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Amorphous silicon solar cell is one of the most well developed solar energy solutions. In order to
increase the energy conversion efficiency, light-trapping is necessary to the cell structure. Light
trapping can be achieved by a textured transparent conducting oxide �TCO� layer and one of the
critical factors of textured TCO is its haze value, which characterizes the scattering capability of the
TCO. Recently several highly textured TCOs were presented with high haze at near IR region,
where the haze of textured interfaces traditionally suffered from reduced scattering. However,
suitable modeling is not established yet. In this work, we use scalar scattering theory and Kirchhoff
approximation to solve haze value of complex surfaces analytically. Different from original
Rayleigh scattering expression, this model illustrates intricacy between the surface roughness,
correlation length, and the separation between different groups of height distributions. The resulting
analytical formulation can be applied successfully not only in regular monotonically decaying
spectral hazes but also various nonmonotonically shaped ones, meanwhile it retains important
physical factors which can be useful for process evaluation. © 2011 American Institute of Physics.
�doi:10.1063/1.3530684�

I. INTRODUCTION

In recent years, hydrogenated amorphous silicon �a-
Si:H� thin film solar cells have drawn much attention due to
their low fabrication cost and tremendously flexible form. A
generalized thin film solar cell of this kind �Fig. 1� is com-
posed of thin absorbing layers �such as a-Si:H or poly-
crystalline Si�, a transparent conducting oxide �TCO� layer,
with top and bottom contact layers. While attempting to cre-
ate a thin structure, the notion of increasing light absorption
capabilities is an important concern. One key feature, called
light trapping, aims at improving upon low absorption rates.
Through reflection or scattering at interfaces or grain bound-
aries, light-trapping lengthens the traveling path of photon in
the cells such that the absorption ability of the solar cells can
be effectively increased. To achieve this goal, a technique
involving corrugating interfaces between layers has been one
of the most frequently applied methods; the corrugation can
be either periodic or random.1–3 In this scheme, the TCO
layer plays an important role as it can be forged into different
surface morphologies via different etching processes2,4 and
then act as a seeding layer so that the subsequent grown
layers can duplicate this roughness. Processed and textured
surfaces have shown advancements in terms of the quantum
efficiency of solar cells.5,6 The measure of TCO layer’s scat-
tering capability, or haze value, is thus a very important
gauge of thin film solar cell’s performance. The haze value is
a ratio of scattered �diffused� light over the total reflection
�or transmission�.

The theoretical understanding of light scattering on a
rough surface can be traced back to the late 1950s. Light
scattering is a basis of remote-sensing, computer graphics,
and advanced optics, all of which are as important in today’s
technological society as they were 60 years ago. In the semi-

nal work by Davies and Porteus,7,8 the researchers started
from scalar scattering theory to derive the basic formula of a
randomized rough surface. Later, in 1963, Beckmann and
Spizzichino9 published thorough analyses on the scattering
of rough surfaces. All of these sources focused on the re-
flected waves by conducting rough surfaces. Recently, sev-
eral papers also proposed numerical calculation routines of
haze �or the angular distribution function of scattered light�
based on Born-approximation,10 the Fourier optics method,11

phase perturbation theory,13 and the Beckmann–Kirchhoff
theory.14 However, most of the research has emphasized on
the rough surface with single Gaussian distribution of its
height,7–9,11,12 and no theoretical analyses on the scattering of
complex surface have been performed.

In this paper, we are aiming to provide an approximate
analytical solution of a highly textured TCO’s haze value.
This solution can be helpful toward determining the charac-
teristics of a textured TCO quickly and without a compli-
cated computer program. At the same time, the analytical
solution retains key features which can affect the dispersion
of haze, such as root-mean-square �rms� roughness, and can
provide valuable information for a process evaluation of a
TCO. This paper is organized as follows. First, we will re-

a�Electronic mail: chienchunglin@faculty.nctu.edu.tw.
FIG. 1. �Color online� Schematic diagram of a general thin film solar cell
with light trapping/scattering feature.
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view general scalar scattering theory using the Fresnel–
Kirchhoff diffraction formula. The scalar theory of reflection
has been well established but to apply similar assertions to
transmission, the formulation requires some modification.
Second, we will analyze the haze formula for regular rough
surfaces with Guassian height distribution and highly tex-
tured surfaces which have not been previously theoretically
examined. Finally, we will verify our theory with available
experimental databased on this theory and a successful
match to our model will be demonstrated.

II. DESCRIPTION OF RANDOM ROUGH SURFACES

Random rough surface cannot be described in any deter-
ministic fashion �such as periodicity of structure� while still
showing certain statistical properties of its physical form,
like height or the shape of bumps and valleys on the surface.
As shown in Fig. 2, a rough surface with an average height
as the reference level undulates around this level. The prob-
ability, D�z�, of being a specific height z at location x can be
associated to a certain statistical distribution, i.e., Gaussian
distribution. A randomized texture surface with Gaussian
height distribution can be characterized by two important
features: its rms roughness, �, and the correlation length,
acorr. Both of these can be found from direct atomic force
microscopic �AFM� measurements of the surface. In general,
the probability density function D�z� of the Gaussian surface
profile z�x� with a mean value of height, �, can be expressed
as:8

D�z� =
1

�2��2
e−�z − ��2/2�2

. �1�

While we can always assume or set the mean value of dis-
tribution as reference ��=0�, it is the rms roughness, or the
spread of the distribution that matters. The rms roughness
can be defined as:

�2 = �z�x�2� − �z�x��2, �2�

where z�x� is the height of the surface and � � shows the
averaged value.

The other important coefficient is the correlation length
of the texture surface defined by its autocorrelation function

�ACF, sometimes called autocovariance function�. The ACF
of a random rough surface can be treated as:13,15

C��� = lim
L→�

1

2L�2	
−L

L

z�x�z�x + ��dx, �3�

where L is usually the range of surface scanning and � is the
rms roughness of the surface. From Eq. �3�, we can link the
rms roughness to this ACF at �=0: C�0�=�2, if we set the
average height of surface to zero. The correlation length,
acorr, can be defined as:8

acorr
2 =

2

�2	
0

�

�C���d� . �4�

There are two types of C��� that are often observed: one is
the Gaussian type, and the other is the exponential decaying
type.13,15 C��� should be largely determined by the actual
lateral correlation between points on the surface, so it will be
location-sensitive if the surface is not isotropic. In this paper,
we assume that all surfaces we deal with are isotropic.

III. SCALAR SCATTERING THEORY FOR RANDOM
ROUGH SURFACES

In the past, the reflective scattering formulation of a
rough and conducting surface has been well-established,
both numerically and analytically.8,9,16,17 Most of the theoret-
ical results were derived from Maxwell or Helmholtz equa-
tion, and then from either Green’s theorem or the Fresnel–
Kirchhoff diffraction formula8,16,17 to handle the reflective
radiation.

The diffracted waves can be further categorized into two
parts: the specular part and the diffused part. They are some-
times called coherent and incoherent components, respec-
tively. When incidental electromagnetic waves impinge on
the surface, if the surface is mirrorlike and flat, all the re-
flected and transmitted rays follow geometrical optics and
Snell’s law. These are referred to as the specular directions of
reflection and transmission. However, when the surface is
wrinkled, there are certain percentages of electromagnetic
waves reflected or transmitted into other directions due to
different microscale or nanoscale surface orientation. From a
macroscale viewpoint, these off-specular components are
categorized as diffused or incoherent components.

The coherent reflectance, without considering multiple
reflection or shadowing effects, has been derived
previously:7,8

RC = R0 cos2 �
	
−�

�

D�z�exp�−
4�iz

�
cos ��dz
2

, �5�

where R0 is the reflectance at normal incidence when the
surface approaches perfect flatness, D�z� is the density func-
tion of surface height, and � is the incident angle. This ex-
pression is derived from the regular Fresnel–Kirchhoff dif-
fraction formula.8 If the incoming radiation is normal to the
surface, then �=0 and the above equation becomes:

FIG. 2. �Color online� Schematic diagram of a diffracted radiation on rough
surface.
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RC = R0
	
−�

�

D�z�exp�−
4�iz

�
�dz
2

. �6�

On the incoherent reflectance, we can follow the same deri-
vation and it can be shown as:8

Rincoherence = Rdiffused

=	 	 	 p���exp�− ik�d · ���D�z�

	 
1 −	 D�z��exp�− 4�i�z − z��/��dz��
	dzd�d


= R0	 	 p���exp�− ik�d · ���
1 −
RC

R0
�d�d


� R0
1 −
RC

R0
��1 − exp�− ��acorr�/��2�� , �7�

where kd is the wave vector of the diffracted wave, � is the
projected x-y plane vector between two points on the inter-
face �r and r� shown in Fig. 2�, 
 is the solid angle, and � is
the semivertex angle of the acceptance cone. The function
p��� introduced here is the probability that two random
points on the rough surface with a distance � apart will lie at
an equal level;8 this can be related to ACF by: C���
=�2p���. In this equation, we have assumed: �a� the rough
surface is isotropic, such that the joint density of height dis-
tribution depends on the magnitude of � but not its direction;
�b� normal incident; and �c� a small acceptance angle such
that the z-axis component of k vector can be approximated
by 4� /�.8

Next, we will carry out the analysis of the transmission
case. Similar to reflection mode, electromagnetic waves pass
through the air-TCO interface with the assumption that there
are no multiple scattering processes. The transmitted field
can be simply expressed as the combination of the transmis-
sion coefficient T0 and the incident field: Etrans=T0Einc, and
Etrans and Einc are the transmitted and incident electromag-
netic fields, respectively. Based on Green’s theorem and
Helmholtz equations16,17 and the aforementioned assump-
tion, we can further assert that the coherent transmittance can
be written as �see Appendix for details�:

TC = T0
	
−�

�

D�z�exp�−
2�iz

�
�n − 1��dz
2

, �8�

where nTCO is the refractive index of the TCO material and
where the radiation is at a normal angle.

Based on the methodology in Porteus’s paper8 and ex-
planations in Appendix, we could then follow a similar pro-
cedure of reflectance and rewrite the diffused transmission
term �incoherent transmission� as:

Tincoherent = Tdiffused

= T0	 	 	 	 �D�z���z − z��p�s�

− D�z�D�z��p�s��

	 exp�−
i2�

�
�n − 1��z − z�� − ik�d · s��

	dzdz�dsd


= T0	 	 p���exp�− ik�d · ���
1 −
TC

T0
�d�d


� T0
1 −
TC

T0
��1 − exp�− ��acorr�/��2�� . �9�

This equation gives us a simple way to calculate the haze
value in Sec. IV.

In summary, we derive the expressions of coherent and
incoherent transmittances from scalar scattering theory. In
addition, we found that the difference between reflection and
transmission, under the assumption of a single scattering
event at normal incidence, is only in the phase of Eqs. �6�
and �8�, and that this result complies with recent
analyses:10,13,16,18


reflection = 4�nair/� ,


transmission = 2��nTCO��� − nair�/� , �10�

where nair and nTCO��� are the refractive indices of the air
and TCO layers, respectively. The coherent and incoherent
components �Eqs. �6�–�9�� comprise the foundation of haze
calculation in Sec. IV.

IV. HAZE VALUE FOR SINGLE AND DUAL GAUSSIAN
DISTRIBUTIONS

As we have mentioned, the haze value of a medium is
defined by: �diffused component� /�specular+diffused com-
ponents� and this can be applied to both reflection and trans-
mission. In the past, the ordinary transmission haze for a
regular textured TCO follows the simplified Rayleigh scat-
tering formula:12,19,20

HT = 1 − exp�− 
2��C�n0 cos �0 − n1 cos �1�
�

�2� , �11�

where �, �, n0, n1, �0, and �1 are the rms roughness, wave-
length, refractive index of incident material, and transmitted
material, angles of incidence, and transmission, respectively.
However, the above formula is based on a single Gaussian
distribution and did not consider lateral correlation entirely.
When the texture distribution becomes complicated, these
equations are not sufficiently accurate. To fit the measured
haze properly, researchers have often resorted to different
adjustments of the above formula,12,19,20 for example, to
change the exponent from 2 to 3:

HT = 1 − exp�− �4��C��n�/��3� , �12�

where C is a fitting parameter and �n is the refractive index
difference between incident and transmission media. Even
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though this modification delivered a satisfactory fit, it failed
to obtain justification in terms of regular scattering theory.

On the other hand, Eqs. �6�–�9� are based on scalar scat-
tering theory with proper assumptions and these expressions
can be directly applied to haze value calculation. For a tex-
tured TCO layer, if the height distribution of the surface has
Gaussian distribution, we can assume ACF following Gauss-
ian distribution: ACF=�2p���=�2 exp�−�2 /acorr

2 �, where acorr

is the correlation length and � is the rms roughness. The
reflection haze8 can be found directly from Eqs. �6� and �7�:

HR =
Rdiffused

Rtotal
=

�1 − e−�4��/��2
��1 − e−��acorr�/��2

�

1 − e−��acorr�/��2
�1 − e−�4��/��2

�
, �13�

where acorr is the correlation length defined by ACF and � is
the semivertex angle of the cone of acceptance.

Apply Eqs. �8� and �9�, substitute ACF and D�z� in Eq.
�9� and deduct the diffused transmission coefficient HT as:

HT =
Tdiffused

Ttotal
=

�1 − e−�2��/��2�n − 1�2
��1 − e−��a�/��2

�

1 − e−��a�/��2
�1 − e−�2��/��2�n − 1�2

�
. �14�

Equations �13� and �14� are more complex than their prede-
cessors, Eq. �11� or Eq. �12�, and the lateral �or planar� cor-
relation between points on the surface is considered in the
exp�−��acorr� /��2� term, which should complete the whole
picture.

Next, we turn our attention to a more complicated case.
From published results,21,22 the surface of W-type TCO �or
HU TCO� clearly contains at least two different types of
height distribution. We can fit the AFM measured results
with two different distributions and adjust their peak ratios.
The corresponding density function of the surface height will
become:

D�z� = Ae−�z − �1�2/2�1
2

+ Be−�z − �2�2/2�2
2
, �15�

where A and B are two constants to be found among AFM
scan data and the coefficients, �i, �i, �i=1 or 2�, represent
the rms roughness and the mean of individual distribution,
respectively. This new D�z� can be substituted into the origi-
nal equations and elicit the coherent and incoherent reflec-
tance as:

RC = R0��1
2A2 exp�− 
4��1

�
�2� + �2

2B2 exp�− 
4��2

�
�2�

+ 2�1�2AB exp�− 
��8��1
2 + �2

2�
�

�2�
	cos
4�

�
��1 − �2��� , �16�

Rdiffused = R0�1 −
RC

R0
� 	 
1 − exp�− 
�acorr�

�
�2�� .

�17�

Similarly, the corresponding coherent transmission coeffi-
cient should be written as:

TC = T0��1
2A2 exp�− 
2��1

�
�n − 1��2�

+ �2
2B2 exp�− 
2��2

�
�n − 1��2�

+ 2�1�2AB exp�− 
��2��1
2 + �2

2�
�

�n − 1��2�
	cos
2�

�
�n − 1���1 − �2��� , �18�

where n is the refractive index of the medium. Following the
previous derivation, the incoherent transmission coefficient
is written as:

Tdiffused = T0�1 −
TC

T0
� 	 
1 − exp�− 
�acorr�

�
�2�� .

�19�

The transmission haze can then be calculated according to
the definition. As we can expect, since the joint density dis-
tribution is a linear combination of individual Gaussians, the
final incoherent transmission is embedded in the same format
of single-Gaussian transmittance but also with a coupling
term due to the overall integration process.

V. COMPARISON TO EXPERIMENTAL RESULTS

So far, we have dealt with the formulation for the haze
value of surfaces with either single Gaussian or dual Gauss-
ian distributions. Next, we will focus on how well these
equations fit with experimental results. Numerous experi-
mental results of haze have been published2,20,22–24 and we
will use them to validate our formula. In general, the auto-
correlation length �acorr� can be extracted from AFM mea-
surements by Eq. �4� or in the case of Gaussian ACF, we can
calculate the autocorrelation length by fitting the ACF and
extracting acorr accordingly. The angle of acceptance, �, can
then be estimated after acorr is known by comparing haze
values with Eqs. �13� and �14� or Eqs. �17�–�19�. Another
way to estimate the angle of acceptance is directly from the
measurement apparatus. Usually, each measurement setup
has its own source-receiver combination and, thus, the defi-
nition might be different case by case. Using accepted stan-
dards, e.g., ASTM D1003-95, we can define the semivertex
acceptance angle as the angle between the perpendicular line
through the center of the specimen and the line from the
specimen’s center toward the perimeter of the entrance pupil
of the photodetector.10 However, the autocorrelation length
and angle of acceptance in our formula usually cannot be
found from published results and will be treated as fitting
parameters in our calculations.

A. Reflection haze

Reflection haze can be regarded as the stepping stone
toward verifying the theory as there is only surface morphol-
ogy concerning the scattering event. The fine conducting
metal surfaces, whose rms roughness was usually much
smaller than the incident wavelength �� /��1�, were among
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the first samples analyzed;8,25 the haze can be treated using
classical equations, i.e., Eq. �11�. As for transparent surfaces
with an rms roughness comparable to its wavelength, as with
modern TCO structures, there have been several papers re-
porting measured reflective haze values.23,24 Applying our
formula in Eq. �13�, we can see different degrees of fit to
experimental results in Fig. 3. From the presented plot, the
smooth surfaces �small �� match very well while the rough
surfaces �big �� do not comply with our theory at shorter
wavelengths. The reason for this could be such that the re-
flective haze in the data was taken from a TCO surface
topped with a thin layer of conducting metal �for example,
Ag�, and while the scalar theory works fine for small � /�
ratios, it will fail for a surface with a larger rms roughness
due to shadowing and multiple reflection.17,26 However, for
transmission mode and dielectric interfaces, the scalar theory
can be applied to a much wider range,17,26 Another possibil-
ity lies in changing the ACF when the surface is rough, from
a Gaussian-type to an exponentially decay-type through a
non-conformal coating of thin metal layer.

B. Transmission haze

Transmission haze bears more importance nowadays
since we need to maximize it in the context of solar cells.

The Asahi U-type glass has been shown in several papers as
the benchmark with which to evaluate the haze value of
other TCOs and, initially, we will check our theory against it.
Figure 4 shows the AFM scanned image of a regular Asahi
U-type glass. Obtaining a cross-section profile from Fig. 4,
we can calculate the rms roughness and correlation length of
this textured surface.

Figure 5 shows the calculated ACF. The measured data
points strongly suggest that the ACF of an Asahi U-type
glass presents a Gaussian-like curve �inset plot of Fig. 5�.
The correlation length of this surface can then be determined
as the variance of this curve. We picked 40 different loca-
tions from the scanned surface and calculated their corre-
sponding correlation length values. Among these cross-
sections, the average correlation length is 107 nm and the
rms roughness is 38 nm. As for the refractive index of the
TCO, we use the measured results and fitting parameters in
the paper from Rakhshani, et al.,27 in which they handled
free electron dispersion in infrared regions with different ex-
pressions; agreement with experiment is very good. Using
the above information, and an estimated acceptance angle of
0.48 rad, we further calculated our theoretical haze values
and compared them to measured data, shown in Fig. 6.

Next, we will apply our theory to other published haze
data pertaining to TCO surfaces with single Gaussian height
distributions.22 By applying Eq. �14�, we can obtain a much

FIG. 4. �Color online� Two-dimensional AFM scanning of an Asahi U-type
TCO surface.

FIG. 5. �Color online� ACF of the Asahi U-type and the inset plot is the
enlarged portion close to �=0 to illustrate the Gaussian fitting.

FIG. 3. �Color online� Reflective haze calculation and comparison to experi-
mental results from Krc et al. �Ref. 5�.

FIG. 6. �Color online� Transmission haze of a standard Asahi U-type TCO,
and the inset is it surface height distribution function.
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better fit to the experimental data. In Fig. 7, we demonstrate
both the corresponding surface height distribution and trans-
mission haze next to one another, while Table I summarizes
the parameters we used in calculation. The rms roughness
values are estimated from AFM scanned data on the left of
Fig. 7, and the product of the autocorrelation length and the
acceptance angle is treated as a fitting parameter.

A more challenging task is to extend this model to a
more complicated surface, such as Asahi W-type TCO,2,22

whose haze shape could not be calculated using Eq. �14�.
The double-peak height distribution �as shown in Fig. 8�
gives another kind of spectral haze—a nonmonotonic,
partially-cubiclike function. This feature largely comes from
the coupling term in Eq. �19�, and is related to the separation
of the two distribution peaks. Our model can be successfully
applied to accommodate these variations, as shown in Fig. 8.
The rms roughness and peak value of individual height dis-
tribution are acquired from AFM data and are listed in Table
II. During the fitting/calculation, we could see that the cor-
relation length becomes very long, which tracks closely with
a potential real situation. As we could see in Fig. 8, the
calculated results using surface statistics as inputs can fit the
actual haze very well. The slight deviation at longer wave-
lengths could come from our refractive index model’s calcu-
lation.

C. Discussion

Several concerns regarding to the scalar model in this
paper are discussed in this section and we hope this could be
put forward as the first step toward solving a more complex
surface scattering problem in the future. For surfaces with a
mechanical polishing finish or one that uses a chemical pro-
cess, many previous reports have showed that their height
distributions are close to Gaussian statistics11,28 and that the
best way to verify this claim is to measure the surface profile
using AFM. However, the current trend of TCO development
is clearly steering toward more complicated surfaces, such as
dual-Gaussian or even non-Gaussian. The model we develop
here can be extended to multiple Gaussian-distributed sur-
faces as long as they are linearly combined. The majority of
the derivation will be the same but the complexity of ana-
lytical equations �Eqs. �17�–�19�� will be greatly increased.
On the other hand, if the height distribution is totally non-
Gaussian, Eqs. �17�–�19� are not suitable for this case, then
numerical integration of Eqs. �5�–�8� becomes necessary.

The validity of the scalar scattering model, together with
Kirchhoff approximation �KA�, is another relevant issue in
the context of this analysis. The application of ray optics,
Snell’s law, and Fresnel equations rely on the surface feature
size being much larger than the incident wavelength. It does
not hold well in theory when the autocorrelation length of
the surface is less than the incident wavelength and the sur-
face is perfectly conducting.29,30 From previous
derivation29,31 in the reflection mode, the ratio of surface
roughness to autocorrelation length has to be small enough to
allow the error to be less than 1% when the feature size is
less than the incident wavelength. Moreover, as the incident
angle varies, the accuracy of the model is reduced
significantly.31 As it has been pointed out, shadowing and

FIG. 7. �Color online� The surface with single Gaussian distributed height: left: surface height distribution from AFM; right: haze value calculated by our
model �lines� and experimental data �squares� from Cording et al. �Ref. 22�.

TABLE I. Parameters for calculation in Fig. 7.

TCO surfaces
AFM �

�nm� acorr	� �fitted�

A 47 59.3
B 67 87.4
C 87 96.4
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backscattering both contribute non-traditional components
which cause the traditional analysis to fail.29,30 However,
both effects are much weaker in the case of dielectric inter-
faces. From the numerical simulation presented by Sánchez-
Gil and Nieto-Vesperinas,17 the KA in dielectric transmission
can hold much better than perfect conducting case at a zero
incident angle. To better analyze this problem, we use the
formula proposed in Ref. 29 and calculate how fast the KA
deviates from the unitary condition when the feature size
shrinks below incident wavelength. In addition, it is notable
that this formula is based on conducting surfaces. Figure 9
shows the result of calculation at normal incidence. The limit
of the plot signifies the applicable range of acorr /� and
� /acorr in our TCO surfaces. As it can be seen, the worst
error which our model is subject to is around 10% in con-
ducting surfaces; however, this will be greatly reduced for
transmission cases of dielectric interfaces.17 So, we can as-
sert that our scalar model can accurately describe a situation
with less than 10% error and, in most cases, less than 2%
error of the applicable wavelength regime.

VI. CONCLUSION

In conclusion, we have developed a semi-empirical
model for a highly textured TCO diffused transmission coef-
ficient. The analytical formula is based on scalar scattering

theory and KA. We also identify important surface param-
eters of a TCO and their connection to the haze value.
Through these findings, it is possible to predict any complex
surface’s haze value with only the surface profile scanned. A
good match between experimental data and our calculations
bolsters the validity of this assertion. Further modification of
the method should be carried out to improve the accuracy of
this useful analytical model.

FIG. 8. �Color online� The surface with dual Gaussian distributed height: left: surface height distribution from AFM; right: haze value calculated by our model
�lines� and experimental data �squares� from Cording et al. �Ref. 22�.

TABLE II. Parameters for calculation in Fig. 8.

TCO surfaces
Peak separation

�nm�
AFM �1

�nm�
AFM �2

�nm� acorr	�

D 96 56.6 41.7 199.6
E 180 91.9 33.8 323.3
F 255 84.2 55. 6 515.7

FIG. 9. �Color online� The plots of � /acorr vs acorr /� in perfect conducting
surfaces at normal incidence. The colored zones mark the boundary of the
error of the KA.
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APPENDIX: TRANSMISSION IN SCALAR THEORY
In this section, we would like to introduce our modifica-

tion of the scalar theory for transmission. The following ex-
pressions are derived based on the assumption of no multiple
scattering processes at the surface.

First, let us start from a reflection case. Refer to Fig. 2.
We denote r0 as a point in the medium of interest and r is the
point on the rough surface. In regular scalar scatter theory,
the reflective electromagnetic waves can be expressed as:16,17

Esc =
1

4�
	

surface

Etotal�G

�n
−

�Etotal

�n
G�dS, �A1�

where G is the Green function and can be written as:
exp�in1k�r−r0�� /4��r−r0� and Etotal is the total field
�incident+scattered�. In the KA, this total field can be further
reduced to:16,17

Etotal = Einc + Esc = �1 + R0�Einc, �A2�

where R0 is the Fresnel coefficient. Furthermore, the deriva-
tive of the total field can also be reduced to:

�Etotal

�n
= i�1 − R0��k� inc · n��Einc, �A3�

where n� is the local outward normal vector. The final expres-
sion of reflection under the KA becomes:

Esc =
1

4�
	

surface
��1 + R0�

�G

�n
− i�1 − R0��k� inc · n��G�EincdS.

�A4�

Similarly, the transmission formula can be written as:16,17

Esc =
1

4�
	

surface

Esc�G

�n
−

�Esc

�n
G�dS. �A5�

In this equation, the Green function is exp�in2k�r−r0�� /4��r
−r0� now, as the refractive index is different. Meanwhile, the
scattering field is Esc=Etrans=T0	Einc because there is no
other source on the other side of medium, and T0 is the
transmission coefficient. The derivative of the field is:

�Esc

�n
= iT0�k� t · n��Einc, �A6�

where kt is the wave vector of the transmitted light. So, we
can treat the transmission as:

Esc =
1

4�
	

surface
�T0

�G

�n
− iT0�k� t · n��G�EincdS. �A7�

Comparing Eq. �A4�–�A7�, we observe a certain similarity
among scatter fields of reflection and transmission. To probe
further, these equations lead to detailed angular dependent
functions. If we limit ourselves to normal incidence and co-
herent component, many terms related to inclination and azi-
muth angles will be dropped out and the coherent reflection
and transmission are truly different only in phase:16

Isc�coherent � ��Esc�� = 0��2� = �R0	 exp�− i4�z�x�/��dx reflection

T0	 exp�− i2��nTCO − 1�z�x�/��dx transmission� . �A8�

The reflectance or transmittance can then be defined as:
Isc / Itotal. So, the coherent parts of the reflection and transmis-
sion of random rough surfaces can be written as follows:

Rc = R0
	
−�

�

D�z�e−4�iz/�dz
2

, �A9�

Tc = T0
	
−�

�

D�z�e−2�iz/��n−1�dz
2

, �A10�

where the Rc and Tc are the coherent reflectance and trans-
mittance, and D�z� is the aforementioned density function of
surface height distribution. Under normal incidence condi-

tions and specular observation, the angle of incidence, and
the refraction/reflection angle are both zero.

Another way of understanding the similarity of coherent
reflection and transmission coefficient can be found in Por-
teus’s paper.8 As shown in the paper, the scattered electro-
magnetic field can be expressed as:

��Esc�2� = �C�2k2	 D�z�D�z��e−ik� ·�r�−r���dxdydzdx�dy�dz�,

�A11�

where k� =k�d-k� i �i.e., the difference between incident and dif-
fracted wave number�. This is because, in the non-multiple
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scattering case, the difference between transmission and the
reflection wave is only at the phase change we pointed out
earlier. The difference between reflection and transmission
coefficient should be 4� /� and 2�nTCO−1� � /�.
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