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Abstract This paper investigates tide-induced groundwater fluctuation and submarine
groundwater discharge (SGD) in a leaky inhomogeneous coastal aquifer system with an upper
unconfined aquifer, a lower confined aquifer, and an aquitard between them. The upper left
aquifer is formed due to land reclamation. The SGD defined as the groundwater flow from
land into the sea is controlled mainly by the hydraulic gradient between land and sea. An
analytical expression is developed to discuss and assess the effect of inhomogeneity on the
groundwater head fluctuation in the leaky aquifer system. Joint effects of aquifers’ parameters
such as leakage and hydraulic diffusivity on the groundwater head fluctuation and SGD are
investigated. The predicted results from the analytical expression indicate that the groundwater
head fluctuation in both unconfined and confined aquifers is dependent on dimensionless
leakages and increases with dimensionless hydraulic diffusivity.

Keywords Coastal aquifer- Analytical solution - Tidal fluctuation - Inhomogeneity - Leakage -
Hydraulic diffusivity - Submarine groundwater discharge

Notations

A Amplitude of tide [L]

a, ay, ..., as Constant coefficients in Eq. 8

as, ds, ..., as Constant coefficients in Eq. 14

b Constant coefficient given by Eq. 10a
bb Constant coefficient given by Eq. 16a
by, by, ..., ba, Constant coefficients in Eq. 18

bs. b, Constant coefficients in Eq. 19

c Constant coefficient given by Eq. 10b
cc Constant coefficient given by Eq. 16b
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Dy, Dy, Hydraulic diffusivity of the upper aquifer [L*/T]
D1, Dsy Hydraulic diffusivity of the lower aquifer [L*/T]
Dy, Dimensionless hydraulic diffusivity in the lower aquifer
D, Dimensionless hydraulic diffusivity in the upper aquifer

Hi\, H\», Hy1, H,  Hydraulic head in the unconfined and the confined aquifer [L]

hi1(x), h1a(x),hp1(x), Functions associated with hydraulic head in the unconfined and the

hos(x) confined aquifer [L]

Hysr Mean sea level (L)

Hy1, His, Hoy, Hyy, Normalized amplitude of groundwater head fluctuation in the uncon-
fined and the confined aquifer []

e
/ Distance between coastline and inhomogeneous boundary
Ly, L, Leakage through the aquitard [1/T]
L, Dimensionless leakage
P Tidal period [T]
oL Submarine groundwater discharge from lower aquifer [L*/T]
S11, S12 Storativity of the unconfined aquifer
S51, Srn Storativity of the confined aquifer
t Time [T]
Ti1, T12 Transmissivity of the unconfined aquifer [LZ/T]
To1, Trn Transmissivity of the confined aquifer [L2/T]
T Dimensionless Transmissivity of the unconfined and confined aquifers
X Distance from coastline [L]
A A2y oy Mg Constant coefficients given by Eq. 9
As, A6y -oes Ag Constant coefficients given by Eq. 15
D1, Pra Phase angle in the upper aquifer
D51, Doy Phase angle in the lower aquifer
w Frequency of tide [1/T]

1 Introduction

Recently, researchers have made significant efforts to develop analytical solutions for tide induced
groundwater fluctuation in coastal aquifers (e.g., Philip 1973; Parlange et al. 1984; Nielsen 1990;
Jeng et al. 2002; Li and Jiao 2003a; Song et al. 2007; Chuang et al. 2012; Asadi-Aghbolaghi et al.
2012). Coastal aquifers are usually inhomogeneous due to variations in depositional and post
depositional processes (Cherry et al. 2006). Some investigators focused on the development of
analytical models to describe groundwater fluctuation in coastal leaky aquifer systems consisting
of an upper unconfined aquifer, a lower confined aquifer, and an aquitard in between (Li et al.
2001; Jeng et al. 2002; Li and Jiao 2003a). Mostly, they considered a vertical inhomogeneity for
the coastal aquifer system and assumed that the layers are homogenous and infinite extent in the
landward direction. In reality, many coastal aquifers may be inhomogeneous in both horizontal
and vertical directions (Guo et al. 2007; Guo et al. 2010; Chuang et al. 2010). Also, submarine
groundwater discharge (SGD) in coastal aquifers has been analytically investigated by many
researchers (e.g., Li and Jiao 2003b; Amir et al. 2013; Konikow et al. 2013).

Groundwater response to tidal fluctuation in a horizontal inhomogeneous aquifer had been
the topic of interest for some researchers (e.g., Geng et al. 2009; Guo et al. 2010). Li and Jiao
(2003a) investigated the influence of tide on the mean water-table for the case that unconfined
coastal aquifers are inhomogeneous and anisotropic. The predicted result from their analytical
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solution has a good agreement with previous published works. They showed that the previous
works such as Philip (1973), Knight (1981), Parlange et al. (1984), and Barry et al. (1996), are
special cases of their solution. They showed that if the observed mean water levels in coastal
areas are used for estimating the net inland recharge, the enhancing processes of sea tide on the
mean groundwater levels should be taken into account. Otherwise, the net inland recharge will
be overestimated. Geng et al. (2009) developed an analytical model to find groundwater head
fluctuation in a single coastal confined aquifer, extending under the sea for a certain distance
and overlain by a layer with different property in contrast to the aquifer. This work is an
extension of the solution derived by Li et al. (2007) with considering specific storage for the
capping. Their results demonstrated that neglecting the specific storage of the capping will lead
to significant errors in predicting groundwater head fluctuation. Guo et al. (2010) presented an
analytical model for an inhomogeneous coastal unconfined aquifer, which consists of coastal
and inland zones with different hydraulic properties. The coastal zone has a limited width
while the inland zone is infinite. They derived analytical solutions for both coastal and inland
zones and discussed the physical behaviors. They compared their analytical solution with
Jacob (1950) solution for a semi-infinite homogeneous aquifer, and concluded that the
existence of the coastal zone reduces the amplitude in the inland zone by a spatially
constant coefficient and increases the phase lag by a spatially constant shift. Monachesi and
Guarracino (2011) presented an analytical solution for a heterogeneous coastal confined
aquifer. They assumed that the hydraulic conductivity increases linearly with the inland
distance. Their results showed that the time lag between sea tide and induced head fluctuation
in the aquifer can be approximated with a square-root type function leading to a faster
propagation of the tidal fluctuation. They compared their results with the homogeneous model
provided in Jacob (1950), the linear heterogeneity produces more damped amplitudes for
distances less than approximately characteristic dampening distance.

Other researchers also investigated the problems of horizontal inhomogeneity in multi-layer
coastal aquifer systems (Guo et al. 2007; Chuang et al. 2010). Guo et al. (2007) derived
analytical models for two coastal multi-layered aquifer systems. Model I comprises of two
semi-permeable layers and a confined aquifer between them while Model I is a four-layered
aquifer system including an unconfined aquifer, an upper semi-permeable layer, a confined
aquifer and a lower semi-permeable layer. In each model, they assumed that a submarine outlet
of the confined aquifer is covered by an outlet capping. The Li and Jiao (2001) solution which
does not have an outlet capping is a special case of Guo et al. (2007) solution. Xia et al. (2007)
considered a leaky aquifer system in which the unconfined aquifer terminates at the coastline,
but the confined aquifer and its roof extends under the sea over a certain distance. They also
considered an aquifer’s submarine outlet, which is covered by a thin layer of sediment with
properties dissimilar to the aquifer. They neglected the groundwater head fluctuation in
unconfined aquifer and showed that some existing analytical solutions such as Jacob (1950),
van der Kamp (1972), Li and Jiao (2001), and Li et al. (2007) are special cases of their
solution. Chuang and Yeh (2007) derived an analytical solution to describe groundwater level
fluctuation in a leaky aquifer of infinite extent under the sea. Their results showed that ignoring
water table fluctuation of the unconfined aquifer will give large errors in predicting the
fluctuation, time lag, and tidal influence distance of the leaky confined aquifer. Later, they
also developed a similar solution for an aquifer extending a finite distance under the sea
(Chuang and Yeh 2008). In both solutions, they assumed that both inland and offshore parts of
aquitard and confined aquifer have different hydraulic properties. Chuang and Yeh (2007)
solution would be a special case of Chuang and Yeh (2008) solution, if considering the length
of the roof approach infinity in Chuang and Yeh (2008). Chuang et al. (2010) presented an
analytical solution for a leaky aquifer system with a heterogeneous aquitard and underlying
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aquifer divided into several horizontal regions and the head in the upper unconfined aquifer is
assumed constant. They found that the length and location of the discontinuous aquitards have
large impacts on the amplitude and phase shift of the head fluctuation in the lower aquifer.
More recently, Chuang et al. (2011) presented an analytical solution which can be considered
as a generalization of most existing analytical solutions for a tidal aquifer system with single
confined and leaky confined aquifers. For example, Xia et al. (2007) solution is a special case
of this solution if neglecting the groundwater fluctuation in the unconfined aquifer.

This paper investigates tide-induced groundwater fluctuation in a heterogeneous leaky
aquifer system with an upper inhomogeneous unconfined aquifer, a lower inhomogeneous
confined aquifer, and an inhomogeneous aquitard between them. The upper left aquifer is
considered as a reclaimed layer (Jiao et al. 2001). All of the layers have different hydraulic
properties. An analytical model is developed to describe the groundwater head distribution and
submarine groundwater discharge (SGD) in both heterogeneous unconfined and confined
aquifers. The joint effects of aquifers’ parameters such as leakage and hydraulic
diffusivity on the head distribution are discussed and investigated via the solution
of the model. The solution of the model is compared with the existing analytical
solutions such as Jeng et al. (2002) and Chuang and Yeh (2007). This new solution
may be helpful in assessing the impact of land reclamation on the coastal groundwater
flow or the effect of submarine groundwater discharge on the ecohydrological system
near the coastal regions. However, it should be noted that the present solution will fail
to yield accurate result if the saturated thickness of the unconfined aquifer is not
significantly greater than the tidal amplitude.

2 Mathematical Model
2.1 Problem Setup and Boundary Conditions

Figure 1 shows the schematic diagram of a coastal inhomogeneous aquifer system with a lower
confined aquifer, an upper unconfined aquifer, and an aquitard in between. The upper left
aquifer is a developed zone due to land reclamation. The horizontal (x) axis is positive
landward and perpendicular to the coastal line while the vertical axis is parallel to the coast
line. The origin of the x axis is located at the end of the aquifer system. The aquitard,
confined and unconfined aquifers are heterogeneous in horizontal direction, and the
interface of heterogeneity in all the layers is located at x=/. Assume that the flow
velocity is horizontal in confined and unconfined aquifers. The leakage through the
aquitards is assumed to be proportional to head differences between confined and
unconfined aquifers; and the storage in aquitards is assumed negligible. In addition,
the flow in the unconfined aquifer can be described by the linearized Boussinesq
equation when the thickness of the unconfined aquifer is much greater than the tidal
amplitude (Bear 1979; Jiao and Tang 1999; Jeng et al. 2002). The product of
hydraulic conductivity and average saturated thickness of the unconfined aquifer is
therefore regarded as transmissivity. Considering linearized equation for the uncon-
fined aquifer, the governing equation describes the flow in unconfined aquifers can be
written as (Bear 1979; Li et al. 2001; Jeng et al. 2002)

OH 1, &*Hyy
Sii——=T1

o W+L1(H21*H11)0<x<l (18.)
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Fig. 1 Schematic diagram of a heterogeneous coastal aquifer system, comprising an unconfined aquifer, a
confined aquifer, and an aquitard in between

OH 1, &Hyy
Sio——=Tp——
25 127502
where Hy; and H, are the hydraulic head in the unconfined aquifer; S;; and T'; are storativity
and transmissivity, respectively, for 0<x</ and S}, and T, are storativity and transmissivity,
respectively, for /<x; L, is the specific leakage of the aquitard for 0<x</ and L, is the specific
leakage of the aquitard for /<x. For the confined aquifer, the governing equation is

+L2(H22—H12) I <x (lb)

OH OH
S21 6t21 T21 o 221 —|—L1(H11*H21) 0<x</ (10)
oH P Hy
Soo 6t22 TyHr——— P +L2(H12 H22)1< X (ld)

where H,; and H,; are hydraulic head in the confined aquifer;S,, and 75, are storativity and
transmissivity, respectively, for 0<x</ and S,, and T,, are storativity and transmissivity,
respectively, for /<x. The boundary conditions for the problem are

H11(0,1) = Hy1(0,¢) = H sy, + Acos(wt) (2a)
OH 1, OH 2

= =0 2b

ax X—00 ax X—00 ( )

where Hyg; is the mean sea level; 4 and w are the amplitude and frequency of the sea tide,
respectively. At the boundary of inhomogeneity (i.e., at x=/), the hydraulic head and flow
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velocity should be continuous in both confined and unconfined aquifers in all points parallel to
y axis, therefore,

Hll(l,t) :ng(l,l) (3&)
Hoy(1,t) = Hyp(l, 1) (3b)
8H”(x, Z) 8H12(x, t)
T, Y _ o Y2 E)
o et P ox e (3¢)

8H22 (x, l)
22 ax

x=/

2.2 Analytical Solutions for Head Fluctuation

An analytical solution is developed for the governing equation (Egs. la to 1d) with its
associated boundary conditions (Eq. 2a, 2b, and 3a to 3d). Based on Eq. (1a), one can obtain
H>; in terms of H;; as

1 OHy . 0°Hy
Hy=—|(Su——Ti—— H 5
2= ( ng It >+ 11 (5)

Substituting Eq. 5 into Eq. 1c results in

811821 8°Hy T11S2 &Hyy OHy1 T S10°Hyy
L o L oo e Ly oon? (6)
,T11T2154H117T 52H11+S 5H117T 52H11_0
T oot e TPMa e

Assume that Hyj=Hys +Re[hy(x)exp(—iwt)], Hix=Hysr+Re[ha(x)exp(—iwt)], Hy =
Hysi+HRe[ho (x)exp(—iwr)], and Haoo=Hysr +Re[lo(x)exp(—iwt)] where i = v/—1 Note that
this assumption implies that the hydraulic head, a function of x and ¢, is separable. Substituting
H,, into Eq. 6 yields

T11T21d4h11(x) iw dzhll(x) dzh“(x)
——— 4+ — (TS T81)———(T Th)——=—>
I, e +L1( 1821 + T21811) g (T21+ Tn) g
S118010* @
_(Li + Shriw + Slliw)hll(x) =0
1
The solution for Eq. 7 can be expressed as

hi = a1’ + ae™ + aze™ + aze (8)
where the constant coefficients ay, as, ..., a4 can be determined using the boundary conditions

and \;, \o, ..., \4 are constant defined as
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V2

/\12347:|:— b:l:\/b2+4c (9)

with
. [ S2 Sll) Ly L
h=iw 2L 2 2 10a
<T21 Tu) T Txn (10a)
and
c= (S“Szlwz+L1S21iw+L1S11iw) (10b)
T Ty

Similarly, Hy, in terms of Hj, can be obtained from Eq. 1b as

>+H12 (11)

Substituting Eq. 11 into Eq. 1d yields

819892 0°H1o T12808Hyp OHyy TpnSpo*H

Ly o2 L, ax2 T ot L, otox (12)
TuTpd'Hy | &Hy 0Hy, . 0°Hyp
YL e Zae O e

After substituting Hy,=H,s; +Re[h2(x)exp(—iwf)] into Eq. 12, one obtains

T12T22d4h12( ) dzh ( ) dzhlz(x)
—_— TS T»S T Tp)——=
L P L ( 1282 + TS1)—5— g —(Tyn +T12) g (13)
S1282uw?
—(12722‘*} + Spiw + Slgiw)hlz(x) =0
L
The solution for Eq. 13 can be expressed as
hio = ase™ + age™ + a7eM + age™ (14)
where as, ag, ..., ag are constant coefficients, which can be determined using boundary
conditions, and constants \s, Ag, ..., Ag can be obtained as
2
Asors = ig bb + /b + dce (15)
with
S S L, L
bb = iw (i + i) -2 2 (16a)
and Ty, Tn) Tn Tn
1
cCc = (S12S22w2 + L2S22iw + L2S12iw) (16b)
T12T2»

The groundwater head fluctuation terminates at infinity. The positive value of the
real part of A should therefore be ignored (i.e., Re[\;] and Re[Ag]>0) while the
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negative real part of A\ is kept, indicating that a;=ag=0. Applying the boundary
conditions (Egs. 2a and 3a to 3d) to Egs. 8 and 14 yields, respectively,

art+a+azsta, =4 (173,)

iwS T
(1_ L “) (a1 +a+as + a4)‘fn(fll>\12 +ado® +ashs® +asd?) =4 (17b)
1 1

Aol Azl

M a6 a3 + age™M—ase™!—age’t = 0 (17¢)

iwS Th
(17 7 ”) (ale)“l + @™ + aze™ + a4eA“l) Ll (a A2+ ap\2e 4 azhsted 4+ agy eM)
1 1

jwS T
_(1_zsz1z)( A51+a66A61)+ > (a5/\2 N4 aghg2eM) = 0

(17d)
Tn(al)\lehl + i o™ + azae™ + agdse™ ) le(as)\5e + a6)\6eA"") =0 (17e)
jwS jwS
T <1* 102]1 ]> (al)\le)"l + az)\2e/\)1 =+ ag)\3e)“1 =+ a4/\46)\4]) -T2 <l* “2212) (a5eA51 + aﬁew)
(17f)
TuT TnT
—7211‘ 1 (al)qzeA‘I + @A%™ +azshs?ed + a4)\42€A“1) +722 12 (as)\sze“] + as)\(,ze%l) =0
1 2

where the unknown coefficients @, to a4 in Egs. (17a) to (17f) are obtained and presented in
Appendix 1, and then those coefficients in Eqgs. 8 and 14 are determined.
Similarly, the head solutions for the confined aquifer can be developed as

hop = b]e/\lx + bze)\zx + b3e)\3x + b4e/\4x (18)

hay = bse™™ + bge* (19)

where \; to \g are defined in Egs. 9 and 15. The coefficients b; to bs can be determined by
solving following equations using Mathematica software

by +by+b3+by=4 (208.)

jwS T
<1— ’“}L 21) (b1 + by + b3 + b4)—%(b1)\12 + baAo® + b3 Ay + byAy?) = A (20b)
1 1

bleM =+ bze&l + bge/\3[ + b46A4[ - bseAS/ - b6e’\“ =0 (200)

Tor (biheM + bydoe™ + by Ase™ + bydse™ )T (bshse™ + bshge™™) = 0 (20d)
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iwS' T
(1_""Lizl> (b + by + bye™! + b4e*4’)—L—2'(b1)\12e*1’ + b2 1 bA bR
1 1

(20e)

jwS T
—<1——’“’L 22) (bse™! + bee) + %(bmz&f’ +bhg?eM) =0
2 2

WS WS
T11 (1* luz 21) (bl)\le)"l + bz)\ze)‘zl + b3)\36)\31 + b4/\4€)\41) -T2 (1* lu; 22) (b5€)\51 + bﬁe)\ﬁl)
1 2

(20f)

TuT
ShEial bshs*e™! + beAg’eM!) =0

——(BiAeN + badg7e + bidsReM + bydite M) +

Tzlez(
L] LZ

Once these six constants (b, bs, ..., bg) are known, one can evaluate H,; and H,, at any
location and time. These constants are presented in Appendix 2.

2.3 Solutions for SGD

The SGDs from the upper and the lower aquifers, Oy, and Q;, can be calculated, respectively,
using following two equations (Li and Jiao 2003a, b; Chuang et al. 2012)

+P
H
Oy =Tn / max |0, 201 | g (21a)
t L Ox x=04
t+P r 1
H
0, = T21/ max |0, 02 | (21b)
t L Ox x=0d

where P is the tidal period defined as 27/w
2.4 Special cases

Jeng et al. (2002) presented an analytical solution to describe the groundwater fluctuation in a
homogeneous coastal aquifer system. The present solution for groundwater fluctuation can be
shown to reduce to Jeng et al.’s solution (2002) if considering /— co or assuming 77,=T1,=T,
S11=812=51, T01=T2=T3, S21=5,,=S,. Therefore, Jeng et al.’s solution (2002) may be
considered as a special case of the present solution. Moreover, the present solution with
71— can give the same predictions as Chuang and Yeh’s solution (2011) if there are only
two horizontal regions in their leaky aquifer system and the thickness of the outlet capping
approaches zero.

3 Results and Discussion

In this section, a hypothetical example is given to illustrate and investigate the effect
of inhomogeneity on the tide-induced groundwater fluctuation. To address the effect
of inhomogeneity, hydraulic diffusivities are herein defined for the unconfined as
D11:T11/S11 and D12:T12/S12 and the confined aquifers as D21:T21/S21 and D22:
T>,/85,. Also, dimensionless diffusivities are introduced as D,=D;;/Dq>» and D =D,/
D,, for the unconfined and confined aquifers, respectively, and dimensionless leakage
is introduced as L,,=Li/L, for the aquitard. Furthermore, phase lag is specified as
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@, ;=tan” '(Im(h,;(x))/Re(h;;(x)) and &;,=tan '(Im(h,2(x))/Re(h;o(x)) for the uncon-
fined aquifer and @,;=tan '(Im(hy;(x))/Re(/21(x)) and Pyr=tan ' (Im(han(x))/Re(ha(x))
for the confined aquifer. The contour for the normalized amplitude and phase lag of
head fluctuations in both confined and unconfined aquifers are plotted to explore the
joint effect of hydraulic parameters. Typical values of the hydraulic parameters used
in Jeng et al. (2002) for coastal aquifers are adopted and shown in Table 1. The
amplitude of the head fluctuation is calculated at x=50 m and x=150 m in both
confined and unconfined aquifers. Normalized amplitudes of head fluctuation is
defined as H (=H/A) in both unconfined aquifers and confined aquifers. Note that
Hiy, Hyi, 11, $51, and Qy are denoted as solid lines and Hi» and Hoy Do, Pos,
and Q; dashed lines in Figs. 2—6. To compare the results with previous works two
other dimensionless parameters 7=7T,,/T,; and T'=T,,/T», are introduced.

3.1 Joint Effect of Dimensionless Leakage and Upper Aquifer Diffusivity on Head Fluctuation

Fig. 2a and b show the normalized amplitude of head fluctuation in unconfined and
confined aquifers, respectively, for both dimensionless hydraulic diffusivity (D,) and
dimensionless leakages (L,) ranging from 0.5 to 5 when dimensionless diffusivity
(Dp) is equal to one. As shown in Fig. 2a, both H;; and Hj, increase significantly
with D, for a constant L, and increase slightly with L, for a constant D,. Fig. 2b
displays that both Hy; and Hy, increase with D, for a constant L,, and decrease as
L,, increases when D, is kept constant. The figures also demonstrate that the effect of
L,, on the normalized amplitude of head fluctuation in the unconfined and confined
aquifers is minor when D, is small. On the other hand, the effect of D, on Ho; and Hy, is

Table 1 Values of hydraulic parameters used in the hypothetical example

Parameter value

Amplitude of tide 4 0.65 m

Mean sea level /s, 0

Specific yield of unconfined aquifer S, 0.3

Specific yield of unconfined aquifer Sy, 0.3

Storativity of confined aquifer S, 0.001

Storativity of confined aquifer S5, 0.001

Transmissivity of unconfined aquifer 77, 2,000 m*/day or varying
Transmissivity of unconfined aquifer 7', 2,000 m*/day or varying
Transmissivity of confined aquifer 75, 2,000 m*/day or varying
Transmissivity of confined aquifer 75, 2,000 m*/day or varying
Dimensionless transmissivity of left aquifers 7=77,/T5; 0.5~5

Dimensionless transmissivity of right aquifers T=T,/Ts 0.5~5

Leakage of aquitard L, 1/day or Varying
Leakage of aquitard L, 1/day or Varying
Dimensionless leakage L,,=L1/L, 0.25~10

Dimensionless diffusivity of upper aquifers D, =D, /D, 0.5~10

Dimensionless diffusivity of lower aquifers D,=D,/D5, 0.5~10

Distance between coastline and inhomogeneity boundary / 100 m
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Fig. 2 Normalized amplitude of head fluctuation in a unconfined aquifer (solid lines) and b confined aquifer

(dashed lines) for various values of dimensionless hydraulic diffusivity and dimensionless leakage
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very significant when L,, is large. It is interesting to note that the normalized amplitude of
head fluctuation is more sensitive to the change of L,, in confined aquifers than that in
unconfined aquifers when D, is small.

Figure 3a and b shows the phase lag of head fluctuation in the unconfined and
confined aquifers, respectively, for different values of dimensionless diffusivity (D,)
and dimensionless leakages when D,=1. As depicted in Fig. 3a, ®;; decreases
significantly as D, increases, and @, increases to reach its maximum and then
decreases as D, increases for L,, ranging from 0.5 to 5. Figure 3a also indicates that
@, decreases slightly as L,, increases for a constant D,, and &, increases signifi-
cantly with L,, when D, is small and increases slightly with L,, when D, is large.
Figure 3b shows that both @,, and $,, increase with D, when L,,<2 and increases
and then slightly decreases as D, increases when L,,>3. Figure 3b also displays &,;
and &,, increase significantly with L,, for a constant D, when 0.5<D,<5. The solid
lines in Fig. 3a and b indicate that ¢, is sensitive to the change of D,, but @,; is
sensitive to the change of L,,.

3.2 Joint Effect of Dimensionless Diffusivities on Head Fluctuation

Figure 4a and b show the normalized amplitude of head fluctuation in the unconfined
and confined aquifers, respectively, when the dimensionless hydraulic diffusivity for
both upper and lower aquifers ranging from 0.5 to 5 and dimensionless leakages is
equal to one. Figure 4a displays that both H;; and Hj, increase with D, and D,.
This figure also demonstrates that the effect of the dimensionless diffusivity on H;
and Hoy is larger when D,=1 than when D,=5. Figure 4b shows that both H,, and
Hyy increase with D, when 0.5<D,<5; however, the effect of D, on Ho; and Ho
is larger when D,=1 than when D,=5. Figure 5a and b display the phase lags of head
fluctuations in the unconfined and confined aquifers, respectively, for dimensionless
hydraulic diffusivities of upper and lower aquifers in the range 0.5 to 5. As shown in
Fig. 5a, @, decreases slightly as D, increases, but @, decreases significantly as D,
increases when 0.5<D,<5. Furthermore, ¢,; increases with D,when 0.5<D;<5. On
the other hand, @, increases slightly and then decreases as D, increases when D, is
greater than one and decreases as D, increases when D, is less than one. Figure 5b
shows that both @,; and ®,, decrease significantly as D, increases when 0.5<D,<5.
The solid lines in Figs. 5a and b indicate that &1, is more sensitive to the change of
D,, but ®,; is more sensitive to the change of D,.

3.3 Joint Effect of Dimensionless Leakage and Diffusivity on SGD

Figure 6 shows the SGDs in confined aquifer Q; denoted by the solid line and in
unconfined aquifer Q. represented by the dashed line when D,=1 and both D, and
L,, range from 0.5 to 5. The figure displays that Q; is near 9 m/day when L,,=5 and
D, is near 0.5, but Q; is close to 3.5 m/day when L,,=0.5 and D,=5. The figure
shows that the SGDs decreases significantly with increasing D, when 0.5<L,,<5. In
addition, the effect of D, on the change of Q; is large as L,, is large, and this
influence is very significant when L,,=5. The figure also demonstrates that the SGDs
from the lower aquifer increase with L,, when 0.5<D,<5. The figure indicates that
Oy is near 14 m/day for D,=0.5 but close to 46 m/day for D,=5 when L,=0.5.
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(a),

45
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Ly

2.5

1.5

(b) s

Fig. 3 Phase lag of head fluctuation in a unconfined aquifer (solid lines) and b confined aquifer (dashed lines)

for various values of dimensionless hydraulic diffusivity and dimensionless leakage
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0.5
05

Fig. 4 Normalized amplitude of head fluctuation in a unconfined aquifer (solid lines) and b confined aquifer
(dashed lines) for various values of dimensionless hydraulic diffusivity of upper and lower aquifers
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(a)

Fig. 5 Phase lag of head fluctuation in a unconfined aquifer (solid lines) and b confined aquifer (dashed lines)
for various values of dimensionless hydraulic diffusivity of upper and lower aquifers
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Fig. 6 Submarine groundwater discharge in confined aquifer (dashed lines), Q;, and in unconfined aquifer (solid
lines), Oy, with various values of dimensionless leakage and dimensionless diffusivity of the upper aquifers

Furthermore, the SGDs increases significantly with increasing D, when 0.5<L,,<S5.
The figure also demonstrates that the effect of L, on the SGDs is not significant
when D, is small and the SGDs slightly decreases as L,, increases for large D,,.

3.4 Comparison with Special Cases

As stated earlier, when the hydraulic properties of the left aquifer system equal those of the
right aquifer system, the present solution will yield the same results with those of Jeng et al.
(2002). The aquifer parameters in the present solution are chosen to be 71,=T1, 151=T»,
S11=S12, $21=52, and L, =L, to compare the results predicted by Jeng et al. (2002). Figure 7a
and b show the temporal hydraulic head distributions in unconfined and confined aquifers,
respectively, at x=50 m for the present and Jeng et al. (2002) solutions. As seen in the figures
both solutions give the same results.

To compare the results of Chuang and Yeh (2011) solution, a large value is considered for
the transmissivity of the left unconfined aquifer (74;) in the present solution, and the effect of
outlet capping is ignored (i.e., by setting its thickness as zero). The comparison between the
hydraulic heads at x=150 m (x=50 in Chuang and Yeh 2011) of two works is presented in
Fig. 8a and b for unconfined and confined aquifer, respectively. The figures indicate that the
results of both two solutions are identical.
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(a) Present Analytical Jeng et al.
Solution Solution (2002)

0.8 T=5 —c--- ¢ o o

T=1 — —-- e o o

08 T T T T T T T ]
0 5 10 15 20 25
Time (hour)
(b) Present Analytical Jeng et al.
0.8 Solution Solution (2002)
. T=5 ————~— * o o .

0 5 10 15 20 25
Time (hour)

Fig. 7 Groundwater head fluctuation versus time at x=50 m in a unconfined aquifer and b confined aquifer

4 Concluding Remarks

This paper investigates tide-induced groundwater fluctuation in an inhomogeneous leaky
aquifer system, comprising an unconfined aquifer on the top, a confined aquifer at the bottom,
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0.8 — Present Analytical Chuang and Yeh
Solution Solution (2011)
T'=5 —-=--- * o o
e T — - o o o
Y T=05 —— " s ow

hy, (m)

0 5 10 15 20 25
Time (hour)

0.8 — Present Analytical Chuang and Yeh
Solution Solution (2011)
T-5 ——---- ¢ o+
Py T"fl _ - ¢ o o »
Y T'=0.5 L 4
04 -8
~—
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N’
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~
04 —
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Fig. 8 Groundwater head fluctuation versus time at x=150 m in a unconfined aquifer and b confined aquifer

and an aquitard between them. The upper left aquifer is a developed land through reclamation.
The inhomogeneous boundary occurs at a certain distance from the coast in all layers. An
analytical solution is developed to evaluate the head fluctuations in unconfined and
confined aquifers. Furthermore the SGDs in the unconfined and confined aquifers are
also evaluated. Joint effect of the parameters of the leaky aquifer system on the head
fluctuation and SGD is discussed in detail. The results predicted from the present head
solution show that the head fluctuations in the unconfined and confined aquifers are
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dependent on the aquitard leakages. In addition, the head fluctuations in both unconfined
and confined aquifers increase with dimensionless hydraulic diffusivity. The SGD from
the lower aquifer decreases significantly with increasing dimensionless diffusivity of the
upper aquifer and increases with dimensionless leakage. The SGD from the upper aquifer
increases significantly with the dimensionless diffusivity of the upper aquifer and the
dimensionless leakage does not have significant effect on the SGD.
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Appendixes

Appendix 1

The unknown coefficients a; to as in Egs. (17a) to (17f) can be expressed as:

q = 2B (A.1)
Q5004 Olg(X
Q03— Q501
as = M (Az)
Q50— Qg(X]
1
ay == (agar + awas + ao) (A3)
7
ay = A—a1—ar—ax (A4)
1
as = _Oéi(oélzal + aizay + cusas + oisas) (A.5)
11
1
ag = o (u7a1 + aigas + a9as + aoay + anias) (A.6)
Where
oy = 3030 + Q15031 Q50302031 03303 + Q332 (A 7)
(alz—als)(aso—azl)
A2 -
= — (2ap7az; + o730 + azrae—o7 + Q) (A8)

(a16—a7)(az0—031)
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A(20n3031 + azaze + azion—ais + an)

ag =— A9
’ (ap—au3)(az—as) (A4.9)
= 7030 + (o031 Q930 Q31 (V6330733 (6 (A.10)
(0412—0413)(030—031) .
o — 217930 + 18031~ Q83031 (V1632 (X733 (6 (A1)
’ (a6—ou7)(az0—as) ’
o = Q3030 + (1403104030031 (12032 (3032 (6 (A.12)
(012*0613)(0630*(131)
1
ar == (As=Ag)e ™) (A.13)
6
1 _
ag = — (T”)\I—le)\(,)el(/\‘ %) (A14)
Ti2)e
1
Qg =— (T1X=TinAe)e M) (A.15)
T12)6
1 _
a1l = (T”)\3—T12)\6)el(’\3 o) (A16)
T2
1 _
Q1] = ——(7’11)\4—7-'12/\6)6‘1()\4 A) (A17)
T2
e anAsT12e" 20—y T1a A/ N29) - g Ty Ay el 726) =y Tia Age! ) (A.18)
" T 12(As—Ng)elXs) .
Q3 = anAsT1e" )= T A€M + gy T\ @A) —apy Ty Age! M) (A.19)
t a2 T12(As=Ng)elXs) ‘
oy = @20 As T12" 50— T A€/ 4 gy Ty A @M=y Tip Age M) (A.20)

T2 (As—Ag)el(As)
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e — g AsT 12N —ag Tip A7) 4 g Ty A M7=y TipAge M) (A21)
5 24T 12(As=Ag)elAs™2e) .

7 A5 T12€" 5720 —p; T 1o Al N29) - g Ty Ay el 726) —ugg T1a Age! N3 )
Q16 = 2\ )el(sXe) (A.22)
29T 12(As=Ag)e!Xss

S s As T12" 520 =g T Ase! N6 gy Ty A /M) =y Tip Age M) (A.23)
i 23T 12(As— ) e/ ‘

Qg = s AsT12€" 20 =5 T 1o A6 ™20) + g Ty Ayl N ) —aung Typ Agel M) (A.24)
o 9T 12(As=Ag)e 1) .

S 6 AsT12€/5 20 —ang T 1o Ao/ 0) 4 g Ty A1 V76 —apg Ty Mg/ M) (A.25)
v 29T 12(As—Ag)e! (s '

L2T11)\12€l/\' +inSnw*LlT12/\62e’*‘*LliSlzwe’(’\‘_’\ﬁ)

Qo) = A.26
% L (Lzel)‘é—le)\6261)‘6—iS12w) ( )
L2T1|)\226M2 + inS]]QJ_L] T12)\62e“2—L1iSlzwel(’\fAﬁ) (A 27)
Q9] = .
o Ly (Lge”\ﬁ*Tu)\ézel%*i&zw)
L2T11)\3281/\3 +inSllw—Llle)\ﬁzem—LliSlzwel(’\r)‘ﬁ) (A 28)
99 = .
2 L (Lzel’\é—le)\éze”%—iSlzw)
LyT1iAg*e™ + LyiS1jw—L Tip e e —LyiS wel M) (A.29)
93 = .
» L (Lzel)‘é—T12A6261)‘6—iS12w>
T A2 =S w - Ty A2 & iS1owel o)
gy — 12A57€ 7T pw 12A67€7° 4 1510we (A.30)

Lzel)‘G*le)%Zel’\é*lSlzw

TP LaTi—Ta M LoLy + Toy MiLaStiwi + Ly T AeLo—L1 Toa e T1o—Li Too AeS1owi
L T22)\6 (L2*/\62T|2*S|2wi) elAs=A1)

Qo5 =

(A31)
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T\ LaTii=Tar MaLaLy + Tar DaLaSyiwi + Ly T AeLo—Ly Toa e Tr1o—Ly Toa AeS1owi

o =
0 LiTAe (La A6’ T12=S1pwi) /%)
(A.32)
o — T LaT1i—Tai s LoLy + Tay MsLaStiwi + Ly ToxeLo—L1 Toa e T1o—Li Toa AeS1owi
7 Ly T22)‘6 (Lz*A62T12*512wl‘) elAex)
(A.33)
e T\’ Lo T —TaMalaLy + Toy MLyS1iwi + Ly Typ AsLy—Ly ToaN® T1o—L1 Toa NS 1awi
* Ly Tzz)\(, (Lz—)\(,2T]2—S]2wi) elAs™h)
(A.34)
l(As=X6) (/\SLz—le)\53—)\5S12wi—L2)\6 + T12A63 + /\6S12wi) (A 35)
g9 = - .
X6 (Lz—)\szT 12=S1owi)
Tys® +iS
sz = AT bW (A.36)
L
Tyhg* +iS
s = 1_M (A.37)
L
TiA? +iS
g = 1A B (A.38)
L
2 .
gy = 1— A"+ iSuw (A.39)
L
Appendix 2
The unknown coefficients b; to bg in Egs. (20a) to (20f) can be denoted as:
bl _ ﬂ152_5354 (Bl)
55ﬂ4_ﬂ6ﬁ1
b2 _ ﬂ6ﬂ3_ﬁ562 (BZ)
/35547ﬁ6/81

@ Springer



Groundwater fluctuation in an inhomogeneous coastal aquifer 3613
1
by = *E(ﬂsbl + Boby + B) (B.3)
by = A~bi—by—bs (B.4)
1
bs = *67“ (Brab1 + B13ba + B1abs + Bisba) (B.5)
1
be = _5—16 (Bi7b1 + Bigba + Brobs + Bagba + B bs) (B.6)
where
3, = _Bi3B30 + BisB31=B15B30~B120831— B33 813 + BBz (B.7)
! (B12=B13)(B30=B51) '
_ A(2B17851 + Bi1Bso + B31Bi6—Bi7 + Bie)
P2 = (B16=B17)(B30=B51) (B2)
_ A(2B13851 + BisBao + B3 BBz + Bia)

fs = Grrrs) Bro ) (B9)

—BirBs0 + B19B317 819830331816 B33817 B33 516
b= Gra—Brs) Bro—B1) (B-10)

_ BiaBs0 + BisB31= B3P0 331816032817 B33 516
h= (Brsr) Bro 1) (11

_ BisBao + B1aB317B1aB30~ 331812832813 83516
Po = (B12=B13)(B30=B51) (B.12)
B; = L (As=Ag)e/ ™) (B.13)

s

ﬂg = - l (Tz])\l Tzz)\(,)el(/\'_/\6> (B14)
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1
B =~y T T 19
1
e L e 16)
1
Bu =~ (Tuda T (B.17)
Bra = BpAs T2 523 Ty Mg 5726) - By, Ty Ay el =3, Ty Mgl D) (B.18)
o Baa T2 (As—Ng)elNs2e) .
Byy = 523)\5Tzzel(/\g—Ao)*ﬂﬂTzzx\éel(/\s—)\s) + ﬁz“Tz'/\‘el(/\“_)\ﬁ)*ﬂmTzz)\ﬁel()““)‘ﬁ) -
o ﬁ24T22()\5_>\6)el()\5*)\6) .
By = BaoAs Ta2e s =3) Ty Mg P576) 4 By, Ty Ay el M2 =3,, Ty Age! M) (B.20)
o B24T22()\5—)\6)e1(%5*/\6) ]
Bis = Br1 As Tape! M) =3, Toy Age!Ps) 4 B, T Ayl Y2 )=, Ty Agel M2 e) (B.21)
o B4 T2 (As= g )e!Ps ™) ‘
Bis = BagAs T2 s =30, Ty Mg 576) - B9 Ty Ay el =B0g Ty Mgl ™) (B.22)
v BaoT22(As—Ng)elAs2e) )
Bir = BagAs Toe! N2 =30 Toy Age! A7) 3, Ty Ayl M) =3, Ty Age! i) (B.23)
o Baa T2 (As—Ng)elAs2e) .
Bis = 525)\5 Tzzel(As—As)—ﬂzs T22)\6€/()\5—>\6) + 529712])\]el()\l_Aﬁ)_/BZQTZZAﬁeI(AI_)\ﬁ) (B 24)
o ﬁ29T22()\5_>\6)61(A57)\6) .
By = BagAs Tre' 5= B, Toy g5 6) - B9 T Ay elN2726) =30 Ty Agel N2 (B.25)
o 529T22()\5*)\6)e1(%*/\5) ]
Ly T \*e™ + LyiSy1w—Li T A e =Ly iSpwe/ ™)
v (B.26)

L (Lzel)“’—Tzz)\6zel)‘6—iS22w)

@ Springer



Groundwater fluctuation in an inhomogeneous coastal aquifer 3615

o L2 Tgl)\zzel/\z =+ inSzlw*LlT22/\626M2*L1iSzzwel(ArAﬁ)

= B.27
2 L (Lzel)‘é—Tzz)\szel)“’_iSzzw) ( )
o L2T21)\32€l/\3 =+ LzlSzl(U*LlT22/\628M3*L1l-Szzwel()\r/\ﬁ) (B 28)
2 L (Lzel)‘(’—T22A626D‘6—I'S22w) ‘
Bz = LyTy Aa?e™ + LyiSyw—L1 Ty €M =Ly iSyywe! M) (B.29)
» L (Lze[)‘é—T22A626D‘6—l'522w) .
_T22>\52€[/\5_i522w —+ T22A62€[>\5 + iSzzwel()‘S_Aﬁ)
Bos = (B.30)

L el T2 /\6ze”\6—iS22w

TP LyTo =T 1A LoLy + T\ LoSaiwi + L TiadeLo—Ly T1aNe® Too—L1 T 12 X6 Saowi

525 - LiTin)e (LZ_)\(,ZTzz—Szzwi)€]<)“‘7)‘l)
(B31)
By = T\ LyTo =T MaLoLy + T1iAaLoSaiwi + L TiadeLo—Li TiaNe® Toa—L1 T1a X6 Saowi
2 LiTa)Ne (Lz—)\62Tzz—Szzwi)e‘]()‘VM)
(B.32)
8, — TP LaTo =T sLoLy + T \sLaSywi 4 Ly TioAsLy—Ly Tiae® Tor—Ly TiaAeSoawi
o LiT1aAe (LaA6* Tar—=Sapwi) elds™%)
(B.33)
B = Tl LaTai—TuMaLoLy + TiidalaSaywi + Ly TiadeLo—Ly Tiae” Tia—Ly TiaAeSanwi
2 LiTp) (Lz*/\GzT22*Szzwi)€/</\ﬁ_’\4>
(B.34)
By = es) (>\5L2_T22>\53_)\5522‘Ui_L2)\6 + TnXs® + A6S2owi) (B.35)
» )\6 (L27A62T227522wi) .
T21)\32 + iSHw
o = 1R (B.36)

@ Springer



3616 M. Asadi-Aghbolaghi et al.

T21>\42 + iShw

=1- B.37
B3 I ( )
Ty \i? +iS
B0 = 17%—’_121(” (B.38)
1
Ty \* +iS
B33 = A R Rl (B.39)

Ly

References

Amir N, Kafri U, Herut SE (2013) Numerical simulation of submarine groundwater flow in the coastal aquifer at
the palmahim area, the Mediterranean coast of Israel. Water Resour Manag 27(11):4005-4020

Asadi-Aghbolaghi M, Chuang MH, Yeh HD (2012) Groundwater response to tidal fluctuation in a sloping leaky
aquifer system. Appl Math Model 36(10):4750-4759

Barry DA, Barry SJ, Parlange JY (1996) Capillarity correction to periodic solutions of the shallow flow
approximation. In: Pattiaratchi CB (ed) Mixing processes in estuaries and coastal seas, coastal and estuarine
studies, vol 50. American Geophysical Union, Washington, pp 496-510

Bear J (1979) Hydraulics of groundwater. McGraw-Hill, New York

Cherry JA, Parker BL, Bradbury KR, Eaton TT, Gotkowitz MB, Hart DJ, Borchardt MA (2006) Contaminant
transport through aquitards. In: A state-of-the-science review. International Water Association, UK, pp 16—
26, 2006

Chuang MH, Yeh HD (2007) An analytical solution for the head distribution in a tidal leaky aquifer extending an
infinite distance under the sea. Adv Water Resour 30(3):439-445

Chuang MH, Yeh HD (2008) Analytical solution for tidal propagation in a leaky aquifer extending finite distance
under the sea. ] Hydraul Eng 134(4):447-454

Chuang MH, Yeh HD (2011) A generalized solution for groundwater fluctuation in a tidal leaky aquifer system. J
Earth Syst Sci 120(6):1055-1066

Chuang MH, Huang CS, Li GH, Yeh HD (2010) Groundwater fluctuations in heterogeneous coastal leaky
aquifer systems. Hydrol Earth Syst Sci 14:1819-1826

Chuang MH, Asadi-Aghbolaghi M, Yeh HD (2012) A perturbation solution for head fluctuations in a coastal
leaky aquifer system considering water table over-height. Hydrol Sci J 57(1):162-172

Geng X, Li H, Boufadel MC, Liu S (2009) Tide-induced head fluctuations in a coastal aquifer: effects of the
elastic storage and leakage of the submarine outlet-capping. Hydrogeol J 17:1289-1296

Guo Q, Li H, Boufadel MC, Xia Y, Li G (2007) Tide-induced groundwater head fluctuation in coastal multi-
layered aquifer systems with a submarine outlet-capping. Adv Water Resour 30:1746-1755

Guo H, Jiu JJ, Li H (2010) Groundwater response to tidal fluctuation in a two-zone aquifer. J Hydrol 381:364—
371

Jacob CE (1950) Flow of groundwater. In: Rouse H (ed) Engineering hydraulics. John Wiley, New
York, pp 321-386

Jeng DS, Li L, Barry DA (2002) Analytical solution for tidal propagation in a coupled semi-confined/phreatic
coastal aquifer. Adv Water Resour 25(5):577-584

Jiao JJ, Tang Z (1999) An analytical solution of groundwater response to tidal fluctuation in a leaky confined
aquifer. Water Resour Res 35(3):747-751

Jiao JJ, Nandy S, Li H (2001) Analytical studies on the impact of reclamation on groundwater flow. Ground
Water 39(6):912-920

Knight JH (1981) Steady period flow through a rectangular dam. Water Resour Res 17(4):1222-1224

Konikow LF, Akhavan M, Langevin CD, Michael HA, Sawyer AH (2013) Seawater circulation in sediments
driven by interactions between seabed topography and fluid density. Water Resour Res 49(3):1386-1399

Li HL, Jiao JJ (2001) Analytical studies of groundwater-head fluctuation in a coastal confined aquifer overlain by
a leaky layer with storage. Adv Water Resour 24(5):565-573

Li H, Jiao JJ (2003a) Influence of the tide on the mean watertable in an unconfined, anisotropic, inhomogeneous
coastal aquifer. Adv Water Resour 26:9-16

@ Springer



Groundwater fluctuation in an inhomogeneous coastal aquifer 3617

Li H, Jiao JJ (2003b) Tide-induced seawater—groundwater circulation in a multi-layered coastal leaky aquifer
system. J Hydrol 274:211-224

Li L, Barry DA, Jeng DS (2001) Tidal fluctuations in a leaky confined aquifer: dynamic effects of an overlying
phreatic aquifer. Water Resour Res 37:1095-1098

Li H, Li GY, Chen JM, Boufadel MC (2007) Tide-induced head fluctuations in a confined aquifer with sediment
covering its outlet at the sea floor. Water Resour Res 43(3), W03404

Monachesi LB, Guarracino L (2011) Exact and approximate analytical solutions of groundwater response to tidal
fluctuations in a theoretical inhomogeneous coastal confined aquifer. Hydrogeol J 19:1443-1449

Nielsen P (1990) Tidal dynamics of the water table in beaches. Water Resour Res 26:2127-2134

Parlange JY, Stagnitti F, Starr JL, Braddock RD (1984) Free-surface flow in porous media and periodic solution
of the shallow-flow approximation. J Hydrol 70:251-263

Philip JR (1973) Periodic nonlinear diffusion: an integral relation and its physical consequences. Aust J Phys 26:
513-519

Song Z, Li L, Kong J, Zhang H (2007) A new analytical solution of tidal water table fluctuations in a coastal
unconfined aquifer. J Hydrol 340:256-260

van der Kamp G (1972) Tidal fluctuations in a confined aquifer extending under the sea. In: Proc Int Geol Congr
24th, 101-106.

Xia Y, Li H, Boufadel MC, Guo Q, Li G (2007) Tidal wave propagation in a coastal aquifer: effects of leakages
through its submarine outlet-capping and offshore roof. J Hydrol 337:249-257

@ Springer



	Groundwater Response to Tidal Fluctuation in an Inhomogeneous Coastal Aquifer-Aquitard System
	Abstract
	Introduction
	Mathematical Model
	Problem Setup and Boundary Conditions
	Analytical Solutions for Head Fluctuation
	Solutions for SGD
	Special cases

	Results and Discussion
	Joint Effect of Dimensionless Leakage and Upper Aquifer Diffusivity on Head Fluctuation
	Joint Effect of Dimensionless Diffusivities on Head Fluctuation
	Joint Effect of Dimensionless Leakage and Diffusivity on SGD
	Comparison with Special Cases

	Concluding Remarks
	Appendixes
	Appendix 1
	Appendix 2

	References


