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1. Introduction

Following [2], we study perturbations from a continuous map f on a phase space, say R™, to con-
tinuous maps G on a high-dimensional space, say R™ x R¥ or R™ such that G is a small perturbation
of the singular map F which is one of the following forms:

(i) F&® = fx) eR™;
(i) F(x,y) = (f(x),8(x) € R™ x R¥;
(ili) F(x, y) = (f(x), g(x,y)) e R™ x R¥ and g(R™ x S) C int(S) for some compact set S ¢ R¥ homeo-
morphic to the closed unit ball in R¥, where int(S) denotes the interior of S; and
(iv) F(x,y) = (f(x), g(y)) € R™ x R¥, where g is a contraction on the closed unit ball in R* and has
the unique fixed point in the interior of the unit ball.

The maps G in cases (ii)-(iv) are considered as multidimensional perturbations of f due to bigger di-
mension of phase space, while G in case (i) is a usual perturbation of f and they have the same phase
space. The singular maps F in cases (ii)-(iv) can be considered as the skew product (f(x),q(x,y))
with different strength on trapping region of q(x, y): vertical contraction q(x, y) = g(x) for case (ii),
locally trapping q(R™ x S) C int(S) for case (iii), and horizontal contraction for q(x, y) = g(y).

Consider a one-parameter family G, of continuous maps such that Go = F. If f is an interval map
with positive topological entropy, it was showed that for all A close to 0, the map G, has positive
topological entropy, in [4] for case (ii) with g =0, and in [2] for cases (ii) and (iii). If f has a snap-
back repeller, the same result about G is also concluded in [2] for cases (ii) and (iii).

In this paper, we assume that f has covering relations determined by a transition matrix A (see
Definition 3) and show that for cases (i)-(iii), if G is C° close to F, then G has an isolated invariant
set to which the restriction G is topologically semi-conjugate to the one-sided subshift of finite type
o; and hence the topological entropy of G is greater than the logarithm of the spectral radius of A
(see Theorems 4-6). In addition, if the covering relations satisfy the strong Liapunov condition (see
Definition 8), then we conclude that if a homeomorphism G is C! close to F, then G has an isolated
invariant set to which the restriction of G is topologically conjugate to o4 for cases (i) and (iv)
provided that F is a homeomorphism (see Theorems 10 and 11), and for case (ii) provided that
G is perturbed from F along a one-parameter continuous family {F,} such that F = Fgp and G =
F, with small |1| 0 (see Theorem 12). In particular, one can apply the last result to the Hénon-
like family F,(x,y) = (f(x) + p(A,x,¥),q(A,Xx,y)), where f is the logistic map f(x) = ux(1 — x)
with i >4, p and q are C! continuous functions of (4, x, y) such that F, is a homeomorphism for
A #0, and h(0,x,y) =0 for all (x,y) and q(0,x, y1) =q(0,x, y2) for all x,y; and y;. The map f
has covering relations which are determined by the 2 x 2 matrix with all entries one and satisfy the
strong Liapunov condition (see Example 9). Thus for sufficiently small |A| # 0, the map F, has an
isolated invariant set on which F, is topologically conjugate to the 2-shift. By setting p(A,x, y) = Ay
and q(X, x, y) = x, the family F, becomes the original Hénon family.

Our results fit well with the study of multidimensional perturbations directioned by Young [8]
in a sense of topological chaos. The results from [1,3] about difference equations can be applied to
multidimensional perturbations of one-dimensional maps.

The methodology we use is based on the concept of covering relations and the cone condition,
introduced by Zgliczyfiski in [9-11]. With covering relations determined by a transition matrix A,
a continuous map restricted to an isolated positively invariant set is topologically semi-conjugate to
an one-sided subshift of finite type induced by A (see Proposition 15). Adding the Liapunov condition,
a homeomorphism restricted to an isolated invariant set is topologically conjugate to a two-sided
subshift of finite type induced by A (see Proposition 16). Furthermore, with a help of the strong
Liapunov condition adapted from the cone condition, the conjugacy result as above can be derived for
multidimensional perturbations in a sense of C! topology (see Sections 4.4-4.6). From Propositions 15
and 16, one also gets the answer on how close G should be to F in order to apply Theorems 4-6 and
10-12: as long as the covering relations and the Liapunov condition for F inheriting from those for f
works for G.
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In comparison to stability of hyperbolic invariant sets (refer to [6, Theorem X.7.4]), the covering
relation with the Liapunov condition is a topological way of detecting an isolated chaos. Furthermore,
such a chaotic set is stable under perturbations as well as our multidimensional perturbations if the
strong Liapunov condition is satisfied.

2. Definitions and statement of the main results

First, we introduce some notations and definitions. For a positive integer m, let R™ denote the
space of all m-tuples of real numbers, | - | be the Euclidean norm on R™, and let | - | denote the
operator-norm on the space of linear maps on R™ induced by |- |. For x € R™ and r > 0, we denote
Bm(x,1) ={z € R™: |z—x| <r}; for the particular case when x =0 and r = 1, we write Bm = Biy(0, 1),
that is, the open unit ball in R™. Moreover, for a subset S of R", let S and S denote the clo-
sure and boundary of S, respectively. The topological entropy of a continuous map f, denoted by
hiop(f), on R™ is the supremum of topological entropies of f restricted to compact invariant sets;
refer to [6].

We briefly give some definitions following [12].

Definition 1. (See [12, Definition 6].) An h-set in R™ is a quadruple consisting of the following data:

e a nonempty compact subset M of R™,
e a pair of numbers u(M),s(M) € {0,1,...,m} with u(M) 4+ s(M) =m, and
e a homeomorphism cpy : R™ — R™ = R¥M) x RSM) with ¢y (M) = Bymy X Bsomy-

For simplicity, we will denote such an h-set by M and call cy; the coordinate chart of M; furthermore,
we use the following notations:

Mc = Buan x Bsany,  M¢ =0Buany x Bsany,  M{ = Buqwy x 8Bsqm),
M~ =c,'(M7), and MT=c,'(M]).
A covering relation between two h-sets is defined as follows.
Definition 2. (See [12, Definition 7].) Let M, N be h-sets in R™ with u(M) =u(N) =u and s(M) =
s(N)=s, f: M — R¥ x RS be a continuous map, and fc=cyo f oc,\’/,1 :M: — RY x RS, We say M

f-covers N, denoted by

M=L N,

if the following conditions are satisfied:
1. there exists a homotopy h: [0, 1] x M; — R¥ x R’ such that
h(0,x) = fc(x) forxe M,

h([0,1], M) N Ne =0,
h([0, 1], Mc) NNF = 0;

2. there exists a map ¢ : RY — RY such that

h(1,p,q) = (¢(p),0) forpe By andqe By,
©(dBy) CRY\By; and
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3. there exists a nonzero integer w such that the local Brouwer degree of ¢ at 0 in By, denoted by
deg(yp, By, 0), is w; refer to [12, Appendix] and [7, Chapter 3] for its definition and properties.

Next, we define covering relations determined by a transition matrix. By a transition matrix, it
means that a square matrix satisfies (i) all entries are either zero or one, and (ii) all row sums and
column sums are greater than or equal to one. For a transition matrix A, let p(A) denote the spectral
radius of A. Then p(A) > 1 and moreover, if A is irreducible and not a permutation, then p(A) > 1.
Let E:\r (resp. X'4) be the space of all allowable one-sided (resp. two sided) sequences for the ma-
trix A with a usual metric, and let of : ¥ — X (resp. o4 : £a — Za) be the one-sided (resp.
two sided) subshift of finite type for A. Then hmp(a;) = hop(0a) =log(p(A)). Refer to [6] for more
background.

Definition 3. Let A = [a;j]1<i j<n be a transition matrix and f be a continuous map on R™. We say
that f has covering relations determined by A if the following conditions are satisfied:

1. there are 1 pairwisely disjoint h-sets {Mi}l.":1 in R™;

2. if ajj =1 then the covering relation M; L M; holds.

It is easy to see that the logistic maps f(x) = ux(1 — x) with ©u > 4 has covering relations de-
termined by the 2 x 2 matrix with all entries one on intervals [—€,1/2 — 8] and [1/2 + 8,1+ €] as
h-sets, where 0 <€ <pu/4—1and 0 <68 < [(u/4—1—e€)u"111/2.

Now, we state the following result about perturbations of a map.

Theorem 4. Let f be a continuous map on R™ having covering relations determined by a transition matrix A.
If g is a continuous map on R™ with |g — f| small enough, then there exists a compact subset Ag of R™
such that Ag is positively invariant for g and the restriction of g to Ag, denoted by g|Ag, is topologically
semi-conjugate to a;, and therefore hiop(g) > log(p(A)).

If the singular map F depends only on the phase variable of f, we have the following result about
multidimensional perturbations.

Theorem 5. Let F(x, y) = (f(x), g(x)) € R™ x R¥ for all x e R™ and y € R¥, where f : R™ — R™ is a con-
tinuous map having covering relations determined by a transition matrix A, and g : R™ — R¥ is a continuous
function. If G is a continuous map on R™ x R¥ with |G — F| small enough, then there exists a compact subset
Ag of R™MK such that Ag is positively invariant for G and G| Ac is topologically semi-conjugate to o;.

For the case when the singular map is a skew product locally trapping along the second variable,
we have the following.

Theorem 6. Let F(x, y) = (f(x), g(x, ¥)) € R™ x R¥ for all x e R™ and y € R¥, where f : R™ — RM is a
continuous map having covering relations determined by a transition matrix A, and g : R™ x R — RK is q
continuous function such that g(R™ x S) C int(S) for some compact set S C R¥ homeomorphic to the closed
unit ball in R¥. If G is a continuous map on R™ x R¥ with |G — F| small enough, then there exists a compact
subset A¢ of R™tX such that A is positively invariant for G and G| Ag is topologically semi-conjugate to o;.

Next, we slightly modify the Liapunov condition for a covering relation given by Zgliczynski in
[11, Definition 11] and furthermore, we define the strong Liapunov condition. We define a quadratic
form on a h-set K in R™ to be of the form

Qk (X, ¥) = Pk(x) — Rx(y) forall (x,y) € RUH) 5 RSKO), (1)

where Py : R¥5 — R and Ry : R*6) — R are positive definite quadratic forms. Note that a quadratic
form on R" is a function Q defined on R" whose value at a vector z in R" can be computed by
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an expression of the form Q (z) = z7 Sz, where S is an n x n symmetric matrix and z” denotes the
transpose of z; refer to [5].

Definition 7. Let Q) and Qu be quadratic forms on h-sets M and N, respectively, as in (1). We say

that a covering relation M=f>N satisfies the Liapunov condition (resp. the strong Liapunov condition)
with respect to the pair (Qpy, Q) if there exists 6 > 0 (resp. 6 > 0) such that for any u, v € M, with

u#v,

Qn(fe) = fev) = Quu —v) > Olu — v[.

As a Liapunov function, a sequence of quadratic forms has scalar values strictly monotone along

the difference of two orbits. More precisely, consider covering relations Mi:f>Mi+1 satisfying the
Liapunov condition with respect to the pair (Qu;, Qum;,,) of quadratic forms for all i > 0. If u,v
are two points such that fi(u), fi(v) e M; . and fi(u) # fi(v) for all i > 0, then the sequence
{Qum; (fc"(u) — fc"(v))},?’i0 is strictly increasing. This property will play an import role while we prove
conjugacy results (see the proof of Lemma 18 below).

In the following, we define covering relations with the Liapunov and strong Liapunov conditions
determined by a transition matrix.

Definition 8. Let A = [ajj]1<i j<n be a transition matrix and f be a continuous map on R™. We say
that f has covering relations with the Liapunov condition (resp. the strong Liapunov condition) determined
by A if the following conditions are satisfied;

1. there are n pairwisely disjoint h-sets {M,-}i":1 in R™; and on each M; there exists a quadratic
form Qp; as in (1);

2. if ajj =1 then the covering relation M; :f>Mj holds and satisfies the Liapunov condition (resp.
the strong Liapunov condition) with respect to the pair (Qp;, Qm;)); and

3. if ajj =1 then the coordinate charts ¢y, and Cm; are C! diffeomorphisms.

Example 9. Let us show that the logistic map f(x) = ux(1 — x) with w > 4 has covering rela-
tions with the strong Liapunov condition determined by the 2 x 2 matrix with all entries one. Set
(i) h-sets My =[—€,1/2 — 8] and My =[1/2+ 68,1 + €], where 0 <2¢ < u/4—1 and 0 <§ <
[(/4 — 1 — e)u=11V/2; (ii) the coordinate charts & = cy, (u) = o' (/" p(t)dt — ful/z_ap(t)dt)
and il = cp, (u) = ail(f]“/zﬁ pt)dt — ful+6 p(t)dt), where p(t) = [(t + 2€)(1 4+ 2€ —t)]7! for t €
(—2€,142¢),and a = [1/°7 p(t)dt = [}3%; p(t)dr; and (iii) quadratic forms Q, (i) = Qu, (i) =i?.
With a help of the Schwarz lemma and the idea of the Poincaré norm, in Proposition 4.10 of [6], it
is shown that there exists A > 1 such that if u, f(u) € My U M3, then p(f())|f'(u)| > rp(u). Let Cq
be a positive constant such that p(t) > C; for all t € M1 U M;. Then for any u, v € M1 U My we have
|f‘f' pt)dt| > Cq|u — v|. Since cjwi (u) = 2a~1p(u), there exists C; > 0 such that |C§v1i (u)| < Cy for all
u € M; and i =1, 2. Therefore, the strong Liapunov condition holds

Qu, (fe@ — fe(#) — Qu; @@ — V)
= (cm; o F W) =y 0 F())* = (em, ) — car, (1)

fw 2 u 2 u 2
= (20:‘1 / p(t)dt) - <2a_1fp(t)dt) >4a‘2(xz—1)</p(t)dt)

f) v v
> 402 (A2 = 1)Cilu — v* > 42 (A2 = 1)1 G5 i — V]2
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The Liapunov condition is for detection of chaos (see Proposition 16 below), while the strong
Liapunov condition is for stability of chaos under small C! perturbations as follows.

Theorem 10. Let f : R™ — R™ be a C! homeomorphism having covering relations with the strong Liapunov
condition determined by a transition matrix A. If g is a C' homeomorphism on R™ with |g — f| + ||Dg — Df ||
small enough, then there exists a compact subset Ag of R™ such that Ag is invariant for g and g| Ag is topo-
logically conjugate to o 4.

For small C! perturbations of a direct product contracting along the second variable, we have the
following result.

Theorem 11. Let F(x, y) = (f(x), g(¥)) € R™ x R¥ be a C! homeomorphism for all x € R™ and y € R¥,
where f : R™ — R™ has covering relations with the strong Liapunov condition determined by a transition
matrix A, and g : R¥ — RK is a contraction on the closed unit ball By, such that g(By) C B. If G is a C!
homeomorphism on R™* with |G — F| + ||DG — DF|| small enough, then there exists a compact subset Ag
of R™k sych that Ac is invariant for G and G| A is topologically conjugate to o 4.

Finally, for a one-parameter family of maps with the singular map F depends only on the phase
variable of f, we have the following result.

Theorem 12. Let F) be a one-parameter family of maps on R™ x R¥ satisfying (i) Fj(x, y) is C! continuous
as a function jointly of A € R, x € R™ and y € R¥, where X is a parameter; (i) F; is a homeomorphism
on R™ x R¥ provided A = 0; and (iii) Fo(x, y) = (f (%), £(x)) € R™ x R for all x e R™ and y € R¥, where
f :R™ — R™ has covering relations with the strong Liapunov condition determined by a transition matrix A,
and g : R™ — R¥. Then for each 1 sufficiently close to 0, there exists a compact subset A; of R™* such that if
A # 0 then A, is invariant for F, and F, | A, is topologically conjugate to o4, while Ag is positively invariant
for Fg and Fy| Ag is topologically semi-conjugate to UX.

3. Preliminary results
First, we have that a closed loop of covering relations implies existence of a periodic point.

Theorem 13. (See [12, Theorem 9].) Let {fi}f.‘:1 be a collection of continuous maps on R™ and {Mi}f:1 be

a collection of h-sets in R™ such that My,1 = My and M; % Miy1 for 1 <i < k. Then there exists a point
x € int(M+) such that

fioficio---0 f1(x) eint(Miy1) fori=1,...,k;

and

fro fie10-- 0 fi(x) =x.

Next, we show that a covering relation is persistent under C° small perturbations, which slightly
extends Theorem 14 of [12] by dropping the Lipschitz condition of cy.

Proposition 14. Let M and N be h-sets in R™ with u(M) = u(N) = u and s(M) = s(N) = s, and let
f.g: M — R™ be continuous. Assume that the covering relation M:f> N holds. Then there exists § > 0
such that if | f (x) — g(x)| < § for all x € M then the covering relation M =£5 N holds.
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Proof. By using Theorem 13 of [12], there exists & > 0 such that if | f.(X) — g.(x)| < ¢ for all x € M,
then M =25 N. Since M is compact, there exists r > 0 such that f(M) C B(0,r). If |[f(x) —g®Xx)| <1
for all x € M, then g(M) C By (0,r 4+ 1). By uniform continuity of cy on By (0,7 + 1), there exists
8 > 0 such that if z,Z € B(0,r+1) and |z —Z/| < & then |cn(2) — cn(Z)| < &. Let § = min{§’, 1}. If
[f(x) — gx)| <§ for all xe M then

)r(rel%\fcu) —g)|= r;"gﬂ;;kw(f(x)) —cn(gW)| <e.

Thus M=%5N. O

In the following, we state two results: the first one says that a continuous map having covering
relations determined by a transition matrix is topologically semi-conjugate to a one-sided subshift of
finite type, and the second one says that a homeomorphism having covering relations with the Lia-
punov condition determined by a transition matrix is topologically conjugate to a two-sided subshift
of finite type. The proof of the results is postponed to subsequent subsections.

Proposition 15. Let f : R™ — R™ be a continuous map which has covering relations determined by a transi-
tion matrix A. Then there exists a compact subset A of R™ such that A is maximal positively invariant for f in
the union of the h-sets (with respect to A) and f|A is topologically semi-conjugate to OX.

Proposition 16. Let f : R™ — R™ be a homeomorphism which has covering relations with the Liapunov
condition determined by a transition matrix A. Then there exists a compact subset A of R™ such that A is
maximal invariant for f in the interior of the union of the h-sets (with respect to A) and f|A is topologically
conjugate to o 4.

The set A in the above theorem is an isolated invariant set for f with the interior of the union of
the h-sets as its isolating neighborhood.

3.1. Proof of Proposition 15

For convenience, we denote by {M,-},W:1 the h-sets with covering relations for f determined by A
as in Definition 3, and write s = (sg, S1,...) for s € Z‘;. Define

n
A= ( f—"(MS,.)) forn>0, and A= (") A
sex} \i=0 n>0
Then A is the set of all points whose forward orbits, following allowable sequences in X7, stay in
U?Zl M;. Thus A is maximal positively invariant set for f in U?zl M; with respect to A. Since each
M; is compact and f is continuous, the set ﬂ?:o f*"(MSI.) is compact for alln >0 and s € EX. Since
the number of sets M;’s is n and the intersection ﬂ?:o f*"(Msi) involves only the first n + 1 digits
of se X7, that is, (so,$1,...,Sn), there are at most "1 sets (', f~'(My,) for all s € X, although
the set Z‘;{ itself might be uncountable. Thus the set A, is a union of finitely many compact sets and
hence is compact for all n > 0. Therefore, A is compact.

For semi-conjugacy, we define h: A — E;; by h(z) =s for ze A, where f"(z) € My, for all n > 0.
By the pairwise disjointness of M;’s and the definition of A, the map h is well defined. It is easy to
show that o4 oh =ho f. Next, we show that h is continuous on A. Let z€ A, h(z) =s and {z,};2, be
a sequence in A such that z; — z as n — oo. Since M;'s are pairwisely disjoint and compact, there
exists ng € N such that z; € My, for all n > ng. By the continuity of f, there exists ny € N such that
n1 > ng and f(zy) € M, for all n > ny. By using the same process inductively, we get that for each
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i >0, there exist n; € N such that fi(z,) € Mg, for all n >n; and 0 < j <i. This proves that h(z;) — s
as n — oo. Therefore, h is continuous on A.
To prove that h is onto, we need the following lemma.

Lemma 17. For any s € X4, the intersection ﬂ@O f~™(Ms,) is nonempty.

Proof. Let s € ¥4. First, we prove that the intersection (_g f ‘i(MSi) is nonempty for all n > 0 by
applying Theorem 13 to a closed loop of covering relations. Let n > 0. Then we have the loop of

covering relations MsO:f>Ms1 :f>~-~:f>M5n. The loop becomes closed by adding a covering re-

lation M, :g>M5(J with a homotopy h : [0,1] x M, c — R¥ x RS, where u = u(Ms,), s = s(Ms,),
gc:RY x RS - RY x R® is defined by g.(p,q) = (2p,0) for all (p,q) e R x RS, g= c;,lo 0 8¢ 0 CMy,»
and h(t, p,q) = g:(p,q) for t €[0,1] and (p, q) € Ms, ¢. It follows from Theorem 13 that there exists
z e int(Ms,) such that fi(z) € int(Ms,) for 0 <i <n. Thus z € (_y f~(Ms,). Therefore, the inter-
section ﬂ?:o f*i(Msi) is nonempty for all n > 0. Since {ﬂ?zo f*’A(MsI.)}fji0 is a nested sequence of
nonempty compact subsets of R™, the set ﬂ@O f™(Ms,) is nonempty. O

Finally, we show that h is onto. Let s € X'4. Then there exists z € ﬂ@o f™(Ms,) from Lemma 17.
By the definitions of A and h, we have that z € A and h(z) =s. This proves that h is onto. We have
finished the proof of Proposition 15.

3.2. Proof of Proposition 16

We denote by {Mi}?:l the h-sets with covering relations and the Liapunov condition for f deter-
mined by A as in Definition 8, and write s=(...,s_1, So, S1,...) for s € 4. Define

Ap = f7'(Ms.)] forn>0, and A= Ap.
U (o) N

seXa \i=—n n=0

Define h: A — X4 by h(z) = s for z € A, where f"(z) € Mg, for all n € Z. By using the same argument
as in the proof of Proposition 15, we have that A is a maximal compact invariant set for f in U?:1 M;
with respect to A and h is a topological semi-conjugacy. Moreover, the covering relations for f on
h-sets implies that any boundary point of a h-set cannot have a full orbit staying in h-sets. Therefore,
A is maximal invariant for f in Ui”:1 int(Mj) with respect to A.

To prove that h is one-to-one, we need the following lemma, which is guaranteed by the Liapunov
condition.

Lemma 18. For any s € X4, the intersection (), f " (Ms,) consists of a single point.

Proof. Let s € Y4. Then, similar to the proof of Lemma 17, we have that the intersection
Mnez f " (Ms,) is nonempty. Next, we show the uniqueness of the intersection by contradiction.
Assume that u, v € (,cz f"(Ms,) with u # v. Since f is a homeomorphism, f"(u) and f"(v) are
different points in the same h-set M, for all n € Z. By covering relations with the Liapunov condition,
we have that for all n € Z,

Qu, , (oM, , o M1 W) = cumy g 0 1 () > Quag, (emg, © f1 W) —cmg, © f1(V). (2)

That is, the value of Qu,, at the point cyg, o f"(u) — cym,, o fM(v) is strictly increasing as n € Z
increases. It follows that there exits j € Z such that QMsj (CMSJ_ o fiw) — cM;, © ) #0.
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First, we consider the case when
Qu, (ems; o fI @) — ey, o f1(v)) > 0. (3)

By using the compactness of the union U?Zl M;, sequentially twice for two sequences, both sequences
{f" W)}, and {f™+(v)}22,, have convergent subsequences, say { "+ (1)}, and { "D+ (v)}2,,
with the limits, say u and v in U;; M;, respectively. By the fact that M;’s are pairwisely disjoint
and compact, and f"(u), f*(v) € My, for all n € Z, there exists « € N such that f"®+i(y), frd+i(y),
u and v are all in the same h-set, namely Ms,, , ;. for all i > «. By the continuity of f, the points f(u)
and f(v) are limits of sequences {f"®+/*1w)}>  and {f"OHF1(v)}>, respectively. Again by the
same fact as above, there exists an integer 8 > « such that frO+i+1(qy) O+i+1y) f(@) and f(V)
are all in the same h-set, namely Mg, ..., for all i > B. For convenience, we denote No = Mg, .;
and Ny = Mgy, -
By (2), we get that for all i > 8,

Qo (e o FM O W) —eng o 1O (V) > Quag, (emy, o FI () = cuy, 0 fI(W)).

By letting i — oo, it follows from the continuity of Qp, and cy, that

Qg (e (@) = eNo (V) = Qg (e, © FI (W) = cuy, 0 I (V).

Thus from (3), we have Qp,(cn,(U) — cny(V)) > 0 and hence u # v. Since f(u), f(v) € Ny, the Lia-
punov condition implies that

Qn, (en, o f(@) —cny o f(V)) > Qg (Cng () — Cng (7).

Because that f"®+i+1(y) and frO+i+1(v) converge to f(ii) and f(¥), respectively, and both Qp,
and cy, are continuous, we obtain that for some large y,

Qn, (eny o FPTT W) — ey o fTOTITL(W)) > Qg (eng () — Cng (7). (4)

By using (2), we get that for all i > y +1,

Qno(eNg © F" P (W) — eng o PO (v)) > Qv (eny o F1 T (W) — e, o f1HIT (1)),

Letting i — oo, it follows from the continuity of Qy, and cy, that

Qg (o (@) — eng (1)) = Q, (eny © FT T (W) — ey o fTHT (1)),

Together with (4), it leads to a contradiction. .

For the case when QMsj (CMsj o fl(u) — cm;; © f7(v)) <0, by working on the backward orbits of u
and v, that is, replacing n and n(i) by —n and —n(i) in the above argument, a contradiction occurs
too.

Therefore, the intersection (1), f " (Ms,) consisting of a single point. We have done the proof of
the desired result. O

By using Lemma 18, we can easily prove that h is one-to-one. Indeed, let s € ¥4 and h(z1) =
h(zp) =s for z1,z; € A. Then z1, 2z € (e f " (Ms,) and hence z1 = z;.

Because that the sets A and X4 are compact and h is a continuous and one-to-one function, it
follows that h is a homeomorphism. This completes the proof of Proposition 16.
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4. Proof of theorems

Throughout this section, we write A = [a;j]1<i j<, and denote by {M;}!_, the pairwisely disjoint
h-sets with covering relations for f determined by A. For the case when the covering relations on
{M,-}?:l satisfy the Liapunov or strong Liapunov condition, we denote by Qp; be the corresponding
quadratic form on M; for all i.

4.1. Proof of Theorem 4

Since the dimension of A is 1, there are at most n? choices of the covering relations M; =f> M;j. By

Proposition 14, if g:R™ — R™ is a continuous map with |g — f| small enough, then g has covering
relations on h-sets {M,-}?:1 determined by A. By applying Proposition 15 to the map g, there exists a
compact subset Ay of R™ such that Ag is positively invariant for g and g|Ag is topologically semi-
conjugate to the one-sided subshift of finite type UX. Therefore, htop(g) > hiop(glAg) > htop(GX) =
log(p(A)).

4.2. Proof of Theorem 5

Let M = Ui”:1 M;. Since g is continuous and M is compact, there exists r > 0 such that
g(M) C By(0,r). For i € {1,...,n}, we define h-sets M; in R™ x R¥ by M} = M; x By(0,r), with
u(My) =u(M;), s(M;) =s(M;)+n and Cum; (%, y) = (cm;(x), y/r) forxe R™ and y € R¥. Suppose ajj =1.

Then M; :f>Mj implies M;:F>M;. by defining a homotopy H : [0, 1] x By x By — R™* as follows

1—
Ht,x ) = (h(t, X), Ttg(c;ﬁ (x))),

where h is the homotopy for the covering relation M; =f> M. This shows that F has covering relations
on {M;}?:1 determined by A. By applying Theorem 4 to the map F on R™ x RK, we get that if G is
a continuous map on R™ x R¥ with |G — F| small enough, then there exists a compact subset Ag
of R™tK such that A is positively invariant for g and glAg is topologically semi-conjugate to the
one-sided subshift of finite type o5 .

4.3. Proof of Theorem 6

Define £ = (id, ) o F o (id, c)~!, where id denotes the identity map on R™ and c is a homeomor-
phism form S to By. Then the conclusion follows from the above argument.

4.4. Proof of Theorem 10

Suppose ajj = 1. Then Mi:f>Mj holds. By Proposition 14, if |g — f| is small enough, then
M; £ M; holds. Assume that such a map g is C1. Before proving that M; == M;j satisfies the strong

Liapunov condition, let us have some observations. Since M; =f> M; satisfies the strong Liapunov con-
dition, there exists 6; j > 0 such that for x, y € M;  with x # y,

Qu; (fe® = fe(0)) > Qu; (x— y) + 0 jlx — yI*. (5)
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For o =1, j, let S be the m x m symmetric matrix such that Qp, (2) = ZT Sz for ze R™. Since f, g
and cy; are Ccl, forx,ye M; ¢, we can define

1 1
Ex,y:/DfC(yH(x—y))dt and nyy=/Dgc(y+t(><—y))dt-
0 0

Then ||Ex,y — Cx,yll < IDfc — Dgcll. Since both fc and g¢ are C! on the compact set Mi; ¢, there exists
Bi > 0 such that ||[Ex y|l + ICxyll < B; for all X, y € M; . Thus

T T T T T T
“ ExySiExy = CxySiCxy ” < ”Ex,ySJ'Ew - Cx,ysjExvy” + “ CxySiExy — Cx,ysjcxyy”

< BillS;IIDfe — Dgell- (6)

Now we check the strong Liapunov condition for M,-:g>Mj. Let u, v € M with u # v. By the

mean value theorem for integrals, we have that fc(u) — fc(v) = Eyv(u — v) and gc(u) — gc(v) =
Cy,v(u —v). Thus

Qu; (few) = fe(v)) — Qu; (8cw) — 8c(v)) = (u — V)" (E} ,SjEuy — Cy , SjCuy) (U — V).

From (6), we obtain that

|Qum; (fe@) — fe(v) — Qui; (8cw) — gc(M)| < BillSjllIDfe — Dgelllu — v,

Imposing (5), we get that

Qum; (8c) — gc(v) = Qu; (fe(w) — fe(v)) — |Qu; (fe) — fe(v)) — Qu; (e () — ge(v))]
> Qum, (U —v) +6; jlu—v[* = BilS;IIDfec — Dgelllu — v|?

= Qum;(u—v)+ (61— BillS;llIDfc — Dgcll)lu — v|*.

Finally, we denote

6ij=06ij— BilSjIIDfe — Dgcll.

Then é,;j is independent of u,v € M;. Since cp, is ¢! diffefomorphism and M, is compact for
o =1, j, we have that ||Df. — Dgc|| approaches to zero as ||[Df — Dg| tends to zero. Therefore, if

IDf — Dg|| is small enough, then QA,-J > 0 and hence M; :g>Mj satisfies the strong Liapunov condi-
tion.

Since there are at most n? choices of pairs (i, j), from the above, we get that if g is a C! con-
tinuous map with |g — f|+ ||[Dg — Df| small enough, then g has covering relations with the strong
Liapunov condition determined by A. In addition, if such maps g are C! homeomorphisms, then we
have the desired result, by applying Proposition 16 and the fact that the strong Liapunov condition
implies the Liapunov condition.
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4.5. Proof of Theorem 11

Suppose a;; = 1. Then the covering relation M; :f>Mj holds. First, we show that there is a cor-
responding covering relation for F on h-sets. For o =i, j, let M, = My x Bi. Then each M), is
an h-set with ¢y, (%, ¥) = (Cm, (%), ¥), u(M},) = u(Mg), and s(M},) = s(My) + k. Define a homotopy
H:[0,1] x By x By — R™tk by

H(t, x, y) = (h(t,x), (1 - 1)g(y)).

where h is the homotopy for the covering relation Mi=f>Mj. Then for all x € B, and y € By, we
have

H(0,x,y) = (h(0,x),g(y)) = (cm; 0 f o C,T”} (), g(y)) = Fe(x, y),
H(1,x,y) = (h(1,x),0).

Thus, we have that M; SN M’; follows from M; L M;.

Next, we show that the strong Liapunov condition is satisfied for Mf:F>M3 For a =1, j, define
the quadratic form Qy, (x,y) = Qu, (X) — [yI% Let (x1,y1), (X2, y2) € Mj . with (x1, y1) # (x2, y2).

Since M; :f>Mj satisfies the strong Liapunov condition, there exists 6; ; > 0 such that QMj(fC(X]) —

fe(x2)) > Qum; (X1 —x2) +6; jlx1 —xz|2 if X1 # x,. Since g is a contraction on By, there exists 0 < y <1
such that

lgy1) —g2)| < yIy1 — yal.

Thus no matter what x; is equal to x, or not, we get that
QM;, (Fe((x1, y1)) = Fe((x2, ¥2))) — QM;((XL y1) — (x2,¥2))
= QM;.((fc(Xl) — fe(x2), 8(y1) — 8(¥2))) — QM;((X1 —X2,¥1—Y2))

= Qu; (fex1) — fe(x2)) — |g(y1) — g(y2)|2 — Qum;(x1 — x2) + |y1 — y2I?
>0 jlx — X212+ (1= y?)y1 -yl

>éi,j|(x1,yl)—

where é,',j =min{f; ;,1— y2}/2 > 0. Thus M; :F>M; satisfies the strong Liapunov condition.
Since the number of pairs (i, j) is finite, F has covering relations with the strong Liapunov condi-
tion determined by A. From Theorem 10, the desired result follows.

4.6. Proof of Theorem 12

By the continuity of g on the compact union U" M;j, there exists r > 0 such that g(U" M;) C

By (r). For each o € {1, 2, ..., n}, since g and ¢, are C1 the composition goch satisfies the Lipschitz
condition on the compact set My c, i.e., there exnsts Ly > 0 such that for all x1,x2 € Mg.c,

‘goCM (Xl)—goCM (x2)| < Lo |x1 — xa].
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For i,je{1,2,...,n} with g;; =1, we have that Mi:f>Mj holds and satisfies the strong Liapunov
condition. Thus there exists 6; ; > 0 such that QMJ.(fC()q) — fe(x2)) > Qm; (X1 — x2) + 6; jlx1 — X2 |2
if x1,x2 € Mj with X1 # x2. Take a real number 6 such that 0 <0 < min{6; j/(1 + Liz/rz): i,je
{1,2,...,n), @ =1}.

Suppose a;j = 1. For « € {i, j}, let M, = My x Bi(r). Then each M/, is an h-set with Cpy, (%, y) =
(cm, %), y/1), u(M}) = u(Mg), and s(M},) = s(My) + k. Define a quadratic form on M, by
Qu;, %, y) = Qu, (x) — 6)y|?. Then M;%M} holds for a homotopy H : [0,1] x By x By — R™t*
defined by

1—
H(tvxv Y) = (h(ts X), Ttg(cl\_/[;l (X))>s

where h is the homotopy for the covering relation Mi:f>M j. Furthermore, we check the strong
Liapunov condition. Let (x1, y1), (x2, y2) € le o With (xq, y1) # (x2, y2). Then

QM3.(Fo,c(X1,Y1) — Fo.c(x2.¥2)) — QM;((XL y1) — (x2,¥2))

0 Cyyt (X1) — g 0 Cyl (X2)

r

g
=Qum (fc(xl) — fe(x2), ) - QM;((Xl —X2,¥1—¥2))

6 _ _ 2 A
= Qu; (fex) = fe(x2)) = g o e (1) = g oy ()| = Quiy (k1 = x2) +01y1 = yaf?
2 L, 2.5 2
2 0i j1x1 — X2|" — r—29|X1 —X2|" +0]y1 — y2
>0(Ix1 —x21* + 1y1 — y21%)
6 2
>§|(X1,Y1)—(X2,J’2)| .

Therefore, M; —=Fo M;. satisfies the strong Liapunov condition.

By the finiteness of numbers of pairs (i, j), Fo has covering relations with the strong Liapunov
condition determined by A. By Proposition 15, there exists a compact subset Ag of R™* such that
Ag is positively invariant for Fop and Fg|Ag is topologically semi-conjugate to 0;. Since F, (x,y) is
C! in the triple (,x, y) of variables, by using the same argument as in the proof of Theorem 10,
there exists Ag > 0 such that for all A with |A| < Ag, the map F, has covering relation with the
strong Liapunov condition determined by A. Since F; is a homeomorphism on R™* provided A = 0,
by Proposition 16, if 0 < |A| < A¢ then there exists a compact subset A, of R™K such that A
is invariant for F, and F,|A; is topologically conjugate to o4. We have finished the proof of the
theorem.
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