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Optimum Beamformers for Monopulse Angle
Estimation Using Overlapping Subarrays

Ta-Sung Lee, Member, IEEE, and Tser-Ya Dai

Abstract— We here derive the optimum sum and difference
beamformers for monopulse target localization using a linear ar-
ray. The beamformers are constructed, treating as superelements
two overlapping subarrays. Removing the common factor associ-
ated with the superelement pattern from the angle error function
leads to a closed-form target angle estimator independent of any
adaptive nulling performed. Performance analysis of the angle
estimator is conducted, and a procedure is developed to construct
the beamformers, which achieve the minimum estimation vari-
ance under Gaussian noise. It is shown that the optimum angle
estimator using the maximum overlapping subarrays is efficient
for a moderately high signal-noise ratio (SNR) and a small off-
boresight angle. The proposed method can be easily modified to
incorporate interference cancellation.

I. INTRODUCTION

HE classical sum-and-difference monopulse tracker rep-

resents a type of angle estimator that works in beam
pattern domain. With the sum and difference patterns known a
priori, the angle of a target may be determined via the ratio of
the difference data to the sum data. In phased array systems,
the sum and difference beams can be formed independently
by two sets of complex weights applied at the array elements.
With the flexibility of independent beamforming, optimum
patterns can be synthesized under various criteria, such as
minimum power [1], uniformly low sidelobes [2], [3], and
maximum likelihood (ML) [4]. These optimum beamformers
are constructed in an attempt to achieve some degree of
improvement in angle estimation by enhancing the sidelobe
suppression capability of the array.

In the above-described open-loop monopulse scheme, the
sum and difference patterns must be computed or measured
beforehand. In case the analytic expressions of the patterns are
not available, a look-up table may be used as a mapping from
the difference-to-sum ratio to the target angle. However, the
table look-up method is of limited use for an array performing
adaptive nulling. In that case, the sum and difference patterns
vary with time. It is thus desired to obtain an angle estimator
independent of any nulling that must be performed. Vu [5]
described a method of beamforming to achieve this. In his
method, two identical nonoverlapping subarrays of a uniform,
linear array (ULA), tapered with the same set of weights, are
used as two superelements possessing the same pattern. As a
result, the sum and difference patterns synthesized with the
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superelements share a common factor. Dividing out this factor
from the angle error function yields a simple, exact solution
for the angle estimate. A similar idea was used earlier in
the development of the three-aperture method for low-angle
radar tracking [6]. A trade-off in Vu’s two-aperture method
is that the number of interferers that can be suppressed via
simultaneous nulling is reduced to slightly less than one-half
the number of elements.

As an extension to the two-aperture method, a class of
beamforming schemes working with two identical overlap-
ping subarrays of a ULA is developed. Closed-form angle
estimators are derived accordingly. To assess the performance
of the proposed method, the first- and second-order statis-
tics of the angle estimator are derived, and a procedure is
presented for constructing the optimum beamformers that
achieve the minimum estimation variance under Gaussian
noise. It is shown analytically that the optimum estimator using
the maximum overlapping subarrays attains the Cramer—Rao
lower bound (CRLB) for a moderately high SNR and a small
off-boresight angle. On the other hand, the optimum two-
aperture estimator exhibits better accuracy for a low SNR and
a small off-boresight angle, or for a moderately high SNR
and a large off-boresight angle. The proposed method can be
easily modified to incorporate simultaneous nulling via either
supervised or unsupervised techniques when the environment
is contaminated with strong external interference.

II. PROBLEM FORMULATION

Consider the scenario of a single far-field target illuminated
by a uniform, linear array (ULA) radar consisting of M
identical elements separated by a half wavelength. Due to the
planewave assumption, the array data, in complex envelopes,
received at a certain sampling instant can be put in the
following M x 1 vector form:

x = fap(ur) +n 1)
where u; = sin(f;), with 6; being the angle of the target
with respect to the broadside of the array, as shown in Fig.
1. The scalar ¢ represents the target echo received at some
reference point of the array. The M x 1 vector aps(u;) is the
direction vector accounting for the phase variation across the
array. Finally, the M x 1 vector n is composed of the additive
noise (including both internal and external ones) present at
the M elements. It is assumed that these noise components
are jointly Gaussian distributed. Setting the reference point at
the array center, we have (2), as shown at the bottom of the
next page, with K = M and u = u; for (1). The superscript
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Fig. 1. Geometry of the array.

T denotes the transpose. We observe that the direction vector
exhibits conjugate symmetry. The sum and difference data
for monopulse estimation are formed by applying two sets
of weights on x:

T = sfx; A=d¥x 3)

where s and d are the M x 1 sum and difference weight vec-
tors, respectively, and the superscript H denotes the complex
conjugate transpose.
In open-loop monopulse localization, the target angle esti-
mate 4, is determined via
aA _d)

AN
> - S(U) |u=1‘q = @(u)|u=ﬁf (4)

where s(u) = s¥aps(u) and d(u) = d¥ aps(u) represent the
sum and difference patterns, respectively. ®(u) is referred to
as the angle error function and represents the true p value
under no noise. Equation (4) can be solved by searching over
the spatial passband of the sum beam for a best match between
both sides. If ®(w) is known a priori, then a calibration curve
relating p and 4; can be used. The former approach is time
consuming for a large array, whereas the latter is of limited
use in the case of adaptive nulling, for ®(u) varies with time.
Motivated by the work of Vu [5] and Cantrell et al. [6], we here
propose a method of beamforming based on two overlapping
subarrays that yields a closed-form angle estimate, regardless
of any nulling performed. We first investigate the distinctive
structures of the sum and difference weight vectors obtained
with this scheme.

IIl. STRUCTURE OF BEAMFORMERS AND ANGLE ESTIMATION
For convenience, assume that M is even. Consider de-

weight vector c. These tapered subarrays may be viewed as
superelements having the same pattern c(u) = cFap_1(u).
The sum and difference beams are then formed with weight
vectors g = [g1,92]7 and h = [hy, k2], respectively,
treating these superelements as two elements separated by L/2
wavelengths. Invoking the principle of arrays, the sum and
difference patterns can be factorized as

() = c(u) (gre™I™/2 + gieimin/2)

5)

It is noteworthy that s(u) and d(u) share a common factor
¢(u). For a specific boresight angle u,, we choose

—jnLug/2 _
g1 = e imlue/2 = g3

by = —je e/ = b ©)

to make g and h conjugate symmetric. Substituting (6) into
(5) and taking the ratio yields

¢@=W{Eg;ﬁ}

d(u) = ¢(u) (h;e—iju/z + h;ej'lrLu/Z).

¢)

A. Structure of Weight Vectors

It is easily verified that the subarray-based weight vectors
exhibit the following factorizations:

s=Gec ; d=Hc ®)
where i
z; O
OL_1 z;‘
G= Zo 0r-1 .
Zo .. z;
v 0p
| O 2o i
—jz; O
01 —jz
z 07,1 -
H=| ©
Jjze - %
01
i O jzo |

are M x (M — L) banded Toeplitz matrices, with z, =
e?™Lue/2 and Ok the K x 1 zero vector.

Exploiting the similarity in structure between G and H
reveals that s and d share a set of 2L common weights in
the following fashion:

composing an M-element ULA into two sub-ULA’s of size r‘l IR
M — L, as shown in Fig. 1. Suppose that a beamformer is s = ’ d= 10
attached to each of the subarrays with the same (M — L) x 1 ra Jr2

aK(u) = [e"j‘"( £ )", e"j“'( K )", ceey e_j"( . )", e_j"r(¥)“ ] T 2)
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where rq and ry are L X 1 vectors. This represents a saving
of 2L independent complex weights in the implementation of
the beamformers.

B. Closed-Form Angle Estimator and Performance Analysis

Substituting (7) in (4) and taking the real part of both sides
yields

iy = U, + % tan~! {Re{p}}. (11)
For a reasonably accurate angle estimate, p should be nearly
a real scalar. This requires |¢sZaps(us)] > |s¥n| and
[ésHapr(us)] > |d¥n|. In other words, the SNR at the
array elements and the sum beamformer SNR gain must be
moderately high.

Under Gaussian noise assumption and the conditions stated
above, the mean and mean square of the estimation error
duy = Gy — u, are given approximately by [7]

p b R,,b

o P
E{bu,} ~ "I+ 77 G am ()P
and
2 2 bHR»nnb
B{(6w)’} ® 7 P a (aT
_2 H 2
3p bRy, b| (13)

w2L2(1+ p2)* [€]*|sH aps(ue)[*
where 5 = ®(w;), b = d — ps, and Ry, = E{nnf} is
the noise correlation matrix. The estimator is less biased for a
small g, or a small off-boresight angle ju; — u,|.

IV. OPTIMUM QUIESCENT BEAMFORMERS

In the absence of any external interference, it is adequate
to model the noise as spatially white, i.e., the components
of n are zero-mean, uncorrelated complex Gaussian random
variables with the same variance o2. In this case, E{6u;} and
E{(6us)?} are obtained by substituting R,,, = 02Is in (12)
and (13), respectively, where Is denotes the M x M identity
matrix. Our goal here is to determine the sum and difference
weight vectors that minimize E{(6u.)}.

A. Minimum Variance and Efficiency of the Estimator

In constructing the optimum beamformers, it is assumed that
the off-boresight angle is small, such that E{éu;} ~ 0 and

2\ N ~ 20'.,2. de
E{((SUt) } = Var {ut} ~ 7('2L2|€|2 |SHa.M(Uo)|2
202 cFHHHc

T PR G

where we have used the approximations § ~ 0, b ~ d and
apr(u) = ap(uo).

Minimizing (14) with respect to c is a linearly constrained
minimum variance (LCMV) problem [8] whose solution is
given by

c = A(H¥H) "' GFap(u,) (15)

where ) is a normalizing scalar. Substituting (15) back into
(14) yields the expression of the minimum variance:
202 1
Var {i} . = w .
e} min m2L2|€]2 ol (u,)G(HEH) ' GHapy(u,)
(16)
Some algebraic manipulations [7] show that Var{t;}min is
independent of u,, and in particular

. 602
Var{ut}min ~ m(—nm for L = 1,
N 8c2 M
Var{ut}min ~ Wﬂm for L = '2— an
Note that L = 1 corresponds to the case of maximum

overlapping subarrays, and L = M/2 corresponds to the two-
aperture method. For a large M, the latter is approximately
33% larger than the former. The values of Var{d}min as a
function of L are depicted in Fig. 2 for M = 10, 20, 40 and 80.
For all cases, Var{{; } min appears to be an increasing function
of L, though it is not monotonic. With a certain degree of
confidence, we can say that Var{: } min are bounded between
by the two expressions in (17).

Interestingly, it is found that the minimum variance achieved
with L = 1 is identical to the CRLB for 4. given x as data [9],
[10]. Brennan [9] showed that under the high SNR, large M,
and small pointing error assumptions, the CRLB can be nearly
achieved with judiciously designed amplitude comparison and
phase comparison monopulse estimators. On the other hand,
the ML angle estimator [4] was shown to be asymptotically
efficient in that the estimation variance approaches the CRLB
as the SNR or M increases [10]. Similar results hold for the
proposed estimator. As stated in Section III-B, the analysis was
based on the assumption of moderately high SNR and sum
beamformer SNR gain. Since the SNR gain is proportional
to M, and inversely proportional to the pointing error, the
analysis results will be more accurate as the SNR and M
increase, and as the pointing error decreases. This in turn
implies that the optimum angle estimator for L = 1 becomes
efficient under the same three assumptions. The minimum
variance achieved with the two-aperture method coincides
with that of the phase comparison estimator using the uniform
weighting [9]. As will be shown shortly, the optimum weights
for the two-aperture method are indeed uniform. Numerical
results demonstrate that the two-aperture estimator performs
relatively well with a low SNR or a large off-boresight angle.
This is the case for which the assumptions made in Section
III-B do not hold.

B. Optimum Quiescent Weight Vectors

Substituting (9) and (15) into (8), along with some algebraic
manipulations [7] yields the closed-form expressions of s,
and d,, the optimum quiescent weight vectors associated with
u, = 0 (the weight vectors for u, # 0 are obtained via
progressive phase shifting)

So(k) = 8o(M — k+1) = (M + 1)(2k — 1) — 2k?,
d,(k) = —d,(M - k+1) = —j(M -2k + 1),
k=1,...,%

(18)
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Fig. 2. Values of the minimum variance achieved with the optimum quiescent estimator for M = 10, 20,40, and 80. The SNR was fixed at 0 dB.

for L = 1, and
So(k) =8,(M -k +1)=1,

do(k) = —d (M - k+1) = —j, k=1,...,% 19

for L = M/2, where v(k) denotes the kth component of
the vector v. It is noteworthy that the optimum difference
weights for L = 1 exhibit the linear odd symmetry. Brennan
[9] showed that the linear odd symmetric weighting yields
the minimum angle estimation variance attaining the CRLB
for the phase comparison monopulse estimator. Davis et al.
[4] showed that the difference weights associated with the
ML monopulse estimator under spatially white Gaussian noise
exhibit the linear odd symmetry as well. In fact, the linear
odd symmetric weighting yields the maximum normalized
boresight slope for the difference pattern associated with a
ULA with one-half wavelength spacing {11]. The optimum
weights for the two-aperture method are uniformly distributed
as expected. This is the best weighting method if the same set
of weights are used for both the sum and difference channels.

V. OPTIMUM BEAMFORMERS INCORPORATING
INTERFERENCE CANCELLATION

In the presence of strong external interferers, it is necessary
to perform simultaneous nulling for the sum and difference
beamformers. Simultaneous nulling can be performed in either
the supervised or unsupervised way. In the supervised case,
the interfering directions are first estimated via some kinds
of off-line direction finding algorithms during the passive

mode of the radar. The sum and difference beams are then
formed accordingly to put hard nulls in these directions [5]. In
the unsupervised case, the interfering signals are suppressed
via some kinds of adaptive beamforming techniques, such as
those based on the minimum power criterion [1] and the ML
criterion [4]. We now derive the optimum beamformers for
both cases.

A. Supervised Case

Let 4;, ¢ = 1,...,J, be the J estimated interfering
directions. The execution of simultaneous nulling requires that
a null be synthesized in each of the interfering directions for

the common pattern c(u). Denote as e = [eq, €2, ..,e541]7
the weight vector associated with the constrained pattern factor
e(u) = efay i (u) of c(u) with J nulls at 4;, i = 1,...,J.
Decomposing c in accordance with (8) gives
c=Ef (20)
where
€1 O
€y €1
€2
E=le,, | . e @1
€J+1 €2
L O €J+1 U
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isan (M — L) x (M — L — J) banded, Toeplitz matrices. The
(M — L - J) x 1 vector f corresponds to the unconstrained
pattern factor f(u) = ffap_ 1 ;(u) of c(u). Thus ¢ may be
viewed as composed of a fixed part E and a free part f. Assume
that 4;, ¢=1,...,J, are fairly accurate, such that the noise
parts in the beamformer outputs are essentially free of any
interfering signals and can be assumed to be spatially white.
In this case, the optimization problem described previously
remains unchanged in structure, but it is modified into that of
minimizing
. 202 fHEHHYHES
Var{ie} & 2 A pAGH 2
w2L2|€? |fHEH GHapy(u,)]

with respect to f. Solving for f and using (20), we obtain the
optimum c vector

¢ = \E(E”H7HE) "'E# G¥ay(u,)

(22)

(23)

Substituting (23) into (22) yields the minimum variance
achieved with simultaneous nulling

. 202
Vat{ut}min ~ W2L2T§I2
y 1
aH (u,)GE(EFHHHE) 'EH GHay, (u,)

29

B. Unsupervised Case

In this case, the original noise correlation matrix R,,, is
used in (12) and (13). In practice, R,, can be estimated
by the sample data correlation matrix formed with a set
of independent sample vectors collected during the passive
mode of the radar. Following the procedure described in
" Section IV-A, we obtain the optimum weight vectors and
minimum variance by replacing HYH with HER,,H in
(14)(16). In order to minimize the estimation variance, the
optimum beamformers will attempt to suppress the interfering
power contained in R,,,, by putting a deep null in each of
the interfering directions. This is similar in principle to the
minimum variance adaptive array schemes {8]. In particular,
the proposed method so modified may be regarded as a
variation of the Duvall’s adaptive array [12].

VI. SIMULATIONS RESULTS

Computer simulations were conducted to ascertain the per-
formance of the proposed angle estimator. The ULA employed
was composed of 20 identical elements spaced by one-half
wavelength. The target angle was u; = 0. In the results,
all sample statistics were obtained based on 500 independent
runs, and the SNR in dB was. defined at element level as
10log;o(|€|2/02). For brevity, we show only the results
associated with L = 1, 5, and 10.

The first set of simulations examines the performance of
the optimum quiescent angle estimator under spatially white
Gaussian noise. The optimum beamformers constructed in
Section IV-A were used for all cases, and the corresponding
patterns are plotted in Fig. 3 for L = 5. Note that the sum and
difference patterns exhibit 14 common nulls corresponding to

Beam Patterns (dB)
3

WMo w0 w0 40 2 0 20 4 6 8 10
Spatial Angle (degree)

Fig. 3. Sum and difference patterns associated with the optimum quiescent
beamformers. M = 20, L = 5, uo = 0.

log10(Sample MSE)

20 a5 10 K3 0 5 10 15 20
SNR (dB)

Fig. 4. Sample mean square error of the optimum quiescent angle estimator
for several SNR values. M = 20, up, = u; = 0.

c(u). Fig. 4 shows the sample mean square error (MSE) of i,
for several SNR values. The corresponding CRLB was also
plotted for reference. As expected, the angle estimates were
more accurate as the SNR was increased. The sample MSE
decreased as L was decreased, attaining the CRLB for L = 1
with SNR > —5 dB. This confirms the analysis results for the
optimum estimator. At low SNR, the sample MSE behaved
oppositely as a decreasing function of L, being lower than the
CRLB for the extreme case of SNR < —10 dB. An evaluation
of the corresponding sample means in this case indicates that
the estimator was biased.

The second set of simulations examines the effect of point-
ing error on the optimum quiescent estimator. In this case,
the boresight angle of the optimum beamformers was varied
from —5° to 5°, and the SNR was fixed at 10 dB. Note that
the 3-dB beamwidth of the array is approximately 2.9°. Figs.
5 and 6 show the sample MSE of 4, and the corresponding
theoretical values from analysis, respectively. We observe that
the simulation results are consistent with the analysis results
for a broad range of boresight angles. For a small off-boresight
angle, the estimator performed better with a small L. For a
large off-boresight angle, the opposite was true. In particular,
the sample MSE achieved with the two-aperture estimator
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3
Boresight Angle (degree)
Fig. 5. Sample mean square error of the optimum quiescent angle estimator

for several off-boresight angles. M = 20. The SNR was fixed at 10 dB.

Jog](Theoretical MSE)

Boresight Angle (degree)

Fig. 6. Theoretical mean square error of the optimum quiescent angle
estimator for several off-boresight angles. M = 20. The SNR was fixed
at 10 dB.

was significantly smaller than the other two over the range
2° S [ut - uo| S 4°,

Summarizing at this point, it is found that the optimum
estimator improves as L is decreased under good estimation
conditions, while the opposite is true under poor estima-
tion conditions. This serves as a criterion for choosing the
appropriate subarray size in constructing the beamformers.
For example, the two-aperture estimator may be used in the
preliminary stage, in which a coarse angle estimate is obtained.
The subarray size is then increased as the boresight angle
approaches the target angle. When the radar nearly boresights
the target, it should switch to the estimator using the maximum
overlapping subarrays to exploit its efficiency.

The third set of simulations examines the performance
of the optimum angle estimator incorporating interference
cancellation. Three Gaussian jammers were assumed at ¢; =
—45°, 0; = 20°, and 03 = 27°, with power levels equal
to 20 dB, 10 dB and 10 dB, respectively, relative to the echo
power. First, the optimum supervised beamformers constructed
in Section V-A were used, and the corresponding patterns are
plotted in Fig. 7 for L = 5. We assumed that the estimated
interfering directions were correct. Note that although the

Beam Patterns (dB)
¢

085 80 <0 40 20 0 20 40 60 8 100
Spatial Angle (degrec)

Fig. 7. Sum and difference patterns associated with the optimum
beamformers incorporating supervised interference cancellation. M = 20,
L =5, u, = 0. The interfering directions are —45°, 20°, and 27°.

loglO(Sample MSE)

220 s 10 K 0 s 10 15 20
SNR (dB)

Fig. 8. Sample mean square error of the optimum angle estimator incorpo-
rating supervised interference cancellation for several SNR values. M = 20,
1o = u¢ = 0. The interfering directions are —45°, 20°, and 27°.

sidelobes were significantly modified within the interfered
regions, the general pattern shapes were not changed much
compared to the quiescent ones. This confirms the efficacy
of the minimum variance objective function in preserving
the desired pattern shapes. Fig. 8 shows the sample MSE of
iy for several SNR values. The results are observed to be
similar in trend to those shown in Fig. 4. Second, the optimum
unsupervised beamformers described in Section V-B was used.
For evaluation purposes, the true noise correlation matrix was
used. The resulting patterns obtained with SNR = 10 dB are
plotted in Fig. 9. They look quite similar to those shown in
Fig. 7, except that the nulls at the interfering directions are less
defined. As in the supervised case, we found that the sample
MSE’s shown in Fig. 10 are comparable to those obtained
with the quiescent estimator. These results demonstrate that the
minimum variance property was well retained in the process
of interference cancellation.

VII. CONCLUSION

A simple method of monopulse target localization using a
ULA has been proposed. A closed-form angle estimator was
obtained with judiciously chosen beamformers constructed
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Fig. 9. Sum and difference patterns associated with the optimum beam-
formers incorporating unsupervised interference cancellation. M = 20,
L = 5, u, = 0. SNR = 10 dB. The interfering directions are —45°, 20°,
and 27°.

g
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£
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435 -15 -10 5 0 s 10 15 20
SNR (dB}
Fig. 10.  Sample mean square error of the optimum angle estimator in-

corporating unsupervised interference cancellation for several SNR values.
M = 20, uo = u¢ = 0. The interfering directions are ~45°, 20°, and 27°.

with two overlapping subarrays. The optimum beamformers
that achieve the minimum variance of the estimator were
derived for the Gaussian noise case. Supervised/unsupervised
simultaneous nulling was incorporated to retain the perfor-
mance of the angle estimators under strong external inter-
ference. Analysis results and computer simulations confirm
that the optimum estimator using the maximum overlapping
subarrays exhibits the following merits: 1) It attains the CRLB
with a moderately high SNR and a small off-boresight angle,
and 2) it provides the largest degree of freedom for adaptive
nulling. The two-aperture method, on the other hand, exhibits
robustness under poor estimation conditions in that it produces
the smallest mean square error 1) with a low SNR and a small
off-boresight angle, and 2) with a moderately high SNR and
a large off-boresight angle. The results presented in the paper
may be used as criteria for choosing the right subarray size
in target localization.
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