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Abstract

A k-container C(u,v) of a graphG is a set ofk disjoint paths joiningu to v. A k-containerC(u,v) is ak∗-container if every
vertex ofG is incident with a path inC(u,v). A bipartite graphG is k∗-laceable if there exists ak∗-container between an
two verticesu, v from different partite set ofG. A bipartite graphG with connectivityk is super laceable if it is i∗-laceable
for all i � k. A bipartite graphG with connectivityk is f -edge fault-tolerant super laceable if G − F is i∗-laceable for any
1 � i � k − f and for any edge subsetF with |F | = f < k − 1. In this paper, we prove that the hypercube graphQr is super
laceable. Moreover,Qr is f -edge fault-tolerant super laceable for anyf � r − 2.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction written as〈v0, v1, v2, . . . , vk〉, in which all the vertices
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In this paper, a network is represented as a loop
undirected graph. For the graph definition and notatio
we basically follow [2].G = (V ,E) is a graph ifV
is a finite set andE is a subset of{(a, b) | (a, b) is
an unordered pair ofV }. We say thatV is thevertex
set and E is the edge set. Two verticesa and b are
adjacent if (a, b) ∈ E. LetE′ be a subset ofE. We use
G−E′ to denote the graph with vertex setV and edge
setE − E′. A path is a sequence of adjacent vertice
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also write the pathP = 〈v0, v1, . . . , vk〉 as〈v0,P, vk〉.
We useP−1 to denote the path〈vk, vk−1, . . . , v1, v0〉.
A path is aHamiltonian path if its vertices are distinc
and spanV . A graph G is Hamiltonian connected
if there exists a Hamiltonian path joining any tw
vertices ofG. A cycle is a path with at least thre
vertices such that the first vertex is the same as
last vertex. AHamiltonian cycle of G is a cycle that
traverses every vertex ofG exactly once. A graph is
Hamiltonian if it has a Hamiltonian cycle.

Theconnectivity of G, κ(G), is the minimum num-
ber of vertices whose removal leaves the remain
graph disconnected or trivial. LetG = (V ,E) be a
graph with connectivityκ(G) = κ . It follows from

.
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Menger’s theorem [5] that there arel internal node-
disjoint paths joining any two verticesu and v for
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there is no Hamiltonian path joining any two verticesu

andv with x /∈ {u,v}. HenceG−F is not Hamiltonian
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l � κ . A k-container C(u, v) of a graphG is a set of
k internal node-disjoint paths joiningu to v. We use
V (C(u, v)) to denote the set of vertices incident w
some path inC(u, v). Connectivity and container ar
impotent concepts to measure the fault tolerance
networks [3].

In this paper, we discuss another type of co
tainer. A k-container C(u, v) is a k∗-container if
V (C(u, v)) = V (G). A graph G is k∗-connected if
there exists ak∗-container between any two distin
verticesu,v. In particular,G is 1∗-connected if and
only if it is Hamiltonian connected. Moreover,G is 2∗-
connected if it is Hamiltonian. Since any 1∗-connected
graph with more than 3 vertices is Hamiltonian, it
2∗-connected. The study ofk∗-connected graph is mo
tivated by the globally 3∗-connected graphs propos
by Albert, Aldred and Holton [1]. We define a grap
G to besuper connected if G is i∗-connected for any
i with 1 � i � κ(G).

A graph G is bipartite if its vertex set can be
partitioned into two subsetsV1 andV2 such that every
edge joins a vertex ofV1 and a vertex ofV2. A k∗-
laceable graph is a bipartite graph such that the
exists ak∗-container between any two vertices fro
different partite sets. Obviously, anyk∗-laceable graph
with k � 1 has bipartition of equal size. A 1∗-laceable
graph is also known asHamiltonian laceable graph.
Since any 1∗-laceable graph with more than 3 vertic
is Hamiltonian, it is 2∗-laceable. A bipartite graphG
is super laceable if G is i∗-laceable for anyi with
1 � i � κ(G).

In this paper, we prove that the hypercubeQr

is super laceable for allr. We further discuss th
corresponding fault-tolerant property. Assume t
r � 2. Let F ⊆ E(Qr) with |F | = f � (r − 2).
Obviously,κ(Qr −F) � r −f . We prove thatQr −F

is i∗-laceable for anyi with 1 � i � r − f .
Let G be super laceable graph with connectivityk

and letF be any edge subset ofG with |F | = f . We
say thatG is f -edge fault-tolerant super laceable if
G − F is i∗-laceable for anyi with 1� i � r − f and
for any edge subsetF with |F | = f . Theedge fault-
tolerant super laceability of G is defined as the large
f such thatG is f edge fault-tolerant super laceab
LetF be any edge set incident with some vertexx in G

such that|F | = r − 1. Obviously,degG−F (x) = 1 and
laceable. Thus the edge fault-tolerant super laceab
is at mostr − 2. We shall prove that the edge fau
tolerant super laceability ofQr is r − 2 if r � 2.

In the following, we give the definition of th
hypercubesQr and some basic properties ofQr .
In Section 3, we prove thatQr is r∗-laceable. In
Section 4, we prove that the edge fault-tolerant su
laceability ofQr is r − 2 if r � 2. In particular,Qr is
super laceable for anyr.

2. Preliminaries

Let u = u1u2 . . .ur−1ur be anr-bit binary strings.
For 1� i � r, we useui to denote theith neighbor
of u, i.e., the binary stringv1v2 . . . vr−1vr such that
vi = 1 − ui and vk = uk if k �= i. The Hamming
weight of u, denoted byw(u), is the number of
i such thatui = 1. The r-dimensional hypercube,
denoted byQr , consists of allr-bit binary strings as
its vertices. Two verticesu andv are adjacent if and
only if v = ui for some i. Obviously,Qr is an r-
regular graphs with 2r vertices. Moreover,Qr is a
bipartite graph with bipartition{u | w(u) is odd} and
{u | w(u) is even}. We will use black vertices to deno
those vertices of odd weight and white vertices
denote those vertices of even weight. We setQi

r be
the subgraph ofQr induced by{u ∈ V (Qr) | ur = i}
for i = 0,1. Obviously,Qi

r is isomorphic toQr−1 for
i = 0,1. It is well known thatQr is vertex transitive
Furthermore, the permutation on the coordinate ofQr

and the componentwise complement operations
graph isomorphisms. Lete = 00. . .000∈ V (Qr) and
q = 11. . .111 be the antipodal point ofe.

The topological properties ofQr has been studie
extensively in recent years. Readers can refer [4] f
survey on the properties of hypercubes. The follow
theorem is proven by Tsai et al. [6].

Theorem 1 [6]. Let F be any edge subset of Qr with
|F | � r − 2. Then Qr − F is 1∗-laceable.

3. Qr is r∗-laceable

Theorem 2. Qr is r∗-laceable for r � 1.
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Fig. 1. Illustration for Theorem 2.

Proof. Obviously, this theorem is true forr = 1 and of Q01
r joining the black vertexer to the white

r−1 r r−1
r = 2. Assumer � 3. SinceQr is vertex transitive, we
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only need to find anr∗-container joininge to any black
vertexv of Qr .

Case 1: v �= q. Without loss of generality, we
assume thatv ∈ Q0

r . By induction, there exists a
(r − 1)∗-container{P1,P2, . . . ,Pr−1} of Q0

r joining
e to v. By Theorem 1, there exists a Hamiltoni
pathR of Q1

r joining the black vertexer to the white
vertex vr . We setPr as 〈e, er ,R,vr ,v〉. Obviously,
{P1,P2, . . . ,Pr−1,Pr } is anr∗-container ofQr join-
ing e to v. See Fig. 1(a) for illustration.

Case 2: v = q. Sincew(v) is odd, r is odd and
r � 3. Let Q

ij
r be the subgraph ofQr induced by

{u ∈ V (Qr) | ur−1 = i andur = j } for 0 � i, j � 1.
Obviously,Qij

r is isomorphic toQr−2 for 0 � i, j � 1.
Let y = qr−2 ∈ Q11

r be the(r − 2)th neighbor ofq.
Let x = yr be therth neighbor ofy. Obviously,xk

is adjacent toyk for all 1 � k � r − 3 and qr =
xr−2. By induction, there exists an(r − 1)∗-container
{W1,W2, . . . ,Wr−1} of Q00

r ∪ Q10
r = Q0

r joining e
to the black vertexx whereWk = 〈e,W ′

k,xk,x〉 for
1 � k � r − 1. There exists an(r − 2)∗-container
{R1,R2, . . . ,Rr−2} of Q11

r joining the white vertexy
to q. Sincey andq are adjacent, one of these pat
is the 〈y,q〉. Without loss of generality, we assum
that Rk = 〈y,yk,R′

k,q〉 for 1 � k � r − 3. We set
Pk = 〈e,W ′

k,xk,yk,R′
k,q〉 for 1 � k � r − 3, Pr−2 =

〈e,W ′
r−2,qr ,q〉, andPr−1 = 〈e,W ′

r−1, x
r−1,x,y,q〉.

By Theorem 1, there exists a Hamiltonian pathH
{P1,P2, . . . ,Pr } form anr∗-container ofQr joining e
to q. See Fig. 1(b) for illustration. �

4. The edge fault-tolerant super laceability of Qr

Lemma 1. Assume that r � 2. Let u and x be any
two distinct white vertices, v and y be any two distinct
black vertices in Qr , there exist two disjoint paths P1
and P2 such that

(1) P1 joins u to v.
(2) P2 joins x to y, and
(3) P1 ∪ P2 spans Qr .

Proof. We prove this lemma by induction onr.
Obviously, the lemma is true forr = 2. Assume tha
r � 3. Without loss of generality, we assume th
u ∈ V (Q0

r ) andy ∈ V (Q1
r ).

Case 1: x ∈ V (Q1
r ) andv ∈ V (Q0

r ). By Theorem 1,
we can setP1 as the Hamiltonian path ofQ0

r joining u
to v. Again, we can setP2 as the Hamiltonian path o
Q1

r joining x to y.
Case 2: x ∈ V (Q0

r ) andv ∈ V (Q1
r ). By induction,

there exist two disjoint pathsR1 andR2 of Q0
r such

that

(1) R1 joins u to some black vertexa,
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Fig. 2. Illustration for Lemma 1.

(2) R2 joins x to some black vertexb distinct froma, to prove the theorem for 1� f � r − 3. SinceQr is
∗
and
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vertex transitive, we only need to find an(r − f ) -
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(3) R1 ∪ R2 spansQ0
r .

Again, there exist two disjoint pathsW1 andW2 of Q1
r

such that

(1) W1 joins the white vertexar to v,
(2) W2 joins the white vertexbr to y, and
(3) W1 ∪ W2 spansQ1

r .

We can setP1 as 〈u,R1,a,ar ,W1,v〉 and P2 as
〈x,R2,b,br ,W2,y〉. See Fig. 2(a) for illustration.

Case 3: x,v ∈ V (Q0
r ) or V (Q1

r ). Without loss of
generality, we assume thatx,v ∈ V (Q0

r ). By induc-
tion, there exist two disjoint pathsR1 andR2 of Q0

r

such that

(1) R1 joins u to v,
(2) R2 joins x to some black vertexb, and
(3) R1 ∪ R2 spansQ0

r .

By Theorem 1, there exists a Hamiltonian pathW

joining the white vertexbr to y. We setP1 as R1
and setP2 as 〈x,R2,b,br ,W,y〉. See Fig. 2(b) for
illustration.

Obviously,P1 andP2 are the desired paths.�
Theorem 3. Let F be any edge subset of Qr with
|F | = f � r − 2 and r � 2. Then Qr − F is (r − f )∗-
laceable.

Proof. It is easy checked by brute force that th
theorem is true forr = 2,3. Supposef = r − 2. By
Theorem 1,Qr − F is 1∗-laceable. Since any 1∗-
laceable graphG with |V (G)| � 3 is 2∗-laceable,
Qr − F is also 2∗-laceable. Supposef = 0. By
Theorem 2,Qr is r∗-laceable. Hence we only nee
container ofQr − F between the white vertexe and
any black vertexv. We prove our claims according
the locations ofv and the faulty edges as follows.

Case 1: v �= q. Without loss of generality, we as
sume thatv ∈ Q0

r . Let F i denote the set of edge
of F in Qi

r for 0 � i � 1. Since f � r − 3 =
(r − 1) − 2, by induction there exists an(r − f )∗-
containerC = {P1,P2, . . . ,Pr−f } of Q0

r − F 0 join-
ing e to v. An edge(a,b) is an adjacent pair in C

if (a,b) ∈ Pk for some k. An adjacent pair(a,b)

is healthy if (a,ar) and (b,br ) /∈ F . A faulty edge
from Q0

r to Q1
r can destroy at most 2-healthy pai

Since there are at least 2r−1 adjacent pairs inC and
2r−1 > 2(r − 3) � 2|F | for r � 4, there exists at leas
one healthy pair(a,b) in C. Without loss of gener
ality, we may assume that(a,b) ∈ Pr−f and write
Pr−f = 〈e,R1,a,b,R2,v〉. By Theorem 1, there ex
ists a Hamiltonian pathW of Q1

r − F 1 joining ar to
br . We setP ′

r−f = 〈e,R1,a,ar ,W,br ,b,R2,v〉. Ob-
viously, {P1,P2, . . . ,Pr−f −1,P

′
r−f } is an (r − f )∗-

container ofQr − F joining e to v. See Fig. 3(a) for
illustration.

Case 2: v = q. Sincev is a black vertex, we ma
assumer is an odd withr � 5. An edge(x,y) is ani-
dimensional edge ify = xi . Let Fi denote the subse
in F of dimensioni. Without loss of generality, we
assume that|F1| � |F2| � · · · � |Fr |. Since|F | = f �
r −3, |Fr | = |Fr−1| = 0. LetF ij be the subsets ofF in
Q

ij
r . SinceQ10

r andQ01
r are symmetric with respect t

Qr andF 00 ∪ F 10 ∪ F 01 ∪ F 11 = F , we may assume
that|F 10| � 	f/2
.

Let u = u1u2 . . .ur−1ur ∈ V (Qr). We useu[i, j ]
to denoteu1u2 . . .ur−3ur−2ij . In other words,u[i, j ]
is themirror image of u[i ′, j ′] if i �= i ′ or j �= j ′.
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(c) (d)

Fig. 3. Illustration for Theorem 3.

Case 2.1: |F 10| = 0. Pick any element(a′,b′) in F induction there exists an(r − f − 1)∗-containerC =

and set̃F = F − (a′,b′). Let F̃ ij be the subsets of̃F {W1,W2, . . . ,Wr−f −1} of Q00 − F̃ 00 joining e to

in Q

ij
r . Obviously,|F̃ 00| � f − 1. Since dim(Q00

r ) =
r − 2 and (r − 2) − (f − 1) = r − f − 1 � 2, by
r−2
q[0,0]. Suppose the edge(a′,b′) or its mirror image
is in C. We seta = a′[0,0], b = b′[0,0] and assume
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(a,b) ∈ E(W1). Suppose the edge(a′,b′) or its mirror
image is not inC. We pick any edge inE(W1) and

P2 = 〈
e, e[0,1], e[1,1], z1[1,1], z1[0,1], z2[0,1],

n

a

e

e

name it(a,b).
Supposea �= e[0,0] and b �= q[0,0]. We can

write W1 = 〈e,x1,R1,a,b,R2,y1,q[0,0]〉, Wk = 〈e,
xk,Zk,yk,q[0,0]〉 for 2 � k � r − f − 1. Let W01

k

and W11
k be the mirror images ofW1 in Q01

r and
Q11

r , respectively. Obviously,C01(e[0,1],q[0,1]) =
{W01

1 ,W01
2 , . . . ,W01

r−f −1} andC11(e[1,1],q[1,1]) =
{W11

1 ,W11
2 , . . . ,W11

r−f −1} are(r − f − 1)∗-containers

of Q01
r−2 − F̃ 01 and Q11

r−2 − F̃ 11, respectively. By
Lemma 1, there exist two disjoint pathsH1 and H2
of Q10

r such that

(1) H1 joins the black vertexe[1,0] to the white
vertexq[1,0],

(2) H2 joins a[1,0] to b[1,0], and
(3) H1 ∪ H2 spansQ10

r .

We set{P1,P2, . . . ,Pr−f } as

P1 = 〈
e,x1,R1,a,a[0,1], (R01

1

)−1
,x1[0,1], e[0,1],

e[1,1],x1[1,1],R11
1 ,a[1,1],a[1,0],H2,

b[1,0],b,R2,y1,q[0,0],q[0,1],y1[0,1],
(
R01

2

)−1
,b[0,1],b[1,1],R11

2 ,y1[1,1],q
〉;

Pk = 〈
e,xk,Zk,yk,yk[0,1], (Zk[0,1])−1

,

xk[0,1],xk[1,1],Zk[1,1],yk[1,1],q
〉

for 2 � k � r − f − 1; and

Pr−f = 〈
e, e[1,0],H1,q[1,0],q

〉
.

Obviously,{P1,P2, . . . ,Pr−f } is an(r −f )∗-contain-
er of Qr − F joining e to q. See Fig. 3(b) for
illustration.

Remark 1. Supposea = e. Sincer � 5, Wi contains
at least 4 vertices for 1� i � r−f −1. We writeW1 =
〈e,b,R,y1,q[0,0]〉, W2 = 〈e, z1, z2, . . . , z2t−1, z2t ,

q[0,0]〉 for some t � 1, and Wk = 〈e,xk,Zk,yk,

q[0,0]〉 for 3 � k � r − f − 1. By Theorem 1, there
exists a Hamiltonian pathH of Q10

r joining the black
vertexe[1,0] to the white vertexb[1,0]. We revise the
previously pathsP1,P2 andPr−f as follows:

P1 = 〈
e, z1, z2, . . . , z2t−1, z2t ,q[0,0],q[0,1],q

〉;
z2[1,1], z3[1,1], z3[0,1], z4[0,1], . . . ,
z2t−1[1,1], z2t−1[0,1], z2t[0,1],
z2t [1,1],q

〉; and

Pr−f = 〈
e, e[1,0],H,b[1,0],b,R,y1,y1[0,1],
(
R01)−1

,b[0,1],b[1,1],R11,y1[1,1],q
〉
.

Obviously,{P1,P2, . . . ,Pr−f } is an(r −f )∗-contain-
er of Qr − F joining e to q. See Fig. 3(c) for
illustrationt = 2.

Remark 2. Supposeb = q[0,0]. Since q[0,0] is
symmetric with respect toe, we use the similar reaso
to find an(r −f )∗-container ofQr −F joining e to q.

Case 2.2: |F 10| �= 0. Obviously, |F 00| � f − 1.
By induction, there exists an(r − f − 1)∗-container
C = {W1,W2, . . . ,Wr−f −1} of Q00

r −F 00 joining e to
q[0,0] and we can writeWk = 〈e,xk,Rk,yk,q[0,0]〉
for 1 � k � r − f − 1. By Theorem 1, there exists
Hamiltonian pathH of Q10

r − F 10 joining the black
vertexe[1,0] to the white vertexq[1,0]. We revise the
previously defined pathsP1 andPr−f as follows:

P1 = 〈
e,x1,R1,y1,q[0,0],q[0,1],y1[0,1],
(
R01

1

)−1
,x1[0,1], e[0,1], e[1,1],x1[1,1],R11

1 ,

y1[1,1],q
〉; and

Pr−f = 〈
e, e[1,0],H,q[1,0],q

〉
.

Obviously,{P1,P2, . . . ,Pr−f } is an(r −f )∗-contain-
er of Qr − F joining e to q. See Fig. 3(d) for
illustration. �
Theorem 4. Qr is super laceable for any positive
integer r . Moreover, Qr is f -edge fault-tolerant super
laceable for any f � r − 2.

Proof. By Theorem 1,Qr is 1∗-laceable. By The-
orem 2,Qr is r∗-laceable. Assume thatr � 3 and
2 � i � r − 1. We arbitrarily choose an faulty edg
setF with |F | = r − i. By Theorem 3,Qr − F is i∗-
laceable. ThusQr is i∗-laceable.

Therefore,Qr is super laceable for any positiv
integer r. For similar reason,Qr is f -edge fault-
tolerant super laceable for anyf � r − 2. �
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