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SUMMARY

This study aims to explore the possibility for estimating K0 in a level ground of granular soil by seismic
methods on the basis of micromechanics theory. The idea was to simulate in situ cross-hole seismic method
for the measurement of wave velocities along various directions of wave-propagation. This work made use
of a field simulator to control a K0 condition (zero lateral strain condition) in specimens. A series of vertical
loading containing subsequent loading and unloading were applied to the specimen prepared by pluviation.
In general, the K0 values determined experimentally in this work agreed with the exiting empirical relations.
K0 value was also calibrated from measured anisotropic wave velocities using an optimization procedure.
From the comparison of the back-calculated and measured results of K0; it revealed the feasibility for the
determination of the in situ lateral stress in granular soil by seismic methods and on the basis of
micromechanics theory as long as enough wave-velocity measurements along various directions of wave-
propagation were available. The potential for the usage of the presented methodology for the
determination of the in situ lateral stress in level-ground of granular soil by seismic methods seems
encouraging. Copyright # 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In situ stress state plays an important role in many types of geotechnical problems. For instance,
the frictional resistance along a pile or the lateral earth pressure acting on a retaining structure is
highly dependent on the in situ stress state of the soil. For natural deposit in level ground, the
determination of vertical stress is relatively straightforward; however, the estimation of the
in situ horizontal stress is much more difficult.

Several empirical relations are available for the estimation of the coefficient of lateral earth
pressure K0; which is the ratio between the lateral horizontal stress and the vertical stress in at
rest condition. For normally consolidated clay or initially loaded sand, K0 and the frictional
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angle f0 appear to have good correlation in a form such as that suggested by the Jaky’s equation
[1]. The stress history also affects the lateral earth pressure of a soil. For overconsolidated clay
or unloaded sand, K0 depends on the overconsolidation ratio (OCR) [2].

Several approaches were developed to determine the in situ lateral stress. Among them include
spade-shaped total earth pressure cell [3], flat dilatometer [4], and pressuremeter test [5–7]. Soil
disturbance appears to be a common problem for those methods because that the local stress
may be affected by disturbance or stress release due to the process of equipment push-in or
installation or drilling. Among various approaches, the self-boring pressuremeter was designed
to minimize the influence of soil disturbance. On the other hand, total earth pressure cell is
capable of detecting a change in local stress. Nevertheless, any approach that can avoid soil
disturbance and can somehow take into account the average stress in a relatively large domain
adjacent to the test position should be superior and desirable.

Seismic methods such as the down-hole or cross-hole method have been well established and
accepted in geotechnical practice [8–11]. Wave velocities are the major products of the seismic
methods; the wave velocities of a geo-material depend primarily on the material’s elastic
stiffness. Traditionally, wave velocities determined by these methods are used to characterize the
elastic properties or to estimate the substrata profile.

For a granular material such as sand, the elastic stiffness is a function of its fabric and stress
state. While the wave velocities for an unstrained granular material depend on its elastic
stiffness, it is reasonable to infer that the wave velocity of a granular assembly is also a function
of its fabric and stress state. Using a relationship between shear velocity and stress state [12],
Sully and Campanella [13] and Fioravante et al. [14] estimated K0 from measured anisotropic
shear velocities. They assumed that soil is a transversely isotropic material and the principal
stresses are on the vertical and the horizontal planes. Sully and Campanella [13] concluded that
the shear velocity ratio (the ratio of horizontal and vertical wave velocities) depends on the
structural anisotropy and the stress state of soil, while the influence of structure anisotropy is
stronger than that of stress state. Consequently, it appears any attempt to closely estimate K0

from measured shear velocities should try to identify soil fabric simultaneously and correctly.
If sufficient measurements of wave velocities can be obtained along various directions of

wave-propagation, it should be possible to deduce both fabric and K0 from a set of measured
wave-velocities for level ground. The present work attempts to explore the possibility for the
estimation of in situ lateral stress using seismic method. In this work, large sand specimens were
placed in a calibration chamber with accurate control over the applied stress states in
subsequent loading/unloading stages. At each loading stage, wave velocities along various
directions were measured using miniature geophones placed inside the specimen. The measured
anisotropic wave velocities were then used to estimate K0: The following context includes, in
order, the theoretical background of the proposed methodology, the experimental set-up, the
results and discussions, and the conclusions of this study.

2. THEORETICAL BACKGROUND

The proposed approach for the estimation of K0 from measured anisotropic wave velocities
involves an analytical procedure similar to the one proposed by Pan and Dong [15] for
evaluating the fabric of a granular assembly. It contains three basic elements: (i) a stress-
dependent micromechanics-based elastic model; (ii) a theory of elastic wave propagation for
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anisotropic material; and (iii) an optimization method. Figure 1 outlines the conceptual
procedure. This section presents a brief review of this approach.

2.1. Stress-dependent micromechanics-based elastic model

The fabric of a granular material determines the mechanical behaviour of the material. Fabric of
a granular assembly can be categorized into geometric fabric (characteristics of microstructure)
and kinetic fabric (contact-force distribution). With prescribed fabric conditions, the elastic
constitutive relations can be determined on the basis of micromechanics. For example, Chang
and Misra [16] derived the elastic stiffness Cijkl of an idealized granular assembly (a granular
assembly composed of equal-sized spherical particles) containing M contacts in a representative
volume V as follows.

Cijkl ¼
1
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in which ‘ci ¼ ‘ � n*‘‘i ¼ 2 � r � nci is the branch-vector connecting two adjacent particles’ centroids
in the cth contact point; r is the radius of the spherical particles; ‘ is the branch-vector-length;
and n
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i is the unit branch-vector, identical with the contact normal nci for an idealized granular
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terms kcn; k
c
s and kct ; respectively, are the contact stiffness along the directions of n; s and t; which

are the three base vectors of the local co-ordinate system shown in Figure 2. The direction-
dependent function EðnÞ stands for the density function of the contact normal in the n direction.
The integration

R
O ð�Þ � EðnÞ dO stands for the double integration

R p
0

R 2p
0 ð�Þ � Eðo;cÞ � sin y do dc;

where o and c (with the ranges of 04o42p and 04c4p; respectively) are defined in Figure 2;
dO ¼ sin y do dc is the elementary solid angle in a spherical co-ordinate system. Pan and Dong
[15] derived a generalized form of Equation (1) for a granular assembly composed of graded
spherical particles to allow for the consideration of grain-size distribution. They also
demonstrated that the initial stiffness is independent of grain size and uniformity as long as
its void ratio and average co-ordination number remain unchanged.

Wave velocity of granular material 

Elastic stiffness tensor 

Fabric and stress state 

Optimization 

Anisotropic elastic wave propagation theory

Stress-dependent micromechanics elastic model

Figure 1. Analytical procedure for determining fabric and stress state of a granular material
from measured wave velocity (modify from Reference [15]).
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Based on the Hertz–Mindlin contact theory, the averaged local normal contact stiffness %kknðnÞ
and shear contact stiffness %kkrðnÞ of the grouped contact points in the n direction can be expressed
as functions of contact forces. The averaged local normal contact stiffness %kknðnÞ is related to
averaged normal contact force %ff nðnÞ as follows.

%kknðnÞ ¼ C1 � ð %ff nðnÞÞ
1�2a ð2Þ

The coefficient C1 is dependent of the radius of contact surface and the elastic constants of
particle solid; a is a material parameter. According to the Hertz–Mindlin contact theory, a ¼
1=3 and C1 ¼ ð 1

2aÞ � ð
16
9
Þa � ð %RRÞa � ðGs=ð1� usÞÞ

2a; in which Gs and us are the shear modulus and the
Poisson’s ratio, respectively, of particle solid. The averaged shear contact stiffness %kkrðnÞ can also
be related to contact forces as follows.

%kkrðnÞ ¼ C2 � 1�
%ff rðnÞ

%ff nðnÞ � tanfm

 !b
� kn ¼ l � %kknðnÞ ð3Þ

In the above equation, %ff rðnÞ is the averaged shear contact force; C2 is a coefficient dependent
of the Poisson’s ratio of particle solid; fm is the inter-particle frictional angle; l is the stiffness
ratio; and b is a material parameter. According to the Hertz–Mindlin contact theory,
C2 ¼ ð2ð1� usÞÞ=ð2� usÞ and b ¼ 1=3; %RR is the relative radius of curvature of contact surfaces;
for an idealized assembly of spheres with radius r; %RR ¼ r=2:

Fabric involved in the above equations is directional variable, and can be described in tensor
forms [17], or in a Fourier series [18], or in a spherical harmonics expansion [16]. Kanatani [17]
proposes a polynomial expansion in terms of vector n to represent the density function of a
fabric variable. He defined several kinds of fabric tensors. Among various forms of fabric
tensors, the third kind fabric tensor can be described as follows.

EðnÞ ¼ ð1þDijninj þDijklninjnknl þ � � � þDi1���inni1 � � � nin þ � � �Þ=4p ð4Þ

in which the tensor Di1���in is called the ‘fabric tensor of the third kind’ of rank n: Liou and Pan
[19] derived the correlations between the coefficients of fabric tensor up to rank 4 for a
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Figure 2. Spherical co-ordinate system.

Copyright # 2004 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2004; 28:1401–1425

Y.-W. PAN AND J.-C. LIOU1404



transversely isotropic granular assembly and used those correlations to evaluate the geometric
fabric of the assembly on the basis of micromechanics.

The contact-force distribution (i.e. kinetic fabric) has to be determined in order to evaluate
%kknðnÞ and %kkrðnÞ: For an idealized granular assembly, the averaged contact-force can be estimated
from the stress tensor sij and packing structure using the static hypothesis of Chang et al. [20] as

%ff cj ¼ sij � Aik � nck ð5Þ

in which %ff cj is the contact-force at the cth contact point of the granular assembly containing M
contacts in a representative volume V : In the above equation, Aik is a tensor relating to the
contact-normal distribution of the granular assembly; the tensor Aik satisfies Aik � Fkq ¼ diq
where Fik ¼ ðAikÞ

�1 ¼ ð2 � r �M=VÞ �Nik; Nik is the fabric tensor of the first kind representing the
sample mean of contact-normal distribution for which Nik ¼ 2

15
�Dik þ 1

3
� dik: Once both the

stress-state and the geometric fabric are determined, the contact force can be evaluated.

2.2. Theory of elastic wave propagation for transversely isotropic material

Natural granular deposits are often transversely isotropic. Using the Voigt’s notation, the stress
and strain tensors, respectively, can be expressed as sm ¼ ½s11; s22; s33; t12; t13; t23�T and
en ¼ ½e11; e22; e33; g12; g13; g23�

T; in which m; n are the index 1–6. The global constitutive law
can be expressed as sm ¼ Emn � en; the components have to satisfy Emn ¼ Enm due to symmetry.
For a transversely isotropic granular material with the axis-3 as the rotation-symmetry axis, the
number of independent elastic constants reduces to five (i.e. E11; E33; E12; E13 and E66). Other
elastic constants are E22 ¼ E11; E23 ¼ E13; E55 ¼ E66; E44 ¼ ðE11 � E12Þ=2 and the rest are equal
to 0. Relation exists between the elastic stiffness tensor and the wave velocity of a transversely
isotropic elastic material [21]. The elastic wave-velocity of a transversely isotropic material
depends on the inclined angle y between the rotation-symmetry axis and the wave-propagation
direction. One primary wave velocity Vp-y and two shear-wave velocities Vsh-y;Vsv-y in the
direction inclined at an angle y with the rotation-symmetry axis can be formulated as follows
[15]. Figure 3 illustrates the schematic definitions of Vsh-y and Vsv-y:

Vsh-y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE66 � cos2 yþ E44 � sin

2 yÞ=rd

q
ð6Þ

Vp-y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�bþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4 � c

p
Þ=2rd

q
ð7Þ

Vsv-y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�b�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � 4 � c

p
Þ=2rd

q
ð8Þ

in which rd is the mass density and

b ¼ �ðE11 sin
2 yþ E33 cos

2 yþ E66Þ ð9Þ

c ¼ ðE11 sin
2 yþ E66 cos

2 yÞ � ðE66 sin
2 yþ E33 cos

2 yÞ � ðE13 þ E66Þ
2 cos2 y sin2 y ð10Þ

In the remaining section, an assembly of granular materials is assumed transversely isotropic.

2.3. Optimization method

The wave velocities for soil depend on elastic stiffness. Also, the elastic stiffness is a function of
fabric and stress state of a granular assembly. Consequently, the wave velocity of granular
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material should also be a function of fabric and stress state. If sufficient number of measurement
of wave velocities can be obtained along different directions of wave propagation, it should be
possible to obtain fabric and stress state from a set of measured wave velocities employing back
calculation by optimization. Since the vertical stress in level ground can be determined directly,
the unknowns, in general, are K0 as well as fabric.

An optimization aims to search for the optimized value of a non-linear object function Ffxg:
A combination of the genetic algorithm [22] and nonlinear optimization by the Levenberg–
Marquardt method [23] were incorporated to search for the most suitable stress state from a set
of measured wave velocities.

The object function Ffxg in this case is defined as the average of normalized differences
between ‘n’ (model) calculated data, UiðfxgÞ; ði ¼ 1; nÞ and ‘n’ measured data of wave-velocity,
Vi; ði ¼ 1; nÞ as follows:

Ffxg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1 ½ðUiðfxgÞ � ViÞ=UiðfxgÞ�2

n

s
ð11Þ

in which fxg is the vector containing the unknown parameters. In the present work, EðnÞ is
approximated by a fabric tensor of rank 2, i.e. EðnÞ ¼ ð1þDijninjÞ=4p; thus the unknown
parameters fxg includes only a; b;D33 and K0: The involved non-linear optimization, then, aims
to search for a set of unknown parameters fxg corresponding to a series of UiðfxgÞ; ði ¼ 1; nÞ
such that the object function becomes minimum.
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Figure 3. Directions of primary and shear wave propagation and polarization through
a transversely isotropic material [15].
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The procedure of optimization began with the genetic algorithm to obtain a number of
solutions as the candidates. These candidates then were input as the initial guess of solution in
the nonlinear optimization by the Levenberg–Marquardt method in order to refine the solution.
This combined use of optimization worked pretty well.

3. EXPERIMENTAL SET-UP AND PROCEDURE

3.1. Experimental set-up

The sample used in the tests was Ottawa Sand (C-778) with the index properties listed in Table I.
The Ottawa sand contains roughly round shaped particles. The equipment set-up that housed
the test specimen and controlled the stress condition was an axis-symmetric field simulator [24],
originally designed to serve as a calibration chamber for cone penetration tests. The simulator is
a close-loop control system that is capable of controlling the boundary condition of the lateral
stress/strain. The sand specimen, 784 mm in diameter and up to 910 mm in height, is housed in a
stack of up to eleven rings made of steel; each ring (80:5 mm high) is lined with an inflatable
silicone rubber membrane on the inside to allow circumferential displacement (extensometer)
measurement and stress control (by air pressure). To minimize frictional forces between sand
and rubber membranes, the whole ring stack is supported on four air bellows [24]. The ring
stack altogether is allowed to move downward when the specimen is loaded. This arrangement is
similar to a floating ring design in an oedometer. Specimens were prepared by dry pluviation
using a sand-rainer. The relative density of the specimen was roughly controlled by the opening
slot size of the sand-rainer’s base. Figure 4 shows the layout of the field simulator. Detail about
the apparatus should refer to Hsu and Huang [24].

The equipments for measuring the wave velocities included a wave generator (HP 33120A), an
amplifier, and a series of miniature geophones (served as either the wave activators or the
receivers). Figure 5 shows the layout of test equipments. The geophones used were GS-100,
made by GeoSpace, 31:8 mm in diameter, 35 mm high, with a natural frequency of 100 Hz: A
spectrum analyser, called ‘Signal Doctor Spectrum Analysis System’, made by Prowave
Engineering, was employed for the acquisition and analysis of wave signals. This spectrum
analyser can handle wave signals with frequency below 20 kHz:

The wave velocity was determined by dividing the distance between the wave activator and
receiver by the travel time. Figure 6 shows the layout of geophones. Twenty-two geophones
were installed in five subsequent layers. The geophones in the 3rd layer were arranged to

Table I. Properties of Ottawa Sand (C-778).

Mineral Quartz

Shape Rounded
emax 0.76
emin 0.50
Gs 2.65
D60 (mm) 0.36
D10 (mm) 0.23
Cu 1.56
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measure the wave-velocity propagating along the horizontal direction (e.g. 5-50 for Vp-90; 9-90 for
Vsh-90; and 11-110 for Vsv-90). The geophones in other layers were arranged to measure the wave-
velocity propagating along either the vertical or an oblique direction. Those geophones lain on
the 1st and 5th layers were in pairs: 1-10 and 6-60 for Vp-0; 2-20 and 3-30 for Vp-y along various
y; 7-70 for Vsh-0; 8-80 and 10-100; respectively, for Vsh and Vsv along an oblique direction. A pair
of geophones, labeled as ‘4’ and ‘40’, lain on the 4th and 2nd layers, respectively, were arranged
to measure Vp along a larger oblique angle y:

Each geophone was served as either a triggering source or a receiver. The distance between
each pair of geophones (between the source and the receiver) was generally within 0.4 and 0:6 m:
A wave generator produced a sinusoidal wave at each source geophone in turn. The peak-to-
peak voltage of the sinusoidal wave was maintained at 10 V: To minimize the near-field effects,

Figure 4. Layout of field simulator [24].

Power
amplifierSource

Receiver

Function
generator

Signal  acquisition and
analysis system

Monitor

Figure 5. Layout of equipments.
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the triggered frequency of wave signal was 1500 Hz for S-wave and 2000 Hz for P-wave in order
to satisfy two criteria: (1) the wave length was greater than three times the size of geophones,
and (2) the wave length was smaller than one half of the distance between the source and
receiver (i.e. the travel distance) geophones [25]. In the experiments, the distance between any
source and receiver was kept at least one and half times of wavelength to reduce the near field
effect while ensuring a recognizable wave signal can be picked up.

3.2. Experimental procedure

The pluviation for preparing the specimen proceeded in six stages. As the specimen reached a
specific elevation, the pluviation was halted and the geophones were installed. The top plate was

Top view of 
the 3rd layer

Top view of the 5th layer 1

2

3

6

5

5'

1'

2'

3'

6'

7

8

7' 8'

9 9'

10

10'

11

11'

4

4'

5th layer

Top view of the 4th layer

Top view of the 2nd layer

Top view of the 1st layer

4th layer

3rd layer

2nd layer

1st layer

Figure 6. Layout of geophones in a specimen.
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placed after the completion of the full specimen. The center of the sand-rainer’s base must aim
at the center of the chamber to ensure specimen’s homogeneity, and the pluviation must be
carried out with care.

During the whole course of a test (including the air-pluviated preparation of specimen and the
application of loading), the lateral boundary of specimen was maintained at a near K0 condition
(zero lateral strain condition) . During pluviation, the lateral stress in each ring was adjusted
individually to allow the circumferential deformation within �0:01 mm (corresponding to a
strain within �4� 10�6). The threshold deformation was able to simulate K0 condition and
exempt from the influence of signal noise. During loading application, the lateral stresses were
adjusted according to the average circumferential deformation of a couple of intermediate rings;
the average circumferential displacement was maintained within �0:005 mm (corresponding to
a lateral strain within �2� 10�6). The same incremental lateral stress was applied to all rings
simultaneously.

The vertical loading was applied in a sequence of 0 kPa ! 26:73 kPa ! 51:7 kPa ! 100:05
kPa ! 51:7 kPa ! 26:73 kPa ! 0 kPa while the specimen was maintained in K0 condition. In
addition to the applied loading, the specimen was subjected to an initial stress from its self-
weight and the weight of top plate. The initial vertical stress due to its self-weight was 7:2 kPa
(for Dr ¼ 62:3%) or 7:61 kPa (for Dr ¼ 95%) at specimen’s mid-height; the top-plate’s weight
resulted in additional 3:47 kPa: They made a total of 10:67 kPa (for Dr ¼ 62:3%) or 11:08 kPa
(for Dr ¼ 95%). For each loading stage, the P- and S-wave velocities between each pair of the
source and receiver geophones were measured to obtain wave velocities along various directions
of wave-propagation. The size of the field simulator inevitably limited the maximum number of
installed geophones. For each test stage, a total of ten wave velocities were measured, including
five P-wave velocities, three Sh-wave velocities, and two Sv-wave velocities along various
directions of wave-propagation. The loading/unloading rate was about 1 kPa=min; slowly
enough to avoid any dynamic effect.

4. RESULTS AND ANALYSIS

4.1. Sample characteristics

The sample used in this study was Ottawa sand (C-778), composed of nearly pure quartz. The
elastic constants of the particles of solid were assumed as the average elastic constants of crystal
quartz with Es ¼ 86:85 and Gs ¼ 31:14 GPa:z The corresponding Poisson’s ratio, us; is equal to
0.39. According to Procter and Barton [26], the frictional angle between quartz particles is 268:
Oda [27] found that the average co-ordination number, N; of a granular assembly had a strong
correlation with void ratio, e; of the assembly, while was not affected by the grain size
distribution. Chang et al. [28] collected published data [27,29,30] and suggested N can be
estimated from void ratio using the following equation.

e ¼ 1:66� 0:125 �N ð12Þ

The present work adopted the above empirical equation for the estimation of N:

zdata from http://www.crystran.co.uk/qutzdata.htm
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4.2. Measured wave velocities

Specimens with two different relative densities, Dr ¼ 95% ðe ¼ 0:513Þ and Dr ¼ 62:3%
ðe ¼ 0:598Þ were prepared and tested. The specimen with Dr ¼ 95% represented a typical dense

sand; and the specimen with Dr ¼ 62:3% represented a typical medium dense sand for

comparison. Figures 7 and 8, respectively, are the distributions of the P- and S-wave velocities

along various directions of wave propagation for the specimen with Dr ¼ 95%: Figures 9 and 10,

respectively, are the distributions of the P- and S-wave velocities along various directions of

wave propagation for the specimen with Dr ¼ 62:3%: In these figures, ‘L’ denotes loading stage

and ‘U’ denotes unloading stage. In Figures 7 and 9, the solid curves and the dotted curves,

respectively, denote the distributions of P-wave velocities during the loading and unloading

stages, respectively. In Figures 8 and 10, the solid curves and the dotted curves, respectively,

denote the distributions of Sh- and Sv-wave velocities, respectively. In general, the wave

velocities for Dr ¼ 95% were relatively higher than the ones for Dr ¼ 62:3%:
Under a same vertical stress level, the velocity distribution in unloading stage appeared more

isotropic than its counterpart in loading stage for Dr ¼ 62:3%: The difference in wave velocities

during the loading and unloading stages corresponding to a same vertical stress implied a

difference in contact stiffness distribution. Since fabric and stress state after unloading became

relatively isotropic, the contact stiffness distribution became relatively isotropic as a result. The

granular assembly of a loose or medium dense specimen after prepared by pluviation tended to

contain more particle contacts along the vertical direction than along the horizontal direction.

Initially, the concentration of contact normal along the vertical direction was likely more

pronounced for the specimen with Dr ¼ 62:3%: The unloading stages in K0 condition, however,

resulted in a decrease of contact distribution density along the vertical direction as well as an

increase along the horizontal direction. This tends to create a relatively isotropic distribution in

fabric, and the horizontal stress became relatively close to the vertical stress. Hence, the wave

velocity was relatively uniformly distributed.
On the contrary, the wave velocity distribution for dense specimen with Dr ¼ 95% shows a

different trend. It can also be explained by contact normal distribution. The dense specimen

after prepared by pluviation, unlike looser specimen, would not contain significantly richer

contact normal distributed along the vertical direction. Wave velocities appeared somewhat

evenly distributed along various directions in the loading stages followed by pluviation. Wave

velocity along an oblique direction with y ¼ 458 was very close to that along the vertical

direction in loading stages, as shown in Figure 7; it supports that the contact normal does not

concentrate along the vertical direction.
The horizontally polarized body wave velocities were lower than the vertically polarized body

wave velocities in the very beginning (when no vertical load except the gravity weights were

applied). The result agrees with those by Yan and Byrne [31] and Agarwal and Ishibashi [32],

but seems to contradictory to those by some others such as Knox et al. [33], Kopperman et al.

[34], Chu et al. [35], Lee and Stokoe [36], Stokoe et al. [37], and Bellotti et al. [38]. Recently,

Hoque and Tatsuoka [39] showed that the small strain stiffness of granular materials subjected

to isotropic stress exhibited inherent anisotropy with Ev > Eh; where Ev and Eh denoted the

vertical and the horizontal elastic Young’s moduli. The initial stiffness anisotropy accounts

for the reason of Vp-0 > Vp-90 without applied vertical load (except the gravity weights). The

terms Vp-0 and Vp-90; respectively, stand for the P-wave velocity along the vertical and the

horizontal directions.
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Figure 7. Distribution of P-wave velocities propagating along various directions
in specimen with Dr ¼ 95%:
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Figure 8. Distribution of S-wave velocities propagating along various directions
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Figure 9. Distribution of P-wave velocities propagating along various directions
in specimen with Dr ¼ 62:3%:
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Figure 10. Distribution of S-wave velocities propagating along various directions
in specimen with Dr ¼ 62:3%:
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4.3. Measured stresses

A stack of eleven rings houses the tested specimen. Excluding rings near the top and bottom
boundaries to reduce boundary effect, the stresses in intermediate rings close to the elevation of
geophones were picked up for stress analysis. Tables II and III, respectively, list the lateral
stresses measured at each ring and the average K0 in various loading/unloading stages for the
specimens of Dr ¼ 95 and 62.3%, respectively. Figure 11 plots the average measured horizontal
pressure against the applied vertical pressure in various loading/unloading stages.

The measured stresses show some interesting results. For the initially loading stages, K0 for
the specimen of Dr ¼ 95% lies between 0.408 and 0.421 with an average of K0 ¼ 0:413; and K0

for the specimen of Dr ¼ 62:3% lies between 0.443 and 0.461, with an average of K0 ¼ 0:451: It
confirms that K0 for a specimen with a higher Dr appears to be lower than that of a specimen
with lower Dr; which is supported by the well-known Jaky’s empirical formula, K0nc ¼ 1� sin f0

[1]. An empirical correlation between the dry unit weight g (in kPa). and the peak frictional
angle (f0 in degrees) of air-pluviated Ottawa sand (C-778) was experimentally established by
Chang [40] from the results of direct shear tests as follows (Figures 12 and 13):

f0 ¼ 6:43g� 68:99 ð13Þ

Equation (13) is valid for g ¼ 15:45–17:4 kN=m3 only. Using the above equation, the internal
frictional angle corresponding to Dr ¼ 95% (corresponding to g ¼ 17:18 kN=m3) and Dr ¼
62:3% (corresponding to g ¼ 16:26 kN=m3), respectively, were 41:58 and 35:68: The K0 estimated
by the Jaky’s equation corresponding to f0 ¼ 41:58 and f0 ¼ 35:68; respectively, were 0.337 and
0.418, respectively, comparing to the average measured values, 0.413 and 0.451.

K0 of unloaded soil ðK0uÞ also depends on the overconsolidation ratio (OCR) and can be
expressed in the following form [41]:

K0u

K0nc
¼ OCRx ð14Þ

In the above equation, K0nc is the K0 value for the initially loaded soil, x is the at-rest
rebound parameter. Mayne and Kulhawy [2] compiled available experimental data and

Table II. Lateral earth pressure measured at various rings and average K0 ðDr ¼ 95%).

Vertical stress (kPa)

Loading stages Unloading stages

Ring No. 37.81 62.78 111.13 62.78 37.81

Horizontal stress (kPa) 4 12.9 21.7 41.6 33.3 23.5
5 18.4 28.2 48.0 41.2 30.6
6 18.5 28.5 48.2 41.2 30.2
7 17.5 28.7 47.1 41.8 30.8
8 12.3 21.7 41.8 33.9 23.7

Average horizontal stress (kPa) 4–8 15.92 25.76 45.34 38.28 27.76

Average K0 4–8 0.421 0.410 0.408 0.610 0.734
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found x of sand was within 0.3 and 0.85. Table IV shows K0 and the back calculated x for
Ottawa sand. The data were from Edil and Dhowian [42] and the present experimental
work. The at-rest rebound parameter x back calculated from the data of this work was

Table III. Lateral earth pressure measured at various rings and average K0 ðDr ¼ 62:3%Þ:

Vertical stress (kPa)

Loading stages Unloading stages

Ring No. 37.4 62.37 110.72 62.37 37.4

Horizontal stress (kPa) 3 18.8 31.0 54.3 44.8 33.1
4 15.0 26.3 49.0 39.6 27.9
5 14.8 26.3 49.1 39.5 28.5
6 17.7 28.9 52.0 42.6 31.1
7 16.7 28.6 52.0 43.0 32.0
8 17.3 28.6 51.5 42.2 30.4
9 15.6 26.6 49.5 40.3 28.8

Average horizontal stress (kPa) 3–9 16.56 28.04 51.06 41.71 30.26

Average K0 3–9 0.443 0.450 0.461 0.669 0.809
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Figure 11. Measured lateral pressure against applied vertical pressure.
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0.566 for Dr ¼ 95% and 0.571 for Dr ¼ 62:3%; their values were quite close. The back
calculated values of x for Ottawa sand (C-778) lie within the range reported by Mayne and
Kulhawy [2].
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Figure 12. Comparison of the calculated and measured wave velocity distributions
in loading stages for Dr ¼ 95%:

Table IV. Measured K0 and back calculated.

Indirect
Stress Direct determination

Void Dr in % Loading level f0 in measurement of K0 from
ratio (g in kN=m3) state (kPa) degrees of K0 K0 ¼ 1� sin f0 x

Ottawa sand
20-30 (Edil and
Dhowian, 1981)

0.63 } Loading 0–500 30.4 0.50 0.49 }
0.57 } Loading 0–500 33.2 0.44 0.45 }
0.54 } Loading 0–500 34.6 0.41 0.43 }

Ottawa sand
C-778 (this
research)

0.598 62.3
(16.265)

Loading 0–110.72 35.6 0.451 0.418 }
Unloading 62.37 } 0.669 } 0.571
Unloading 37.4 0.809 }

0.513 95
(17.181)

Loading 0–111.13 41.5 0.413 0.337 }
Unloading 62.78 } 0.610 } 0.566
Unloading 37.81 0.734 }
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5. CALCULATED RESULTS AND DISCUSSION

5.1. Fabric parameter

The present work expressed fabric in the form of Equation (4). The specimen prepared by
pluviation was assumed as a transversely isotropic material; in this condition, the directional
distribution of fabric became axis-symmetrical. If the axis 3 is set parallel to the direction of
pluviation, the plane 1–2 will become the plane of transverse isotropy. Consequently, fabric
tensor will satisfy D12 ¼ D21 ¼ D13 ¼ D31 ¼ D23 ¼ D32 ¼ 0; and D22 ¼ D11 ¼ �D33=2: Hence,
merely one parameter D33 is required to describe fabric tensor for a pluviated specimen. A
positive D33 means that more contact normal is along the direction of axis-3 than other
directions. For a complete isotropic condition, all components of fabric tensor are zero; thus,
EðnÞ ¼ 1=4p:

5.2. Calibrated results

In the present work, a specimen was maintained in K0 condition and controlled vertical loads
were applied to the specimen. Attempt was made to back calculate the horizontal stress from the
measured wave velocities so that K0 could be determined. In addition to K0; the unknown
during the calculation of stress state, however, also involved other unknown parameters. These
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Figure 13. Comparison of the calculated and measured wave velocity distributions
in loading stages for Dr ¼ 62:3%:

Copyright # 2004 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2004; 28:1401–1425

K0 ESTIMATION IN LEVEL GRANULAR SOIL 1419



unknown parameters included the parameter D33 describing fabric, the parameter a
characterizing the normal contact stiffness, and the parameter b characterizing the shear
contact stiffness. The calibrated results (shown in Table V) were obtained through an
optimization procedure by minimizing the object function defined by Equation (11).

In loading stages in K0 condition, the changes in geometric fabric were small. To allow more
data for the back-calculation, geometric fabrics were assumed unchanged during the whole
loading process. The geometric fabric calculated in this manner was regarded as an average in
the loading stages. For each specimen, a total of thirty wave velocities (10 each from the applied
loading steps of 26.73, 51.7, 100:05 kPa) measured from three initially loaded stages were used
to calibrate K0 in the initially loaded states. With sufficient data (i.e. 30 wave-velocities) for
calibration, the converged results clearly identified the global minimum. Figures 12 and 13,
respectively, compare the calculated and measured wave velocity distributions in loading
stages for Dr ¼ 95 and 62.3%, respectively. The averages of normalized differences between a
set of n calculated wave velocities Vc and measured wave velocities Vm; defined asffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn

i¼1 ððVm � VcÞ=VcÞ
2
i =n

q
; were 1.8 and 1.4%, respectively, for Dr ¼ 95 and 62.3%. The

calculated wave velocities were obtained with the calibrated parameters shown in Table V. In
the legends of these figures, Vp-c denotes the calculated P-wave velocity, Vp-m denotes the
measured P-wave velocity, Vsh-c denotes the calculated Sh-wave velocity, and Vsh-m denotes the
measured Sh-wave velocity. The calculated wave velocities distributions agree well with the
measured distribution.

For unloaded specimen, K0 varies with vertical stress. Hence, calibration had to be carried out
individually for each vertical stress. Due to the fact that less wave velocities (only ten) were used
to calibrate K0 for each unloading case, higher possible error from calibration is expected.
Figures 14 and 15, respectively, compare the calculated and measured wave velocity
distributions in unloading stages for Dr ¼ 95 and 62.3%, respectively. The averages of
normalized differences between the calculated and measured wave velocities in the unloading
stages were 2.0 and 1.6%, respectively, for Dr ¼ 95 and 62.3%. The global minimum is
improvable if more wave-velocity measurements could be made along various directions
of wave-propagation. It is noted that a higher order form of fabric tensor may also be
introduced in order to improve the capability for describing directional distribution of
geometric fabric.

Table V presents the calibrated results for various conditions. Discussion on these results
follows.

Table V. Results of calibration.

sv (kPa) Measured parameter Calibrated parameters

K0 a b D33 K0

Dr ¼ 95% Loading stages 37.81–111.13 0.408–0.421 0.295 0 �0.087 0.411
Unloading stages 62.78 0.610 0.295 0 �0.258 0.679

37.81 0.734 0.295 0.02 �0.419 0.735
Dr ¼ 62:3% Loading stages 37.4–110.72 0.443–0.461 0.292 0.08 0.244 0.465

Unloading stages 62.37 0.669 0.292 0.35 0.033 0.665
37.4 0.809 0.290 0.07 0.052 0.865
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(1) Normal contact stiffness parameter a
The normal contact stiffness can be expressed in the form of kn ¼ C1 � f g

n ¼ C1 � f 1�2a
n : The

parameter a implicitly reveals the dependence of normal contact stiffness on normal contact
force. According to the Hertz contact theory, g is equal to 1/3 (i.e. a ¼ 1=3); but based on the
assumption of cone-to-plane contact [43], g should equal to 1/2 (i.e. a ¼ 1=4). Considering that
the contact mechanism of sand particles may be inelastic, nonlinear, rough contact, and non-
circular, Chang et al. [44] pointed out that g and C1; respectively, for sand particles may be
somewhat higher and lower than what Hertz–Mindlin theory predicts [45]. Experimental data
[46] supports g actually lies between 1/3 and 1/2. Hence, for the calibration of a the upper and
lower limits, respectively, were set to 1/3 and 1/4. All calibrated values of a were between the
upper and the lower limits.
(2) Shear contact stiffness parameter b
The parameter b implicitly reveals the dependence of shear contact stiffness on the level of

shear contact force. Mindlin and Deresiewicz [47] studied the shear contact compliance between
two elastically contacted spheres under varying oblique forces. For a particulate assembly,
however, every particle may contact with several other particles. It seems unlikely that all shear
contact stiffness of particles can satisfy the shear contact conditions assumed by Mindlin and
Deresiewicz [47]. Furthermore, it may be difficult to employ the incremental form of shear
contact relations practically. For these concerns, the present work expressed the shear contact
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Figure 14. Comparison of the calculated and measured wave velocity distributions
in unloading stages for Dr ¼ 95%:
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stiffness in the following form.

kr ¼ C2 � 1�
fr

fn � tan fm

 !b
� kn as fr5fn � tan fm ð15Þ

kr ¼ 0 for fr ^ fn � tan fm ð16Þ

During the calibration of K0; the parameter b was also treated as an unknown. A non-negative
constraint was set for b: The minimum condition b ¼ 0 implies that there is no local slippage
takes place at the contact-point and the shear contact stiffness does not depend on the shear
contact-force. The calibrated values of b for Dr ¼ 62:3% were generally larger than those for
Dr ¼ 95% which were near 0. It makes sense because that the average co-ordination number for
Dr ¼ 62:3% should be less than that for Dr ¼ 95%; while a particle assembly with larger average
co-ordination number would be subjected to a stronger constraint.
(3) Fabric Parameter
The calibrated values of D33 for different Dr reveal interesting information. The fabric

parameter D33 in loading stages for very dense Ottawa sand ðDr ¼ 95%Þ was in general close to
0, which suggests that the contact normal distribution of the granular assembly at a very dense
state tends to be more isotropic or directionally uniform. The fabric parameter D33; however,
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Figure 15. Comparison of the calculated and measured wave velocity distributions
in unloading stages for Dr ¼ 62:3%:
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became negative in unloading stages; it implies that the number of contacts turned to be more
abundant along the horizontal direction than along the vertical direction. On the other hand,
D33 of medium dense Ottawa sand ðDr ¼ 62:3%Þ in the initially loading stages was 0.244, which
implied the number of contact points was significantly more abundant along the vertical
direction than along the horizontal direction. Unloading in K0 condition results in a decrease of
the contact distribution density along the vertical direction and an increase along the horizontal
direction. As a result, D33 of the unloaded sand ðDr ¼ 62:3%Þ decreased and approached to 0,
which showed that the fabric of the medium dense sand became more isotropic after unloading.
(4) Stress coefficient K0

The calibrated value of K0 for the very dense sand ðDr ¼ 95%Þ in the initially loading stages
was 0.411. This calibrated K0 agreed with the measured K0 (0.408–0.421, with an average of
K0 ¼ 0:413) very well. For unloading stages, the calibrated K0 for sv ¼ 62:78 and 37:81 kPa;
respectively, were 0.679 and 0.735. Compared with the measured K0 (0.61 and 0.734,
respectively, for sv ¼ 62:78 and 37:81 kPa) in unloading stages, the errors were 11 and 0.1%,
respectively, for sv ¼ 62:78 and 37:81 kPa: The calibrated value of K0 for the medium dense
sand ðDr ¼ 62:3%Þ in the initially loading stages was 0.465. This calibrated K0 also agreed with
the measured K0 (0.443–0.461, with an average of K0=0.451) acceptably, with an error of 3%.
For unloading stages, the calibrated K0 for sv ¼ 62:37 and 37:4 kPa; respectively, were 0.665
and 0.865. Compared with the measured K0 (0.669 and 0.809, respectively, for sv ¼ 62:37 and
37:4 kPa) in unloading stages, the errors were 0.6 and 7%, respectively.

Due to the fact that less wave velocities were available for calibrating K0 in each unloading
stage, larger differences between the back calculated and the measured K0 could be expected.
However, it should be noted that the K0 prediction could be improved if more measurement of
wave velocities along more directions of wave propagation could be made.

6. SUMMARY AND CONCLUSIONS

This study aims to explore the possibility for the determination of the in situ lateral stress in
level-ground of granular soil by seismic methods on the basis of micromechanics theory. The
present work made use of a field simulator to model the in situ stress condition. This field
simulator can control a K0 condition in large specimens ðdiameter ¼ 784 mmÞ prepared by air-
pluviation. A series of vertical loading containing subsequent loading and unloading were
applied to the specimen. The lateral stress were measured and compared with the empirical
formula for predicting K0: In general, the K0 values determined experimentally in this work is in
accordance with the exiting empirical relations.

Several geophones were installed in large specimens ðdiameter ¼ 784 mmÞ; the wave velocities
along various directions were measured. The idea was to simulate the in situ cross-hole seismic
method for the measurement of wave velocities along various directions of wave propagation in
a level ground. Knowing the vertical stress of the specimen, the lateral stress was calibrated from
the series of wave-velocities. The methodology for determining the lateral stress employed the
theories of micromechanics and anisotropic wave propagation. The value of K0 was calibrated
using an optimization procedure combined with the genetic algorithm and nonlinear
optimization. This methodology is valid for a transversely isotropic granular assembly.

For loading stages in K0 condition, back-calculated result suggests that the contact normal of
very dense Ottawa sand distributed rather evenly along various directions. Medium dense
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Ottawa sand, on the other hand, appeared to have a more anisotropic distribution of contact,
with more contact along the vertical direction than along the lateral direction. The consistency
of the back-calculated and measured K0 demonstrated the feasibility for the determination of
the in situ lateral stress in level-ground of granular soil by seismic methods on the basis of
micromechanics theory as long as enough data of wave-velocity measurements along various
directions of wave-propagation were available.

With the in situ cross-hole seismic method, it will not be difficult to obtain wave-velocities
along as many different directions of wave-propagation as possible. Consequently, the usage of
the presented methodology for determining K0 in level ground of granular soil by seismic
methods seems encouraging.
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