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Let A=(a,s)ni=0 be a non-negative matrix. Denote by L, (A4) the
supremum of those L satisfying the following inequality:

q\ 1/4 S 1/p
(Z (Z ay /&Xk) ) > L(Z xk”> Xet,, X >0).

n=0

The purpose of this article is to establish a Bennett-type formula for || H ons M
and a Hardy-type formula for L} (H"‘) and L, ,(H}), where Hj 1s a
generalized Hausdorff matrix and 0< p=<l Slmllar results are also
established for L, (H}) and L, 4((H] *)') for other ranges of p and ¢. Our
results extend [Chen and Wang, Lower bounds of Copson type for Hausdorff
matrices, Linear Algebra Appl. 422 (2007), pp. 208-217] and [Chen and
Wang, Lower bounds of Copson type for Hausdorff matrices: II, Linear
Algebra Appl. 422 (2007) pp. 563-573] from HO to H} with «>0 and
completely solve the value problem of ||H0 ¥ (H"‘) L, ,(H}), and

L, ,(H%)') for « e NU{0}.

Pl”
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AMS Subject Classifications: Primary 26D15; 40G05; 47A30; 47B37

1. Introduction

Let ¢, denote the space of all complex sequences X = {x,}°, such that

||X||p O 1x,")!/? < 00. We have X1, > X1, for 0<p <g<oo. Write X>0 if
>0 for all n. We also write X'| for the case xo>x;>---. For p,geR\ {0} and

A (@ j)ni=0=>0, denote by L, ,(A) the supremum of those L obeying the following

inequality:

0o / oo q\ 1/aq o 1/p
(Z (Z an,kxk> ) > L(Z ka> (Xel, X > 0).
n=0 \ k=0 k=0
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The study of L, ,(A4) goes back to Copson [9] (see also [4,11,12]). It is clear that

Lyy(A) < L} (A) < IIAllpb, < || 4ll,4» where

b (4) = IAXN, 4l = sup  A4X],,
IIXII,)—lX 0.x) 1 PEx),=1.x20.x) I

and
A4ll,, = sup [[4AX],-

1X1,=

Moreover, by (1.3), given below, we infer that for any m>0and | <p<oo,

m oo 1/p
A, > (ZZ Ian,kl”) > (m+ D' L, (A),

k=0 n=0
where
o oo 1/p
|Al,,, = CZZmMﬁ.
k=0 n=0
This gives
L, p(A) < WMMIJ.

Whenever |A4], ,<oo, the rights side of the last inequality tends to 0 as m — oo. In
this case, L, ,(4)=0. Thus, for 1 <p<oo, L, ,(4)>0=|A4], ,=o00c. As indicated in
[8, Section 3], 0 < L, ,(AWM) < co =)l ApM]|, , < co, where 1 <p<oo and AN is
any Norlund matrix. In [7, Corollaries 3.3 and 3.5], we further indicated that there
are many cases for which 0 < L, ,(HY,) < oo, but ||H' |, , = oo, where 0<g<p<1,
w is a Borel probability measure on [0, 1] and H}, = (4}, 1), s> is the generalized
Hausdorff matrix associated with u, defined by

h <n+0f

1
) [ e -ortaue =,
n— k 0
0 (n < k).
Asindicated in Theorem 3.1 and the remark before Lemma 2.4, ||H0 1M , may be finite,
but ||H0 ll,,4 = oo. These display the significance of studying L, ,(A4), Ly (4) and ||A||

In [5 Theorem 4] and [1, Theorems 2 and 3], Bennett and Grosse- Erdmann

established the following general results:

q\ 1/4
||A||[f’q = sug)(l +r)1/p<Z<Za,, k) ) O<p=<lip<g<oo),

(1.1)

11/\

q\ /g
an,k)) (1 <p<o0;0<gq=<p),

(1.2)

L) = infl0 40700 (i( r

n=0 \k=0

1/q
Ll]ﬂfl(A) lnf(z an /c) (1 = p = o0, 0< q =< P) (13)

n=0
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As indicated in [1,2,6,8,14,15], some further investigations for the extreme values
appeared in (1.1)—(1.3) are necessary even for ‘nice’ matrices A4, such as 4 = Hj,
or (H%)", where ()’ denotes the transpose of (-). The known results for HY, and (H))’
are listed below. In [2, Theorem H], Bennett proved that

1
IH 5., = /O 0~ du®) (1 <p<o0). (1.4)
n [2, Theorem 1] and [3, Theorem 7.18], he also showed that
0 1 P\ /P
Ly ,(H,) = (Z(/O (1-9)" du(e)) ) (1<p<oo) (1.5)
n=0
and
1 *
L)) = [0 due) 0 <p <. (1.6)
0

where l/p+1/p*=1. Recently, we found several new results on L, q(HO) or on

q((HO) ) with p different from the one given in (1.6). For instance, in [6], we proved
that Ly () = u({1)) and Ly ((H2)) = ((OD) + (1)), where 1<q=
p<o00. The case 0<g=<1=<p<oo was also examined there. In [7, Theorem 2.3],
we also claimed that if

/(0 ; 6~1/P+9d() < 0o for some € > 0, (1.7)

then the following formula holds:
Lty = [ 67due) ©<p=), (18)
0.1]

In the same article, we pointed out that such a result is false for e =0.

From the last paragraph, we see that the values of ||H0 ||pp and LP{I,(H?L) for
0<p<1 are unclear. Moreover no significant formulae are found for these values
whenever HO is replaced by H¢ . The purpose of this article is to solve these problems.
In partlcular we establish a Bennett -type formula for ||H° ||¢ with O<p<g¢g=<l
(cf Theorem 3.1), and we also prove in Theorem 4.3 that under (1.7) and a>0,
the values of Ll ) and L, ,(H}) are determined by the integral given in (1.8).
The details will be given in Sections 3—6. Our results extend [6] and [7] from H0 to Hj,
with a > 0.

2. Preliminaries
We list several results which will be used in the following sections. The first one
indicates that (1.7) is stronger than (2.1), where

o0

V4
Z( g l](1 — 9" d,u(9)> < . (2.1)

n=0



Downloaded by [National Chiao Tung University ] at 18:28 24 April 2014

324 C.-P. Chen and K.-Z. Wang

LemMma 2.1 Let O<p<1. Then (1.7)= (2.1).

Proof By [16, Chapter III, Equation (1.15)], there exists a suitable constant C
such that

( / (1—6’)”du(9)>p§C< / A,L/"“‘l(l—9)”du(9))p(n+1)—@—“& (2.2)
(0,1] 0,1]

where 4% = (") and €>0 is given in (1.7). Summing up both sides of (2.2) from
n=0 to oo first and then applying the Holder inequality, we get

) P
1—-6)"d
Z( [ a-o u(@))

00 P o) 1—p
C APt —gyd 9) ( 1?‘#‘)
< (;/M V1 —0y'dp@) ) (Y m+1)

n=0
1
< (1 — ) p< X l]ZAl/ere 1(1 9)’1dﬂ(9)> (2.3)
n=0

For 6€(0,1], we have Y oo)Al/rtel(1 — )" = =(1/1+9 (see [16, Chapter III,
Equation (1.9)]). Plugging this into the right side of (2.3), we obtain

3 _ oy "o\ —(1/p+e) )p
;( (0,1](1 % du(9)> _C< €p ) </(0,1]9 @)

Hence, (1.7) = (2.1). ]

In general, (1.7) does not imply (2.4), where

[eo) 1 )4
Z( fo 1t —9)’7du(9)) < . (2.4)
n=0

The measure 1 = (1/2)80 + (1/2)8, gives a counterexample, where §, denotes the Dirac
measure at 6, defined by

| ifocE,
Su(E) = { . 2.5)

0 otherwise.

We also pomt out that (2 1) does not imply (1.7). Consider the measure
L= peo ¥V mk /”(logmk) Bt where  mytoo, logmy,=>(k+1)*” and
Y= o My 1/ (logmy)~". For such w and my, we have

1
un

K

== 1/me)

—1/p ask — oo,

which implies

= P 00 00
Z (/(o 1](l - 9)’1du(9)) = Z Z(l — 1/my)"?y P (logmy) ™"
n=0 B

k=0 n=0

) —1
— M 1 7
7 YT 1y (02

0 n’fl
<y?Py — —k ___(k+1)?<o0
<y ; —(-1/m k)p( )
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This shows that (2.1) holds. However, (1.7) fails because
o8]
/ 6~ 1/rt9d0) = y! Z:mf((logmk)_l =oo forall e > 0.
(0.1] k=0
In [2, Theorem 1], Bennett proved that for 1 < ¢ < oo,

<Zhn A) (2.6)

is increasing in r. In the following, we claim that (2.6) is a decreasing function in r for
0<g <1. This result will be used to establish Theorem 3.1.

nO

Lemma 2.2 Let 0<qg<1. The following assertions are true.

(i) For any fixed r e NU {0}, the sequence {3 ;_, hg,k}ffzo is decreasing.
(i1) The sequence defined by (2.6) decreases with r (r=0,1,...).

Proof  Consider (i). We have Y _o /) , = fol (X im0 €) ((0)du(6), where

n+a k4o n—k
e i (6) = { ( k>9 A= iz k), .7)
O (n < k).

It sufﬁces to show that {} 7 _, € (0)}72 is decreasing for all 6 €[0, 1]. By defmmon
Zk o€y (O =1 for n=0,1,...,r, so it suffices to show that {Y;_e) (O},
is decreasing. Without loss of generality, we only discuss those n>r+ 1. Cledrly,

Dm0 k(@) = 2ok (O) = i1 €0k (0) =1 =34, €, 4(0). On the other
hand,

n n n ’ 3 m m +r+ 1 . .
> =3 (oot =3 (" orea -,
k=r il k=rt1 =0 m-=j

where m—n —(r+1). By [13, Lemma 2], {3 ;_,,, € . 0 (@) .+1 1s increasing. Hence,
> o€ 0. ,‘(9)} . 1s decreasing. This verifies (i). Next, we prove (ii). Fix re NU {0}.
Let X = {xk}k_0 and Y = {y}=, be defined by

Xn(r+2)+j = Zhnk n=0;0<j=<r+1)

and

r+1

Yuanyei = D My (n=0:0<j<r).
k=0

The assertion (1) ensures that {x;}7°, is decreasing. By [2, Equation (27)], we have
S o Xk < S0 v for all N. On the other hand,

1
Zxk = (r+2)ZZhnk =@ +2)r+ 1)/0 6~ 'du(6) (2.8)

k=0 n=0
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and

r+1 oo

1
Zyk =+ 1)22/@1 L=+ 20+ 1)/0 6~ 'd (o). (2.9)

k=0 n=

So 3Ty Xk = 3 iZy vk for all N. By [3, Lemma 20. 21] we get Y oo xi >3
To replace x; in (2.8) and Vi in (2.9) by x{ and !, respectively, we see that

Ly oo M) = A (i S ). This completes the proof. [ |

Lemma 2.2(i) may be false if /°  is replaced by 7},
where &y is defined by (2.5). Fix n dnd r. We have

n+l+a n+1
oy, H]k () -e) Y EE
lim = lim T ; =1+
600 Yo hZ T es0r ()1 —60) 46} n+1
Hence there ex1sts some 6He(0,1), depending on n and r, such that
Dotk > 2k—o M - This shows that {37, /h2 )22, may not be decreasing.
For ¢=1, we have

1
Z(Zm) ZZhnk—(wl)foe-ldu(e) r=0,1,...),

with a>0. Consider pu =74y,

n,k

> 1.

n=0 \k k=0 n=0

and so Y2 (Yo A% )? is decreasing in r for all a>0. We are unable to
determine whether it is true for >0 and 0 <g<1.

To prove Theorem 4.2, we need the following lemma, which extends
[3, Proposition 19.2] and [6, Lemma 2.1] from egvk(é) to e, (0), where a>0.

LemMmA 2.3 Let a>0. The following assertions hold.

(i) For QC[0,1], pr = I{[q €l (O)du(@));2, N, decreases for 1<p<oo, and
increases for 0<p <1.

(i1) Moreover, if Q C[8, 1 —§] for some 0 <38 <1/2, then p; | 0 for 1 <p < oo, 1 00
Jor 0<p<1, and is equal to fgéfldu(e) for p=1.

Proof Consider (i). We have

1
f ey (0)du(6) = () x fo e (O)du* (o),

where du* = (Q) [0,1] and xq denotes the charac-
teristic functlon of the set . Hence, we only need to prove the case Q [0, 1].
Without loss of generality, we assume u((0, 1]) #0. Let dv(6) = 6*du(6)/ fo 0*du(0)
and vy = fo 0Fdv(0). Define the matrix S= (s, )ij=0 by

Ay, .
Sij = A/k+] (i z)).
0 @<,

where Av, =v; — vy . Following the proof of [3, Proposition 19.2], we can prove
> o sij = 1foralljand sup,.o ) % si; < 1. From [3, Propositions 7.1 and 7.4] and

||S||oooo - supz>0 ZJ ()Sl /, we get

ISI,, <1 (I1<p<o0) and L,,(S)>=1 (O<p<l). (2.10)
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On the other hand,

d k4+a+j\ ,; ; L kta+)
Zsi’j< ] ])A/VkZAVk+IZ( . ])

=0 = /

k+1+a+i),;
= < i )A Vi1

Moreover, (fo1 0*duw(0))A'vy = A'py for all k, where

1
Mkzzl;eﬂﬂduw) (k=0,1,...). (2.11)

()

J j=0

(S
J =0

This implies that pp = [I{(""%)A" )32, decreases with k for 1<p<oo.

Analogously, it follows from L, ,(S)>1 that p; increases with k for 0<p<1.
Next, let Q C[§, 1 —48], where 0 <5< 1/2. For 1 <p<oo, by Minkowski’s inequality,

we get
00 N /p
= (;};(ezk(e))) du®)
n=k

1-1/p
=/ ( & (0)'" (sup ez,k@) du(6)
Q n>k

1-1/p
:l/me_”p(supeik6%> o). 2.12)
Q n>k

By (2.10),

k+1+a+i,; >
; Ay
i=0

=< ISl
4

p

(I <p =< o00).

P

By [3, Equation (19.13)], for 6 € €,

— 1 0
sup €, ((6) < 6* (e )<Su€ em+[a]+1ak+[vt]+1(9)>
m=K

m>k

— 0 as k — oo. (2.13)

Applying Fatou’s Lemma to (2.12) first and then using (2.13), we infer that

1-1/p
lim sup py < / o~ 1/r (lim sup (sup ey k(@)) )d,u(@) =0.
Q

k—o0 k—o0 n>k

Combining this with (i), we conclude that p, | 0 for 1 <p <oco. We leave the proof
of the cases p=o00, 0<p<1 and p=1 to the readers. |
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From Lemma 2.3(ii) and the definition, we see that for a >0, if «((0, 1)) #0, then
I H} .y = oo for all p>0and 0 <g<1. By the definition, we can also prove that this
result still holds for « =0.

The following two lemmas will be used in the proof of Theorem 4.3.

Lemma 2.4 Let p,q>0. The following assertions hold.
(1) hfjj; = for all n, k>0, where @ >0 and s e NU{0}.

N n+s, k+s
(i) The function a— Ly, ,(H}) is increasing on NU {0}.

Proof The assertion (i) follows from the definition. Let o, 0o e NU{0} and
s:=a;—a>,>0. By (i), | H Xl = ||H‘;2X’||q for all X = {x};2, >0, where
X = {xJ32, is defined by

,_ [0 O0<k<y),
T ey (= 9).
This leads us to (i) and the proof is complete. ]

Lemma 2.4(ii) may be false if we replace L, ,(H};) by Llﬁ_q(H‘;‘L). A counterexample
is given by wu=(1/2)8o+(1/2)8;. For such measure, by definition,
L} (HY) =00>1/2=L} (H)) for p>0.

LemMa 2.5 Let a>0 and p>1/p>0. Set X8, = {x}}32 with

x,’j=<k;“>/<k+‘z+p). (2.14)

Then Xt >0, X? |, and X? €t,. Moreover, if fol 0~ du(6) < oo, then

1
VEEX2), < X2, /0 6 du(). (2.15)

Proof Clearly, X» >0 and X? |. By [16, Chapter III, Equation (1.15)], we have

£~ r(l_l(ﬁ:)p) k=", and so X? € £,. It is easy to see that

CoD() /()= /075,

This implies

00 n PN\ 1/p
| X2, = (Z (Z (’::‘;‘C)An—kuk)cz) )

n=0 k=0
N m+a+p . N\ 1/p
:<;<xp,;< n—k )A kW)) ; (2.16)

where p; is defined by (2.11). Since du is a Borel probability measure and
fol 0=*du(6) < oo, by [13, Theorem 3], we get

n

/1 6~du(0) = sup Z
0

(n +a+p
nz=0 k=0

= )A"*",Lk. 2.17)

Inserting (2.17) into (2.16), the desired result follows. |



Downloaded by [National Chiao Tung University ] at 18:28 24 April 2014

Linear and Multilinear Algebra 329

Lemma 2.5 provides an upper bound estimate for the values of L/%, () and
L, ,(H}). We shall see this point later.

3. Investigation of the values of |H Z|| j.q for the case 0<p<¢g<1

Equation (1.1) is the special case b, =1 of [5, Theorem 4]. It allows us to derive
the following result. Our result compliments the case 0 <p < ¢ <1, which (1.4) does
not deal with.

THeOREM 3.1 Let 0<p<g<1. Then
00 1 q 1/q
=, = (201( /0 (1 —9)”du(6’)) ) : G.1)

Proof From (1.1) and Lemma 2.2(ii), we obtain

00 1/4 00 1 q 1/q
1 gy = (Z(hﬁ,())‘f) = (Z( /0 (1 —9)”du(9)> ) . (3.2)
n=0

n=0

On the other hand, the definition of ||H)|| 1&,61 implies

00 1/q
<Z(h2,0)‘f> < H I}, < IH)L,- (3.3)
n=0
Putting (3.2)—(3.3) together yields (3.1). |

We are unable to determine whether (3.1) still holds for ||HZ||I£’q with a>0.

4. Investigation of the values of LL(H‘;‘) and L, ,(H)) for the case 0<g=<p=<1
Now, we come to the evaluation of L})’ ,(H}) and Ly ,(H}). We state the results here

and give their proofs in the following section. The following result extends
[7, Theorem 2.3, Equation (2.1)] from H;O4 to Hj, where a>0.

TueorEM 4.1 Let >0 and 0<g<p=<1. Then
L[iq(Hz) > qu(H;i) > ‘/(;) I Q_I/qd,u(é?). (41)

Clearly, both inequalities in (4.1) are equalities whenever the integral at the
right side of (4.1) is oo. In the following, we investigate the equality problem for
other cases.

THEOREM 4.2 Let 0<g<p <1. The following assertions are true.

(1) Both inequalities in (4.1) are equalities for a >0 (respectively o =0) if and only
if w({0}) + u({1}) =1 (respectively w({1})=1) or the integral in (4.1) is oo.
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(i) For a>0, the second inequality in (4.1) is an equality if and only
if w({0}) +u({1})=1 or the integral in (4.1) is co.

Theorem 4.2(ii) extends [7, Theorem 2.3(i)] from «=0 to «>0. For «=0
and w({0})+w({1})=1, Theorem 4.2(ii)) ensures that the second inequality
in (4.1) becomes an equality for the case 0 <g<p <1. However, the choice u=
(1/2)8¢9 + (1/2)8, indicates that the same phenomenon may not happen to the first
inequality. The same measure also shows that the condition w({1})=1 in Theorem
4.2(i) cannot be replaced by u({0})+ u({1})=1.

For 0<g=p <1, we have the following result.
THEOREM 4.3  Let 0<p <1. The following assertions hold.
(1) For a>0, if (1.7) or p=1 holds, then

L () = Lot = [ o) (42)
Equation (4.2) still holds for the case that « =0, p=1, and n({0})=0. If we only
assume a =0 and p=1, then the second equality in (4.2) remains valid.
(i) For aeNU{0}, Lﬁ,p(Hi) < oo if and only if (2.1) (respectively (2.4))
is satisfied for o € N (respectively a =0). Moreover, in this case, (4.2) holds.
(i) For « eNU{0}, L, ,(H}) < 00 <= (2.1) is satisfied. Moreover, the second
equality in (4.2) holds.

Theorem 4.3(1) extends [7, Theorem 2.3(ii) and (iii)] from =0 to «>0.
We remark that Equation (4.2) may be false for « =0. A counterexample is given
by the measure u=(1/2)§o+ (1/2)8;. For this measure,

Ly =co=12= [ o Vdue) 0<p=)
The same measure also shows that the condition ©({0})=0 required in Theorem
4.3(1) cannot be removed. Moreover, condition (2.4) in Theorem 4.3(ii) cannot be
replaced by (1.7). By the way, we are unable to determine whether the results of
Theorem 4.3(ii) and (iii) remain valid for all «>0.

By [3, Proposition 7.9], L, ((H%)") = Ly ,-(H%), where —co<p<g¢<0, 1/p+
I/p*=1 and l/g+1/¢"=1. We have 0<p"<¢"<1. This enables us to restate
the statements of Theorems 4.1-4.3 in terms of LM((H;‘Q)’). The following is one
of them.

THEOREM 4.4 Let —oco<p <¢g<0. Then

Lyg((H2)) = /(0 ) @20 4.3)

Moreover, the equality holds for p=q if (4.4) is satisfied:
f 6~ 1/r+94(0) < 0o for some € > 0. (4.4)
(0.1]

Theorem 4.4 fills up the gap —oo <p <¢<0, which [3, Theorem 7.18] (see (1.6))
does not deal with.
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5. Proofs of Theorems 4.1-4.3

Proof of Theorem 4.1 1t suffices to show that L,,(H¢) > [ 6~ 1adu(6). Let
E*(0) = (€} (), k>0 denote the generalized Euler matnx deﬁned by (2.7). For
0<o<l, the column sums of £ *(9) are all equal to 6~". According to [13, Lemma 2]
and [10, Equation (4.2.4)], sup,- Y g€ wc(0) = 1. By [3, Proposition 7.4], we see
that L, (E%(0)) =6~ 4 Applying Minkowski’s inequality, we get

1
| HE X, = H /0 FOXdu®)| = f(o IO, du®)

Z( / 9‘”"d,u(9)>||X||qZ< / 9‘”"du(9))IIXII,,,
(0,1] 0,1]

where X > 0. This leads us to (4.1). |

Proof of Theorem 4.2  First, consider (ii). Obviously, the second inequality in (4.1) is
an equality if the integral in (4.1) is oo. For the case that w({0}) + w({1}) =1, we have
©((0,1))=0, and so for >0,

00 1/q 1/q
| el = (Z(hz,o)‘f) =(Z( ("t / (1 — 9)"d,u(9))>

n=0 n=0

(1) = /(0 ) 5.1)

where eg=(1,0,...). This shows that L, ,(H}) < f(o,l] 6~'74d(6). From [7, Equation
(2.3)], we find that the same inequality still holds for the case « = 0. Combining these
with (4.1), we conclude that the second inequality in (4.1) is an equality.

Conversely, assume that pu({0})+ u({1})#1 and f@,l]ef”" du(6) <oo. We shall
prove that the second inequality in (4.1) is not an equality. Let ¢; ,(f) be defined
by (2.7). Then

1/ 1/q
—1/q
,/(.0,1] 6dn6) = / ol < Z € 0(9)> du(9).

n=0

By assumption, 0 <¢ < 1. This implies Y%, e%(6) < Y = q(es (9))? for all 6 € (0, 1).
Since ©((0, 1)) #0, it follows from Minkowski’s inequality that

[ee) 1/q o0
/ o~14du(0) < / (Z(ezo(e))’f) du(d) < H {hz,o} (5.2)
©.1] o1 \= n=0llq
This enables us to find 0 << 1 such that
/ o~ Yadu(9) < ﬂ” {h;o} (5.3)
0.1 n=01llg

We claim that

). (5.4)

LF,G(HZ) 2 min <ﬂ% /(.0 . l/qd,u(e) ﬂH { n 0}
B n=0
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Let X >0 with || X][,=1. Then x; > B for some ko or x;<p for all k. For the first
case, by Lemma 2.3, we get

0 1/q 00
VHX], = i (Z(hﬁ,ko)"> > ﬁH {hz,o}
n=0

(¢ > 0).

n=01llg

As for the second case, we have Y 2 x{ > g7y 2 x} = pi~”. Applying (4.1),
we infer that

||H§X||qz< / e‘l/qdu(e))nanzﬁ / 6~"du(6).
0,1] (0,1]

Hence, no matter which case occurs, ||HJX]||, is always greater than or equal to
the minimum given in (5.4), and consequently, (5.4) follows. We have g 7/4>1.
By (5.3)—(5.4), the second inequality in (4.1) is not an equality. This completes the
proof of (ii).

Next, we prove (i). Obviously, (5.1) is true for the case « =0 if n({1}) = 1. Putting
(4.1) and (5.1) together, the ‘if” part of (i) follows. For the ‘only if” part, we assume
that both inequalities in (4.1) are equalities. By (i), w({0})+ u({1})=1 or the
integral in (4.1) is oo. This finishes the proof of the case «>0. As for « =0, we shall
further conclude w({1})=1. Under the condition u({0})+ wu({1})=1, we have

1 0
n{0)  u({lp 0

H® =
g pd0p 0 u({1h

If w({0})#0, then by definition, Lp{q(Hg) = 0o. But we have assumed that both

inequalities in 4.1) are equalities. This leads us to
L} (H) = Jo 60-7du() = n({1})) < oo, which is a contradiction. Hence,
1({0})=0 and the desired result follows. [ |
Proof of Theorem 4.3  Consider (i). For «>0, we have ¢; ,(0) = 0 for all n, k, so
il =Y = [ Yoo = [ elae. 69
n=0 (0,11 =0 0.1]

where e¢y=(1,0,...). Thus, LI{I(HZ) < f(o,l] 6-'du(P). Combining this with (4.1),
we get (4.2) for the case p = 1. Obviously, the above argument also applies to the case
that =0, p=1, and u({0})=0. To replace ¢y in (5.5) by ¢; =(0, 1,0,...), the same
argument also proves the second equality in (4.2) for the case that « =0 and p=1.
Next, consider (1.7). Without loss of generality, we assume u((0,1])#0, and
cclmsequently, the probability measure ), exists, where du ) = ﬁdu By (1.7),
fo 60~ dp)(P) < oo for 1/p<p<1/p+e€. Forsuch p, Lemma 2.5 ensures that X» > 0,

X% |, and

1
I X2y < 121, [ 0o @) (5.6)
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where X” is defined by (2.14). We have assumed a>0, so

o n+ao o n—k
me=(7%) /(071]9” (1 —0y*du@®) (n= k). (5.7)

Inserting (5.7) into (5.6), we obtain
IHXGN < 1X20, [ 077 au) (58)
(0.1]

We have 67° <6179 ¢ L1((0, 1]). By (1.7) and Lebesgue’s dominated convergence
theorem,

lim 6" du(0) = / 6~7 du().
P=1p J 0.0 ©.1]
Putting this with (4.1) and (5.8) together yields

/ 6P dpu(6) < L, ,(H") < L} (H%)
(0,1]

1 HY XA, / 1
< lim etalp _ 0~'/7du(6), (5.9
p—~1/p | XGI, ©.1] (

which gives (4.2) for the case (1.7).
Next, consider (iii). Let e« eNU{0}. Obviously, (iii) holds if u((0,1])=0.

Hence, we assume that u((0,1])#0. Suppose that L, ,(H}) <oco. Then for
IHE X, ko I i 12 oHp

X=(..,x,...)=0, we have T, = Tl o [{hy 1 }2oll, < oo for some
k. By [3, Proposition 19.2],
o) V4
I=>%" ( (1- 9)”du(9)>
=0 \J(.1]
1 f p P
< (u((0,1] e (1 — 0y~ d ) (0
(1(( ))Pn;k (( . k) f (1 — 6y dpo ))
o0 V4
= ((” e ) / (1 — oy * d,u(9)> < A2l for all k.
s ©.1] |

Thus, I<oo. Conversely, assume /<oo. We shall show that L, ,(H};) < co. From
Lemma 2.4(ii), we know that L, p(H"‘) is increasing in «. Without loss of generality,

o s
we assume o € N. We have 7, , = hn+a i+ and

n 1—K
. (,"0) o “du(O) (n =k > 1),

0 (n < k).
Applying (1.1) twice and Theorem 3.1 once, we get

1 & r N U/p
L, ,(HS) < Ly (H}) < |H} Iy, =sup( 1Z(Zhik>)
r+ i3\
P 00 rto N\ U/p
55,35( r+1 r+a+1 ;(kz ))

<1 4+)"PuODIH’. 1Y =1 +a)PI'P < 0. (5.11)

“(0)

(5.10)
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Hence, L, ,(H}) < oo if and only if (2.1) holds. For (iii), it remains to prove the
equality. By (4.1) and the monotonicity of a— L, ,(HY), it suffices to show that

L, ,(H}) < fo,l ~1/rduu(0) for a> 1. We have assumed ((0, 1]) #0 at the beginning
of the proof of (ii1), so u((tg, 1])>0 for some 75>0. Let 0<t<7tg and p>1/p. We
have [; 677 du(8) < oo. To modify the argument from (5.6) to (5.9), we can find
p:>1/p such that

P
| X0 < {( / 91/”du(r)(9)> +r}uX5fnz.
(0,1]

It is clear that X”r | and

||HaXp’ |p < (u((z, 1] ))p“H;.i(r)X‘l)‘)r U Z<Z

n=0

V4
ly 1 — m((z, 1])h,1,k\x,gf>

= { </( | el/pdﬂ(9)> +7+ (||A,||1¢,~p)1’ } X212, (5.12)

where H® (/;,,, n k=0 and A; = (a;, 1), =0, defined by

H(z)
~ n+a : k+a n—k
I, ke = (n - k)fo (1 = 0" dum(®)  (n= k),

0 (n < k),

and

hz k ,LL((T, 1])};;1 k (n,k z 0)

ay =
We claim that |4, ||¢ — 0 as t}0. If so, the limiting case of (5.12) gives
Ly, (H%) < L} (H2) < f(o . —1/Pd (). This is what we want. From the definitions

of iy, and hnﬂk, we obtain

nto k+a 1 _ pyn—k
@, = (o) A,T]Q (1 =6y du®) (n= k),
0 (n < k).

Without loss of generality, we only consider those t with u([0,r]) #0. Using an
argument similar to (5.11), we can prove

1/ o o\ d,lL(@) "\
14el; , < ([0, TD(1 + @) ”(Z( A M([O,r])) )

n=0
00 N\ 1/p
:(1+a)1/P<Z(f (1—9)"du(9)) ) —0 astl0.
n=0 (0,7]

The last fact is based on (2.1) and Lebesgue’s dominated convergence theorem. This
finishes the proof of (iii).

Finally, we prove (ii). We have X” |, so the proof of (iii) can apply to the
corresponding parts of (ii). In particular, the case @ € N of (ii) holds. It remains to
prove the case «=0. For Xe{, and X | 0, we have

00 1 P 1/p
VX1, = xoll (012, =X0<Z< /0 a —9)"du(9)) ) |
n=0
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Hence, (2.4) holds if LP{ p(H?L) < 0. Conversely, assume that (2.4) holds. We have
L} (HY) < [|H} I} ,- By (2.4) and Theorem 3.1, we obtain L} (HY) < oo. Hence,

L,%,p(Hg) < oo if and only if (2.4) holds. From

00 | P 00
o= Y ([a-orwe) = > uctopy.

n=0

we see w({0})=0. This implies (5.10), even if n>k>1 is replaced by n>k.
Moreover, u((0, 1]) #0, and so u((zg, 1])> 0 for some 7> 0. Following the preceding
proof of (iii), we can easily derive (4.2) for the case =0 of (ii). We leave it
to the readers. |

6. Investigation of the values of L, ,(H}) and L,,.q((Hz))' with 1 <p <oo and
0<g=<p

In [6, Theorems 2.2 and 3.1], we found suitable formulae for LM(Hﬁ) and

LM((H(;)’), where 1 <p <oo and 0<g¢g <p. In the following, we extend them to the

cases L, ,(H%) and L, ((H%)") with a>0.

THEOREM 6.1 Let 1 <p <oo and 0<q<p. Then the following two assertions hold.
(1) For 0<g<l,

o0 ! 1/
{ <(n+a)/ 906(1—9)”du(9)>q} " > 0ora=0.u((0) =0,
n 0

n=0

0

n=1

[]

Lp,q(HZ) = 1 gy 1/¢q
/ 6(1 — 9)”‘1du(0)) } ifa=0and u{0}) > 0.
0

(i) If 1<g<oo and (3,2, |h§~ko|’7)l/q < o0 for some ky>0, then
Lp,q(HZ) = nlggo wn = p({1}),

where w,, is defined by (2.11). We also have
0 1/q
Lyg(H) =00 if (Z Ihz,kl") — oo forall k=0,
n=0

Proof The case « =0 has been proven in [6, Theorem 2.2], so we assume a>0.
Applying (1.3), we get L, (H%) = infi=o(352o(h% ))"/?. Hence, (i) follows from
Lemma 2.3. For (ii), we have ¢; ;(0) =0 for all n,k >0, ¢f (1) =1, and ¢}, ,(1) =0
for all n>k >0. To replace e, «(6) by ey ;(6), the same proof as [6, Theorem 2.2(ii)]
leads us to the desired result of (ii). |

THEOREM 6.2 Let 1 <p<oo and 0<q=<p. Then the following two assertions hold.

(i) Lpg((HS)) = [y 0°du(®) if 0<g=<1.
(i) Lpg((H2)) = (UOD) + (u((1)H if 1<q < o0.
(ili) L, ((H2)") = pn({1}) if @>0 and 1 <q < oo,
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Proof By (1.3), L, ((H%)") = infnzo(zzzo(hjj’,C)q)]/". Consider the case 0<g<1.
Then [I{A] 3520l < A5 1 3iZolly- Moreover, by [13, Lemma 2], we know that
Yo hy . 1s increasing in n. Putting these together yields

n

1 n 1/q
/ 0" du(®) =gy < Y he . < <Z(hfl‘,k)"> for n > 1.
0 k=0

k=0

Hence, Lp,q((H,’j)’) =hg, and (i) follows. The case (ii) has been proved in
[6, Theorem 3.1], so we consider (iii). For m > 2, we have

m—1 1/4
(1) < inf A, < Ly ((HE)') < By + K+ (Z(hzz m) RN
n> = ’

Since >0, it follows from Lebesgue’s dominated convergence theorem that

= / (" Yo~ o) — 0 as m - oo 6.2)
' o1~ m
and
h o = / " du(@) — n({1}) as m — oo. (6.3)
(0.1]

Like [6, Equation (3.2)], applying [10, Equation (4.2.4)], we can prove

m—1 1/a m—1 /q
o q o q
(Dhm,k)) < /M( <em,k(9>>) du()

k=1 k=1
m—1 1/q 1-1/q
<(sw Y] [ (s @0) o
0<6<1i—y ©.) \I<k<m—1
1-1/q
< / ( sup ef,z,k(e)) du(®), (6.4)
0,1) \ I<k<=m—1

where e (6) is defined by (2.7). For 6 € (0, 1), we have
sup ¢, () < sup (sup ey k(@)) + sup e, (0) (m>ky>1).
I<k<m—1 "~ k>ko \ nzk I<k<ky

As proved in (2.13), sup,, ¢, ,(0) — 0 as k — 0o. On the other hand, for each k with
1 <k <ko, ey, () = 0as m— oo. Hence, sup, 4,1 €, ;(6) — 0 as m— oo. Putting
this with (6.4) together and applying Lebesgue’s dominated convergence theorem,
we obtain

m—1 1/q
(Z(lﬁhk)‘]) —>0 asm— oo. (6.5)
k=1

Hence, (ii1) follows from (6.1)—(6.3) and (6.5). We complete the proof. |
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