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In this paper, we consider the problem of characterizing
Hilbert space operators which are expressible as a sum of
(finitely many) orthogonal projections. We obtain a special
operator matrix representation and some necessary/sufficient
conditions for an infinite-dimensional operator to be express-
ible as a sum of projections. We prove that a positive operator
with essential norm strictly greater than one is always a sum
of projections, and if an injective operator of the form I +K,
where K is compact, is a sum of projections, then either
traceK+ = traceK− = ∞ or K is of trace class with traceK
a nonnegative integer. We also consider sums of those projec-
tions which have a fixed rank. The closure of the set of sums
of projections is also characterized.
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Which bounded linear operator on a complex Hilbert space can be expressed as the
sum of finitely many orthogonal projections? (An orthogonal projection is an operator P
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with P 2 = P = P ∗.) This is the problem we are going to address in this paper. If
the underlying space is finite dimensional, then a characterization of such operators was
obtained before by Fillmore [6]: a finite-dimensional operator is the sum of projections if
and only if it is positive, it has an integer trace and the trace is greater than or equal to
its rank. In this paper, we consider this problem for operators on an infinite-dimensional
separable space. It turns out that in this situation the necessary/sufficient conditions
we obtained for sums of projections are, after some appropriate interpretation, not too
much different from the finite-dimensional ones. Although we haven’t been able to give
a complete characterization, we can reduce the whole problem to the consideration of
operators of the form identity + compact.

The organization of this paper is as follows. In Section 1 below, we start by giving
a special operator matrix representation for sums of projections (Theorem 1.2). This is
used to give a more conceptual proof of the above result of Fillmore (Corollary 1.4). The
main result of Section 2 is Theorem 2.2. It says that every positive operator with essential
norm strictly greater than one is the sum of projections. This essentially reduces our
problem to operators of the form identity + compact. We then concentrate on this latter
class in Section 3 and derive some necessary conditions for such operators to be sums
of projections. It culminates in Theorem 3.3 (or Corollary 3.4) in which we show that if
an injective operator of the form I + K, where K is compact, is a sum of projections,
then the traces of the positive and negative parts K+ and K− of K are either both
infinity or both finite with the difference traceK+ − traceK−(= traceK) a nonnegative
integer. We end this section by giving an example showing that the converse of this is in
general false. Then, in Section 4, we consider a variation of the projection-sum problem.
They involve the characterizations of sums of projections which have some fixed (finite
or infinite) rank. Finally, Section 5 gives the characterization of the closure, in the norm
topology, of the set of sums of projections.

We remark that some methods from [3] on convex combinations of projections are
used in the present paper.

Recall that an operator T is positive (resp., strictly positive), denoted by T ≥ 0 (resp.,
T > 0), if 〈Tx, x〉 ≥ 0 (resp., 〈Tx, x〉 > 0) for any (resp., any nonzero) vector x. For
Hermitian operators A and B, A ≥ B (resp., A > B) means that A − B ≥ 0 (resp.,
A − B > 0), and similarly for A ≤ B (resp., A < B). For an operator T on H and
1 ≤ n ≤ ∞, T (n) denotes the operator T ⊕ · · · ⊕ T︸ ︷︷ ︸

n

on H(n) = H ⊕ · · · ⊕H︸ ︷︷ ︸
n

. For a (closed)

subspace K of H, PK denotes the (orthogonal) projection from H onto K. We use IH
to denote the identity operator on H. This will be abbreviated to I if the underlying
space needs not be emphasized. For a positive integer m, 0m and Im denote the zero and
identity operators on C

m, respectively. For an infinite-dimensional separable space H,
let B(H) be the algebra of all operators on H, K(H) the ideal of compact operators
on H, B(H)/K(H) the Calkin algebra, and π : B(H) → B(H)/K(H) the quotient map.
In the following, we will need the Fredholm theory of operators. For this, the reader may
consult [4, Chapter XI].
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1. Operator matrix representation

We start by showing that in considering sums of projections we may as well assume
that the operator is strictly positive.

Lemma 1.1. An operator of the form T ⊕ 0 is a sum of n projections if and only if T

itself is a sum of n projections.

Proof. If T ⊕ 0 =
∑n

j=1 Pj is the sum of the n projections

Pj =
[
Aj Bj

Cj Dj

]
, j = 1, . . . , n,

then
∑

j Aj = T and
∑

j Dj = 0. Since all the Dj ’s are positive, the latter equality
implies that Dj = 0 for all j. Hence Bj = 0 and Cj = 0 and therefore T =

∑
j Aj is the

sum of the n projections Aj . �
The main result of this section is a characterization of sums of projections in terms

of a certain operator matrix representation.

Theorem 1.2. Let T be a strictly positive operator. Then T is a sum of n projections if
and only if, for the zero operator 0 on some space, T ⊕ 0 is unitarily equivalent to an
operator matrix of the form ⎡

⎢⎣ I1 ∗
. . .

∗ In

⎤
⎥⎦ ,

where I1, . . . , In denote the identity operators on some spaces. (Some of these operators
will be absent if their underlying spaces are of zero dimension.)

Proof. If T =
∑n

j=1 Pj is a sum of projections on H, then, letting Hj = RangePj and
Vj : Hj → H be the inclusion map for each j, we have V ∗

j Vj = Ij , the identity operator
on Hj , and VjV

∗
j = Pj . Let

W =

⎡
⎢⎣
V ∗

1
...
V ∗
n

⎤
⎥⎦T−1/2 : RangeT 1/2 →

n∑
j=1

⊕Hj .

Since

∥∥W (
T 1/2x

)∥∥2 =

∥∥∥∥∥∥∥
⎡
⎢⎣
V ∗

1
...
V ∗
n

⎤
⎥⎦x

∥∥∥∥∥∥∥
2

=

〈
[V1 · · ·Vn]

⎡
⎢⎣
V ∗

1
...
V ∗
n

⎤
⎥⎦x, x

〉
=

〈∑
j

Pjx, x

〉

= 〈Tx, x〉 =
∥∥T 1/2x

∥∥2
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for any x in H, we can extend W to an isometry, which is also denoted by W , from
RangeT 1/2 = H to

∑
j ⊕Hj . Note that

WTW ∗ =

⎡
⎢⎣
V ∗

1
...
V ∗
n

⎤
⎥⎦ [V1 · · ·Vn] =

⎡
⎢⎣ I1 ∗

. . .
∗ In

⎤
⎥⎦ .

Hence this latter operator matrix is unitarily equivalent to T ⊕ 0, where 0 denotes the
zero operator on kerW ∗(= {

∑
j ⊕xj ∈

∑
j ⊕Hj :

∑
j xj = 0}).

Conversely, assume that T ⊕ 0 is unitarily equivalent to

B =

⎡
⎢⎣ I1 ∗

. . .
∗ In

⎤
⎥⎦ .

Let C = [Cij ]ni,j=1 be the positive square root of the positive operator B and Di =
[Ci1 · · · Cin]∗ for i = 1, . . . , n. Then B = C2 =

∑n
i=1 DiD

∗
i and D∗

iDi = Ii for all i.
Note that DiD

∗
i is Hermitian and (DiD

∗
i )2 = Di(D∗

iDi)D∗
i = DiIiD

∗
i = DiD

∗
i . Hence

B =
∑

i DiD
∗
i is the sum of the projections DiD

∗
i . Lemma 1.1 then implies that T is a

sum of projections. �
For finite-dimensional operators, the preceding theorem can be stated more precisely.

Corollary 1.3. Let T be a strictly positive k-by-k matrix. Then T is a sum of n projections
with ranks r1, . . . , rn if and only if T ⊕ 0m is unitarily equivalent to⎡

⎢⎣ I1 ∗
. . .

∗ In

⎤
⎥⎦ ,

where m =
∑n

j=1 rj − k ≥ 0, and Ij is the rj-by-rj identity matrix, j = 1, . . . , n.

This is essentially shown in the proof of Theorem 1.2. In particular, for the sufficiency
part, we need the equality rankDjD

∗
j = rankD∗

jDj .
The characterization of sums of projections among finite-rank operators can be ob-

tained easily, the finite-dimensional case of which is due to Fillmore [6].

Corollary 1.4. An operator T is the sum of finite-rank projections if and only if T ≥ 0 is
of finite rank, traceT is an integer and traceT ≥ rankT . In this case, T is the sum of
traceT many rank-one projections.

Proof. Since every finite-rank operator is the direct sum of a finite-dimensional operator
and a zero operator, we may assume that T itself acts on a, say, n-dimensional space. To
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prove the nontrivial sufficiency part, we may, as in the proof of [6, Theorem 1], subtract
some rank-one projections from T and thus assume that traceT = rankT = n. By [7,
Corollary 2], T is unitarily equivalent to an n-by-n matrix with diagonal entries all equal
to 1. Theorem 1.2 then implies that T is a sum of n rank-one projections. �

The condition in Theorem 1.2 can also be expressed in terms of the isotropic subspaces.
Recall that a (closed) subspace K of H is isotropic for an operator T on H if 〈Tx, x〉 = 0
for all x in K. This is the same as saying that PKTPK = 0.

Proposition 1.5. The following conditions are equivalent for an operator T on a Hilbert
space H:

(a) H is the direct orthogonal sum of n isotropic subspaces of T ;
(b) there is a unitary operator U on H with

∑n−1
j=0 U−jTU j = 0;

(c) there is a unitary operator W on H with Wn = I and
∑n−1

j=0 W−jTW j = 0.

Proof. (a) ⇒ (b). Under (a), there are projections P1, . . . , Pn such that PkTPk = 0 for
each k, PkPl = 0 for k �= l, and

∑
k Pk = I. Let ω = exp(2πi/n), an nth primitive root

of unity, and U =
∑n

k=1 ω
kPk. Then

U∗ =
∑
k

ω̄kPk =
∑
k

ω−kPk = U−1

and

n−1∑
j=0

U−jTU j =
n−1∑
j=0

n∑
k,l=1

ω(l−k)jPkTPl

=
n∑

k,l=1

(
n−1∑
j=0

ω(l−k)j

)
PkTPl =

n∑
k=1

PkTPk = 0

since
∑n−1

j=0 ω(l−k)j = 0 for k �= l. These show that U is the required unitary operator.
Note that since Un =

∑
k ω

nkPk =
∑

k Pk = I, the preceding arguments also prove
(a) ⇒ (c).

(b) ⇒ (c). Let U be the asserted operator. Then

T − U−nTUn =
n−1∑
j=0

U−jTU j −
n∑

j=1
U−jTU j = 0 − U−1

(
n−1∑
j=0

U−jTU j

)
U = 0.

Hence T commutes with Un. Let f(eiθ) = eiθ/n for θ ∈ [0, 2π), and let W = f(Un)−1U .
Then W is unitary,

Wn = f
(
Un

)−n
Un = U−nUn = I,
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and

n−1∑
j=0

W−jTW j =
n−1∑
j=0

U−jf
(
Un

)j
Tf

(
Un

)−j
U j =

n−1∑
j=0

U−jTU j = 0

since T commutes with f(Un)j for all j.
(c) ⇒ (a). Let W be as asserted. Since Wn = I, the spectrum of W consists of

eigenvalues from the set {ωk: 1 ≤ k ≤ n}. Hence, by the spectral theorem, W =∑n
k=1 ω

kPk for some projections Pk with
∑

k Pk = I. Since WPk = ωkPk for each k, we
have

0 = 1
n
Pk

(
n−1∑
j=0

W−jTW j

)
Pk = 1

n

n−1∑
j=0

(
ω̄jkPk

)
T
(
ωjkPk

)

= 1
n

n−1∑
j=0

PkTPk = PkTPk.

This proves (a). �
In the preceding proposition, the equivalence of (a) and (b) for n = 2 yields that T is

unitarily equivalent to −T if and only if T is unitarily equivalent to an operator matrix
of the form

[
0 T1
T2 0

]
. Here the two diagonal zero operators may not be of the same size.

Theorem 1.6. Let T be an operator on a Hilbert space H. Consider the following condi-
tions:

(a) There are projections P1, . . . , Pn on H such that PkTPk = Pk for each k and∑
k Pk = I.

(b) There is a unitary operator U on H such that (1/n)
∑n−1

j=0 U−jTU j = I.
(c) There is a unitary operator W on H such that Wn = I and (1/n)

∑n−1
j=0 W−jTW j =

I.
(d) T is a sum of n idempotent operators.

Then (a), (b) and (c) are equivalent, which imply (d).
Furthermore, if T is positive, then the equivalent (a), (b) and (c) imply

(d′) T is a sum of n projections.

Proof. The equivalence of (a), (b) and (c) follows from Proposition 1.5 by letting A there
be T − I and noting that projections summed to I have their ranges orthogonal to each
other.

(a) ⇒ (d). Let the Pk’s be as asserted. Then T =
∑

k TPk with (TPk)2 = T (PkTPk) =
TPk for each k.
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(a) ⇒ (d′) for T ≥ 0. In this case, we have T =
∑

k T
1/2PkT

1/2 with

(
T 1/2PkT

1/2)2 = T 1/2(PkTPk)T 1/2

= T 1/2PkT
1/2 =

(
T 1/2PkT

1/2)∗. �
Note that, in the preceding theorem, (a) is equivalent to the condition in Theorem 1.2

without the zero summand and thus (d) or (d′) does not imply (a), (b) and (c) (witness
T =

[ 1 0
0 0

]
). Also note that in Proposition 1.5 (resp., Theorem 1.6) condition (a) is de-

scribed by 3n+1 operator equations: P 2
k = Pk = P ∗

k and PkAPk = 0 (resp., PkTPk = Pk)
for k = 1, . . . , n, and

∑
k Pk = I, (b) is described by 2 equations: U∗ = U−1 and∑

j U
−jAU j = 0 (resp.,

∑
j U

−jTU j = nI), and (c) by 3 equations: U∗ = U−1, Un = I

and
∑

j U
−jAU j = 0 (resp.,

∑
j U

−jTU j = nI).
The next corollary is useful in Section 2.

Corollary 1.7. If T = T1⊕· · ·⊕Tn on H(n), where the Tj’s are positive operators satisfying
T1 + · · · + Tn = nI, then T is a sum of n projections.

Proof. Let

U =

⎡
⎢⎢⎢⎢⎢⎣

0 I 0
0 I

...
. . . . . .

. . . I

I · · · 0

⎤
⎥⎥⎥⎥⎥⎦ on H(n).

Then U is unitary and satisfies (1/n)
∑n−1

j=0 U−jTU j = I. Hence T is a sum of projections
by Theorem 1.6. �
2. Essential norm

For the remaining part of this paper, we only consider operators on infinite-
dimensional separable spaces unless otherwise specified. We start with the following
necessary conditions for sums of projections. They greatly facilitate our search for the
exact characterization.

Proposition 2.1. Let T be a sum of projections.

(a) If ‖T‖ < 1, then T = 0.
(b) If ‖T‖e < 1, then T is of finite rank.
(c) If ‖T‖ ≤ 1, then T is a projection.

Here ‖T‖e denotes the essential norm of T : ‖T‖e = inf{‖T + K‖: K compact}. We
remark that in the above situation if ‖T‖e ≤ 1, then T is the sum of a projection and
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a compact operator. This can either be proved as in (b) by using (c) or follow from
Theorem 3.1 below.

Proof of Proposition 2.1. Let T =
∑n

j=1 Pj , where the Pj ’s are projections.
(a) Since Pj ≤ T for all j, we have ‖Pj‖ ≤ ‖T‖ < 1. It follows that Pj = 0 for all j

and hence T = 0.
(b) Consider π(T ) =

∑
j π(Pj) in the Calkin algebra, where π : B(H) → B(H)/K(H)

is the quotient map, and represent π(T ) and π(Pj)’s as operators on some Hilbert space.
Since ‖π(T )‖ = ‖T‖e < 1, (a) implies that π(T ) = 0 or T is compact. Now 0 ≤ Pj ≤ T

implies that Pj is also compact for every j (cf. [6, p. 146]). Hence Pj must be of finite
rank. The same is then true for T .

(c) If ‖T‖ ≤ 1, then 0 ≤ P1 + P2 ≤ T ≤ I. It was proved in [6, p. 151] that sums
of two projections are exactly those which are unitarily equivalent to an operator of the
form A ⊕ (2I − A) ⊕ 0 ⊕ 2I, where 0 ≤ A ≤ I. From this, we infer that P1 + P2 is
actually itself a projection. Repeating this argument with other projections in the sum
T =

∑
j Pj yields that T is a projection. �

In view of Proposition 2.1 (b) and Corollary 1.4, to characterize sums of projections
we need only consider positive operators with essential norm at least one. The case when
the essential norm is strictly greater than one is taken care of by the next theorem, which
is the main result of this section. It was announced previously in [13, Theorem 4.12].

Theorem 2.2. Any positive operator with essential norm strictly greater than one is the
sum of finitely many projections.

This will be proved via the following lemma.

Lemma 2.3. If n ≥ 2 and 0 ≤ T ≤ (1+(1/n))I on a Hilbert space H, then T⊕(1+(1/n))I
on H ⊕H is a sum of projections.

Proof. Let λ = 1 + (1/n). Since T ⊕ λI is unitarily equivalent to the sum of the two
operators

T ⊕ T (∞) ⊕ (λI − T )(∞) ⊕ (λI)(∞) ⊕ 0(∞)

and

0 ⊕ (λI − T )(∞) ⊕ T (∞) ⊕ 0(∞) ⊕ (λI)(∞)

on H ⊕ H(∞) ⊕ H(∞) ⊕ H(∞) ⊕ H(∞) and since these latter two operators are both
unitarily equivalent to (T ⊕ (λI − T ) ⊕ λI ⊕ 0)(∞), to prove our assertion we need only
check that T ⊕ (λI − T ) ⊕ λI is a sum of projections. This is indeed the case since
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T ⊕ (λI − T )⊕ λI is unitarily equivalent to T ⊕ (λI − T )⊕ (λI)(n−1) and the latter is a
sum of projections by Corollary 1.7, completing the proof. �
Proof of Theorem 2.2. First assume that 0 ≤ T ≤ 2I. As ‖T‖e > 1, there is an integer
n ≥ 2 such that ‖T‖e > 1 + (1/n) ≡ λ. We decompose T as T1 ⊕ T2 ⊕ T3, where
0 ≤ T1 ≤ λI and T2, T3 ≥ λI, the latter two acting on infinite-dimensional spaces. Then
T = (T1 ⊕ λI ⊕ (T3 − λI)) + (0 ⊕ (T2 − λI) ⊕ λI). Since 0 ≤ T1 ⊕ (T3 − λI) ≤ λI

and 0 ≤ T2 − λI ≤ λI, Lemma 2.3 implies that these latter two operators are sums of
projections. Hence the same is true for T .

In general, for ‖T‖ > 2 (and ‖T‖e > 1), consider the function f : [0, ‖T‖] → [0, 2]
defined by

f(t) =
{
t if 0 ≤ t < 2,
2 + t− �t� otherwise,

where �t� denotes the smallest integer larger than or equal to t. Then 0 ≤ f(t) ≤ 2 for
all t and f(t) > 1 for t > 1. Hence 0 ≤ f(T ) ≤ 2I and ‖f(T )‖e > 1. Therefore, by
the first paragraph of this proof, f(T ) is a sum of projections. On the other hand, since
t − f(t) is a nonnegative integer for all t, T − f(T ) is itself a sum of projections. We
conclude that the same is true for T = f(T ) + (T − f(T )). �
Corollary 2.4. A scalar operator λI (on an infinite-dimensional space) is a sum of pro-
jections if and only if either λ = 0 or λ ≥ 1.

This is an easy consequence of Proposition 2.1 (a) and Theorem 2.2.
In recent years, there have been some works by Bownik et al. [1], Casazza et al. [2] and

Kruglyak et al. [11,12] on characterizing, for each fixed N ≥ 1 and n ≥ 1, the scalars λ

for which λIN is the sum of n many N -by-N projections. The ones in [1,2] are in terms
of the frame theory. In particular, [2] solves the case of λIN as the sum of n fixed-rank
projections, which is related to our results in Section 4 below.

3. Identity + compact

In light of the results in Sections 1 and 2, for the characterization of sums of projections
we may restrict ourselves to operators which are strictly positive and have essential norm
equal to one. For such operators, we can strengthen Theorem 1.2 to the following main
theorem of this section.

Theorem 3.1. Let T be a strictly positive operator on the infinite-dimensional separable
space H with ‖T‖e = 1. Then T is a sum of n projections if and only if, for some
nonnegative integer m, T ⊕ 0m is unitarily equivalent to an operator X of the form⎡

⎢⎣ I1 ∗
. . .

⎤
⎥⎦ , (1)
∗ In
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where the off-diagonal entries are all compact operators. In particular, in this case T =
I + K, where K is a compact Hermitian operator with K > −I. Furthermore, if K

is of trace class, then m = traceK and all off-diagonal entries of X are trace-class
operators.

Proof. Assume first that T is a sum of n projections. Then Theorem 1.2 gives the unitary
equivalence of T ⊕ 0 (for 0 on some space M) and an operator X of the form (1). Hence,
‖X‖e = ‖T ⊕ 0‖e = ‖T‖e = 1. Represent π(X), where π : B(H) → B(H)/K(H) is the
quotient map, as an operator on a Hilbert space. Then π(X) can also be considered
to be of the form (1) (with a possibly smaller n). Since 0 ≤ π(X) ≤ I, we infer that
π(X) = I1⊕· · ·⊕In, and hence the off-diagonal entries of X are all compact. In particular,
this implies that T = I + K for some compact Hermitian K with K > −I and 0 = 0m
on the m-dimensional M , 0 ≤ m < ∞. The converse of our assertion follows from
Theorem 1.2.

Furthermore, if K is of trace class, then so is (T ⊕ 0)− I or X − I. It follows that the
off-diagonal entries of X are also of trace class and

0 = trace(X − I) = trace
(
(T ⊕ 0) − I

)
= trace

(
K ⊕ (−Im)

)
= traceK −m.

Hence m = traceK, completing the proof. �
Note that if T is a sum of projections (on an infinite-dimensional separable Hilbert

space) with ‖T‖e = 1, then, from Theorem 3.1, we deduce that T is the sum of a
projection and a compact operator. It would be interesting to know which operators in
this latter class are sums of projections.

Corollary 3.2. Let T = T1 ⊕ I on H1 ⊕H2, where dimH1 < ∞. Then the following are
equivalent:

(a) T is a sum of projections,
(b) T1 is a sum of projections, and
(c) T1 ≥ 0, traceT1 is a nonnegative integer and traceT1 ≥ rankT1.

Proof. The implication (c) ⇒ (b) follows from Corollary 1.4. The implication (b) ⇒ (a)
is obvious. Thus we only need to prove (a) ⇒ (c). Under (a), we may even assume,
by Lemma 1.1, that T is strictly positive. Since ‖T‖e = 1, Theorem 3.1 implies that
trace(T − I) is a nonnegative integer, say, m. Therefore,

traceT1 = trace(T1 − I) + dimH1 = trace(T − I) + dimH1 = m + dimH1.

Thus traceT1 is a nonnegative integer and traceT1 ≥ rankT1. This proves (c). �
For operators of the form identity + compact, the next theorem gives necessary con-

ditions for them to be sums of projections.
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Theorem 3.3. If T = I + K is a sum of projections, where K is a compact Hermitian
operator with K > −I, then traceK+ ≥ traceK− (possibly infinity on either side).
Moreover, under these conditions, the following hold:

(a) K is of trace class if and only if K+ or K− is of trace class.
(b) K is of finite rank if and only if K+ or K− is of finite rank.

Corollary 3.4. If T = I +K is a sum of projections, where K is an infinite-rank compact
Hermitian operator with K > −I, then

(a) both K+ and K− have infinite rank, and
(b) either traceK+ = traceK− = ∞ or K is of trace class with traceK a nonnegative

integer.

Recall that the positive and negative parts of an operator A are by definition A+ =
(|A| + A)/2 and A− = (|A| −A)/2, respectively, where |A| = (A∗A)1/2.

Proof of Theorem 3.3. Assume that T is a sum of n projections. Then, for some non-
negative integer m, T ⊕ 0m is unitarily equivalent to an operator X of the form (1) by
Theorem 3.1. If A = X − I, then A+ (resp., A−) is unitarily equivalent to K+ ⊕ 0m
(resp., K− ⊕ Im). Hence traceA+ = traceK+ and traceA− = traceK− + m. If {ej}j is
the orthonormal basis for which 〈Aej , ej〉 = 0 for all j, then

traceA+ =
∑
j

〈A+ej , ej〉

=
∑
j

〈Aej , ej〉 +
∑
j

〈A−ej , ej〉

=
∑
j

〈A−ej , ej〉 = traceA−.

It follows that traceK+ = traceK− + m ≥ traceK− as asserted.
(a) is an easy consequence of the above. We now prove (b). Since A is unitarily

equivalent to A′ ≡ K ⊕ (−Im) = (K+ ⊕ 0m) − (K− ⊕ Im), by Proposition 1.5 there
is a unitary operator U such that

∑n−1
j=0 U−jA′U j = 0. We thus obtain

∑
j U

−j(K+ ⊕
0m)U j =

∑
j U

−j(K− ⊕ Im)U j . Hence

rankK+ ≤ rank
(∑

j

U−j(K+ ⊕ 0m)U j

)
= rank

(∑
j

U−j(K− ⊕ Im)U j

)

≤
∑
j

rank
(
U−j(K− ⊕ Im)U j

)
= n · rank(K− ⊕ Im) = n(rankK− + m)

and, similarly, rankK− ≤ n · rankK+ −m. (b) follows immediately. �
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The preceding theorem gives some necessary conditions on the trace and rank in order
that an operator of the form identity + compact be a sum of projections. Are these
conditions sufficient? Unfortunately, the next example shows that the answer turns out
to be “NO”.

Example 3.5. Let K be the diagonal operator diag(a1, a2, . . .) ⊕ diag(−b1,−b2, . . .) on
l2 ⊕ l2, where ak = 1/2k for k ≥ 1 and the bk’s satisfy b1 ≥ b2 ≥ · · · > 0 and

∑l2

k=1 bk =∑l
k=1 ak for each l ≥ 1. Then K is of trace class with traceK = 0. We show that

the strictly positive T ≡ I + K is not a sum of projections. Indeed, if T is a sum
of n projections, then Theorem 3.1 and Proposition 1.5 imply that there is a unitary
operator U such that

∑n−1
j=0 U−jKU j = 0. Let ek = (0, . . . , 0, 1

kth
, 0, . . .) ⊕ 0 in l2 ⊕ l2

for 1 ≤ k ≤ n, L =
∨n

k=1{ek} and M =
∨n−1

j=0 U−jL. Express K as K+ − K−. Note
that, for each j, 0 ≤ j ≤ n − 1, PM (U−jK+U

j)PM is positive compact with a1, . . . , an
as its n largest eigenvalues. Hence tracePM (U−jK+U

j)PM ≥
∑n

k=1 ak. On the other
hand, PM (U−jK−U

j)PM is also positive compact with no more than n2 − n many
(strictly) positive eigenvalues. Thus we have tracePM (U−jK−U

j)PM <
∑n2

k=1 bk. These
two together lead to

0 = tracePM

(
n−1∑
j=0

U−jKU j

)
PM

=
n−1∑
j=0

tracePM

(
U−jK+U

j
)
PM −

n−1∑
j=0

tracePM

(
U−jK−U

j
)
PM

> n

n∑
k=1

ak − n

n2∑
k=1

bk = 0,

a contradiction. Hence T cannot be a sum of projections.

We conclude this section with more information on sums of projections of the form
identity + compact.

Theorem 3.6. Let I +K =
∑n

j=1 Pj on a Hilbert space H, where K is compact and Pj’s
are projections. Then

(a) PjKPj ≥ 0 for all j,
(b) PjPk is compact for all j �= k, and
(c) there are projections Q1, . . . , Qn with orthogonal ranges such that

∑
j Qj = I and

Pj −Qj is compact for all j.

Proof. Since

0 ≤ (PjPk)(PjPk)∗ = PjPkPj ≤ Pj(I + K − Pj)Pj = PjKPj
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for any j �= k, we infer that PjKPj ≥ 0 and (PjPk)(PjPk)∗ is compact. Through the
polar decomposition of (PjPk)∗, we obtain the compactness of (PjPk)∗ = PkPj . These
prove (a) and (b).

To prove (c), let Q1 = P1 and Q2 = f((I − P1)P2(I − P1)), where f is the function
on [0, 1] given by

f(t) =
{ 1 if 1/2 ≤ t ≤ 1,

0 if 0 ≤ t < 1/2.

If π : B(H) → B(H)/K(H) is the quotient map from B(H) to B(H)/K(H), then

π(Q2) = π
(
f
(
(I − P1)P2(I − P1)

))
= f

(
π
(
(I − P1)P2(I − P1)

))
= f

(
π(P2)

)
= π

(
f(P2)

)
= π(P2),

where π((I − P1)P2(I − P1)) = π(P2) holds because

(I − P1)P2(I − P1) − P2 = −P1P2 − P2P1 + P1P2P1

is compact by (b). This shows that K ′ ≡ P2 − Q2 is compact. Since Q1 + Q2 is a
projection, (Q1 + Q2) + P3 + · · · + Pn is a sum of n − 1 projections and is equal to∑n

j=1 Pj − K ′ = I + K − K ′ with K − K ′ compact. Hence we may repeat the above
arguments inductively to obtain projections Q3, . . . , Qn with orthogonal ranges such that
Q ≡

∑n
j=1 Qj is of the form identity + compact and Pj − Qj is compact for all j. In

particular, Q is a projection with nullityQ < ∞. Replacing Qn by Q′
n ≡ Qn + Pker Q

yields the projections Q1, . . . , Qn−1, Q
′
n, which satisfy all our requirements. �

In the remaining part of this paper, we consider some variations of the projection-sum
problem. There are two different types. One involves sums of projections with some
additional properties. For example, we may require that the projections have some fixed
(finite or infinite) rank. Results of this nature are given in Section 4 below. Another
type concerns operators which can be approximated by sums of projections in the norm
topology. These will be in Section 5.

4. Fixed-rank projections

We start with a characterization of sums of infinite-rank projections.

Proposition 4.1. An operator T is a sum of n infinite-rank projections if and only if it
has infinite rank and is a sum of n projections.

Proof. The necessity is trivial. To prove the sufficiency, assume that T =
∑n

j=1 Pj is
a sum of n projections, where Pj is of finite rank for j = 1, . . . ,m (1 ≤ m < n) and
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of infinite rank otherwise. Let K be the finite-dimensional subspace
∨m

j=1((RangePj) ∨
Pm+1(RangePj)). Then K is invariant for P1, . . . , Pm+1. Let Pj = Qj ⊕ 0, j = 1, . . . ,m,
and Pm+1 = Qm+1 ⊕ R on the decomposition K ⊕ K⊥. Then T ′ ≡

∑m+1
j=1 Pj =

(
∑m+1

j=1 Qj) ⊕ R. Since the infinite-rank R is unitarily equivalent to I(m+1) ⊕ 0, where
the identity operator I acts on an infinite-dimensional space, T ′ is unitarily equivalent
to the sum of the operators

Qj ⊕ (0 ⊕ · · · ⊕ I
jth

⊕ · · · ⊕ 0) ⊕ 0, j = 1, . . . ,m + 1,

each of which is an infinite-rank projection. It follows that T = T ′ +
∑n

j=m+2 Pj is a
sum of n infinite-rank projections. �

For a characterization of sums of rank-k projections for a fixed k ≥ 1, we need the
following lemma.

Lemma 4.2. If T = P1 + P2 on a Hilbert space H, where P1 and P2 are projections with
rankP1 ≤ rankP2 < ∞, then there are two projections Q1 and Q2 with rankQ1 equal to
rankQ2 or rankQ2 − 1 such that T = Q1 + Q2.

Proof. Considering PTP instead of T , where P is the projection with range equal to
(RangeP1) ∨ (RangeP2), we may assume that H is finite dimensional. Let n = dimH

and nj = rankPj , j = 1, 2. Then

dim
(
(RangeP1)⊥ ∩ (RangeP2)

)
= dim(RangeP1)⊥ + dim RangeP2

− dim
(
(RangeP1)⊥ ∨ (RangeP2)

)
≥ (n− n1) + n2 − n = n2 − n1 ≥ 0.

Let K be a subspace of (RangeP1)⊥ ∩ (RangeP2) with dimension �(n2 − n1)/2�, the
largest integer less than or equal to (n2 − n1)/2, and let P3 = PK . Then P3P1 = 0
(since K ⊆ (RangeP1)⊥) and P3 ≤ P2 (since K ⊆ RangeP2). If Q1 = P1 + P3 and
Q2 = P2 − P3, then Q1 and Q2 are projections, Q1 + Q2 = P1 + P2 = T ,

rankQ1 = rankP1 + rankP3 = n1 +
⌊
(n2 − n1)/2

⌋
and

rankQ2 = rankP2 − rankP3 = n2 −
⌊
(n2 − n1)/2

⌋
.

Hence rankQ1 equals rankQ2 or rankQ2 − 1 depending on whether n2 − n1 is even or
odd. This completes the proof. �
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Repeated applications of Lemma 4.2 yield the following.

Proposition 4.3. If T is a sum of n finite-rank projections, then T can be rewritten as a
sum of projections P1, . . . , Pn satisfying

rankP1 ≤ rankP2 ≤ · · · ≤ rankPn ≤ rankP1 + 1 < ∞.

Corollary 4.4. Let n and k be two positive integers. Then T is the sum of n rank-k
projections if and only if T is the sum of n projections and traceT = nk.

Proof. The necessity is trivial. To prove the sufficiency, let T =
∑n

j=1 Pj be a sum of
n projections and traceT = nk. By Proposition 4.3, we may assume that kj ≡ rankPj ,
1 ≤ j ≤ n, satisfy k1 ≤ · · · ≤ kn ≤ k1 + 1. Since

nk1 ≤
n∑

j=1
kj = traceT = nk ≤ nkn,

we obtain k1 ≤ k ≤ kn ≤ k1 + 1. Hence k equals k1 or k1 + 1. In either case, we have
kj = k for all j. This completes the proof. �

We now proceed to a more detailed analysis of the projections which appear in a sum
by considering both the rank and nullity of a projection. We start with the following two
lemmas.

Lemma 4.5. Let P and Q be two projections on an infinite-dimensional Hilbert space.
If either rankP is infinite and rankQ is finite or nullityP is infinite and nullityQ is
finite, then there are two projections R1 and R2 whose ranks and nullities are all infinity
such that P + Q = R1 + R2.

Proof. First assume that rank P = ∞ and rank Q < ∞. Then (RangeP ) ∩ (RangeQ)⊥
must be infinite dimensional. We can express it as the direct sum H1 ⊕ H2 of two
infinite-dimensional subspaces H1 and H2. If R = PH1 , then RP = PR = R and
RQ = QR = 0. Thus R1 = P − R and R2 = Q + R are two projections with infinite
ranks and nullities such that P + Q = R1 + R2.

On the other hand, if nullityP = ∞ and nullityQ < ∞, then apply the above to I−P

and I − Q to obtain projections R′
1 and R′

2 with infinite ranks and nullities such that
(I−P )+ (I−Q) = R′

1 +R′
2. Then P +Q = (I−R′

1)+ (I−R′
2) is the required sum. �

Lemma 4.6. Let T be the sum of n projections on an infinite-dimensional Hilbert space.
If both T and nI − T have infinite ranks, then there are projections P1, . . . , Pn, all of
which have infinite ranks and nullities, such that T = P1 + · · · + Pn.

Proof. Assume that T =
∑n

j=1 Qj , where the Qj ’s are projections. As rank T =
rank(nI − T ) = ∞, there are some j and k (1 ≤ j, k ≤ n), not necessarily distinct,
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such that rankQj = rank(I − Qk) = nullityQk = ∞. Applying Lemma 4.5 repeatedly,
we may replace Q1, . . . , Qn, one pair at a time, by projections P1, . . . , Pn so that all of
the latter have infinite ranks and nullities and satisfy T =

∑n
j=1 Pj . �

We can now combine together Propositions 4.1 and 4.3 and Lemma 4.6 into the
following theorem.

Theorem 4.7. If T is the sum of n projections, then there are projections P1, . . . , Pn such
that T = P1 + · · · + Pn with the following additional conditions:

(a) rankP1 ≤ rankP2 ≤ · · · ≤ rankPn = rankP1 + 1, if T has finite rank and traceT is
a positive integer not divisible by n,

(b) nullityP1 ≤ nullityP2 ≤ · · · ≤ nullityPn = nullityP1 + 1, if nI − T has finite rank
and trace(nI − T ) is a positive integer not divisible by n,

(c) the Pj’s are unitarily equivalent to each other, if otherwise.

Proof. (a) follows from Proposition 4.3 and (b) from applying (a) to nI−T . To prove (c),
note that if rankT = rank(nI − T ) = ∞, then the assertion follows from Lemma 4.6.
On the other hand, if rankT < ∞ and traceT is divisible by n, then Proposition 4.3
implies that T =

∑n
j=1 Pj for some projections Pj with equal finite ranks, whose unitary

equivalences then follow immediately. Similarly, if rank(nI − T ) < ∞ and trace(nI − T )
is divisible by n, then apply the above to nI − T to obtain nI − T =

∑n
j=1 Qj with

unitarily equivalent projections Qj . Letting Pj = I − Qj for 1 ≤ j ≤ n, we thus have
T =

∑n
j=1 Pj with unitarily equivalent Pj ’s as required. These cover all the remaining

cases of (a) and (b). �
5. Closure of sums of projections

In this final section, we turn to problems on approximating operators by sums of
projections. Note that in the finite-dimensional case, the set of sums of (resp., sums of
two) projections is itself closed. These are easy consequences of the results of Fillmore [6].
We now turn to sums of two projections on infinite-dimensional spaces. Recall that an
operator is such a sum if and only if it is unitarily equivalent to an operator of the
form 0 ⊕ I ⊕ 2I ⊕ A ⊕ (2I − A), where 0 < A < I (cf. [6, p. 151]). The next result
gives a characterization of operators (on an infinite-dimensional space) which can be
approximated by such operators in norm.

Proposition 5.1. For an infinite-dimensional separable Hilbert space H, let S =
{S ∈ B(H): S is a sum of two projections}. Then T is in the norm closure of S if
and only if it is unitarily equivalent to an operator of the form 0⊕ I⊕2I⊕A⊕ (2I−B),
where 0 < A,B < I, σ(A) = σ(B) and A and B have the same multiplicity for each of
their common isolated eigenvalues.
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Proof. Let T = A ⊕ (2I − B), where A and B satisfy the asserted properties. For any
positive integer n, consider a partition 0 = t0 < t1 < · · · < tn < tn+1 = 1, with
tj+1 − tj < 1/n for all j, 1 ≤ j ≤ n, such that each tj is not an eigenvalue of either A

or B. This is possible since, on a separable space, A and B can have only countably
many eigenvalues. Define a step function f : [0, 1] → [0, 1] by f(t) = tj for t in [tj , tj+1),
0 ≤ j ≤ n, and f(1) = 1. Then 0 ≤ f(A), f(B) ≤ I, ‖f(A) − A‖, ‖f(B) − B‖ < 1/n,
σ(f(A)) = σ(f(B)) ⊆ {t0, . . . , tn}, and f(A) and f(B) have the same multiplicity at
each tj . Hence ‖T − f(A)⊕ (2I − f(B))‖ < 1/n and U∗f(A)U = f(B) for some unitary
operator U . It follows that f(A)⊕(2I−f(B)) is unitarily equivalent to f(A)⊕(2I−f(A))
while the latter is the sum of the two projections

P± =
[
I 0
0 U∗

] [
C ±(C − C2)1/2

±(C − C2)1/2 I − C

] [
I 0
0 U

]
,

where C = f(A)/2. This shows that T is in the asserted closure. We remark that this can
also be proved by appealing to [8, Theorem 1] on the approximate unitary equivalence
of normal operators and [6, p. 151] on the characterization of sums of two projections.

Conversely, assume that {Tn} is a sequence of sums of two projections which converges
to an operator T in norm. Then Cn ≡ (Tn − I)+ (resp., Dn ≡ (Tn − I)−) converges to
C ≡ (T − I)+ (resp., D ≡ (T − I)−) in norm. Since 0 ≤ T ≤ 2I, we have 0 ≤ C,D ≤ I.
We first show that σ(C) ∪ {0, 1} = σ(D) ∪ {0, 1}. Indeed, from the structure of sums of
two projections, we have σ(Cn) ∪ {0, 1} = σ(Dn) ∪ {0, 1} for all n. Since the function
which maps an operator to its spectrum is continuous when restricted to the normal ones
(cf. [9, Problem 105]), we obtain, as n approaches infinity, σ(C)∪ {0, 1} = σ(D)∪ {0, 1}
as asserted. Next, let λ, 0 < λ < 1, be any isolated eigenvalue of C. We will show that λ,
as an (isolated) eigenvalue of D, has the same multiplicity as that for C. Let 0 < ε1 <

ε2 < min{λ, 1 − λ} be such that σ(C) ⊆ Ω ≡ [0, λ − ε2) ∪ (λ− ε1, λ + ε1) ∪ (λ + ε2, 1],
and let f : [0, 1] → [0, 1] be a continuous function such that

f(t) =
{ 1 if t ∈ (λ− ε1, λ + ε1),

0 if t ∈ [0, λ− ε2) ∪ (λ + ε2, 1].

Since σ(Cn) converges to σ(C) as n approaches infinity, there exists an N such that
σ(Cn) ⊆ Ω for all n ≥ N . From Cn → C in norm, we obtain f(Cn) → f(C) in
norm (cf. [9, Problem 126]). Since Pn ≡ f(Cn) and P ≡ f(C) are projections, we
infer that rankPn = rankP for all large n (cf. [9, Problem 57]). Similarly, we have
rankQn = rankQ for all large n, where Qn = f(Dn) and Q = f(D) are projections.
Since rankPn = rankQn for all n by the structure of sums of two projections, we obtain
rankP = rankQ or dim{x: Cx = λx} = dim{y: Dy = λy}. The assertions in the
statement of our proposition then follow immediately. �

Our final result is a characterization of the norm closure of the set of sums of projec-
tions. We start with the following lemma.
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Lemma 5.2. If A and B are positive finite-rank operators on a Hilbert space H, then
trace(A−B) ≤ (rankA)‖A−B‖ and |traceA− traceB| ≤ max{rankA, rankB}‖A−B‖
hold.

Proof. We may assume that n ≡ rankA > 0. Let P be a projection on H with rankP = n

and A = PAP . Then

‖A−B‖ ≥
∥∥P (A−B)P

∥∥ ≥ 1
n

trace
(
P (A−B)P

)
= 1

n

(
trace(PAP ) − trace(PBP )

)
≥ 1

n
(traceA− traceB)

and our assertions follow. �
Note that the inequalities in the preceding lemma are sharp. This is seen by the n-by-n

strictly positive matrices A and B satisfying A = B + tIn for some t > 0, in which case
the equalities

trace(A−B) = nt = (rankA)‖A−B‖ = max{rankA, rankB}‖A−B‖

hold.
Consider, for each positive integer k, the closure of the set Sk consisting of sums of k

rank-one projections on a space H. As proven in Corollary 1.4, each Sk is equal to the
set {T ∈ B(H): T ≥ 0, rankT ≤ traceT = k} and the set S0 of sums of finite-rank
projections equals

⋃∞
k=1 Sk. The next proposition says that all the Sk’s, k ≥ 1, are

norm-closed.

Proposition 5.3. For each positive integer k, the set Sk = {T ∈ B(H): T is a sum of k
rank-one projections} is norm-closed.

Proof. Let T = limn Tn in norm, where Tn ≥ 0 and rankTn ≤ traceTn = k for each n.
Obviously, we have T ≥ 0. We now show that T also satisfies rank T ≤ traceT = k.
Indeed, assume first that rankT > k. Then there is a projection P with k < rankP < ∞
and εP ≤ T for some ε > 0. As limn Tn = T in norm, there is an integer n0 such that
‖Tn0 − T‖ < ε/2. Therefore, Tn0 − T + (ε/2)I > 0 and hence

PTn0P − ε

2P = P

(
Tn0 − T + ε

2I
)
P + P (T − εP )P ≥ 0.

This implies that rankPTn0P ≥ rankP > k, which contradicts rankPTn0P ≤
rankTn0 ≤ k. Thus we must have rank T ≤ k. Finally, Lemma 5.2 yields that

|traceT − k| =
∣∣trace(T − Tn)

∣∣ ≤ max{rank T, rankTn}‖T − Tn‖ ≤ k‖T − Tn‖
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for each n. Letting n approach infinity, we obtain traceT = k. This shows that T is in Sk

and thus Sk is norm-closed as asserted. �
Next we show the norm-closedness of S0 =

⋃∞
k=1 Sk. Note that the sets Sk, k ≥ 1,

are separated by the norm. Indeed, if A,B ≥ 0 are such that rankA ≤ traceA = k and
rankB ≤ traceB = l with k < l, then

‖A−B‖ ≥ l − k

rankB ≥ l − k

l
= 1 − k

l

by Lemma 5.2. This shows that dist(Sk,Sl) ≥ 1 − min{k/l, l/k} for any k, l ≥ 1.

Proposition 5.4. The set S0 = {T ∈ B(H): T is a sum of finite-rank projections} is
norm-closed.

Proof. Let T = limn Tn in norm, where each Tn, n ≥ 1, is a sum of finite-rank projections.
If n0 is an integer such that ‖Tn − Tn0‖ ≤ 1/2 for all n > n0, then, by Lemma 5.2,

trace(Tn − 2Tn0) = 2 trace(Tn − Tn0) − traceTn

≤ 2(rankTn)‖Tn − Tn0‖ − traceTn

≤ rank Tn − traceTn ≤ 0,

that is, traceTn ≤ 2 traceTn0 for all large n. It follows that {traceTn}∞n=1 is a bounded
sequence of positive integers. Passing to a subsequence if necessary, we may assume that
traceTn has a constant value, say, k for all n. Hence Tn is a sum of k rank-one projections
by Corollary 1.4 for all n. Proposition 5.3 then implies that T itself is a sum of k rank-one
projections. This proves the norm-closedness of S0. �

The following is a result of related interest.

Proposition 5.5. For each positive integer k, the set {T ∈ B(H): T is a sum of k
finite-rank projections} is norm-closed.

Proof. Let T = limn Tn in norm, where, for each n, Tn =
∑k

j=1 P
(n)
j is a sum of k finite-

rank projections P
(n)
j . By Proposition 5.4, T is of finite rank. Let Q be the finite-rank

projection on H with range equal to (RangeT ) ∨ (RangeT ∗). Then QT = TQ = T ,
limn QTnQ = QTQ = T and limn(I − Q)Tn(I − Q) = (I − Q)T (I − Q) = 0. Passing
to a subsequence, we may assume that, for each j, QP

(n)
j Q converges, as n approaches

infinity, to a finite-rank positive operator Rj in norm. Thus T =
∑k

j=1 Rj . It remains to
show that Rj is a projection for all j. Note that for any two projections P and Q, we have∥∥QPQ− (QPQ)2

∥∥ =
∥∥QP (I −Q)PQ

∥∥
≤

∥∥P (I −Q)
∥∥ =

∥∥(I −Q)P (I −Q)
∥∥1/2

.
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Hence ∥∥Rj −R2
j

∥∥ = lim
n

∥∥QP
(n)
j Q−

(
QP

(n)
j Q

)2∥∥
≤ lim inf

n

∥∥(I −Q)P (n)
j (I −Q)

∥∥1/2

≤ lim
n

∥∥(I −Q)Tn(I −Q)
∥∥1/2

=
∥∥(I −Q)T (I −Q)

∥∥1/2 = 0.

This proves that T =
∑k

j=1 Rj is the sum of k finite-rank projections. �
Finally, we can characterize the norm closure of sums of projections.

Theorem 5.6. The norm closure of the set of sums of projections consists of all positive
operators which either have essential norm greater than or equal to one or are sums of
finite-rank projections.

Proof. If T is a positive operator with ‖T‖e ≥ 1, then, for every n ≥ 1, T + (1/n)I
is a positive operator with ‖T + (1/n)I‖e > 1 and hence is a sum of projections by
Theorem 2.2. Hence T , as a norm limit of the sequence {T + (1/n)I}, is in the asserted
closure.

Conversely, let T = limn Tn in norm, where each Tn is a sum of projections. Assume
that ‖T‖e < 1. Since ‖Tn‖e converges to ‖T‖e, we may assume that ‖Tn‖e < 1 for all n.
Proposition 2.1 (b) implies that Tn is of finite rank. By Proposition 5.4, T is a sum of
finite-rank projections, completing the proof. �

To conclude this paper, we remark that on an infinite-dimensional space, the closure
of the set of sums of projections in the weak operator topology (WOT) consists of all
positive operators. Indeed, if T ≥ 0, then, letting n ≥ ‖T‖, we have 0 ≤ (1/n)T ≤ I.
[9, Problem 224] implies that there are projections Pj such that Pj → (1/n)T in the
WOT. Hence nPj → T in the WOT, which shows that T is in the WOT-closure of sums
of projections. The same proof also shows that for any n ≥ 1, the WOT-closure of sums
of n projections equals the set {T : 0 ≤ T ≤ nI}.

In recent years, there have been works on expressing an operator as the sum of a
sequence of projections in the strong operator topology: T =

∑∞
n=1 Pn in SOT. For

these and their applications to frame theory, the readers can consult [5,10] and the
references therein.
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