|—Z 7 £8;S; (ekHFG)
%k
® M — N _
) ) pol (1— 62) (1_ o 5) 52 51)
. . 1 N(l —I—ﬁl)li
_ 2 2 52 I
P211>1¥1F00 pP1P20s = P211>151_OO p1p2N (1 52) <N51 + M (1 51) + p1> P+ M5, , (59)
and
N62 1 (k M
. - . 2 52\ 52 _ 252 2\ - - [~
leiniooplpgozg = PQEIEOO pP1P2 <N51 +MN (1—-67) 65+ N (N —1)6765 + o ) M (51 * ﬂz) ©0
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an optimized ¢ to minimize the total number of feedback bits
(B1 + B2) while satisfying the conditions in (68) and (69).
It is not hard to obtain the optimal ( = 0.5 when M = N.
By substituting ¢ = 0.5 into (70) and (71), we have (24) and
(25).

A procedure similar as Lemma 2 is carried out to analyze
the number of feedback bits in the high SNR regions. As
Py, = kP; = +o00, we have (58) — (60) in Appendix C. By
substituting (58) — (60) into (70) and (71), B; and B> can be
scaled according to (26) and (27), respectively.

APPENDIX F
PROOF OF LEMMA 5
Under the constraint §; + Sz = Cp, the optimization
problem is formulated as
maximize
B1,82
subject to

RZOOOW@T
B1+ B2 =Cjp

Then, we use the Lagrangian multiplier method to solve the
problem. The Lagrangian function is (73) on the top of the
next page. By calculating its partial derivative with respect to
£1 and f5, and equating them to zero, we obtain (74) on the
top of the next page. Then, by solving the equations in (74),
the proof of Lemma 5 completes.

(72)
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