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Abstract

We consider the behavior of solutions to the water wave interaction equations in the limit ε → 0+.
To justify the semiclassical approximation, we reduce the water wave interaction equation into some
hyperbolic-dispersive system by using a modified Madelung transform. The reduced system causes loss
of derivatives which prevents us to apply the classical energy method to prove the existence of solution. To
overcome this difficulty we introduce a modified energy method and construct the solution to the reduced
system.
© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

The purpose of this paper is to study the zero dispersion limit or WKB approximation of
solutions to the water wave interaction equations
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iε∂tu
ε + ε2

2
∂2
xuε = αuεvε + β

∣∣uε
∣∣2

uε, (t, x) ∈ R
+ ×R,

∂t v
ε + ∂3

x vε + ∂x(v
ε)2 = γ ∂x

(∣∣uε
∣∣2)

, (t, x) ∈ R
+ ×R,

uε(0, x) = Aε
0(x) exp

(
i

ε
Sε

0(x)

)
, vε(0, x) = vε

0(x), x ∈ R,

(1)

where uε :R+ ×R→ C and vε : R+ ×R→R are unknown functions, Aε
0 :R →C and S0, v

ε
0 :

R → R are given functions, and α, β , γ are real constants. Throughout this paper we always
assume that β > 0, which corresponds to the defocusing nonlinear Schrödinger equation when
the coupling coefficient α vanishes, i.e., α = 0. The parameter ε is analogous to Planck’s constant
in the quantum mechanics.

It is well known that a nonlinear interaction between long and short waves can occur strongly
if the phase velocity of the long wave coincides with the group velocity of the short wave. Un-
der the assumption of long wave short wave resonance, Benny [3] proposed several systems of
dispersive equations. One of the systems is given by (1) which describes an interaction phe-
nomenon between the long and short waves arising in various physical situations such as an
electron-plasma, ion field interaction and the water wave theory. In (1), the short wave is de-
scribed by the Schrödinger type equation and the long wave is described by KdV type equation.
The reader is referred to Kawahara–Sugimoto–Kakutani [13] for the physical background of (1)
in the theory of capillary-gravity waves.

Concerning the mathematical issues for (1), the time local well-posedness for (1) has been
studied by many authors where the time interval of solution depends on the parameter ε, see
[2,8,17]. Recently, Wang–Cui [18] proved the local well-posedness for (1) in L2 × H−1. Their
proofs heavily depend on the dispersive properties of the Schrödinger equation. Therefore the
time interval of solution to (1) depends on ε. In this paper we consider the semiclassical limit as
ε → 0 to solution to (1). To this end, we have to prove the existence of solution to (1) in some
time interval independent of ε ∈ (0,1]. Therefore our first task is to derive this existence result.

There are two approaches to justify the semiclassical approximation. Concerning the more
detail for the semiclassical or WKB approximation, the reader is referred to the books [5,19] and
references therein. The first approach is to use Madelung’s transform defined by

uε(t, x) = √
ρε(t, x) exp

(
i

ε
Sε(t, x)

)
,

where ρε = |uε|2 and Sε are real-valued functions. According to this design, the first equation
in (1) is rewritten as

(−2ρε∂tS
ε − ρε

(
∂xS

ε
)2 − 2αρεvε − 2β

(
ρε

)2)
+ ε

(
i∂tρ

ε + i∂xρ
ε∂xS

ε + iρε∂2
xSε

) + ε2
(

−1

4

(∂xρ
ε)2

ρε
+ 1

2
∂2
xρε

)
= 0.

We split the above equation into the following two equations:
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⎧⎪⎨
⎪⎩

∂tρ
ε + ∂x

(
ρε∂xS

ε
) = 0,

∂tS
ε + 1

2

(
∂xS

ε
)2 + αvε + βρε = ε2

2

∂2
x

√
ρε

√
ρε

.

Let wε = ∂xS
ε and apply ∂x to the second equation, then we have

⎧⎪⎨
⎪⎩

∂tρ
ε + ∂x

(
ρεwε

) = 0,

∂tw
ε + wε∂xw

ε + ∂x

(
αvε + βρε

) = ε2

2
∂x

(
∂2
x

√
ρε

√
ρε

)
,

which have the form of a perturbation of the compressible Euler equation with vε satisfying

∂tv
ε + ∂3

x vε + ∂x

(
vε

)2 = γ ∂xρ
ε.

Although this representation suggests the limiting equations as ε → 0, but the above equations
do not have a meaning in the point where ρε = 0 and the phase function Sε may be undefined.
As suggested by Grenier [11], the modified Madelung’s transform can be utilized in the study of
the semiclassical or zero dispersion limit. In fact, we have

uε(t, x) = Aε(t, x) exp

(
i

ε
Sε(t, x)

)
,

where Aε and Sε are complex and real valued functions. It will reduce the first equation in (1)
into

(
−Aε∂tS

ε − 1

2
Aε

(
∂xS

ε
)2 − αAεvε − β

∣∣Aε
∣∣2

Aε

)

+ ε

(
i∂tA

ε + i∂xA
ε∂xS

ε + i

2
Aε∂2

xSε

)
+ ε2

2
∂2
xAε = 0.

We decompose the above equation as follows:

⎧⎪⎪⎨
⎪⎪⎩
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ε + ε

2
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xAε + i∂xA

ε∂xS
ε + i

2
Aε∂2
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∂tS
ε + 1

2

(
∂xS

ε
)2 + β

∣∣Aε
∣∣2 = −αvε.

Furthermore, putting Aε = aε + ibε , wε = ∂xS
ε , we have

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂ta
ε + ε

2
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xbε + wε∂xa

ε + 1

2
aε∂xw

ε = 0,

∂tb
ε − ε

2
∂2
xaε + wε∂xb

ε + 1

2
bε∂xw

ε = 0,

ε ε ε ε ε ε ε ε
∂tw + w ∂xw + 2βa ∂xa + α∂xv + 2βb ∂xb = 0.
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This approach is used by Grenier [11] to justify the semiclassical approximation in Sobolev space
for the Schrödinger equation with power type nonlinearity, see also [10] and [12] for analytic
initial data. Some extensions of [11] were given by several authors, see for instance Alazard–
Carles [1] and Chiron–Rousset [7] for nonlinear Schrödinger equation and Carles–Masaki [6]
for Hartree equation.

For the convenience, let us put

Uε =
⎡
⎣ aε

bε

wε

⎤
⎦ , L =

⎡
⎣ 0 ∂2

x 0
−∂2

x 0 0
0 0 0

⎤
⎦ ,

N
(
Uε

) =
⎡
⎣ wε 0 aε/2

0 wε bε/2
2βaε 2βbε wε

⎤
⎦ , Vε =

⎡
⎣ 0

0
∂xv

ε

⎤
⎦ .

Then (Uε, vε) satisfies

⎧⎨
⎩

∂tUε + ε

2
LUε +N

(
Uε

)
∂xUε = −αVε,

∂t v
ε + ∂3

x vε + ∂x

(
vε

)2 = γ ∂x

(∣∣aε
∣∣2 + ∣∣bε

∣∣2)
,

(2)

where ε ∈ [0,1]. We first prove the existence of local smooth solution to (2) with the initial
condition

Uε(0, x) = Uε
0 (x), vε(0, x) = vε

0(x). (3)

Theorem 1.1. Let m � 3 be an integer. Assume that there is a constant C1 > 0 such that
‖Uε

0 ‖Hm + ‖vε
0‖Hm−1 � C1 for all ε ∈ [0,1]. Then there exists a time T > 0 independent of

the parameter ε and a unique solution (Uε, vε) ∈ C([0, T ),Hm(R) × Hm−1(R)) to the initial
value problem (2)–(3). Furthermore, there exits a constant C2 > 0 such that

sup
t∈[0,T )

(∥∥Uε(t)
∥∥

Hm + ∥∥vε(t)
∥∥

Hm−1

)
� C2

for any ε ∈ [0,1].

Remark. The order pair (Uε, vε) is served as a column vector and the same for the rest of this
paper. We point out that we may well be able to extend Theorem 1.1 to the case when m is not
an integer combining our proof with the estimates for the fractional derivatives. In this paper we
do not touch on this issue.

Remark. It is natural to raise the following question: Can we extend the local smooth solution
of (1) to the global one? Although some conservation laws for (1) are derived in [15], so far, we
do not know whether the local smooth solution of (1) can be extended to infinite time interval or
not.
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In (2), taking ε → 0, we obtain the following system

{
∂tU0 +N (U0)∂xU0 = −αV0

∂tv0 + ∂3
x v0 + ∂x

(
v2

0

) = γ ∂x

(|a0|2 + |b0|2
)
,

(4)

where

U0 =
⎡
⎣ a0

b0
w0

⎤
⎦ , N (U0) =

⎡
⎣ w0 0 a0/2

0 w0 b0/2
2βa0 2βb0 w0

⎤
⎦ , V0 =

⎡
⎣ 0

0
∂xv0

⎤
⎦ .

The main purpose of this paper is to show that the solution to (2) converges to the solution to (4)
as ε → 0. The following theorem justifies the WKB approximation for (1).

Theorem 1.2. Let m � 3 be an integer. Assume that there exists a constant C > 0 such that
‖Uε

0 ‖Hm + ‖vε
0‖Hm−1 � C for any ε ∈ [0,1]. Let (Uε, vε) ∈ C([0, T ),Hm(R) × Hm−1(R))

be the solution to (2) with the initial data (Uε
0 , vε

0) ∈ Hm(R) × Hm−1(R). Let (U0, v0) ∈
C([0, T ),Hm(R)×Hm−1(R)) be the solution to (4) with the initial data (U0,0, v0,0) ∈ Hm(R)×
Hm−1(R). Then we have

sup
t∈[0,T )

(∥∥Uε(t) − U0(t)
∥∥

Hm−2 + ∥∥vε(t) − v0(t)
∥∥

Hm−3

)
� C

(∥∥Uε
0 − U0,0

∥∥
Hm−2 + ∥∥vε

0 − v0,0
∥∥

Hm−3 + ε
)
,

where the constant C > 0 depends on T but independent of ε ∈ [0,1].

As a corollary of Theorem 1.2, we obtain the semiclassical expansion of (1).

Corollary 1.1. Let m � 3 be an integer. Assume that (U0,0, v0,0), (Uε
0 , vε

0) ∈ Hm × Hm−1 and
‖Uε

0 ‖Hm + ‖vε
0‖Hm−1 � C for some positive constant C independent of ε. Assume further that

lim
ε→0

(∥∥Uε
0 − U0,0

∥∥
Hm + ∥∥vε

0 − v0,0
∥∥

Hm−1

) = 0.

Then the unique solution (Uε, vε) ∈ C([0, T ),Hm(R) × Hm−1(R)) to (2)–(3) satisfies

lim
ε→0

sup
t∈[0,T )

(∥∥Uε(t) − U0(t)
∥∥

Hm−2 + ∥∥vε(t) − v0(t)
∥∥

Hm−3

) = 0,

where (U0, v0) ∈ C([0, T ),Hm(R)×Hm−1(R)) is the unique solution to (4) with the initial data
(U0,0, v0,0).

Corollary 1.1 gives the zeroth order approximation of (Uε, vε) as ε → 0. In Section 5, we
shall consider the first order approximation of (Uε, vε).

We give an outline of proofs for Theorems 1.1 and 1.2. They follow from the combination of
parabolic regularization and a priori estimates for the approximate solutions. In proving a priori
estimates for approximate solutions, we meet so called “loss of derivatives”. More precisely, if
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we apply the classical energy method (see [16] for instance) to the first equation of (2), then we
have

1

2

d

dt

(∥∥∂m
x aε(t)

∥∥2
L2 + ∥∥∂m

x bε(t)
∥∥2

L2 + 1

4β

∥∥∂m
x wε(t)

∥∥2
L2

)

= −α

∫
R

∂m
x wε∂m+1

x vε dx + lower order terms

Therefore, to obtain the Hm estimate for Uε , we have to evaluate the Hm+1 norm of vε . For this
purpose, we also apply the classical energy method to the second equation of (2). Indeed, we
have

1

2

d

dt

∥∥∂m+1
x vε(t)

∥∥2
L2 = γ

∫
R

∂m+2
x

(∣∣aε
∣∣2)

∂m+1
x vεdx + γ

∫
R

∂m+2
x

(∣∣bε
∣∣2)

∂m+1
x vε dx

+ lower order terms

Thus to close the Hm+1-estimate for vε , we need the Hm+2-bound of (aε, bε). However those
terms can not be controlled in terms of the Hm-norm of (aε, bε). To overcome this difficulty we
take the idea from Kwon [14] and introduce a modified energy given by

Em

(
Uε, vε

)
(t) = ∥∥aε(t)

∥∥2
Hm + ∥∥bε(t)

∥∥2
Hm + 1

4β

∥∥wε(t)
∥∥2

Hm + Cα,β

∥∥vε(t)
∥∥2

Hm−1

− 2α

∫
R

∂m
x wε∂m−2

x vε dx,

where the positive constant Cα,β is chosen sufficiently large so that Em is equivalent to the
Hm × Hm−1-norm. Thanks to the modification of energy, we can obtain a priori estimates for
solution to (2). Since it does not depend on the dispersive effect of L in (2), we can show that the
time interval of existence of solution does not depend on ε ∈ [0,1] which is the crucial part of
the proof.

To obtain Theorem 1.2, we need to evaluate the difference Uε − U0 and vε − v0. In this step,
loss of derivatives also prevents us to apply the classical energy method. So we again employ the
modified energy Em(Uε, vε)(t) and justify the WKB approximation.

We introduce several notation and function spaces used in this paper. We denote the Fourier
and its inverse transforms by F and F−1 respectively:

F[f ](ξ) = 1√
2π

∫
R

e−ix·ξ f (x) dx, F−1[f ](x) = 1√
2π

∫
R

e+ix·ξ f (ξ) dξ.

Let (Xj ,‖·‖Xj
) (j = 1, . . . ,N) be Banach spaces. For the vector valued function (f1, . . . , fN) ∈

X1 × · · · × XN , we define its norm by ‖(f1, . . . , fN)‖X1×···×XN
= ‖f1‖X1 + · · · + ‖fN‖XN

. If
X1 = · · · = XN = X, we write ‖(f1, . . . , fN)‖X1×···×XN

= ‖(f1, . . . , fN)‖X . For the notational
convenience, we introduce
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‖U‖2
Hm = ‖a‖2

Hm + ‖b‖2
Hm + 1

4β
‖w‖2

Hm

for U = (a, b,w).
The plan of this paper is as follows. Section 2 is devoted to the parabolic regularization as-

sociated to (2). In Section 3, we introduce the modified energy and give an a-priori estimate for
the solution to (2). Then we prove the existence and uniqueness of solution to (2). Section 4 is
devoted to proving that the solution to (2) converges to the solution to (4) as ε → 0. Finally, in
Section 5, we consider the first order semiclassical approximation of (1).

2. Parabolic regularization

To prove Theorem 1.1, we consider the regularized problem. To this end, we introduce the
regularizing sequence used in Bona–Smith [4]. Let ϕ ∈ C∞(R) be such that 0 � ϕ(ξ) � 1 for
ξ ∈ R, ϕ(0) = 1, ϕ(k)(0) = 0 for k = 1,2, . . . , and ϕ(ξ) tends to 0 exponentially as |ξ | → ∞.
We define for δ ∈ (0,1],

φδ(x) ≡ 1√
2π

∫
R

eixξϕ(δξ)φ̂(ξ) dξ.

Then, {φδ}δ>0 ⊂ H∞(R) and ‖φ − φδ‖Hm → 0 as δ → 0. Furthermore, for any l � 0, we have
the following inequalities

∥∥φδ
∥∥

Hm+l � Cδ−l‖φ‖Hm,∥∥φ − φδ
∥∥

Hm � C‖φ‖Hm,∥∥φ − φδ
∥∥

Hm−l � Cδl‖φ‖Hm.

Let us consider the regularized problem associated to (2):

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tUε,δ + δL̃Uε,δ + ε

2
LUε,δ +N

(
Uε,δ

)
∂xUε,δ = −αVε,δ

∂t v
ε,δ + δ∂4

x vε,δ + ∂3
x vε,δ + ∂x

(
vε,δ

)2 = γ ∂x

(∣∣aε,δ
∣∣2 + ∣∣bε,δ

∣∣2)
,

Uε,δ(0, x) = Uε,δ
0 (x), vε,δ(0, x) = v

ε,δ
0 (x),

(5)

where ε ∈ [0,1], δ ∈ (0,1], and

Uε,δ =
⎡
⎣ aε,δ

bε,δ

wε,δ

⎤
⎦ , L̃ =

⎡
⎣ ∂4

x 0 0
0 ∂4

x 0
0 0 ∂4

x

⎤
⎦ , Vε,δ =

⎡
⎣ 0

0
∂xv

ε,δ

⎤
⎦ .

Lemma 2.1. Let m � 2 be an integer and let ε ∈ [0,1] and δ ∈ (0,1]. Assume that there is a
constant C > 0 such that ‖Uε

0 ‖Hm + ‖vε
0‖Hm−1 � C for any ε ∈ [0,1]. Then, there exists a time

T δ > 0 independent of ε > 0 and a unique solution (Uε,δ, vε,δ) of (5) satisfying

(
Uε,δ, vε,δ

) ∈ C
([

0, T δ
)
,Hm(R) × Hm−1(R)

)
.
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Proof. Since the system (5) is a semi-linear parabolic system of the standard type, the proof of
Lemma 2.1 follows from the Banach fixed point theorem via the integral equation, see [9] for
instance. Hence we omit the detail. �
3. Modified energy – existence and uniqueness

In this section, we give a priori estimate for the solutions to the regularized system (5). Let us
evaluate the Hm × Hm−1-norm of (U δ

ε , vδ
ε). As explained in the introduction, Eq. (5) causes the

loss of derivatives. To overcome this difficulty, we introduce the modified energy given by

Em(U , v)(t) = ‖a‖2
Hm + ‖b‖2

Hm + 1

4β
‖w‖2

Hm + Cα,β‖v‖2
Hm−1

− 2α

∫
R

∂m
x w∂m−2

x v dx,

for U = (a, b,w) ∈ Hm and v ∈ Hm−1, where the positive constant Cα,β is chosen so that
Em(U , v)(t) > 0 for all 0 < t < T . This is possible since by the Gagliardo–Nirenberg inequality
we have

−2α

∫
R

∂m
x w∂m−2

x v dx �− 1

8β
‖w‖2

Hm − Dα,β‖v‖2
Hm−1

for some positive constant Dα,β which depends only on α and β . So it suffices to choose Cα,β =
Dα,β + 1.

We note that there exists a constant C̃α,β > 0 such that for any (U , v) ∈ Hm × Hm−1 the
following inequality holds,

C̃−1
α,β

∥∥(U , v)
∥∥2

Hm×Hm−1 � Em(U , v)(t) � C̃α,β

∥∥(U , v)
∥∥2

Hm×Hm−1 .

Lemma 3.1. Let m � 3 be an integer and let ε ∈ [0,1] and δ ∈ (0,1]. Let (Uε,δ, vε,δ) ∈
C([0, T δ),Hm(R)) × C([0, T δ),Hm−1(R)) be a solution to (5) obtained by Lemma 2.1. Then
there exist positive constants C and T independent of ε ∈ [0,1] and δ ∈ (0,1] such that

∥∥(
Uε,δ(t), vε,δ(t)

)∥∥
Hm×Hm−1 � C(T )

∥∥(
Uε

0 , vε
0

)∥∥
Hm×Hm−1

for any t ∈ [0, T ).

Proof. Applying the operator

⎡
⎣ ∂2

x 0 0
0 ∂2

x 0
0 0 (4β)−1∂2

x

⎤
⎦

to the both sides of the first equation in (5) and taking the inner product of the resultant equations
with ∂m

x Uε,δ , we obtain
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1

2

d

dt

(∥∥∂m
x aε,δ(t)

∥∥2
L2 + ∥∥∂m

x bε,δ(t)
∥∥2

L2 + 1

4β

∥∥∂m
x wε,δ(t)

∥∥2
L2

)

+ δ

(∥∥∂m+2
x aε,δ(t)

∥∥2
L2 + ∥∥∂m+2

x bε,δ(t)
∥∥2

L2 + 1

4β

∥∥∂m+2
x wε,δ(t)

∥∥2
L2

)

= −α

∫
R

∂m
x wε,δ∂m+1

x vε,δ dx +R1(t), (6)

where R1(t) satisfies

∣∣R1(t)
∣∣ � C

(∥∥aε,δ(t)
∥∥2

Hm + ∥∥bε,δ(t)
∥∥2

Hm + ∥∥wε,δ(t)
∥∥2

Hm

)∥∥wε,δ(t)
∥∥

Hm

� CE
3/2
m

(
Uε,δ, vε,δ

)
(t)

� CEm

(
Uε,δ, vε,δ

)
(t) + CE2

m

(
Uε,δ, vε,δ

)
(t), (7)

for any t ∈ [0, T δ) with constant C independent of ε and δ.
Applying (m − 1)-derivatives with respect to x on both sides of the second equation in (5)

and taking the inner product of the resultant equations with ∂m−1
x vε,δ , we obtain

1

2

d

dt

∥∥∂m−1
x vε,δ(t)

∥∥2
L2 + δ

∥∥∂m+1
x vε,δ(t)

∥∥2
L2

� C
(∥∥aε,δ(t)

∥∥2
Hm + ∥∥bε,δ(t)

∥∥2
Hm + ∥∥vε,δ(t)

∥∥2
Hm−1

)∥∥vε,δ(t)
∥∥

Hm−1, (8)

where constant C is again independent of ε and δ.
On the other hand

−α
d

dt

∫
R

∂m
x wε,δ∂m−2

x vε,δ dx

= α

∫
R

∂m
x

(
δ∂4

xwε,δ + α∂xv
ε,δ + wε,δ∂xw

ε,δ + 2βaε,δ∂xa
ε,δ + 2βbε,δ∂xb

ε,δ
)
∂m−2
x vε,δ dx

+ α

∫
R

∂m
x wε,δ∂m−2

x

(
δ∂4

x vε,δ + ∂3
x vε,δ + 2vε,δ∂xv

ε,δ − γ ∂x

(∣∣aε,δ
∣∣2 + ∣∣bε,δ

∣∣2))
dx

= α

∫
R

∂m
x wε,δ∂m+1

x vε,δ dx + 2αδ

∫
R

∂m+2
x wε,δ∂m

x vε,δ dx +R2(t),

where R2(t) satisfies

∣∣R2(t)
∣∣ � C

(∥∥aε,δ(t)
∥∥2

Hm + ∥∥bε,δ(t)
∥∥2

Hm + ∥∥wε,δ(t)
∥∥2

Hm + ∥∥vε,δ(t)
∥∥2

Hm−1

)
× (∥∥wε,δ(t)

∥∥
Hm + ∥∥vε,δ(t)

∥∥
Hm−1

)
� CE

3/2
m

(
Uε,δ, vε,δ

)
(t)� CEm

(
Uε,δ, vε,δ

)
(t) + CE2 (

Uε,δ, vε,δ
)
(t) (9)
m
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with constant C independent of ε and δ. Hence

∣∣∣∣−α
d

dt

∫
R

∂m
x wε,δ∂m−2

x vε,δ dx − α

∫
R

∂m
x wε,δ∂m+1

x vε,δ dx

∣∣∣∣
� δ

(
1

4β

∥∥∂m+2
x wε,δ(t)

∥∥2
L2 + ∥∥∂m+1

x vε,δ(t)
∥∥2

L2

)
+ Cα,m

∥∥vε,δ(t)
∥∥2

L2 +R2(t). (10)

The L2 estimates for (Uε,δ, vε,δ) can be obtained by using the standard energy method. There-
fore, from (6), (7), (8), (9) and (10), we obtain

d

dt
Em

(
Uε,δ, vε,δ

)
(t)

+ δ

(
2
∥∥∂m+2

x aε,δ(t)
∥∥2

L2 + 2
∥∥∂m+2

x bε,δ(t)
∥∥2

L2 + 1

4β

∥∥∂m+2
x wε,δ(t)

∥∥2
L2 + ∥∥∂m+1

x vε,δ(t)
∥∥2

L2

)

� Cα,mEm

(
Uε,δ, vε,δ

)
(t) + E2

m

(
Uε,δ, vε,δ

)
(t).

We note that the constant Cα,m is independent of ε ∈ [0,1] and δ ∈ (0,1]. Therefore the Gronwall
inequality yields

Em

(
Uε,δ, vε,δ

)
(t) �

Em(Uε,δ
0 , v

ε,δ
0 )eCα,mt

1 − C−1
α,mEm(Uε,δ

0 , v
ε,δ
0 )(eCα,mt − 1)

� 2Em

(
Uε,δ

0 , v
ε,δ
0

)
eCα,mt

for

0 � t < min
{
T δ,C−1 log

(
1 + 1

/(
2Em

(
Uε,δ

0 , v
ε,δ
0

)))}
.

Let T = C−1 log( 1
2Em(Uε,δ

0 , v
ε,δ
0 ) + 1). Combining above inequality with

Em

(
Uε,δ

0 , v
ε,δ
0

)
� C

(∥∥Uε
0

∥∥2
Hm + ∥∥vε

0

∥∥2
Hm−1

)
,

we obtain

Em

(
Uε,δ, vε,δ

)
(t)� C

(∥∥Uε
0

∥∥2
Hm + ∥∥vε

0

∥∥2
Hm−1

)
eCα,mt ,

for any 0 � t < min{T δ, T }. If T δ < T , we can apply Lemma 2.1 to extend the solution in the
same class to the interval [0, T ). Therefore we obtain the desired result. �

Using Lemma 3.1 we obtain the existence of the solution to (2):

Lemma 3.2. Let m � 3 be an integer. Assume that there exists a constant C > 0 such that
‖Uε

0 ‖Hm + ‖vε
0‖Hm−1 � C for any ε ∈ [0,1]. Then there exists a time T > 0 independent of

ε ∈ [0,1] and a solutions (Uε, vε) of (2) satisfying
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Uε ∈ C
([0, T ),L2

x(R)
) ∩ L∞([0, T ),Hm(R)

)
,

vε ∈ C
([0, T ),L2

x(R)
) ∩ L∞([0, T ),Hm−1(R)

)
.

Furthermore, there exits a constant C > 0 such that

sup
t∈[0,T )

(∥∥Uε(t)
∥∥

Hm + ∥∥vε(t)
∥∥

Hm−1

)
� C

for any ε ∈ [0,1].

Proof. Since the proof of Lemma 3.2 follows from the standard compactness argument, we
give the outline of the proof. Let (Uε

0 , vε
0) ∈ Hm × Hm−1 and let {(Uε,δ

0 , v
ε,δ
0 )}δ ⊂ H∞(R) ×

H∞(R) be a Bona–Smith approximation of (Uε
0 , vε

0). Then Lemma 2.1 leads that there exists
a unique solution (Uε,δ, vε,δ) ∈ C([0, Tε),H

m(R) × Hm−1(R)) to (5). Lemma 3.1 yields that
there exists T > 0 which is independent of ε ∈ [0,1] and δ ∈ (0,1] such that {(Uε,δ, vε,δ)}δ is
uniformly bounded in L∞(0, T ,Hm(R) × Hm−1(R)) with respect to ε ∈ [0,1] and δ ∈ (0,1].
By the classical compactness argument and diagonalization process, there exists a subsequence,
still denoted by {(Uε,δ, vε,δ)}δ and (Uε, vε) ∈ L∞(0, T ,Hm(R) × Hm−1(R)), a solution of (2),
such that (Uε,δ, vε,δ) converges in L∞(0, T ,Hm(R) × Hm−1(R)) weak∗ to (Uε, vε). We can
also show that (Uε, vε) ∈ C([0, T ) × R)2 by Sobolev imbedding theorem. This completes the
proof of Lemma 3.2. �

Next, we give the proof of Theorem 1.1 by showing uniqueness of the solution. Let (Uε
1 , vε

1)

and (Uε
2 , vε

2) be two solutions to (2) with the same initial data in Hm × Hm−1 satisfying

Uε
j ∈ C

([0, T ),L2(R)
) ∩ L∞([0, T ),Hm(R)

)
,

vε
j ∈ C

([0, T ),L2(R)
) ∩ L∞([0, T ),Hm−1(R)

)
,

j = 1,2. We shall prove that (Uε
1 , vε

1) ≡ (Uε
2 , vε

2) for t ∈ [0, T ). To prove this, it suffices to show
that Uε = Uε

2 − Uε
1 and vε = vε

2 − vε
1 satisfy ‖Uε‖H 1 ≡ ‖vε‖L2 ≡ 0 for any t ∈ [0, T ).

Define aε = aε
1 −aε

2, bε = bε
1 −bε

2, wε = wε
1 −wε

2 and vε = vε
1 −vε

2. Then we see that (Uε, vε)

satisfies ⎧⎨
⎩

∂tUε + ε

2
LUε +N

(
Uε

1

)
∂xUε +N

(
Uε

)
∂xUε

2 = −αVε

∂t v
ε + ∂3

x vε + 2vε
1∂vε + 2vε∂vε

2 = γ ∂x

(
aε

1a
ε + aaε

2 + bε
1b

ε + bbε
2

)
.

(11)

The classical energy estimate leads to

∣∣∣∣1

2

d

dt

∥∥Uε(t)
∥∥2

H 1 + α

∫
R

∂2
x vε∂xw

ε dx

∣∣∣∣
� C

{
sup

t∈[0,T )

(∥∥Uε
1 (t)

∥∥
H 2 + ∥∥Uε

2 (t)
∥∥

H 2

)}∥∥Uε(t)
∥∥2

H 1 + C
∥∥Uε(t)

∥∥
H 1

∥∥vε(t)
∥∥

L2

� C
(∥∥Uε(t)

∥∥2
1 + ∥∥vε(t)

∥∥2
2

)
, (12)
H L
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1

2

d

dt

∥∥vε(t)
∥∥2

L2
x

� C
{

sup
t∈[0,T )

(∥∥Uε
1 (t)

∥∥
H 1 + ∥∥Uε

2 (t)
∥∥

H 1 + ∥∥vε
1(t)

∥∥
H 1 + ∥∥vε

2(t)
∥∥

H 1

)}

× (∥∥Uε(t)
∥∥2

H 1 + ∥∥vε(t)
∥∥2

L2

)
� C

(∥∥Uε(t)
∥∥2

H 1 + ∥∥vε(t)
∥∥2

L2

)
(13)

after employing the fact that there exists C > 0 such that

sup
t∈[0,T )

(∥∥Uε
j (t)

∥∥
H 2 + ∥∥vε

j (t)
∥∥

H 1

)
� C, ε ∈ [0,1], j = 1,2

for some C > 0. On the other hand

∣∣∣∣α d

dt

∫
R

vεwε dx − α

∫
R

∂2
x vε∂xw

ε dx

∣∣∣∣
� C

{
sup

t∈[0,t)

(∥∥Uε
1 (t)

∥∥
H 1 + ∥∥Uε

2 (t)
∥∥

H 1 + ∥∥vε
1(t)

∥∥
H 1 + ∥∥vε

2(t)
∥∥

H 1

)}

× (∥∥Uε(t)
∥∥2

H 1 + ∥∥vε(t)
∥∥2

L2

)
� C

(∥∥Uε(t)
∥∥2

H 1 + ∥∥vε(t)
∥∥2

L2

)
. (14)

Here we introduce the modified energy:

E
�
1(U , v)(t) = ‖a‖2

H 1 + ‖b‖2
H 1 + 1

4β
‖w‖2

H 1 + 10|α|β2‖v‖2
L2 + 2α

∫
R

wv dx.

We note that there exists a constant Cα,β > 0 such that for any (U , v) ∈ H 1 × L2,

C−1
α,β

∥∥(
U(t), v(t)

)∥∥2
H 1×L2 � E

�
1(U , v)(t) � Cα,β

∥∥(
U(t), v(t)

)∥∥2
H 1×L2 ,

for all t ∈ [0, T ). Then, from (12), (13) and (14), we obtain

d

dt
E

�
1

(
Uε, vε

)
(t) � CE

�
1

(
Uε, vε

)
(t),

where C is independent of ε ∈ [0,1]. Hence Gronwall’s lemma and (Uε
0 , vε

0) ≡ (0,0) yields

0 �E
�
1

(
Uε, vε

)
(t) � CE

�
1

(
Uε

0 , vε
0

)
eCt = 0,

for any t ∈ [0, T ). Therefore E
�
1(Uε, vε) ≡ 0 and hence (Uε, vε) ≡ 0. This completes the proof

of uniqueness.
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Remark. We can construct Sε from wε defined in Theorem 1.1. Indeed, let us define Sε as

Sε(t, x) = Sε
0(x) −

t∫
0

(
1

2
wε

2 + β
∣∣Aε

∣∣2 + αvε

)
(τ, x) dτ.

Since ∂t (∂xS
ε − wε) = ∂x∂tS

ε − ∂tw
ε = 0 we have wε = ∂xS

ε .

4. Semiclassical limit

In this section we will devoted to the proof of Theorem 1.2. To his end, we have to evaluate
the difference Uε − U0 and vε − v0, where (Uε, vε) and (U0, v0) are solutions to (2) and (4),
respectively. We only give the proof of Theorem 1.2 with m = 3 since the case m � 4 being
similar.

Putting

U =
⎡
⎣ a

b

w

⎤
⎦ =

⎡
⎣ aε − a0

bε − b0
wε − w0

⎤
⎦ , V =

⎡
⎣ 0

0
∂xv

⎤
⎦ , v = vε − v0

we see that (U , v) satisfies⎧⎨
⎩

∂tU + ε

2
LUε +N

(
Uε

)
∂xU +N (U)∂xU0 = −αV,

∂t v + ∂3
x v + vε∂xv + v∂xv0 = γ ∂x

(
aaε + aa0 + bbε + bb0

)
.

(15)

As in the previous section, the classical energy method yields∣∣∣∣1

2

d

dt

∥∥U(t)
∥∥2

H 1 + α

∫
R

∂2
x v∂xw dx

∣∣∣∣
� C

{
sup

t∈[0,T )

(∥∥Uε(t)
∥∥

H 2 + ∥∥vε(t)
∥∥

H 2

)}(∥∥U(t)
∥∥2

H 1 + ∥∥v(t)
∥∥2

L2

)
+ Cε

∥∥Uε(t)
∥∥

H 3

∥∥U(t)
∥∥

H 1, (16)

1

2

d

dt

∥∥v(t)
∥∥2

L2

� C
{

sup
t∈[0,T )

(∥∥Uε(t)
∥∥

H 1 + ∥∥U0(t)
∥∥

H 1 + ∥∥vε(t)
∥∥

H 1 + ∥∥v0(t)
∥∥

H 1

)}

× (∥∥U(t)
∥∥2

H 1 + C
∥∥v(t)

∥∥2
L2

)
, (17)∣∣∣∣α d

dt

∫
R

wv dx − α

∫
R

∂2
x v∂xw dx

∣∣∣∣
� C

{
sup

t∈[0,T )

(∥∥Uε(t)
∥∥

H 1 + ∥∥U0(t)
∥∥

H 1 + ∥∥vε(t)
∥∥

H 1 + ∥∥v0(t)
∥∥

H 1

)}

× (∥∥U(t)
∥∥2

1 + C
∥∥v(t)

∥∥2
2

)
. (18)
H L
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We introduce the modified energy

E
�
1(U , v)(t) = ∥∥U(t)

∥∥2
H 1 + Cα

∥∥v(t)
∥∥2

L2 + 2α

∫
R

wv dx,

where we chose the positive constant Cα so that E
�
1 is equivalent to H 1 × L2 norm. From (16),

(17) and (18), we obtain

d

dt
E

�
1(U , v)(t) � C

(
E

�
1(U , v)(t) + ε2),

where C > 0 is independent of ε ∈ [0,1]. By Gronwall’s lemma, we have

E
�
1(U , v)(t) � CE

�
1(U , v)(0)eCt + Cε2(eCt − 1

)
,

for any t ∈ [0, T ). Therefore we have

sup
t∈[0,T )

(∥∥Uε(t) − U0(t)
∥∥

H 1 + ∥∥vε(t) − v0(t)
∥∥

L2

)
� C

(∥∥Uε
0 − U0,0

∥∥
H 1 + ∥∥vε

0 − v0,0
∥∥

L2

) + Cε,

where the constant C > 0 is independent of ε ∈ [0,1]. This completes the proof of Theorem 1.2.

5. The first order approximation

In this section, we consider the first order approximation of a solution to (1). We give some
formal calculation. Let

uε = (
A0 + εA1 + ε2A2 + · · ·)e i

ε
(S0+εS1+ε2S2+···), (19)

vε = v0 + εv1 + ε2v2 + · · · . (20)

Substituting above two equations into the first equation in (1), we have

F0 + εF2 + ε2F2 + · · · = 0,

where

F0 = −A0

[
∂tS0 + 1

2
(∂xS0)

2 + αv0 + β|A0|2
]
,

F1 = −A1

[
∂tS0 + 1

2
(∂xS0)

2 + αv0 + β|A0|2
]

− A0
[
∂tS1 + ∂xS0∂xS1 + αv1 + β(A0A1 + A0A1)

]
+ i

(
∂tA0 + ∂xA0∂xS0 + 1

2
A0∂

2
xS0

)
≡ F1,1 + F1,2 + F1,3,
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F2 = −A2

[
∂tS0 + 1

2
(∂xS0)

2 + αv0 + β|A0|2
]

− 2A1
[
∂tS1 + ∂xS0∂xS1 + αV1 + β(A0A1 + A0A1)

]
− A0

[
∂tS2 + (∂xS1)

2 + ∂xS0∂xS2 + αv2 + 2β|A1|2 + β(A0A2 + A0A2)
]

+ i

(
∂tA1 − i

1

2
∂2
xA0 + ∂xA1∂xS0 + ∂xA0∂xS1 + 1

2
A1∂

2
xS0 + 1

2
A0∂

2
xS1

)
≡ F2,1 + F2,2 + F2,3 + F2,3,

...

Substituting (19) and (20) into the second equation in (1), we obtain

G0 + εG2 + ε2G2 + · · · = 0,

where

G0 = ∂tv0 + ∂3
x v0 + 2v0∂xv0 − γ ∂x

(|A0|2
)
,

G1 = ∂tv1 + ∂3
x v1 + 2v0∂xv1 + 2v1∂xv0 − γ ∂x(A0A1 + A0A1),

G2 = ∂tv2 + ∂3
x v2 + 2v0∂xv2 + 4v1∂xv1 + 2v2∂xv0

− γ ∂x

(
A0A2 + 2|A1|2 + A0A2

)
,

...

We split above equations so that Fj,k ≡ Gl ≡ 0. Then we see that (A0, S0, v0) satisfies

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂tA0 + ∂xA0∂xS0 + 1

2
A0∂

2
xS0 = 0,

∂tS0 + 1

2
(∂xS0)

2 + αv0 + β|A0|2 = 0,

∂t v0 + ∂3
x v0 + 2v0∂xv0 = γ ∂x

(|A0|2
)
,

(21)

and (A1, S1, v1) satisfies

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂tA1 + ∂xA1∂xS0 + ∂xA0∂xS1 + 1

2
A1∂

2
xS0 + 1

2
A0∂

2
xS1 = i

1

2
∂2
xA0,

∂tS1 + ∂xS0∂xS1 + αv1 + β(A0A1 + A0A1) = 0,

∂t v1 + ∂3
x v1 + 2v0∂xv1 + 2v1∂xv0 = γ ∂x(A0A1 + A0A1).

(22)

Next, we justify the semiclassical approximation of solution to (1) up to the first order. To
this end, putting U0 = (ReA0, ImA0, ∂xS0)

t and U1 = (ReA1, ImA1, ∂xS1)
t, we rewrite (21)

and (22) as follow
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{
∂tU0 +N (U0)∂xU0 = −αV0

∂tv0 + ∂3
x v0 + ∂x(v

2
0) = γ ∂x

(|a0|2 + |b0|2
)
,

(23)

and

⎧⎨
⎩ ∂tU1 +N (U0)∂xU1 +N (U1)∂xU0 = 1

2
L̃U − αV1

∂tv1 + ∂3
x v1 + ∂x(v0v1) = γ ∂x(a0a1 + b0b1),

(24)

where

L̃ =
⎡
⎣ i∂2

x 0 0
0 0 0
0 0 0

⎤
⎦ , V1 =

⎡
⎣ 0

0
∂xv1

⎤
⎦ .

From Theorem 1.1, if m � 3 is integer and ‖U0,0‖Hm + ‖v0,0‖Hm−1 � C, then there exists
a time T > 0 and a unique solution (U0, v0) ∈ C([0, T ),Hm(R) × Hm−1(R)) to (23) with
(U0(0), v0(0)) = (U0,0, v0,0). Furthermore, if m � 5 is integer and ‖U1,0‖Hm−2 + ‖v1,0‖Hm−3 �
C, then there exists a time T > 0 and a unique solution (U1, v1) ∈ C([0, T ),Hm−2(R)) ∩
C([0, T ),Hm−3(R)) to (24) with (U1(0), v1(0)) = (U1,0, v1,0). Then next theorem gives the first
order approximation of solution to (1).

Theorem 5.1. Let m � 5 be an integer and let (U0,0, v0,0), (U1,0, v1,0) ∈ Hm × Hm−1. If
(Uε

0 , vε
0) ∈ Hm × Hm−1 satisfies

lim
ε→0

1

ε

(∥∥Uε
0 − U0,0 − εU1,0

∥∥
Hm + ∥∥vε

0 − v0,0 − εv1,0
∥∥

Hm−1

) = 0.

Then the unique solution (Uε, vε) to (2) satisfies

lim
ε→0

1

ε
sup

t∈[0,T )

(∥∥Uε(t) − U0(t) − εU1(t)
∥∥

Hm−4 + ∥∥vε(t) − v0(t) − εv1(t)
∥∥

Hm−5

) = 0,

where (U0, v0) and (U1, v1) are solutions to (23) and (24), respectively.

By a similar way, we formally obtain some hyperbolic-dispersive system for (Uj , vj ), j � 2.
Since the higher order approximation of the (Uε, vε) is obtained by the similar argument as the
proof of Theorem 5.1, we do not give the proof of the higher order approximation of the (Uε, vε).

Proof of Theorem 5.1. We only give the proof for Theorem 5.1 with m = 5. We put U = Uε −
U0 − εU1 and v = vε − v0 − εv1 with U = (a, b,w). Then (U , v) satisfies

∂tU + ε

2
LUε − ε

2
LU0 +N (U)∂xUε +N (U0)∂xU

+ εN (U1)∂xU + ε2N (U1)∂xU1 = 1 L̃U − αV,

2
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∂tv + ∂3
x v + 2

(
v∂xv

ε + v0∂xv + εv1∂xv + ε2v1∂xv1
)

− 2γ
(
a∂xa

ε + a0∂xa + εa1∂xa + ε2a1∂xa1
)

− 2γ
(
b∂xb

ε + b0∂xb + εb1∂xb + ε2b1∂xb1
) = 0,

where V = (0,0, ∂xv). By using the energy method, we obtain

∣∣∣∣1

2

d

dt
‖U‖2

H 1 + α

∫
R

∂2
x v∂xw dx

∣∣∣∣
� C

((∥∥Uε
∥∥

H 2 + ‖U0‖H 2

)‖U‖2
H 1 + ‖U‖H 1‖v‖L2

)
+ Cε

(∥∥Uε − U0
∥∥

H 3‖U‖H 1 + ‖U1‖H 2‖U‖2
H 1

) + Cε2‖U1‖2
H 2‖U‖H 1

� C
(‖U‖2

H 1 + ‖v‖2
L2

) + Cε‖U‖2
H 1 + Cε2‖U‖H 1

� CE�(U , v) + Cε4.

By a similar way

d

dt
‖v‖2

L2 � CE�(U , v) + Cε4,∣∣∣∣α d

dt

∫
R

wv dx − α

∫
R

∂2
x v∂xw dx

∣∣∣∣� CE�(U , v) + Cε4,

where C is independent of ε ∈ [0,1]. Collecting above three inequalities, we have

d

dt
E�(U , v) � CE�(U , v) + Cε4.

Hence the Gronwall lemma leads the inequality

sup
t∈[0,T )

(∥∥Uε − U0 − εU1
∥∥

H 1 + ∥∥vε − v0 − εv1
∥∥

L2

)
� C

(∥∥Uε
0 − U0,0 − εU1,0

∥∥
H 1 + ∥∥vε

0 − v0,0 − εv1,0
∥∥

L2

) + ε2 = o(ε).

This completes the proof of Theorem 5.1. �
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