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The theory of wavelet transform method on chaotic
synchronization of coupled map lattices
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The wavelet transform method originated by Wei et al. [Phys. Rev. Lett. 89, 284103.4
(2002)] was proved [Juang and Li, J. Math. Phys. 47, 072704.16 (2006); Juang
etal., J. Math. Phys. 47, 122702.11 (2006); Shieh et al., J. Math. Phys. 47, 082701.10
(2006)] to be an effective tool to reduce the order of coupling strength for coupled
chaotic systems to acquire the synchrony regardless the size of oscillators. In Juang
et al., [IEEE Trans. Circuits Syst., I: Regul. Pap. 56, 840 (2009)] such method was
applied to coupled map lattices (CMLs). It was demonstrated that by adjusting the
wavelet constant of the method can greatly increase the applicable range of coupling
strengths, the parameters, range of the individual oscillator, and the number of nodes
for local synchronization of CMLs. No analytical proof is given there. In this paper,
the optimal or near optimal wavelet constant can be explicitly identified. As a result,
the above described scenario can be rigorously verified. © 2011 American Institute
of Physics. [doi:10.1063/1.3525802]

. INTRODUCTION

Simulation of natural phenomena is one of the most important research fields, and coupled map
lattices (CMLs) are a paradigm for studying fundamental questions in spatially extended dynamical
systems. This is because of their wide range of applications such as in turbulence, pattern formation
in natural systems, and solitons. They also exhibit a very rich phenomenology, including a wide
variety of both spatial and temporal periodic structures, intermittence, chaos, domain walls, kink
dynamics, etc. As a matter of fact, one of the most interesting aspects of CMLs is the presence
of attracting manifolds. Such attracting manifolds lead to notions such as partial synchronization,’
weak and strong synchronization,'® ! and (complete) synchronization.!3:14.17:21-23

As to the study of local synchronization in CMLs, the notion of master stability functions (MSFs)
that allows one to isolate the contribution of the network structure in terms of the eigenvalues of
the coupling matrix was introduced in Refs. 1,4,9, 15, and 25 to determine the possible range of
coupling strength. This function then defines a region of stably synchronous state in terms of the
coupling strength and the eigenvalues of the coupling matrix. Most of the work done in finding such
a region of stability of the synchronous state is numerical. In a few certain cases, such as when the
coupling matrix is symmetric, the MSFs can be further reduced to a number of inequalities®>~’

Loax +1n|14+dri| <0, i =2, ..., m.

Here L,y is the largest Lyapunov exponent of the individual map, X; are the nonzero eigenvalues
of the m x m coupling matrix, and d is the coupling strength. The Gershgorin disk theory is then
applied to obtain some sufficient conditions? on the coupling strength for local synchronization.

In Ref. 12, the optimal synchronization interval for coupling strengths of CMLs with symmetric
coupling was analytically obtained. In particular, they also identified the best choice of coupling

®Electronic mail: chinlungli@mail.nhcue.edu.tw.

0022-2488/2011/52(1)/012701/14/$30.00 52,012701-1 ©2011 American Institute of Physics


http://dx.doi.org/10.1063/1.3525802
http://dx.doi.org/10.1063/1.3525802
http://dx.doi.org/10.1063/1.3525802
mailto: chinlungli@mail.nhcue.edu.tw

012701-2 J.Juang and C.-L. Li J. Math. Phys. 52, 012701 (2011)

strength in the sense that such a coupling strength gives the fastest convergence rate of initial
values toward the synchronous manifold. Furthermore, it was shown that such a coupling strength
is independent of the choice of the individual chaotic map. Those results described above were
also generalized'® to the case that the coupling topology is allowed to be nonsymmetric. Due
to the nonlinear coupling between oscillators for CMLs, both the second largest and the smallest
eigenvalues of the coupling matrix play arole in determining the synchronization interval as opposed
to linear coupling between those of coupled chaotic systems, which results in only the second largest
eigenvalue being relevant in determining its synchronization interval. Such nonlinear coupling of
CMLs also produces size instability. For instance, assume the dynamics of the individual oscillator
is governed by the quadratic equations f,,(x) = ux(1 — x). Fixed u = 3.5708 > o = 3.5699456,
the corresponding CMLs loses its synchronization provided that the number of oscillators grows
larger than 20.'> To improve on such size instability phenomenon, the wavelet transform method
initiated in Ref. 20 was applied. The associated system remains synchronized when the number of
oscillators reaches is doubled.'? It was also demonstrated there that by adjusting the wavelet constant
of the method can greatly increase the applicable range of coupling strengths, the parameters, and
the number of nodes for local synchronization of CMLs.

In this paper, the optimal or near optimal wavelet constant can be explicitly identified. As a
result, the above described scenario can be rigorously verified. We shall begin with describing the
model of CMLs and briefly mention the wavelet transform method. The dynamic of CMLs with a
symmetric coupling network can be described in the following vector form:'”-?!

Xn+1)=U+€A)F(X(n)), (1.1)
where X(n) = (x;(n), x2(n), - - -, xy(n))7; I is the identity matrix; € is the coupling strength; A
is a symmetric coupling matrix having zero row sums with zero being a simple eigenvalue; and
F(x1,x2, -+, xy5) = (f(x1), - -~ f(xy))T . Here, f(x)describes the chaotic dynamics of an individual

oscillator.

The wavelet transform method is a way®* of reconstructing the network topology so as to affect
the stability of synchronous manifold of (1.1). For more details, see Refs. 12 and 18. Here, we only
described the needed formulation for our purpose. Let N = 2n. Write A as

Aqp -+ Ay

Anl Ann nxn
where the dimension of each block matrix A is 2 x 2. By an i-scale wavelet operator W,>2" the
matrix A is transformed into W(A) of the form

le Zln
W= : - :

Anl e Ann nxn
where each entry of ;fkl is the average of entries of Ay, 1 < k,l < n. After reconstruction,'® the
coupling matrix A becomes A + o W(A). Here « is a wavelet constant.

In this paper, we consider the nearest neighbor coupling with mixed boundary conditions, which
is given as follows:

~1-8 1 0 - 0 B
1 2 1 0 - 0
0

A=Ap) = _
0 0o 1 -2 1
B 0 0 1 —1-p

NxN
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Note that B =1 -corresponds to periodic boundary conditions, while g=0 is
associated with Neumann boundary conditions. The newly constructed coupling matrix
A(B) + aW(A(B)) =: C(a, B) is then of the following form.

AB) A 0 o 0 AP
A A1)y . 0
Cla, B) = A(B) +« (.) : : (1.2a)
. .. ., . . 0
0T T T A A
Ly 0 - 0 AL L),
where
—1-p -1-p B o
_ (0 0\ % o _ 4 4 o _ | 44
4 4 4 4
The eigenvalues of C(«, B) are denoted by A;(«, B) with
0=2xi(r, B) = Ra(er, B) = -+ - = An(a, B). (1.2b)

For fixed B, the graphs of A;(«, B) are called the eigencurves of C(«, B).

We conclude this introductory section by recording some of needed theorems derived in
Refs. 10 and 12. Let 0 = A; > A, > --- > Ay be the eigenvalues of the coupling matrix A. It
was shown, e.g., Ref. 17, that if

Lpax +1In|1+€r;| <0 i=2,...,N. (1.3)

for all the nonzero eigenvalues A;. Note that the second largest eigenvalue alone is not enough to
ensure that all other eigenvalues satisfied (1.3). To achieve synchronization of CMLs, we need to
find € so that the maximum of |1 + €X;|,i = 2, ---, N, is a minimum. Specifically, we need to solve
a min—max problem of the form
min max |1 + €A;|. (1.4)
ecR 2<i<N
The min—max problem (1.3) was solved in Ref. 12. For ease of reference, we record their result in
the following.

Theorem 1.1: (Theorem 1 of Ref. 12) The min—max problem (1.3) can be achieved when

€E=€ N = ﬁ Let
Ai —AjJ
liji= J . (1.5)
' Ai +Aj
Then
min max |1 4+ €r;| =t N. (1.6)
€cR 2<i<N
Consequently, system (1.1) is (locally) synchronized if and only if
Liyax +1Inlto y| =185, <O. (1.7)

If (1.6) holds, then there exists an optimal neighborhood Ny f, the synchronization interval, of
€,y so that (1.1) is (locally) synchronized whenever € € Ny ;. Here

N _ 1 —eLmx | + e~ Lmax 1.8)
N.f = s s o . .




012701-4 J.Juang and C.-L. Li J. Math. Phys. 52, 012701 (2011)

The interval Ny ; (if it exists) is optimal in the sense that if € is not in Ny s, then system (1.1)
will not acquire (local) synchronization. Moreover, €; y, which is independent of the choice of the
individual chaotic map, is the best choice of coupling strength for local synchronization of 1.1 in
the sense that such a coupling strength gives the fastest convergence rate of initial values toward the
synchronous manifold.

Clearly, Theorem 1.1 is still valid for newly constructed coupling matrix C(c, ). Note that the
corresponding 8y, ¢, €2, n, Ny, 7, and f, y now depend on the wavelet constant & and the boundary
constant B8 as well. To emphasize such dependence, we may write Sy, ¢, €2 5, Ny s, and £ y as
On, r(a, B), 2, n(at, B), Ny, ¢(ct, B), and 1o n(c, B), Tespectively.

Theorem 1.2: (Theorem 2.1 of Ref. 10) Let N x N, N = 2n,n € N, be the dimension of the
matrix C(«, 1). Let dimension of each block matrix in C(«, 1) be 2 x 2. Then the eigenvalues )\nf (a, 1)
of C(a, 1) are of the following form:

T 1 2mm 2 5 2mm
—oa—4)+ | {acos —a—4) +4{acos
2 n n

2mm

" _l 2m
Ay, 1) = 5 o COS

12
+2(x + 1) cos —2—3a)] , m=0,1,2,---,n—1.

n

Likewise, treating « as a parameter, the graphs of A (a, 1) are to be termed eigencurves of
C(e, 1).

Proposition 1.1: (Proposition 2.4 of Ref. 10) If 5 is not a positive integer, then the eigen-

curves )»f;(a, 1),m=1,2,---,n — 1, are strictly decreasing in o € (0, 00). If%(> 1) is a positive

integer, then \i(a, 1), m = 1,2, 5—1,5+1,---,n—1, and 1, (a, 1) are strictly decreasing in
2

o € (0, 00).

Theorem 1.3: (Theorem 2.2 of Ref. 10) Let N be any positive even integer. The dimension of
each block matrix in C(a, 1) is 2 x 2. Then

(i)  suppose N is a multiple of four and N > 4. For each o > 0, let M («, 1) be the second largest
eigenvalue of C(a,1). Then iy(a, 1) = AT(O{, 1), for 0 <a < #(1) =: oy, and M(a, 1)
= A (a, 1) = =2 forall o € [ay, 00).
2
(ii)  Suppose N is not a multiple of four. Then there exists a & such that ly(a, 1) = A[ng(oz, 1) for
2

all @ > d,. Here [5] = the largest positive integer that is less than or equal to 5. Moreover,
M(a, 1) < —2 whenever a > .

Proposition 1.2: (Proposition 2.5 of Ref. 10) (i) In the « — A plane, A} (e, 1) intersect with
A= =24k at o, where

21+ — K
T A=A +1+k

(ii) For —1 <t < 1, lim A/ (@, 1) = —(t + 3).
o—> 00

At k

Theorem 1.4: (Theorem 3.1 of Ref. 10) Let N be any positive even integer. The dimension of
each block matrix in C(a, 0) is 2 x 2. Let K,ﬁ(oz, 0) be defined as follows:

)\i(a’o):%(acosﬂ_a—At)ﬂ:%[(acosﬂ—a—4>2

n n

1

+ 4(010052@4—2(05+1)cosﬂ—2—301)]2
n n

Then ki((x, 0O,m=1,2,---,n—1, )»3'(05, 0) = 0 and 1} («,0) = =2 are eigenvalues of C(«, 0)
for each o > Q.
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Theorem 1.5: (Theorem 3.2 of Ref. 10) For each «, let 1o(«, 0) be the second largest eigenvalue
of C(a, 0). Then Ay(a, 0) = )\T(a, 0), for0 <a < =: o, and A (e, 0) = )L,T(ot, 0) = -2 for
all o € [ay, 00).

sin?(3;,)

For the wavelet transform method applying on the coupled chaotic systems, the theoretical
verification of its effectiveness was provided in Refs. 10, 11, and 18 It should be noted that in deter-
mining the synchronization interval of coupled chaotic systems only the second largest eigenvalue
of the coupling matrix is involved.

Il. MAIN RESULTS FOR C(«, 1)

In this section, we shall verify the effectiveness of the wavelet transform method applying on
(1.1) for A being the nearest neighbor coupling with periodic boundary conditions. To this end,
in addition to study the least eigencurve Ay(c, B) of C(x, 1), we need to further explore some

additional properties of its second eigencurve A, («, B8), which were not studied in Ref. 10. We begin

. . 2mm
with letting t = cos(

). Then we have

WEa@, 1) = {a(t — 1) =4[t — 120? + 40 — Do +8(1 + t)]”Z}

N =

= A (@, ).

It should be noted that A (a, B) (respectively, A; (&, 8)) may intersect with A7 (e, B) (re-
spectively, A;(oc, B)) for i # j. Hence, A;(c, B) may consist of pieces from various A (a, 8) or
Agla, B),m =0,1,2,...,n — 1.See Theorem 1.3, for example. This disorder structure ofkrﬂ;(a, B),
m=0,1,2,...,n — 1, makes the analytical identification of A;(c, 8) a nontrivial matter. The proof
of the following proposition is elementary and thus skipped.

Proposition 2.1: Let« > 0 and Ay(«, 1), (e, 1) < O, then the following statements are equiv-
alent.

An(e, 1) — do(a, 1)

(1) attains its minimum at oy
An(er, 1) 4+ Ao(e, 1)
An(e, 1) s

(2) ————— attains its minimum at Cp;y.
)‘-2(6(7 1)

Some new information concerning the eigencurve A(c, 1) for N is not a multiple of four are
obtained in the following theorem.

Theorem 2.1: Let N be any positive even integer and N is not a multiple of four. Then there
exists a o, such that

1
A (e, 1), or0<a <qpi= ——:7
hafer, =1 4 LT Sin2(E)
M@, 1), fora = @e(= ay).

Here [5] = the largest positive integer that is less than or equal to g Moreover, (o, 1) < =2
whenever a > «;.
Proof: For o, j to be positive in Proposition 1.2, we must have
2(141) > k.
Now,
(1 =11 +1 +k)2dZ—;*k =20t + 1)’ — k7 + 4k — 21k* > (1 + k> — K + 4k — 2tk

= —k(k>+ (t — Dk —4) = —k(k — t3)(k — 1_),
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where 1. = (1 —t /16 + (1 — £)?)/2. Note that we have used 2(1 + t) > k to justify the above

inequality. Moreover f_ < 0 and ¢, > 2. Thus, % > 0 whenever 0 <k <2, and A = )Lt*(ot, 1)

have the intersections intersect at the positive «; . Upon using Proposition 1.1, we conclude that for
0 <m < n — 1, the portion of the graphs of A} («, 1) lying above the line A = —2 do not intersect

2
each other. For N is not a multiple of four, we have n is an odd number. Since «; - (cos e 1)
n

= —2, we have that

1 2 2 2
kT(ozl,l):—{al~<cos—ﬂ—1>—4+|:a12~(cos—n—1>
2 n n
2 2 27\ 1?2
+40y - (cos— — 1 cos— +1)+8(1+cos—
n n n
1 ) 2 12
=5[(—2)—4—1—[(—2)2—8.(cos—n+1)+8(1+cosi>:| }
n n

= -2.
1
sin2(%)

By using Proposition 1.2(ii), there exists a &, such that Ay(c, 1) = )Lf;](ot, 1) for all @) < @, < a.
2

Hence A, (o, 1) equal to Ar(a, Dfor0<a <a:= as asserted.

And, we obtain the following inequality:

for n > 3 is an odd number. Consequently,

1 221 20217\ 12
)\[“Z](al,l)f —{(—2)—4+|:(—2)2—8- (cosi+1>+8<l+cos L] )i|
2 2 n n
=-2=2A (a1, ).
Hence, A>(a, 1) < —2 whenever o > «;. O

We next study some properties of the least eigencurve Ay (e, 1) of C(e, 1). Some direct calcu-
lations would yield the following proposition.

Proposition 2.2: (i) In the oo — A plane, A; («, 1) intersect with . = —4 + k at at*’k, where

. 2 —2r+k*—4k
Ok =
1—0)(1—-1t—k)

>0 for k <O0.

(ii)For—1<t<1, im=1,2,---,n—1).
alirrgo A (a, 1) = alilrgo A, (o, 1) = —o0.
Theorem 2.2: Let N be any positive even integer. Then
2

avle. 1) = 1 —cos(2[4]m)
A[_Q](a, 1), fora > af.

Apla,)=—4, for0<a =< af;

In particular, if N is a multiple of four, af =1 and Apny(e, 1) = —20 — 2.
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9 1 1 %
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-6 S -6
7]
-7 2 7
=
-8 -8
0 0.5 1o, 1.5 (XZ 2.5 3 3.5 0 0.5 1o, 15 0(2 25 3 3.5

FIG. 1. (Color online) (a) All eigenvalues of C(e, 1) for N = 8 which is multiple of four. (b) The second and least eigenvalues
for N = 8. (c) All eigenvalues of C(c, 1) for N = 10 which is not multiple of four. (d) The second and least eigenvalues for
N =10.

Proof: First, we note that A, («, 1) = —4 for all « by Theorem 1.2. Furthermore, let k < 0, we
consider the following inequality:

*

do
A—0*1—t— k)zd—;’k =2(1 — 1) — 8k(1 — 1) + 6k*> — 2tk> — k°

>2(1 =1 —8k(1 — 1)+ 2k*(1 — 1) — k* > 0.

*
Ok

d
Thus,

for 0 < m < n — 1, the portion of the graphs of A, («, 1) lying below the line A = —4 does not
intersect each other. Moreover, let k =0, t = cos(%[%]n) in a;*, > We have

2

" 1= cos(Z[41m)

> (0, whenever . = —4 4 k, k < 0. Upon using the Proposition 2.2, we conclude that

* .
o

Thus, Ay(a, 1) is given as asserted.
The least assertion of the theorem is obvious. We have just completed the proof of the theorem. O
Figures 1(a)-1(d) show the calculated eigenvalues A,(«, 1) and Ay (e, 1) of the coupling matrix
C(o, 1) as a function of wavelet parameter «. The critical wavelet parameter ; and «f are also
marked to distinguish the indices m of the eigencurves A} (e, 1) and A, (e, 1) in Theorems 2.1
and 2.2.
We are now in a position to state one of our main results, which are to identify
v D) and

the “optimal” wavelet constant. To this end, we begin with letting f(«):= @ D)
2\,
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An(e, 1) — Ap(e, 1 .
gla) == v@ 1) 2. 1) for the wavelet parameter « and defining m; to be tan’ 1 for
An(a, 1) 4+ Aa(e, 1) in
each positive integer i.

Theorem 2.3 Let N = 2n be a multiple of four. The best choice of the wavelet constant « for
local synchronization of (1.1) is

(1) o =onn=1forn=2.
—tan* X +4tan®* X + 4

2 = o=
(2) @ = amin 2tan? Z(tan® T 4 2)

forn > 4.

1

Moreover, omin € [af, 1] = [1, m] Such wavelet constant am, gives the fastest convergence

rate of initial values toward the synchronous manifold. Furthermore, its corresponding synchroniza-
tion interval Ny, ¢(amin) can be explicitly obtained as follows:
1 — efLmax 1 + eLmux)
A2(Otmin) ' AN(Cmin) ’

NN,f(amin) = <

Proof: To prove the theorem, it is sufficient to show that the minimum of g(«) occurs at opjp.
By the Proposition 2.1, it is equivalent to showing that the minimum of f(«) occurs at o¢pip,.

(1) From Theorems 1.3, and 2.2, we have the second and the least eigencurves for n = 2 are

A, 1) = =2 for a > 0.

Ag (a, 1) = —4, 0<ac=<of;

An(e, 1) = {

kg(oz, )= 20 -2, «aclaf,).

Obviously, the minimum of f(«) occurs at oy, = af = 1.

(2) Clearly, the minimums of f(«) on [0, af] and [«;, c0) occur at & = o and o = oy, respec-
tively. To complete the proof of the theorem, we need to calculate the minimum of f(«) on
[}, a1]. Using the notation m;, we rewrite f (o) as follows:

20my + (e + 1)

flo) = .
am| +2m; +2 — \/(aml —2)2 +4m,

To find the critical point of f is equivalent to solving the following equation:

(amy + 2my + 20/ (am; — 2) + 4m,

—(amy —2)* —4m; — (@ + Dm, [\/(ozml -2 +4m; — (am; — 2)] =0.
Some calculations would yield that
(m1 +2)[(@my —2)* + 4my] = [4my — (amy — 2)(m; +2)F
2amy —2)(my +2) = —m? — 4.

Hence, the critical point of f is

—m? +4m, + 4
= @~ & = Unmin-
2mi(my +2)
It is easy to check that amin € (rf, o1) is indeed the minimizer of f () on (0, 00). O

The ratio curves for the second and least eigencurve with N = 8 are shown in Fig. 2. Here, we note
that the theoretically predicted synchronization intervals which are in agreement with numerically
produced synchronization intervals, see Figs. 3(a)-3(b) for N = 8.

Next, we consider the case that the number of the oscillators is not a multiple of four.
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The ratio of the second and least eigenvalues with N=8

7»8((1)/7»2((1)
w S

FIG. 2. (Color online) The ratio curves for the second and least eigencurve with N = 8.

Theorem 2.4: Let N = 2n be not a multiple of four. The best choice of the wavelet constant
Umin for local synchronization of (1.1) lies in the interval m, EZC] = [af, &.], where &, is
nt2

defined in Theorem 2.1. Moreover, its corresponding synchronization interval Ny, ;(omin) can be
explicitly obtained as follows:

_ e_Lmax 1+ e_Lmax>
)\2(amin) ’ )"N (Olmin) ’
Proof: From Theorems 2.1, and 2.2, the minimum of f(a) on [0, af] obviously occurs at

o = af. Next, we find the minimum of the function In g(«) on [¢,, 00). Some direct calculations
yield that

1
Ny, f(omin) = (

ding(e) g'(a) (1 4+2my)a — 4m,
da g(@) ((a —2my)* + 4m2) (¢ +2+2my)
n=3.65 ®=39
3 A M H A b =z I
;i :
E o7 0.38 039 EI‘I4 Uldl u;'z CIIEG 0‘44 olas ‘g o[s7 ﬂ‘ﬁ O:.’-Q DI4 D“41 0‘42 Diﬂ 0:14 048
il | &1 S ]
3 01““:1.169' E!.mh=1‘169
- 3 o E— B
Dl1 Dllﬁ 0\2 D“ZE OIS D.lﬁ Dl4 0.4s D.\1 0 ‘15 DI2 D.|25 D.\E B.‘ﬁ Dl-tl 048
Synchronization Intervals Synchromzation Intervals
(a) (b)

FIG. 3. Two typical synchronization intervals for coupled logistic map with © = 3.65 and 3.9 are shown. Solid (bold) lines
are synchronization intervals obtained by computer simulation. Gray lines are synchronization intervals predicted by our
theorems. All are scaled for clear visualization.
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The ratio of the second and least eigenvalues with N=10

0 o 1.9472 o oy 3.8944

1 min
o

FIG. 4. (Color online) The ratio curves for the second and least eigencurve with N = 10.

Consequently, the critical point E( = 11’;’;2) satisfies the following inequalities:
_ (1 +my)® 1
a<lc< =7z =0 2o
4m, sin? =

dIng(x)

Hence, we have > 0, fora > .. And, the minimum of the function g(«) on o > @, occurs

o
at o« = a,. Thus, the assertion of the theorem now follows. O

Remark 2.1: Since the behavior of g(a) on [y, @.] is complicated, we are unable to identify
the minimum point of g on [a1, &.]. In Fig. 5, we pick o = a1 as our choice of the wavelet constant.
And, its corresponding synchronization interval is Ny r(oy).

The ratio curves for the second and least eigencurve with N = 10 are shown in Fig. 4. Note that
the theoretically predicted synchronization intervals are in agreement with numerically produced
synchronization intervals, see Figs. 5(a)-5(b) for N = 10.

k=36 =39
: 5
M L L L L - L L s L L 1
? 0/435 044 0445 045 0.455 0jas g 0|37 038 039 04 o4 04 043 044 0l45
a8 F - 3 —
r  BEHIEIICI SIS IR EUIGOGES: 1 S
L L L L s s L L L N L n
[ oos 01 0.15 02 025 03 01 0.15 02 0:26 03 0.35 0.4 0.45
Synchronization Intervals Synchronizstion Intervals
(a) (b)

FIG. 5. Two typical synchronization intervals for coupled logistic map with u = 3.6 and 3.9 are shown. Solid (bold) lines
are synchronization intervals obtained by computer simulation. Gray lines are synchronization intervals predicted by our
theorems. All are scaled for clear visualization.
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FIG. 6. (Color online) All eigenvalues of C(c, 0) for N = 8. The second and least eigenvalues for N = 8.

lll. MAIN RESULTS FOR C(«, 0)

In this section, we shall verify the effectiveness of the wavelet transform method applying on
(1.1) for A being the nearest neighbor coupling with Neumann boundary conditions. To this end,
in addition to study the least eigencurve Ay(c, B) of C(«, 0), we need to further explore some
additional properties of its second eigencurve A, (o, ), which were not studied in Ref. 10. We begin

. . m
with noting ¢ = cos(—), then we have
n

% la@t — 1) =42 [t — D*a® + 4% — Do + 8(1 +1)]'/?}
=: 25 (a, 0).

A, 0) =

It should be noted that Aj’(a, B) (respectively, A (a, B)) may intersect with )\}'(a, B) (respectively,
A;(oc, B)) for i # j. Hence, A;(«, B) may consist of pieces from various A,j;(a, B) or A, (a, B),
m=20,1,2,...,n — 1. See Theorem 1.3, for example. This disorder structure of )»f;(oc, B), m =
0,1,2,...,n — 1, makes the analytical identification of A;(c, 8) a nontrivial matter. We study some
properties of the least eigencurve Ay(c, 0) of C(w, 0). Some direct calculations would yield the
following proposition.

Proposition 3.1: (i) In the a — A plane, A («, 0) intersect with A = —4 + k at ozt’"k, where
. 2 —2r+k*—4k
O =
(1—0)(1—t—k)
(ii)For—1 <t <1, im=1,2,---,n—1).

>0 for k <O.

lim A, (o,0) = lim A, (o, 0) = —o0.
oa—>00 o—>00

To better understand the interwining properties of the second largest and the least eigenvalues of
C(a, 0), we compute numerically all eigenvalues of C(«, 0) for 0 < o < 8 with N = 8, and identify
their corresponding A, (A, 0) and Ag(o, 0). Such computation results are illustrated in Fig. 6.

Theorem 3.1: Let N = 2n be any positive even integer. The dimension of each block matrix
in C(a,0) is 2 x 2. Let Ay(ct, 0) be the least eigenvalue of C(A, 0) then Ay(o, 0) = A,_(a, 0) for
1
> ———=:0].
~ cos*(3) !
Proof: For k < 0, we consider the following inequality:

*

do
A—0*1—t— k)zd—;’k =2(1 — 1) — 8k(1 — 1) + 6k*> — 2tk> — k°

>2(1—1)> —8k(1 — 1)+ 2k*(1 — 1) — k> > 0.
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The ratio of the second and least eigenvalues with N=8
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FIG. 7. (Color online) The ratio curves for the second and least eigencurve with N = 8.

*
t.k

do
Thus,
1 <m < n — 1, the portion of the graphs of A («, 0) lying below the line A = —4 do not intersect

each other. Moreover, letk =0, t = cos(@) in otj" > we have
&=
! cos*(3-)

> 0, whenever A = —4 + k, kK < 0. Upon using Proposition 3.1, we conclude that for

Thus, Ay (e, 0) is given as asserted.
We are now in a position to state one of our main results, which are to identify the

. . . . . )"N(av O

“optimal” wavelet constant. To this end, we begin with letting f(«):= TO)) and g(a)
a?

)"N(ay 0) - )\Z(av 0)
= for the wavelet parameter «.

An(a, 0) + Ax(a, 0)

W =3.65 W=39

0 -l

£

-g dm o CrTa—T 045 Dass 0|46 -‘E dm o Das  Dam 045 Dass olas

b {3 ]
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FIG. 8. Two typical synchronization intervals for coupled logistic map with © = 3.65 and 3.9 are shown. Solid (bold) lines
are synchronization intervals obtained by computer simulation. Gray lines are synchronization intervals predicted by our
theorems. All are scaled for clear visualization.
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Theorem 3.2: Let N = 2n be any even number and N > 4 where N X N, (N =2n,n € N) is
the dimension of the matrix C(«, 0). The best choice of coupling strength for local synchronization
of (1.1) via wavelet transform method exists at opip € [0, m+@] = [0, o, ]. In the sense that such
Omin Make a coupling strength to give the fastest convergencne rate of initial values toward the
synchronous manifold. Moreover, its corresponding synchronization interval Ny r(Qmin) can be

explicitly obtained as follows:

— e Lmx + eLmz|x>

1
N , (amin) = < ’
N.f X2 (Otmin) AN (Cmin)

Proof: To prove the theorem, it is sufficient to show that there exists oy € [0 such

1
’ sinz(;in)]
that g(«) attains its minimum. By Proposition 2.1, we may show that & = oy, attains the minimum

of f(a). From Theorems 1.5 and 3.1, we have the second and the least eigencurves are
J— 1 .
sin(4)’

A, 0)= -2, «e€ [a),o0).

A (@, 0), 0<a<a:
(e, 0)= {10 =o=

An(a,0) = A (o, 0) for o > @;.

Obviously, the minimum of f(«) on [&/], 00) occurs at & = &;. Thus, the assertion of the theorem
now follows.

Remark 3.1: Since the behavior of g(a) on [0, &1] is complicated, we are unable to identify the
minimum point of g on [0, o1]. In Fig. 6, we pick o = & as our choice of the wavelet constant. And,
its corresponding synchronization interval is Ny r(cl1).

The ratio curves for the second and least eigencurve with N = 8 are shown in Fig. 7. Finally,
it should be noted that the theoretically predicted synchronization intervals are in agreement with
numerically produced synchronization intervals, see Figs. 8(a)-8(b) for N = 8.

IV. CONCLUSIONS

By adjusting the wavelet constant of the wavelet transform method, its was reported in Ref. 12
that the method can greatly increase the applicable ranges of coupling strengths, the parameters of
the individual chaotic map, and the number of nodes for local synchronization of CMLs. The theory
of wavelet transform method on chaotic synchronization of coupled map lattices was analytically
studied in this paper. In particular, we are able to find explicitly the optimal or near optimal wavelet
constant. Consequently, rigorous proof for the work done in Ref. 12 is established in this paper.
We conclude our paper for suggesting some possible future work. It is of interest to develop
new techniques to find the explicit eigenvalue formula for C(«, 8), where 8 7% 0 or 1. Note that
our techniques given in Ref. 11 fail to carry over to Robin boundary conditions. It is also very
worthwhile to pursue the cases when the coupling matrix A of the CMLs or coupled chaotic systems
is nonsymmetric.
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