160 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 60, NO. 1, JANUARY 2011

Blind Maximum-Likelihood
Carrier-Frequency-Offset Estimation for
Interleaved OFDMA Uplink Systems

Hung-Tao Hsieh and Wen Rong Wu, Member, IEEE

Abstract—Blind maximum-likelihood (ML) carrier-frequency-
offset (CFO) estimation is considered to be difficult in interleaved
orthogonal frequency-division multiple-access (OFDMA) uplink
systems. This is because multiple CFOs have to be simultaneously
estimated (each corresponding to a user’s carrier), and an ex-
haustive multidimensional search is required. The computational
complexity of the search may be prohibitively high. Methods such
as the multiple signal classification and the estimation of signal
parameters via the rotational invariance technique have been pro-
posed as alternatives. However, these methods cannot maximize
the likelihood function, and the performance is not optimal. In
this paper, we propose a new method to solve the problem. With
our formulation, the likelihood function can be maximized, and
the optimum solution can be obtained by solving a polynomial
function. Compared with the exhausted search, the computational
complexity can be reduced dramatically. Simulations show that
the performance of the proposed method can approach that of the
Cramér-Rao lower bound.

Index Terms—Carrier-frequency offset (CFO), multiuser sys-
tem, orthogonal frequency-division multiple-access (OFDMA) .

I. INTRODUCTION

MERGING as a promising technology for next-generation

broadband wireless network, orthogonal frequency-
division multiple access (OFDMA) has received a considerable
amount of research interest recently [3]-[10]. An appealing
feature of OFDMA is that the transmission signals of differ-
ent users are orthogonal and that multiple-access interference
(MAI) can be avoided. However, if the carrier-frequency offsets
(CFOs) between transmitters and the receivers are not properly
estimated and compensated, then the orthogonality will be
destroyed, and intercarrier interference and MAI will arise. In
OFDMA downlink systems, the signals for different users are
multiplexed by the same transmitter, and the receiver of each
user can estimate and compensate its own CFO easily. In such a
scenario, methods for CFO estimation in single-user orthogonal
frequency-division-multiplexing (OFDM) systems [1], [2] can
directly be applied. However, in OFDMA uplink systems, all
of the users’ CFOs have to be simultaneously estimated at the
base-station (BS) receiver, which is considered to be a more
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challenging problem. Many methods have been developed for
CFO estimation in OFDMA uplink systems [3]-[10]. Those
methods can roughly be classified into two categories: methods
1) using and 2) not using training sequences. Methods using
training sequences insert a known preamble in front of each
data packet, facilitating CFO estimation at the BS receiver
[3]-[6]. Methods not using training sequences, which are also
referred to as blind methods, manipulate the subcarrier assign-
ment scheme such that the CFO for each user can individually
or jointly be estimated [7]—-[10] at the BS receiver.

Maximum-likelihood (ML) methods were proposed to esti-
mate the CFOs in [3]-[6] for training-based systems. It turns
out that a multidimension (MD) exhaustive search is required to
obtain the ML solution, and the computational complexity can
be high. As a result, low-complexity ML CFO estimators were
then developed. In [3], the CFOs were estimated by maximiz-
ing the mean likelihood function, and an important sampling
method [13] originally proposed for single-carrier systems was
applied. In [4], an iterative scheme, which is referred to as
the alternating projection frequency estimator (APFE), is em-
ployed to conduct 1-D searches for the ML solution. Although
their solutions can approach the Cramér—Rao bound (CRB),
the required computational complexity is still high. To solve
the problem, a simplified method, i.e., the approximate APFE
(AAPFE), was then proposed [4]. However, AAPFE suffers
considerable performance degradation. To improve the perfor-
mance of AAPFE, a divide-and-update frequency estimator
[5] was later developed. Another suboptimal approach with
complexity lower than APFE was reported in [6]. This scheme
achieves complexity reduction by approximating the inverse of
a CFO-dependent matrix with that of a predetermined matrix.
To achieve better results, the system must have a large number
of subcarriers.

When training sequences are not available, the CFO for
each user cannot easily be estimated. Fortunately, this problem
can be overcome with a proper subcarrier assignment scheme,
such as subband-based or interleaved-based estimators. The
subband-based CFO estimators [7], [8] require that each user is
assigned with some consecutive subcarriers, and the subcarrier
sets for different users are well separated in the frequency
domain. With the scheme, a filter bank can be used in the BS to
extract each user’s signal, and then, the conventional CFO esti-
mation methods can be exploited. In interleave-based OFDMA
systems, each user’s time-domain signal is periodic. With the
property, the CFOs for all users can jointly be estimated by the
multiple signal classification (MUSIC) [9] or the estimation of
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signal parameters via rotational invariance technique (ESPRIT)
methods [10]. Although the computational complexity of these
methods is low, the CRB cannot be achieved, and the solutions
are not optimal.

In this paper, we investigate the blind CFO estimation prob-
lem in the interleaved OFDMA uplink system. Our objective
is to develop a low-complexity ML CFO estimation method.
The main obstacle in the ML method is that there is an inverted
correlation matrix in the likelihood function. The CFOs in the
likelihood function become intractable after matrix inversion.
Using the matrix inversion lemma, we first transform the corre-
lation matrix into a matrix with smaller size. Then, we express
the matrix with a series expansion. By properly truncating the
expansion, we can obtain a closed-form expression and solve
the optimum CFOs with a root-finding method. Simulations
show that the performance of the proposed method can ap-
proach the CRB. The computational complexity of the proposed
algorithm is as low as that of ESPRIT.

The rest of this paper is organized as follows: Section II
briefly describes the system model and derives the proposed
CFO estimation method. Section III shows the performance
analysis for the proposed method. Section IV provides simu-
lation results and complexity analysis. Finally, Section V draws
the conclusions. For convenience, the notations used in this
paper are defined as follows: (-) and (-)* denote the Hermitian
and complex conjugate operation of a matrix, respectively;
mod(.,C') denotes modulo C; Im(.) and Re(.) denote the
image-part-taking and the real-part-taking operation, respec-
tively; E{-} denotes the expectation operation; J(-) denotes a
Dirac delta function; (-)p denotes the pth element of a vector;
(+)p,q denotes the (p, ¢)th element of a matrix; 0; denotes an
[-by-1 column zero vector, I denotes an identity matrix;
diag(x) denotes a diagonal matrix with the diagonal entries of
x; det(+) denotes the determinant of a matrix; || - || denotes the
Frobenius norm of a matrix; and tr(-) denotes the trace of a
matrix.

II. PROPOSED CARRIER-FREQUENCY OFFSET
ESTIMATION METHOD

A. Signal Model for Interleaved OFDMA Uplink System

In an OFDMA system, let M users share the /N, subcarriers
of an OFDM symbol, and let the M users simultaneously
transmit their data streams. The subcarriers are divided into ()
subchannels, and each subchannel has N = N, /@ subcarriers.
Each user occupies a specific subchannel, and the subcarriers
assigned to user m are denoted as sfn’s, where k € T,,. Here,
T,, denotes a subset of subcarrier indices. For an interleaved
OFDMA system [9], [10], the subset for the mth user is defined
as Yo = {qm, @+ Gms - -, gm + (N — 1)Q}, where g, is the
subchannel index, and ¢, € {0,1,...,Q — 1}. In the system,
it is assumed that Y,,, (| T = ¢ for m # k, where ¢ denotes
the empty set. In our system, we assume that the sequence each
user transmits is unknown to the BS and M < Q.

Consider a specific OFDMA symbol and denote the
frequency-domain signal that user m transmits as an Ng x 1
vector u,,. Note that the elements of u,, are nonzero only
in designated subcarriers, i.e., Y,,. Taking the inverse dis-
crete Fourier transform (IDFT) of u,,, we can obtain the

time-domain signal for user m, which is denoted as s, =
[5m(0),...,3m(Ns — 1)]T. Inserting a cyclic prefix (CP) of
length L at the beginning of the symbol, user m can then
serially transmit the resultant signal through a wireless channel.
Let the channel response from user m to the BS receiver be
denoted as h,,(1),1 =0,...,L,, — 1, where L,, is the channel
length, and L,,, < L. In addition, let the normalized CFO for
user m be denoted as &,,. Then, the CP-removed received
OFDMA symbol at the BS can be expressed as

Ly,—1

> h (D5 (k — 1) + (k)
=0

(1)
where k=0,..., Ny — 1, and (k) represents the additive
white Gaussian noise (AWGN) with a variance of 0727.

As mentioned, subchannel ¢,, is assigned to user m in the
interleaved OFDMA system. It is equivalent to say that user m
is assigned to subchannel zero, and a CFO of g, is introduced.
Therefore, the received noiseless symbol from user m can be
rewritten as

y(k) = Z exp(j2memk/Ns)

L1
T (k) = exp(j2memk/Ne) > ho(D)5m(k — 1)
1=0
L1
= exp (j27m(em + ¢m)k/Ns) Z R (D) 8 (k= 1)
1=0
:wse’mkxm(k) (2)

where  w =exp(j27/Ns), €em =€m + @m,  Tm(k) =

lL:’”(fl R (D)8 (k — 1), and s,, (k) is the transmitted signal
of user m if subchannel zero is assigned. The term e, p,
denotes the effective CFO for user m. It includes the virtual
CFO caused by the subchannel ¢,,. Note that the periodicity
of the transmitted sequence still remains after it is passed
through the channel. Since the time-domain signal has a
period of N, we can make an index transformation by letting
k=(p—-1)N+mn, where p=1,...,Q, and n=0,...,
N — 1. With the transformation, we can convert the kth sample
of a signal into the nth sample in the pth period. The nth
sample in each period, corresponding to a signal, can then be
extracted to form a vector. Then, we have

y(n) = UD(n)x(n) + n(n) 3)

where  y(n) = [y(n),y(n+ N),...,y(n +(Q — HN)]" =
[y1(n),y2(n),...,yo(n)]*, U is a Q-by-M matrix and
(U),.q =wleea =N} D(n) =diag([w™ee1, ... wmeem]T),
x(n) = [z1(n), ..,z (M)]7, and (n) = [n(n), n(n + N),

e Q1) NI =[i (n), ma(n), ... (m)]T . We will
use (3) as our signal model in the derivation of the ML CFO
estimate.

B. Proposed Method

To the best of our knowledge, blind ML CFO estimation
has not been studied before in OFDMA uplink systems. Here,
we propose a method to solve the problem. For interleaved
OFDMA uplink systems, the transmitted time-domain signal is
obtained from the IDFT of its frequency-domain signal. From
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the central limit theorem, we know that if the number of subcar-
riers is reasonably large, then the corresponding time-domain
signal can be approximated as a white Gaussian sequence [2].
Similar to [3], we assume that each user is under perfect power
control; therefore, signals arrive at the BS with equal average
power. If we further assume that each channel tap indepen-
dently experiences Rayleigh fading and all users’ signals are
white and independent of each other, then the received sequence
y(k) in (1) can also be approximated as a Gaussian sequence [2]
with a variance of Mo? + o7, where 0 = E{|x,,(n)|?}. Let
—0.5 < &, < 0.5 and f(.) be a probability density function.
Then, we can explicitly write out the log-likelihood function,

which is shown in [2], as
N—
{ II /¢ } )

Define R, = E{y(n)y(n)}, and
(Ry)p,g = 036(p — @) + 03T (p, q) )
where
M
q) = Z wlEemINP=a) (6)

Thus, we can express f(y(n)) as [19], [20]
f(y(n) = y(n)"R,'y(n)]. (D

The log-likelihood function can be expressed as

&)=Y {-Q -In(m) -

n=0

(79 det(R,)) “Lexp (-

In (det(R,)) — y(n) "R,y (n)} .

®)

Let u(n) = UD(n)x(n). Then, y(n) = u(n) + w(n). As
assumed, the transmitted sequences are independent of each
other, i, R, = 0c2UU" + ¢2I. Note that U is a Q-by-
M matrix. To use (8) and solve the M unknown CFOs, U
must be a full-rank tall matrix. From (3), we see that U is a
Vandermonde matrix (g¢,m # €c.n if m % n) [17]. Since we
assume that M < @), the full-rank property then holds. As a
result, (8) can be applied.

To find the maximum of the log-likelihood function for the
tth user, we take a derivative with respect to e, ; [16], i.e.,

8&6 [RylaizR }
- é {Y<”>H [(ai,in) y(n) } Lo

We use the matrix inversion lemma [18] to write the inverse
of Ry as

Ae) =

—1 —2 -4 -2 —2yrHyT\ L 77H
R, =0,1-0, U(O’w I+0,°0U U) U

=0,’1-0,"UR,)'U" (10)

where R, = 0,21 + U;ZUHU. With (10), we only need the
inverse of an M-by-M matrix R, rather than a Q-by-Q
matrix R,

However, (R,)™! is difficult to obtain. Even if it can, the
relationship between the likelihood function and the CFOs may
not be trackable after the inversion. To solve the problem, we
propose using the Neumann series to expand (R,)~! [14].
Let S be a nonsingular matrix and 3(S) be its maximum
absolute eigenvalue. Then, the series » ;. S* will converge
o (I—-S)7! [17] if B(S) < 1 [15]. However, the condition
of B(S) < 1 is not always satisfied for a nonsingular S. This
problem can be overcome by dividing S by a real parameter
A > 0 and expanding the resultant matrix. It is simple to show
that there always exists a A such that S(Rs/\) < 1. Now, we
can rewrite R as

R, =0,’1+0,°U"U

=\I+B) (11)

where B is obtained as (1/A)Rs — I, and its (p, ¢)th element is

Q
1 1 _ -
B)p,g= </W - 1>5(P - q)+? E w(Certee)Nk=1),
T N k=1

12)

From the Neumann series shown, the inverse of R can be
expanded as

13)

For simplicity, we can retain the first three and truncate high-
order terms, i.e.,
R—l ~ 1 kBk
SRR (1

k=0

(14)

The determination of the optimum A and the analysis of the
truncation error will be discussed in the next section. From (12),
we can find the (p, ¢)th element of B2 as

1 2
(B?)pq = (AUz - 1) 5(p—q)
2 1
= (= -1)r
+ )\072] ()\0_% ) O(p7Q)
1 2 M
+ <)\02> > To(p,k)To(k,q) (15
n k=1
where  To(p,q) = 29 weerteeaN(=1)  Substituting

(12) and (15) into (14), we then obtain

(R51>p,q:i[<2 ot ( A 1>2>6<p—q>
01 ( % ) o(p,q)

+ <072]> Z_: o(p, k)Lo(k Q)] (16)
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Using (16) in (10), we can approximate the inverse of R, as

(R,"),., =0,0(p—a) = CoT'(p,q)

M
— Z w(Eea)N(p=1)

a=1

M
. Z To(a, b)w( e N1

b=1

M M
— 02 Z wf(ee‘a)N(qfl) Z w(EE,b)N(p7
a=1 b=1

M
- " To(b, k)Lo(k, a)
k=1

where

Note that T'g(.,.) cannot directly be estimated. However, it

The second and third terms in (17) can be rewritten as

M M
Z Z To(a, b)w

a=1b=1

(ce.a) N(p=1) ) (~€e,5)N(g-1)

M M

S

1b=1

—€e,atee,n)N(n—1)

w(se DN (P-1),(~€e.0)N(g-1)

= Z T (p,n)T(n,q) (20)

1)

M M M
Z wEea)N(g=1) Z w(Ee.)N(p—1) Z Lo (b, k)To(k, a)
a=1 b=1 k=1

a7 Q Q
= > > T(p,m)T(m,n)(n,q). @1
m=1n=1
Substituting (17)—(21) into (9), we obtain (22), shown at the
bottom of the page, where
N-1
=Y y'(n+(@-1)N)yn+(¢-1)N) (23)
n=0
T = exp (jQWN;:’i) . (24)
(18)

The detailed derivation of (22) is provided in Appendix I.
Setting (22) to zero, we can solve all the possible 2(Q — 1)
roots, i.e., Z. The effective CFO can then be obtained by

can be combined with some variables in (17) and converted to . N, (In(#)
I'(.,.), as defined in (6). The value of T'(p, ¢) can be estimated ei = 3 < o ) (25)
from that of the (p — ¢)th diagonal term of R, as
o As defined in (2), the true CFO for the ith user is then
> [Rylpptm given by
p=
—— 5 ifm=q¢—p=0 . N, (In(%)
(p,g) = @™ (19) f=at |\ Tor (26)
2 Rylotm.a . . o
9= —, ifm=p—q>0 where ¢; .1s the subchanne! index for user 4. It is appar.ent that
(Q —m)oz after adding —g;, there will only be one root falling into the

Q

. Q
0 _J27N
8€e,iA(€)_ Ns { Z

p=1g=1

Q
{foi(q —p)zi? [Col“(zx 9)+C1 > T(p,n)l

Q Q
(n,0)+C> 3 3 Dp,m)T(m

n=1 m=1n=1

n)I'(n, q)]

Q
+79(p,9) | Co(p — @)a" 9+C1 Y ((n—q)x" “T(p,n)+(p — n)a* "T'(n,q))
Q Q
+Cy Z T'(p,m) Z I'(n,q —n)z™" + (n—q)x" T (p,m)'(m,n)

+ (p —m)aP~™T(m,n)T(n,q)) ] } } (22)
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range of subchannel 0, and the root is the estimated CFO for
user ¢.

A direct method for solving the roots in (22) is via an exhaus-
tive grid search over the interval spanned by ¢, ;. However, the
computational complexity is high. Taking a closer look at (22),
we find that (22) is a polynomial function of z, i.e.,

o Q-1 Q-1
5 Ae) = > ap(k)a? + ) an (k)
€ k=1 k=1

The detailed derivation for «, (k) and «, (k) is provided in
Appendix II. Using (27), we can then use a more efficient root-
finding method to obtain the roots.

=0.

27)

III. PERFORMANCE ANALYSIS
A. Truncation Errorin (14)

As we can see, the series in (13) is infinite, and truncation
has to be conducted. In the previous section, we retain the first
three terms in the series. One may be curious about how large
the error will be. In this section, we analyze the truncation error
in (14).

For a positive-definite Hermitian matrix R with rank K,
we can have its eigen-decomposition as

R =VGV#H (28)

where G = diag[g1, ..., gKk] is a diagonal matrix, where g;’s
being positive are the eigenvalues of R in descending order,
ie., g1 > -+ > gk, and V is an unitary matrix consisting of
the eigenvectors. As shown in Section II, R can also be
expressed as

(o)

<1;>1 =I-A)'=> A*

k=0

(29)

where A is a real number ensuring that the maximum absolute
eigenvalue of R/ is smaller than one, and A is a matrix to be
determined. Substituting (28) and VVH =Tinto (29), we can
obtain that A = V(I — G/A)V# and that

k
AF =V (1 - G) VH, (30)

A
From (30), it is simple to see that for the convergence of
1—gi/\,i=1,2,..., K has to be smaller than 1. In
addition, the smaller the value of |1 — g; /|, the faster the con-
vergence we can have. Since the values of g;’s may be different,
the convergent rate of each |1 — g;/A| (which is referred to as a
mode) may be different. As a result, the overall convergence is
dominated by the mode with the maximum |1 — g;/A|. To have
the fastest convergence, we then want to find a A minimizing
the maximum |1 — g;/A|(1 <4 < K). This yields a min—max
optimization problem as

i 1—g; 1
min mex 11— gi/ Al (31
subject to the constraints
11— gi/Al <1 (32)

wherei =1,2,...,
to be [22]

K. The optimum value of A has been shown

g1+ 9k
5

A=

(33)

Substituting (33) into |1 — g;/A|, we find that there is the
same maximum value yielded by g; and gx. Denote the value
as the slowest convergence rate (SCR) of R, i.e.,

1~ 9K
R)=|1—-gi/X 1— A
M()(.?l/|| gK/|g+gK
S(R)-1
SOE GY

where S(R) = g1/gK is the eigenvalue spread (EVS) of R. It
is obvious that a smaller EVS yields a smaller SCR. Further-
more, if the SCR is smaller, then the convergence of the series
of (29) will be faster, and the truncation error will be smaller.
However, a closed-form expression for the truncation error is
difficult to obtain. Instead of the exact value of the error, we
will try to derive an upper bound. Let the number of the terms
retained in (29) be £ and the power of the truncation error be
£. Then, we have

woE

o0
IIA’“ < lAl*
k=L

00
D Af
k=L

(35)

where M(R) is the maximum diagonal value of I — (G/\) in
(30). If M(R) # 0, then

MR
ESTTMm) ~

(S(R) - 1)*
2(SR) + 1)t

(36)

It is simple to see that when S(R) =1 and M(R) =0
&€ =0, giving the fastest convergence of (29). In this case, R
is diagonal, and only one term is required in (29).

We now compare the EVSs of R, and R, in (10)
and show that S(R,) < S(Ry). As shown in Section II,
R, =02UU" +02I, and R,=0,%1+0,?U"U=

’21 +0,°Ry. Let {Gu1s---»9u,0} be the eigenvalues of
UUH and GJu,1 = -+ > gy, Since the rank of U, which is
a Q-by-M matrix, is M, the smallest Q—M eigenvalues of
UU? are zero, ie., Ju,M+1 = -+ = gu,@ = 0. In addition,
the nonzero eigenvalues of UU* and U U are the same. This
indicates that we can obtain the eigenvalues of R, from R, as

eig(Rs) =

0,” 40, %cig(Ry) (37)

where eig(R.,,) denotes the first M eigenvalues of R,,. There-
fore, the EVSs of R, and R can easily be obtained as

S(Ry) = (02gu1 +02) / (02)

=p Gu1+1 (38)
SR;) = (0;2 + 0'772gu71) / (0;2 + U;qu,M)
= (P “Gu,1 Tt 1)/(p *Gu,M T+ 1) (39)
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Fig. 1. EVSof Ry for Mmax =2 (1 < Ag < 15).

where p = 02 /0?2, Note that the received SNR is defined as
SNR = Mcrg/of, = Mp. It is easy to see that the EVS of R;
is smaller than that of R,,. Therefore, the SCR of R is smaller
than that of R,,. Thus, the matrix inversion lemma used in (10)
not only reduces the computational complexity but also reduces
the truncation error in (14).

From (39), it is also simple to see that for low SNR, the EVS
of R approaches 1, and therefore, the truncation error in (14)
can be ignored. For high SNR, the EVS of R approaches that
of R,. The EVS of R, = U”U depends on the subchannel
assignment since the (a, b)th entry of U is wie+'(@=DN} and
€e,p = €p + qp. To analyze the truncation error, we first have
to analyze the EVS of U U. Unfortunately, a general closed-
form for the EVS is difficult to obtain. Here, we study two
special cases to show that the EVS of U U is low and that
the truncation error in (14) can be small in our applications.

Define a M,ax-user system as a system that can simultane-
ously handle M, .« users at most. The first case we consider is
a two-user system. For the system, the EVS of U U can be
solved from (3) in closed form as

_Q+Y1

S(uMu) = R (40)

where

V1,9 = {[1 — cos(2md,) — cos(2m0./Q)
+cos(2m6.(Q — 1) /Q)]*° - [1 — cos(276./Q)] *°.

As we can see, the EVS varies with 0. = |e.1 — €c2| =
|q1 — g2 + &1 — €2|. Therefore, S(UMU) is dependent on
Ae = |e; — &3], and Aq = |1 — g2|. Note that Aq is the dif-
ference of the neighbor subchannel indices. We now use an
example to examine the EVS of (U”U). Let N, = 128 and
N = 8. Then, there are N;/N = 16 subchannels, and 1 <
Aq < 15. Fig. 1 shows the result. From the figure, we can
see that the EVSs for Ag =1 and Ag = 15 are much larger
than those for 2 < Aq < 14. Fig. 2 shows the EVSs for 2 <
Aq < 14. It is clear that all the values are smaller than 1.5.
This indicates that the truncation error will be small as long

1.5 . . :
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as the adjacent subchannels are not used simultaneously, i.e.,
| mod (Aq —i-Q,Q)| # 1, where i is an integer.

The second case we consider is a four-user system. For
the system, the closed-form solution of the EVS is not ob-
tainable. Simulations are then conducted to obtain numeri-
cal results. Note that in this case the EVS is a function of
{q1,..,q4,61,...,24}. Tt is difficult to examine the behavior
of the EVS in terms of these variables. For convenience, we still
define two variables: 1) Aqg = |qg1 — q2| = |g2 — q3] = |g3 —
qs| and 2) Ae = Efi;l le;+1 — €4]. Note that the definition
and the implication of Ae are different from those in the two-
user case. Using the same simulation setting as that in the two-
user system, we obtain the EVS versus Ae in Fig. 3. Here,
we assume that adjacent subchannels are not used. From the
figure, we can find that all the EVSs are smaller than 1.7. We
can expect that the truncation error in (14) will be small. From
Figs. 2 and 3, we can also find that the smallest truncation error
can be obtained when Ag = 8 and Ag = 4 for the two-user and
four-user systems, respectively. However, a large Aq will result
in a smaller M., which is the maximum number of users.
Thus, the selection of Aq is a tradeoff between M., and the
SCR of R,,. In this paper, we let the smallest Ag be 2.

Using (33) and (37), we can see that the optimum A in (11) is
equal to 0,2 + 052(9%1 + gu.ar)/2. Note that the eigenvalues
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TABLE 1
NORMALIZED TRUNCATION ERROR VERSUS SNR
SNR 0dB 3dB 6dB 9dB 20dB 30dB
M= 2, Ag=2 (dB) | -26.6867 -26.2986 -26.0997 -259989 -25.9049 -25.8976
Upper bound in (42) | -25.2057 -24.7714  -24.5481 -24.4348 -24.3291 -24.3209
M= 2, Ag =3 (dB) | -32.4019 -32.0139 -31.8150 -31.7141 -31.6202 -31.6128
Upper bound in (42) | -31.5097 -31.0943 -30.8811 -30.7729 -30.6720 -30.6642
M=2, Ag=4(dB) | -35.8326 -35.4446 -35.2457 -35.1449 -35.0509 -35.0436
Upper bound in (42) | -35.1642 -34.7558 -34.5462 -34.4399 -34.3408 -34.3331
M= 4, Ag =2 (dB) | -20.0507 -19.6616 -19.4621 -19.3610 -19.2667 -19.25%4
Upper bound in (42) | -18.0176  -17.5638 -17.3303 -17.2117 -17.1010 -17.0924
M=4, Aqg =3 (dB) | -25.1858 -24.7970 -24.5978 -24.4967 -24.4026 -24.3952
Upper bound in (42) | -23.8575 -23.4277 -23.2068 -23.0947 -22.9901 -22.9820
M=4, Ag=4(dB) | -27.2568 -26.8681 -26.6689 -26.5679 -26.4737 -26.4664
Upper bound in (42) | -26.1414 -25.7185 -25.5013  -25.3910 -25.2882 -25.2802

of R, can be estimated as eig(c, *(R, — 021)), and R, can be
estimated as Y.~ y(n)y*! (n). Therefore, the optimum A can
then be calculated. To evaluate the performance of the proposed
expansion, we define a normalized truncation error as (with the

optimum \)
‘ } 41)

where € is the set for all possible ¢ ,,, (m =1,..., M). Using
the result in (36), we can also define a normalized upper
bound as

&, = E. {HRS/A~ [(RS/A)I — 22:(71%3’“

k=0

2

&, <E. {HRS/AH : H(RS/AV -y (-1)*B*

k=0

(42)

- 3
gEe{nRs/An (SR./3) ~1) }

2(S(Rs/N) +1)°

We now use some examples to evaluate the normalized
truncation error and its upper bound in (42). The result is shown
in Table I. It is simple to see that the normalized truncation
error increases with the decrease of Aq and with the increase
of SNR. In addition, the deviation of the upper bound from the
actual error is small; the upper bound overestimates the error by
1-2 dB. From Table I, we can also see that even with Aq = 2,
the truncation error is still quite small, i.e., —20 dB. Section IV
gives more results to show the property.

B. CRB Analysis

For the training-based method, only the AWGN is consid-
ered as a random variable, and the CRB for CFO estimation
can then be derived [4]. In the blind method, the transmit
symbol is treated as an additional random variable, and the
CRB for blind CFO estimation can also be derived [2], [11].
Here, we generalize the result in [2] and [11] (for single-user
OFDM systems) to derive the CRB in OFDMA systems. From
(4), the (p, q)th entry of the Fisher information matrix F is
given by

F),, - _E{a2 In (A(s))} _ _E{32 In (A(e))} @)

Oep0eq O€e pOce q

where 1 < p,q < M. Substituting (8) into (43) yields

OR, ,_0R ., O’R
R Y R 1 )
Oep, Y Ogy Y O0e,0e,

(F)pg =N -tr <Ry1
N-1

-E { > yH(n)Jy(n)}
n=0

IR, ., OR
_ N 10y o 100y
=N -tr <Ry 5 R, agq>

(44)

where

R7 1 8Ry

IR
— _Rp! Y
J=-R v T

Y Oep

0°R
+ Rfl ( Y ) Rfl
Y\ Oepoe, v
OR OR
_ R—l Y 1 Y
Y Oep Oeq

-1
Ry

- -1
R, YR, (45)

From [16], we see that

N-1 N-1
E { > yH(n)J.Y(n)} =Y E{y"(n)3Iy(n)}
n=0

n=0

N-1
= Z E {tr (Jy(n)yH(n))}
n=0

=N -tr(JR,). (46)
Finally, the CRB for the ¢; estimate is obtained as
CRB(e;) = (F7 1), (47)

We average the diagonal terms of (47) to have a single index
for performance comparison.

C. Computational Complexity

Here, the computational complexity of the proposed method
is assessed and compared with that of the existing schemes.
For the proposed method, there are three operation steps. In
the first step, we need to calculate the autocorrelation matrix
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in (5) and its eigen-decomposition to obtain (37). The com-
putational complexity for this step is O(Q3 + Q%N). In the
second step, we need to calculate the coefficients in (27). From
the received signal and the known autocorrelation matrix, we
can obtain 7y(p,¢) in (23) and I'(p,q) in (19). Let I'(p, q)
and v(p, q) be the (p, q)th entries of two matrices T' and -,
respectively. The computational complexity for constructing
these matrices is O(Q?N). Note that not all the coefficients
in (27) (see (57) and (58) in Appendix II) are required for
the calculation. Some coefficient pairs in (57) and in (58) are
complex conjugates of each other. In addition, some terms in
(57) and (58) appear repeatedly. For example, F} (p, q) in (57),
the sixth term of (57), and the seventh term of (57) all include
> m I'(p,m)I'(m, n). Without the redundant computations, the
complexity for calculating the coefficients in (57) or (58) is
found to be O(6Q?). Then, we evaluated the computational
complexity for calculating all the coefficients in the polynomial
(27). The last step is the root-searching process in (27) and the
CFOs sorting for each user in (26). Since there are 2¢Q) — 1
terms in (27), the roots can be solved with the complexity of
O(8Q3) [2]. Compared with the root-searching process, the
complexity in calculating (26) is small and can be ignored.
Adding all together and taking only dominant terms, we can
have that the entire complexity for the proposed method is
O(15Q3 + 2Q?N). For the ESPRIT frequency estimator, the
complexity is shown to be O(5Q3 + Q?N) [10]. Therefore,
the computational complexity of the proposed method is on the
same complexity order as that of ESPRIT.

Next, we evaluate the computational complexity of the
training-based schemes. For APFE, the total complexity has
been shown to be O(MN.N,,(L?+ LN?)) [3], [4], where
N, denotes the number of iterations, and N, denotes the
number of grid points used for each iteration. For simplified
AAPFE, the computational complexity is O(M N.N,,N2K)
[4], [5]. Since the computational complexity of the APFE
algorithm is high, suboptimum training-based schemes are
then proposed [3], [5], [6]. For the method in [3], the com-
putational complexity is O(2MTNZ + TNs(MN)?), where
T is the number of the Monte Carlo runs finding a mean
likelihood [13]. The computational complexity for the method
in [5] is O(N.(M2N?+1/2N;log,(Ny) + 3/2M3N3 +
3/8M?2N2Ny)), whereas that in [6] is O(N.(Ns(MN)? +
M?3)) for £ = 1. Here, L is the number of terms retained in
an infinite series [6]. Note that for £ = 1, the method has the
worse performance but the lowest computational complexity. In
addition, note that the simulation results in [6] indicate that £
should be at least 3 for acceptable performance. However, as
shown in [6], the computational complexity order for £ = 3 is
difficult to evaluate.

IV. SIMULATIONS

In this section, we report simulation results demonstrating
the effectiveness of the proposed method. In the first set of sim-
ulations, we compare the performance of the proposed method
with existing blind methods. Note that ESPRIT is known to be
better than the MUSIC algorithm [10]. Thus, we only conduct
simulations for ESPRIT [10]. In the second set of simulations,

we compare the performance of the proposed method with
existing ML methods, such as APFE and AAPFE. Note that
existing ML schemes require training sequences. Finally, we
compare the computational complexity of all schemes.

A. System Setup

In our simulations, the channel response used for each user is
generated according to the HIPERLAN/2 channel model [12].
The channel response, having six taps, follows an exponen-
tial power decay profile. Each tap coefficient is modeled as
an independent complex Gaussian random variable with zero
mean. The CFO of each user is generated with a uniform
distribution in the interval (—0.5, 0.5). The symbols used for
CFO estimation are modulated with a binary phase-shift-keying
scheme, whereas those for data transmission are modulated
with a 16-QAM scheme. The interleaved OFDMA system used
in our simulations has Ny = 128 subcarriers. Since there are
multiple CFOs to be estimated, the mean square error (MSE) is
used as the performance index, which is defined as

M

MSE =" (ém —&m)”.

m=1

(48)

All the simulation results are obtained by averaging 1000
Monte Carlo runs.

As shown in Section III, Ag, which is the difference of the
neighbor subchannel indices, influences the truncation error
in (14) and M., which is the maximum number of users.
As shown in Section III, the larger the Ag, the smaller the
truncation error and the smaller the M,,,x. We compare the
results for Aq = 2 and Aq = 4 in the following.

B. Performance Assessment for Aq = 2

First, we let Ag = 2, the smallest Ag we use. In this case,
the SCR will be maximal, and M, .« is also maximal. It corre-
sponds to the worst case in the proposed method. An important
design parameter for the proposed method is the number of
subcarriers for each user N. The number of subchannels is
then Q = N,/N. Observing (27) and (47), we see that a higher
@ performs better but requires higher complexity. To see the
impact of N, we let M = 4 and observe the CRB for different
N. The result is shown in Fig. 4. We can see that the CRB
is almost the same for N =4 and N = 8. To reduce compu-
tations, we choose IN = 8 for the simulations we conducted.
Without loss of generality, we assume that the CP length is
N, which is larger than the channel length. For the first set of
simulations, we compare the performance of the proposed algo-
rithm with that of ESPRIT. Fig. 5 shows the result for M = 2,
whereas Fig. 6 shows the result for M = 4. As expected, the
performance of the proposed algorithm is significantly better
than that of ESPRIT since the proposed method conducts the
ML estimation. We can also see that the proposed method can
approach the CRB. At high SNR regions, the performance of
the proposed algorithm slightly deviates from the CRB. This
is due to our approximation used in (14). When the number of
users is larger, the deviation is also larger.
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In the second set of simulations, we compare the perfor-
mance of the proposed algorithm with that of other ML algo-
rithms. The simulation setup is the same as that of the first
set of simulations. The ML problem can directly be solved by
using an exhaustive grid search over the MD space spanning
{€e1s--+,Ee,n}. To reduce the computational complexity, we
use the APFE and AAPFE schemes. The AAPFE is a subop-
timum solution of APFE, and it also truncates the Neumann
series to approximate an inverse matrix (with an order K) [21].
In each iteration, only one user’s CFO is updated, whereas
the other users’ CFOs remain unchanged. The CFO update

is conducted by a grid-search method. Note that the purpose
of the expansion is different from ours. In addition, AAPFE
does not use the optimum A to achieve the best result. In
our simulations, we let N, = 2 and N,, = 100. We have tried
K =1 and K = 2. Fig. 7 shows the result for M = 2, and
Fig. 8 shows the result for M = 4. We can see that the APFE
performs the best, and the AAPFE with K = 1 performs the
worst. Note that the conventional APFE and AAPFE have
to use training sequences. From the figure, we see that the
performance gaps between the APFE, the AAPFE with K = 2,
and the proposed blind algorithm are very small. In addition,
note that all these algorithms tend to deviate from the CRB
when the SNR is high.

C. Performance Assessment for Aq = 4

Fig. 9 shows the performance comparison between Aq = 2
and Aq = 4. The simulation setup is the same as that in the
previous section. It is easy to find that the performance of the
proposed method with Ag = 4 is better. In Section III, we have
shown the relationship between the SCR and the truncation
error (as shown in Table I). From Fig. 9, we can observe a
similar result. The smaller the SCR, the better the estimation
performance. The performance gap between the APFE and the
proposed algorithm becomes smaller when Ag = 4.
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D. Complexity Comparison

Fig. 10 shows the computational complexity of the schemes
we consider. Fig. 10(a) shows the complexity versus the number
of subcarriers for the two-user case. Fig. 10(b) shows the
complexity versus the number of users for a fixed total number
of subcarriers: Ng = 128, and ) = 8. From the figures, we find
that the computational complexity of the proposed method is
similar to that of the conventional blind methods. However,
the proposed method outperforms the conventional methods
by 10 dB (see Figs. 5 and 6). Compared with the training-
based methods, the proposed blind method can have similar
performance (see Figs. 7 and 8) but much lower computational
complexity (see Fig. 10).

V. CONCLUSION

In this paper, we have developed a new algorithm for blind
ML CFO estimation in interleaved OFDMA uplink systems.
Conventional methods for this problem require conducting MD
exhausted searches, and the computational complexity can be

very high. The distinct feature of the proposed algorithm is that
it only requires a root-searching procedure. The main idea is to
use a series expansion when evaluating the ML function. The
performance of the expansion is also analyzed. The operations
of the proposed method are simple, and the computational
complexity is low. Simulations show that the proposed method
can approach the CRB. As shown in Fig. 1, a large EVS will be
induced in the full-loaded scenario (Ag = 1), and the perfor-
mance of the proposed method will seriously be affected. The
problem can be solved by an expectation-maximization (EM)
algorithm referred to as iterative space alternating generalized
EM (SAGE) [23], [24]. However, the complexity of the SAGE
algorithm can be very high for large N,. Note that in real-
world applications, only a number of users will be activated at a
specific time [24]. Thus, only the CFOs of the newly activated
users have to be estimated, and the knowledge of the previously
estimated CFOs can be exploited in each new estimation. It is
interesting to incorporate the SAGE algorithm into the proposed
method, which may serve as a topic for further research.

APPENDIX |
DERIVATION OF (22)

Taking the derivative of (R,),, , with respect to . ;, we have
the result as

0 21w No?
( R ) _ ]7I(p _
.

(ge,i)N(p—q)
856,2' Y Ns q)w .

(49)

Then, the first term in the right-hand side of (9) can be
derived as

Q : 2
= Z(R’l)p k%(ls — q)w(Ee )N (k=)
U?;Qw(fe,i)N(P—Q)
Q

—Co Y (k—q)a* T (p, k)
k=1

Q
> (k= )z T (p,b)T(b, k)

o

Q
D
k=1
Q
— ) (k- gz
k=1
Q
>

=

T'(p,a)T(a,b)T'(b, k‘)} (50)
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To obtain the second term in (9), the derivative of the third
and fourth terms in the right-hand side of (17) can first be
found as

327 {ZFH Q)T (p, )}

=1

i2rN [ & (0.1)N(n—q)
=N > (n = @)l (p,n)weeNin=a
s n=1

4 (p _ n)F(n, q)w(se,i)N(P—”)‘| (52)
{5 rmrearg.m)
e m=1n=1
Q

n)w(se,i)N(mfn)

I(n,q) - (m

Thus, we can have the second term in (9) as (54), shown at
the bottom of the page.

Substituting (3), (5), (50), and (54) into (9), we can rewrite
the log-likelihood function as (55), shown at the bottom of
the page.

APPENDIX II
DERIVATION OF (27)

Rewrite (22) as (56), shown at the top of the next page,
where F1(p,q) = NoZ(q — p)[CoT (p,q) + C1 2277, T(p,n)
T(n,q) + Ca 358y 29, T(p,m)I (m,n)T(n,q)].  and
Fs(p,1) = Co(p — q¢)7(p, ¢). Conducting some variable trans-
formation, we can express the power of x as a single variable
of k. We can then collect all the items with positive k into one
expression and get (57), shown at the bottom of the next page.
Similarly, we can collect all the items with negative &k into
another expression and get (58), shown at the top of the page
after the next page.

Therefore, the derivative of the logarithm likelihood function

+(n —q)I'(p,m)T'(m, n)w(se‘i)N(n_Q) (22) can then be reexpressed as
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