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Let A (A) denote the rank-k numerical range of an n-by-n complex matrix A. We
give a characterization for Ay, (A) = Ay, (A), where | < ky < kp < n, via the
compressions and the principal submatrices of A. As an application, the matrix
A satistying W(A) = Ay (A), where W(A) is the classical numerical range of
A and 1 < k < n, is under consideration. We show that if W(A) = Ay (A) for
some k > n/3, then A is unitarily similarto B@® B ® - -- & B @C, where B is
—

3k—n copies
a 2-by-2 matrix, C is a (3n — 6k)-by-(3n — 6k) matrix and W(A) = W(B) =
W(C) = Ap—2k(C).

Keywords: numerical range; higher-rank numerical range; compression;
principal submatrix

AMS Subject Classification: 15A60

1. Introduction

The rank-k numerical range (1 < k < n) of an n-by-n complex matrix A is the subset of
the complex plane:

Ax(A) ={r € C: PAP = AP for some rank-k orthogoanl projection P}.

Therefore, A € Ay(A) if and only if there is an n-by-n unitary matrix U such that Al
is the leading principal submatrix of U*AU. Here, I} denotes the k-by-k identity matrix.
The investigation of the higher-rank numerical range was started in [1]. Specifically, it is
introduced when constructing the quantum error correction code in quantum computing
(cf. [2]). It is already known that A (A) is always a convex compact set, invariant under
unitary similarity and A1(A) 2 Az(A) D --- 2 A, (A). For other properties, we refer the
readers to [1,3-7]. In particular, the rank-one numerical range A1(A) is exactly the classical
numerical range W(A) = {(Ax, x) : x € C" and ||x|| = 1} of A, where (-, -) is the standard
inner product in C" and || - || is the corresponding norm. In this paper, the characterization
of matrix A which satisfies Ak, (A) = Ag,(A), where 1 < k; < k < n, is obtained.

*Corresponding author. Email: kzwang @math.nctu.edu.tw

© 2013 Taylor & Francis
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We study this property by analysing the compressions and the principal submatrices of the
matrix A.

Recall that an ¢-by-¢ matrix B, 1 < ¢ < n, is a compression of an n-by-n matrix A if

there is an n-by-n unitary matrix V such that V*AV = |:f : . In this case, A is called

a dilation of B. Notice that Az (B) C Ar(A) for all 1 < k < £. On the other hand, for
any index set K = {ji, j2, - -+, jp} ©{1,2,--- ,n}, let A[K]or A[j1, j2,---, jp] be the
principal submatrix of A obtained by deleting its rows and columns indexed by ji, ..., jp.
We also define A[K] = A if K = . It is obvious that A[K] is a compression of A.
However, for a compression B of A, B = A[K] for some K is not always true. Our main
resultis that, for 1 < ky < ky < n, Ay, (A) = Ay, (A)if and only if Ay, (A) = A¢tky—n(B)
for all its £-by-£ compression B, n + k; — kp < £ < n. This is also equivalent to that
Ak, (A) = Ay, (A[K')) for all index set K’ C {1,2,---,n} with #K’ = kp — k; when
Ay, (A) has no corner (Theorem 2.2). Here #S is the cardinal number of the set S. As an
application, we investigate those matrix A satisfying W(A) = Ay (A) for some k > n/3,
and obtain a decomposition of A (Theorem 2.10). Consequently, such matrix A must be
unitarily reducible.

We conclude this section with some notations frequently used in the discussions below.
Let M, be the algebra of all n-by-n complex matrices. For A € M,,, we use AT Re A,
Im A, tr A, det A and rank A to denote its transpose, real part (A + A*)/2, imaginary part
(A — A*)/(2i), trace, determinant and rank, respectively. Denote by o (A) the spectrum
of A. Also, let I, and diag (ay, ..., a,) be the n-by-n identity matrix and diagonal matrix
with diagonal entries ay, .. ., a,, respectively. Denote by \/ S the subspace generated by
the vectors in S € C” (or the span of S). For a subset A of C, let A, #A and d A denote the
convex hull, the cardinal number and the boundary of A, respectively. In addition, for an n-
by-n Hermitian matrix H and j = 1,2, --- , n,letA;(H) be the jthlargest eigenvalue of H.

2. Main results

In [7], Li and Sze gave a nice characterization of higher-rank numerical ranges of matrices.
More specifically, they showed that, for A € M, and 1 <k <n,

A= N |z € C:Re(z¢'”) < 1 (Re (e"9A))} .1
6€l0,2m)

(cf. [7, Theorem 2.2]). On the other hand, the kth numerical range of A is defined by

Wi(A) =

==

k
Z(ij, xj) t{x1, ..., x} is an orthonormal set in C"
j=1

When k = 1, Wi (A) reduces to the classical numerical range of A, which has been studied
extensively (e.g. see [8]). Moreover, for 6 in [0, 27), the line

k
1 i0
L(k,0) = ze(C:Rez:zél)xj(Re(e A))
]:
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is the right supporting line of the convex set Wi(e'? A) = e Wi (A) (e.g. see [9]). Since
M (Re (!9 A)) < (1/k) ZL] 1j(Re (e’ A)) for all real 6, by (2.1), we infer that

Ar(A) € Wi (A)

for all k, 1 < k < n. Using this inclusion and [8, Theorem 2.1], we have the following
property.

ProrosiTioN 2.1 Suppose A € M, and 1 < k < n. The following conditions are
equivalent:

(@)  A1(A) = A (A).

(b) There exists m with 1 < m < k such that W,,(A) = Wr(A).
) W,(A) =Ws(A)foralll <r <s <k

(d) A (Re(e!? A)) = rr(Re (€ A)) for all 6 € [0, 27).

Proof By [8, Theorem 2.1], we obtain the equivalence of (b), (c¢) and (d). The implication
(d) = (a) follows directly from (2.1). Now, suppose (a) holds. Then, Ax(A) € Wi(A) C
Wi(A) = A1(A) = Ar(A) implies W1 (A) = Wi (A). Thus, condition (b) holds. O

We remark that for 1 < r < k < n, if W,(A) = Wi (A), by Proposition 2.1, we have
Wi(A) = Wi(A). But, if A, (A) = Ar(A), the e]]uality A1(A) = Ar(A) does not hold

02 01 01
00] ® [00 ® [00} . Then, A2(A) = Az(A) =

{zeC:lzl =1/2},but Aj(A) = {z € C: |z] < 1} # A3(A).
The next theorem characterizes the equality of higher-rank numerical ranges of a matrix
via its compressions and principal submatrices.

in general. For example, let A =

THEOREM 2.2 Let A € M, and 1 < ki < ky < n. The following statements are
equivalent:

@ Ak (A) = Ay (A).
(b) Ak, (A) = Agyi,—n(B) forall £-by-£ compressions B of Awithn—+ky—ky < £ < n.
(¢) Forsomel € {n+ki —ky, - ,n}, A (A) = Agyry,—n(B) for all £-by-€ com-
pressions B of A.
If Ak, (A) has no corner, then the statements (a)—(c) are also equivalent to:
(d)  Ag (A) = Ax,—p(B) forall (n — p)-by-(n — p) principal submatrices B of A with

p <k —ki.
(&) A (A) = Ay, (B) for all (n + ky — k2)-by-(n 4 k1 — ko) principal submatrices B
of A.

() At (Re (€9 A)) = Ak, (Re (€9 A)) for all 6 € [0, 27).

We emphasize that in Theorem 2.2 (b)(c), the condition Ay, (A) = A¢qiy—n(B)
and the observation Ayir,—n(B) € Ay (B) € Ay, (A) together imply that Ay, (A) =
Nptky—n(B) = Ay, (B).

Among other things, we remark that if Ay, (A) has a corner, then the implication (d) =
(a) does not hold in general. Here we give an example as following.
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Example 2.3 Let

01 00 -1 0 0
0010 0 -1 0 0
Ar=109 00 1" 2= 0 0o - o
1 000 0 0 0 —i

and A = A; @ Ay € Mg. Then A is a unitary matrix with eigenvalues 1, i, —1, —1, —1,
—i, —i, —i. Thus

A2(A) = [—1,—i,0)" and Az(A) = {—1, —i}".

It is clear that A2 (A) # A3(A).
On the other hand, for j = 1,2, 3, 4, the principal submatrix A[j] of A is unitarily
similar to J3 @ Aj, where J3 is the 3-by-3 Jordan block. Moreover, we have

A 0 if 6 € [0, /2],
MmRe (e PA[]) = { Re(—e %) if6 € [/2,57/4],
Re (—ie %) ifO € [57/4,27].

Thus, A2 (A[j]) = {—1, —i,0}" for j =1, 2, 3, 4.

Next, A[S] = A[6] = A & diag (—1, —i, —i) is unitarily similar to diag (1, i, —1, —1,
—i, —i, —i). It is easy to check that A»(A[j]) = {—1, —i,0}" for j = 5, 6. Similarly,
A[7] = A[8] = A1 & diag (—1, —1, —i) is unitarily similar to diag (1,4, —1, —1, —1,
—i, —i). We also have Ay(A[j]) = {1, —i,0}" for j = 7, 8. From above, we obtain
A2(A[j]) = {—1, —i,0}" = A,(A) for all j. Hence, the matrix A satisfies the condition
(d) of Theorem 2.2, but A does not satisfy the condition (a) of Theorem 2.2. O

For the proof of Theorem 2.2, we need to estimate the eigenvalues of the principal
submatrices of a Hermitian matrix and analyse the corresponding eigenvectors. Next two
lemmas provide useful approximation and can be found in [10, Theorem 4.3.15] and
[11, Theorem 1], respectively.

LemMma 2.4 Let Hy be an n-by-n Hermitian matrix and H> be any {-by-{ principal
submatrix of Hy, where 1 < £ < n. For each integer k with 1 < k < £, we have

A (Hy) = A (Hp) = Agn—e(Hp).

Lemma 2.5 Suppose H is an n-by-n Hermitian matrix partitioned as

_( H B*
H= ( B Hz) ’
where Hj is an m-by-m matrix. If there is an index set J < {1,2, ..., m} such that for any

Jj € J,either Lj(H) = \j(Hy) or Ay_pj(H) = Aj(Hy), then there is an orthonormal set
{uj}jes in C" such that Buj = 0 and Hyuj = ) j(Hy)u; forall j € J.

Let K be a nonempty subset of {l,2,...,n} with #K = p < n. Suppose that
{s1,82, ..., Sn—p} T: {1,2,...,n} \ K “1,<ith s1 < §) < ...T< Sp—p. For each y =
1, y2, -, yn—p)’ € C""P we define ylKl = (V1> Yss---syp)" € C' by
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)y if i=s; forsome 1<j<n-—p,
YiTV10 if i ek,

fori =1,2,...,n. Thatis, y!Xl is obtained from y by inserting zero in the ith entry for all
i € K. The following lemma plays an important role for establishing Theorem 2.2.

LemMma 2.6 Let H be an n-by-n Hermitian matrix, | <m <nand1 <r <n —m.
Then A(H) = A-(HI[K]) forall K € {1,2,...,n} with#K = m ifand only if \,,(H) =
}"r-l-l(H) == )\r—i-m(H)-

Proof The sufficiency follows directly from Lemma 2.4. We need only prove the necessity.
Suppose that A, (H) = A (H[K]) forall K € {1,2,...,n} with #K = m. Write

MH) = A(H) == Ap-1(H)
> A= Ap(H) = dpp1(H) =+ = A (H) 2.2)
> )"H—l(H) = = )‘n(H)-

Weclaimthat A, (H[K]) = Ap41 (H[K]) =--- = A (H[K]) = Aforall K € {1,2,---,n}
with #K = m. Indeed, by Lemma 2.4, we have

Ar(H) =Ap(H) =2 Ap(HIK]) = Ap 1 (HIK]) = --- = A (H[K]) = A, (H),

hence the inequalities are indeed equalities. Let K1 = {n —m + 1,n —m + 2,...,n}.
We have #K; = m and above argument ensures that A ;(H) = Xj(H[Kl]) = A for all
p < j < r.Lemma 2.5 yields that there is an orthonormal set {u1 1, u12,...,u1,—ps1}
in Cn—m such that H[K Juy ; = huy j and Hul!' = oa{ forall j, 1 < j <r—p+1.

Lety; = j‘] forl < j <r—p+1,then {yl, Y24 -+, Yr—p+1} is an orthonormal set
in ker ()J — H). Notice that for each index i € Kj, the ith entry of y; is zero for all
1 < j <r—p+ 1. Letg be the index such that the g;th entry of y,_ 1 is nonzero and
set Kp = (K1 \{n—m+1}H)U{q1} ={qi,n—m+2,n—m+3,...,n}. Itis obvious that
q1 ¢ K1 and #K = m. As claimed before, A j(H) = A;(H[K2]) = Aforallp < j <r.
Applying Lemma 2.5 again to obtain an orthonormal set {uz U2, oo U py1 IR CTTM
such that H[KaJuz j = Aua,; and Hu[KJZ] = a3 for all j, . <j<r—p+1.

Therefore, S, = {u[ZKf], u[2K22], ... ugKrZ] p 41} forms an orthonormal set in ker (A, — H).

Since g1 € K>, the gth entry of u[ 2] iszero forall j, 1 < j <r — p + 1. Thus, the g th
entry of all vectors in \/ S; is zero, We now check that \/ S SZ AVA ST - Y
Indeed, since the g th entry of y, | is nonzero, then dim V(S U (yr—p+1) =r—p+2.
If\/ S S Vvt y2s oo yr—pt1h, then \/(S2 U {yr—pr1) € Vvi, y2. ..., yr—ps1} and
r—p+2 <dim\/{y1, y2, ..., Yr—p+1} = r—p-+1,acontradiction. Hence, we can choose
anunit vector y,_ 42 €\/ Sy sothat Hy,_ 10 =Ayr—pyoand {y1, y2, ..., Yr—p+1, Yr—p+2}
is an orthonormal set in ker (A, — H). Let g, be the index so that the goth entry of y, 12
isnonzero and let K3 = (Ko \{n —m+2}) U{q2} = {q1, g2, n —m+3,n—m+4, ..., n}.
Then, g2 ¢ K> and #K3 = m. Similarly, we have A;(H) = AJ(H[K3]) = A for all j,

p < j < r.Lemma 2.5 yields that there is an orthonormal set {u3 1,32, ..., U3,—ps1}
in C"™ such that H[K3]u3 j = Aus j and Hu[K3 = Au3 Kl forall j,1<j<r—p+1.
Hence S3 = {ugKf , ugK;], ce, ”[3Krﬂp+1} is an onhonormal set in ker (A\I, — H). Since

q1 and ¢ are in K3, we indicate that the g;th and the ¢»th entries of all vectors in \/ S3
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are zero. On the other hand, we also have \/ S3 SZ AVZ R T Yr—p+2}. Indeed, since
the gqth entry of y,_,1 is nonzero, the gith entry of y,_ > is zero and the g>th entry of
Yr—p+2 is nonzero, we deduce that dim V(S3U {(Yr—p+1s Yr—p+2}) =r—p+3.1f V83 C
Vvt y2, .-, yr—p+2}, then \/(S3 U {y,—pat1, yr—pi2}) S Viyi.y2,.... yr—p+2} and
r—p+3 < dim\/{y1, y2, ..., Yr—p+2} = r—p+2, acontradiction. Therefore, there exists
an unit vector y,_p43 € \/ 83 such that Hy,_pi3 =Ayr—pr3zand {y1, ¥2, ..., yr—p43} is
an orthonormal set in ker (Al, — H). Repeating these arguments can obtain an orthonor-
mal set {y1, y2, ..., Yr—p+m+1} in ker(Al, — H). Combining this with (2.2) together, we
conclude that A, (H) = A1 (H) = -+ - = Arn (H) as asserted. (]

We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2 We will prove this result by establishing the equivalence of (a), (b)
and (c), and the implications (f) = (a) = (b) = (d) = (e) = (f) for the case Ay, (A) has
no corner.

Fix { =n — ko + ki, --- , n. For any £-by-{ compression B of A, we have that

Ak, (A) = ﬂ{Angkz_n(B’) : B is an £-by-£ compression of A} (2.3)
C Apthy—n(B) C Ak (B) € Ay, (A),

where the equality is given in [5, Corollary 4.9]. Hence, the implications (a) = (b) = (c)
are trivial. Suppose (c) holds. As indicated in the paragraph after Theorem 2.2, we obtain
that Agix,—n(B') = Ak, (A) for all £-by-£ compressions B’ of A. Then, (a) follows directly
from the equality in (2.3).

We now suppose that Ay, (A) has no corner. The implication (f) = (a) follows from
the Li-Sze characterization (2.1). The implications (b) = (d) = (e) are trivial. We now
prove the implication (e) = (f). Suppose (e) holds, we want to show that A, (Re (€?A)) =
A, (Re (¢’ A)) for all @ € [0,27). Fixa® € [0,27). For any K’ C {1,2,---,n} with
#K' = ko —k, let Lg be the right supporting line of the convex set A, (e'? A[K']) and write

Lo ={z € C:Rez=4d(H)},

where d(0) € R. Then, d(0) < A, (Re (e A[K'])) by the Li-Sze characterization (2.1).
On the other hand, the assumption Ak, (A) = Ay, (A[K']) implies that Ly is also the right
supporting line of the convex set Ay, (¢!’ A). Let @ be a point in Ly N Ay, (! A). Since
Ay, (A) has no corner, Ly is the unique supporting line of A, (¢! A) which passing the
point «. It forces that

Lo = {z € C:Rez = A, (Re (¢! A))}
by the Li-Sze characterization (2.1). Thus, we have
My Re (¢ A)) = d(0) < hi, (Re (¢ A[K'])) < At (Re (€7 A)),

where the last inequality follows from Lemma 2.4. Hence, the inequalities are indeed
equalities. We infer from above that Az, (Re (€?A)) = Ak, (Re (e'? A[K'])) for all K’ C
{1,2,...,n} with#K' = kp — k. Then, Lemma 2.6 yields that

My (Re (€79 A)) = Ay 4t—ky) (Re (€79 A)) = g, (Re (€1 A)).

Since 6 is arbitrary, hence condition (f) holds. O
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‘We now restrict our attention to matrices A with W(A) = A (A) for some k. We known
that the boundary d W (A) of the numerical range of a matrix A consists of arcs, flat portions
and/or corners. We first consider the case that W(A) has a corner. For this purpose, we
need the Kippenhahn polynomial of a matrix. Recall that the Kippenhahn polynomial of
an n-by-n matrix A is the degree-n real-coefficient homogeneous polynomial p4(x, y, z)
given by det(xRe A 4+ yIm A + z1,,). It relates to the numerical range of A by the fact that
W (A) equals the convex hull of the real part of the dual curve of p4(x, y, z) = 0 (cf. [12,
Theorem 10]).

ProrositioN 2.7 Let A € My, 1 <k <nanda € C be a corner of W(A). Then, the
following statements are equivalent:

(a) o« isacorner of Wi(A).

(b) «isacorner of Ax(A).

(©) (z+ xRea + yIma)* divides pa(x, y, z).

(d) A is unitarily similar to oI, ® C withm > k and o ¢ W(C).

Proof The implication (a) = (d) follows from [8, Lemma 4.1]. The implication (d) = (c¢)
is trivial.

Suppose (c) holds. Write pa(x, y, z) = (z +xRewo + yIma)k -q(x,y,z).Since o is a
corner of W (A), there exists a 6y € R such that the line L = {z € C : Rez = Re (e %)}
intersects W(A) with a singleton {e~%q}. Note that

det (zI, — Re (e 7" A)) = ps(— cos by, — sin bp, 2)
= (z — cosp Rea — sin B Im )* - q(—cos By, —sin by, z)

= (z — Re (e "Pa))k . q(—cos by, —sin by, 7).

Thus, Re (¢ ~%«) is an eigenvalue of Re (e~ A) with multiplicity at least k. Moreover, let
M = ker (Re (e"*%q) I, — Re ("% A)) and m = dim M, then m > k. On the other hand,
for any unit vector x € M, we have Re (e A)x, x) = (Re (e A)x, x) = Re (e "% q).
Since W(A) N L = {e"%q}, it forces that (e "% A)x, x) = e %q or (Ax, x) = « for
all unit vector x € M. That is, the numerical range of the compression B of A on M is the
singleton {«}. It follows that B is unitarily similarly to «[,,. Consequently, « 1, dilates to
A, hence o € A,;,(A) € Ar(A). Since Ar(A) € W(A) and « is a corner of W (A), hence
« is also a corner of Ax(A).

Suppose (b) holds. Since Ax(A) C Wi(A) € W(A), it follows that « € Wi (A).
Moreover, since Wi(A) € W(A) and « is a corner of W(A), hence « is also a corner of
Wi (A). O

Next, if A € M, and dW(A) N dA,(A) contains an arc, Gau and Wu had gave a
characterization as following [4, Lemma 5].

ProrosiTiON 2.8 Let A be an n-by-n matrix, q be an irreducible real homogeneous
polynomial in x, y and z with degree at least two, and C be the real part of the dual curve
ofq(x,y,z) =0. Then q™ divides pa (m > 1) if and only if d Ay (A) NI Agy—1(A)N---N
0N jy—m+1(A) contains an arc of C for some ko, 1 < ko < [n/2].
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The next theorem gives a detailed characterization of matrices A with W(A) = Ax(A)
for some k > n/3.

THEOREM 2.9 Let A € M,.

(@) Ifk > n/2, then W(A) = Ax(A) if and only if A is a scalar matrix.
(b) Ifniseven, then W(A) = Ay 2(A) if and only if A is unitarily similar to

B®&B®---®B,
—_—

n/2 copies

where B € M3. Therefore, W(A) = W(B).
(¢) Ifn/3 <k <n/2, then W(A) = Ar(A) if and only if A is unitarily similar to

B®B®---® BoC,
—_—

3k—n copies

where B € My and C € M3, _¢r, and W(A) = W(B) = W(C) = A, (C).

For the proof of Theorem 2.9, we need a series of lemmas. Suppose A € M, and
W(A) = Ax(A). Using Propositions 2.7 and 2.8, we can determine the shape of W(A)
when k > n/3.

LemMa 2.10 Let A € My. If k > n/3 and W(A) = Ax(A), then W(A) is either a
singleton set, a line segment or an elliptic disc.

Proof Suppose k > n/3 and W(A) = Ar(A). We first consider the case that W(A) has
a corner a + ib, where a, b € R. We claim that W(A) is either a singleton set or a line
segment. Indeed, Proposition 2.7 yields that (ax + by + z)* divides pa(x, v, z). If dW (A)
contains an arc, by Kippenhahn’s result [12, Theorem 10], there exists an irreducible factor
p(x,y,z2) of pa(x,y, z) with degree at least two such that C, N dW (A) contains an arc,
where C, is the real part of the dual curve of p(x, y, z) = 0. Since W(A) = Ax(A), by
Propositon 2.8, we obtain that p¥ divides p4. Then

n =degps > deg (pk-(ax+by+z)k) >3k > n,

where deg f denotes the degree of the polynomial f, and this is a contradiction. Therefore,
we infer that 9 W (A) is a convex polygon. On the other hand, if W(A) has at least three
vertices a1 +iby, ar+iby and az+ibs3, then Proposition 2.7 yields that ]_[j.:1 (ajx+b; y+2)k
divides pa(x, y, z). This implies that n = deg py > 3k > n, a contradiction. Hence we
conclude that W(A) is either a singleton set or a line segment.

Next, we now suppose that W (A) has no corner. By Kippenhahn’s result, there exists an
irreducible factor g (x, y, z) of pa(x, y, z) with degree at least two such that C;, N dW (A)
contains an arc, where Cy is the real part of the dual curve of ¢(x, y, z) = 0. We indicate
that n = deg pa > k - degq > (n/3) - deg g by Proposition 2.8. Therefore, the degree of
q(x,y, z) is exactly two and Cj; is an ellipse. We want to show that dW (A) = C,. Indeed,
if it is not the case, there is another irreducible factor p(x, y, z) of pa(x, y, z) with degree
at least two such that C, N 9W(A) contains an arc, where C), is the real part of the dual
curve of p(x, y,z) = 0. By Proposition 2.8 again, pk divides p4. As a result, we get that
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n = deg pa > deg(g* - p*) > 4k > n, a contradiction. Hence W (A) = C, and W(A) is
an elliptical disc. O

B
LemMma 2.11 Let A = y*z € M3, where B € My, x,y € C? and a € C. If

W(A) = W(B) then x =y = 0. In this case, A = B @ [«].

Proof Since W(A) = W(B), then A;(Re B) = A1(ReA) and 1r(Re B) = A3(Re A).
Note that
ReA:[ Re B (x—i—y)/Z]

x4+ y)*/2 Rew

By Lemma 2.5, we have (x + y)*u; = 0 for j = 1, 2, where u is an eigenvector of Re B
with respect to the eigenvalue A ;j(Re B) for j = 1, 2. Since Re B is a 2-by-2 Hermitian
matrix and \/{ui, up} = C2, it forces that x + y = 0 or y = —x. On the other hand,
W(A) = W(B) implies that A;(Im B) = A;(Im A) and A>(Im B) = A3(Im A). Note that
ImB —ix
ImA = |: ix* Imai| ’
Similarly, Lemma 2.5 yields that x*v; = O for j = 1, 2, where v; is an eigenvector of Im B
with respect to the eigenvalue A ;(Im B) for j = 1, 2. Since Im B is a 2-by-2 Hermitian
matrix and \/{v, v2} = C2, hence we conclude that x = 0 as asserted. O

Using Lemma 2.11, we have the following corollary.

B C

COROLLARY 2.12 Let A = |:D E

} € M,onC"=C>@C"2 IfW(B) = W(A),
then A= B®E.

Proof Write C = [x1 ... Xp—2], D = [y1 ... yp—2]* and E = [1;;]"72,, where x1, ...,

i,j=1
B .
Xn—2, Y1y yn—2 € CE Let Tj = [y* ff} € Ms for j = 1,...,n — 2. Then,
i b
W(B) € W(T;) € W(A) = W(B) implies that W(T;) = W(B) for all j. Thus, Lemma
2.11 yields that x; = y; = O for all j. Hence, C = 0 and D = 0 as desired. U

The next example shows that the condition B € M> in Corollary 2.12 is essential.

Example 2.13  Let

By a direct computation, we obtain that

2 2 2 2
_(2_*_ ) 2_ X Y
pA(x,y,z)—<z 5 2)(z ) 4)
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and
2 2
X
pe(x,y,2) =Z<Z2— — = y_)

Thus, W(A) = W(B) = {z € C : |z] < 1/4/2}. Note that

A? = , A=0 and A*=0.

(=Nl e)
[N R e )
S O o=
S O OO

Thus, A is nilpotent. We now show that A is unitarily irreducible. Otherwise, A is unitarily
similarto [a]® A forsomea € Cand A; € M3 orto A, @ A3 for some Ay, Az € M. If A
is unitarily similar to [a] @ A1, where a € C and A € M3, then a is a reducing eigenvalue
of A and a = 0. Therefore, we get ker A Nker A* # {0}. But,

1 0 0 0
0 1 * 0 1
kerA = \/ N 0 , kerA* = \/ 11l o
0] | -v2] 0 NG)
1 0 KO
0 1 0 1 . . "
and E 0 AEE 0 are linearly independent, henceker A Nker A* =

o] [-vz] o] [v2

{0}, a contradiction. On the other hand, if A is unitarily similar to A @ A3z, where A, Az €
My, then the fact that 0 is the only eigenvalue of A implies A2 = A% = 0. This guarantees
that A2 = 0, a contradiction. Hence, we conclude that A is unitarily irreducible.

We are now ready to prove Theorem 2.9. For convenience, let A = B denote that the
matrix A is unitarily similar to the matrix B. Furthermore, let Z’;: | ©B; stand for the
direct sum of the matrices B;, j = 1,2, ..., p.

Proof of Theorem 2.9  (a) and (b) follow directly from Proposition 2.1, [8, Theorem 2.2]
and [8, Corollary 4.7 (a)]. The sufficiency of (c) is trivial. We need only prove the necessity
of (¢).

Suppose n/3 < k < n/2and W(A) = Ar(A). If A is a scalar matrix, then the desired
decomposition always holds. Hence, we assume that A is not a scalar matrix. Since W (A) is
either aline segment or an elliptic disc by Lemma 2.10, after suitable translation, rotation and
scaling, we may assume that W (A) centres at the origin, its axes lie on R and i R, the length
of the former is 2 and the length of the latter is 2b, where 0 < b < 1. Since W(A) = Ar(A),
then 1 (respectively, —1) is the maximal (respectively, minimal) eigenvalue of Re A with
multiplicity at least k. From [13, Theorem 2.7], we obtain that A is unitarily similar to the
matrix
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I E x
—E* —I; =« on C" = Crke Ck @ C" 2,
* * %

where E € M. Let A’ = _Ig* _b;k
after Theorem 2.2, we have W(A) = Asz_,(A") = W(A"). Let E = UXV* be the
singular value decomposition of E, where U and V are k-by-k unitary matrices and ¥ =
diag (@1, a2, ..., o) forsomea; > ap > --- > a > 0,and let W = U* @ V*. We obtain

€ M»y. Notice that, as mentioned in the paragraph

that
U* 0 L ET[U o L X
/ ES J—
waw =[5 L S0 V-1 5
k 1 o k
~ J —
=>o| L “|-Tes.
j=1 j=1
where Bj = U9 ¢ My, Therefore, W(B;) € W(A) € W(A) forall j =

—a; —1
1,2,..., k. Moreoéer, W({ImB;) € W(ImA) = [-b, b] implies that a; < b for all
j = 1.2.....k In addition, the fact W(A) = Az_n(A)) = W(A") = Js_, W(B))
ensures thaty = ap = -+ = a3f—, = b, By = B = -+ = B3;_, and W(B]) = W(A).
Consequently, from [13, Theorem 2.7], we deduce that

=
12

where C € M3,,_¢r, D isa (6k—2n)-by-(3n—6k) matrix, and B appears 3k —n times. Since
W(B1) = W(A), by Corollary 2.12, we obtain that D = 0 and A = (Z;Zﬂ EBBl) é C.
Among other things, since dW (A) = dAx(A) = 0W(B1) and By € M>, from the proof of
Theorem 2.9, we have p'él divides p4. Moreover, ps = pc - p%kl*" implies that l’rzl;?% is
a factor of pc. It follows that

W(B1) € Aok (C) € W(C) €S W(A) = W(By),

hence the inclusions are indeed equalities. O

We end this paper by remarking that, in Theorem 2.9, the number n/3 is sharp for the
reducibility of A, that is, we cannot replace it with any smaller integer, because there exists
a 3k-by-3k unitarily irreducible matrix A which satisfies W(A) = Ay (A). For example, let
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_ Ao \@ -
0
0
0
0

)

0
V2 0
0 0
_ /1 \ﬁ
0 0
L0 0 0 0 0 |
Then, E is unitarily irreducible and W (E) = Wr(E) = Ax(E) is the closed unit disc

(cf. [8, Theorem 3.2]). As a result, the matrix C in Theorem 2.9 (c) may be unitarily
irreducible and the decomposition of A is the best representation. For example, let

0 2 0 2
A=|:O 0j|69|:0 Oi|®EEM10'

o O
w

2

)

0
0
0
0
0

o&lo oo O

Then, W(A) = A4(A) is the closed unit disc and A5(A) ={z € C:|z| < 1/(2\/5)}. Itis
clear that E is unitarily irreducible and 3k —n =3 -4 — 10 = 2.
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