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1. Introduction

Let A be a bounded linear operator on a complex Hilbert space H. The numerical range of A is,
by definition, W(A) = {(Ax,x) : x € H, ||x|| = 1}, where (-, -) and || - || are the inner product and its
associated norm in H. It is known that W (A) is a bounded convex subset of the complex plane with
its closure W(A) containing the spectrum o (A) of A. For its other properties, the reader may consult
[4, Chapter 22], [3] or [5, Chapter 1].
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To measure the location and relative size of W(A), one frequently used quantity is the numerical
radius of A: w(A) = sup{|z| : z € W(A)}. In this paper, we consider two other quantities, which are
not so well known but still quite useful, namely, the Crawford number c(A) and generalized Crawford
number C(A) of A. These are defined as c(A) = inf{|z| : z € W(A)} and C(A) = inf{|z| : z € IW(A)},
respectively. The former was first considered (for finite matrices) in [1] while the latter appeared
in [2] in the study of the numerical ranges of nilpotent operators. We are concerned here with the
asymptotic behavior of the homogenized (generalized) Crawford numbers of powers of a matrix A.

Note that such a sequence c(A¥)/¥ (resp., C(A¥)'/%), k > 1, may not converge in general (as witness

the matrix A = [(1) _O]D. Hence we will consider instead its limit supremum. In the literature, there

are several results of this nature for different operator parameters. For example, it is well known that, for
any operator A, the limit of || A¥|| 1k ask approaches infinity exists and is equal to the spectral radius r (A)
(= sup{|z| : z € 0 (A)}) of A(cf. [4, Problem 88]). Since the numerical radius and the norm of A are re-
lated by ||A||/2 < w(A) < ||A||, it can be easily seen that limy w(AK) /K also equals r(A). For the minimum
modulus m(A) (= inf{||Ax| : ||x|| = 1}), it has been proven that limy m(A%)!/% = dist (0, 07(A)), the
distance from the origin to the left spectrum o;(A) (= {z € C : A — zI not left invertible}) of A (cf. [10,
Theorem 3]). If A acts on an n-dimensional space, the results on || - || and m(-) can be extrapolated to
singular numbers of A: limy, 5;(A%)/% = |1;| for eachj, 1 <j < n, where s;(A¥) is the jth largest singular
number of A and Aj is the jth largest, in modulus, eigenvalue of A (cf. [9] and also [7, Theorem 2]).
The contrast between our results for the Crawford numbers versus the ones for the numerical radius is
analogous to that for the minimum modulus versus the norm. More precisely, we show that if A is an
n-by-n matrix with eigenvalues A1, . . ., A, arranged so that [A1| > - - - > |An|, then limy c(A%) /¥ equals
either 0 or |A,| while limy C(A")l/k equals some |A;j|, 1 <j <n. For A a normal matrix or of size two,
more detailed information can be obtained. For example, if A is normal, then limy c(A")l/ kis always
equal to |A,| and Timy C(A¥)1/¥ equals some |Aj| with 3 <j < n. For a 2-by-2 matrix A, we give precise
conditions on A under which these limit suprema equal each of the asserted values. Such results for the
Crawford number (resp., generalized Crawford number) will be presented in Section 2 (resp., Section
3) below.

We end this section by giving some basic properties of the (generalized) Crawford numbers of
general operators.

Proposition 1.1. Let A and A,, n > 1, be operators on H. Then the following hold:

(1) c(A) = c(A*) and C(A) = C(A™).

(2) c(AA) = |A|c(A) and C(AA) = |X|C(A) for any scalar A.

(3) 0<c(A) <CA) <w(A).

(4) c(A) > 0 (resp.,C(A) > 0)ifand only if 0 ¢ W(A) (resp.,0 ¢ dW(A)).

(5) Ifc(A) > 0, then c(A) = C(A) < dist (0, 0 (A)).

(6) IfAis invertible, then c(A) > O (resp., C(A) > 0) ifand only if c(A™') > 0 (resp., C(A™1) > 0).
(7) If A, — Ainnorm, then c(A;) — c(A) and C(A,) — C(A).

(8) limy c(A%)/* < dist (0, o (A)) and limy C(A%) /¥ < r(A).

Proof. (1),(2),(3)and (4) are trivial. (5) follows from the fact that o (A) € W (A). To prove (6), we need
check that 0 € W(A) (resp.,0 € dW(A))ifand only if0 € W(A~1) (resp.,0 € dW(A™")). Assume first
that 0 € W(A). Then there are unit vectors x,, n > 1, in H such that (Ax,, x,) — 0asn — oo. Hence

A Axp Axp 1 (X, Axy) 1 ﬁ 0
, = Xn, AXn) = ———— (AXp, Xn) —
Axnl /[l Al A% 12" Ak 2

since 1/||Ax,||? < ||A~1||? for all n. This shows that 0isin W(A~1).That 0 € W(A~1) implies 0 € W (A)
follows by symmetry. Next assume that 0 € W (A)\dW(A~1). By what we have just proven, 0 is in
the interior of W(A™"). Letr > 0 be such that re'’ is in W(A~") for all real 6. Then rel? = (A" Txg, xg)
for some unit vector xg in H. Hence
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re~10 < A= xy Xp > <A< A Txg ) A%y >
A~ Txg |2 A= xall" A= xa A= %1l )" 1A= %0l [
which shows that re_i9/||A_]x(g [|? is in W (A) for all real 6. Since |re_i9 [/IA %12 >1/IIA"1||> and 0
is in W (A), we infer from the convexity of W (A) that re = /||JA="||? is in W(A) for all real 8 and hence
0 is in the interior of W (A). This contradicts our assumption. Thus 0 € W (A) implies 0 € dW(A~1).
The converse follows by symmetry.

(7)follows from the fact that A, — Ainnormimplies W(A,;) — W(A) and also 0W (A;;) — dW(A)
in the Hausdorff metric (cf. [4, Problem 220]). (We remark that the assertion for the Crawford numbers
also follows from the easily verified inequality |c(A,) — c(A)| < ||A, — A|| for all n.)

For the proof of (8), note that c(A¥)!/ < dist (0, o' (A)) for all k> 1 by (5). Hence lim; c(A¥)'/¥ <
dist (0, o (A)) holds. For the generalized Crawford number, we make use of C(A) < w(A) from (3).
Hence

@C(Ak)l/k g@W(Ak)l/k — r(A)

as was noted before. [

In the remaining part of this paper, we consider only finite matrices unless otherwise stated.
2. Crawford number

The main result of this section is the following theorem.
Theorem 2.1. If A is an n-by-n matrix, then limy c(A*)'/¥ equals either 0 or dist (0, o' (A)).

We start the proof with the following result of Kronecker.

Lemma 2.2. If |A;| = 1 for 1 <j < n, then there are positive integers ny, k > 1, such that limy, )\}”‘ =1 for
allj.

Proof. Let A; = exp(2mif;), where 0<6; < 1, for each j. We may assume that {6;,...,6n, 1}
(0 <m < n) is a maximal independent set over the field of rational numbers. Then the same is true
for {27604, ..., 2w 0y, }. Kronecker’s theorem [6, Theorem V1.9.1] says that there are positive integers
myg, k> 1, such that limy A;™ =1 forallj, 1 <j<m. Let

0 o0 0
O =0+ + by + L m 1<,
6) [6) 6)
Q1 q qm+l

where pL(,i) and qL(,i) are relatively prime integers foreachu, 1 <u<m + 1.1fny = mi []y, qf,v) fork>1,

then it is easily seen that limy, )»]'-”‘ =1forallj,1<j<n O
The normal case can now be easily treated.

Proposition 2.3. If A is an n-by-n normal matrix, then limy c(A¥)'/* = sup,, c(A%)'/* = dist (0, o (A)).
In this case, Timy, c(A) V¥ = 0if and only if 0 is in W (AX) for all k > 1.

Proof. If 0 is in o (A), then it is in o (A¥) and hence in W (A¥) for all k. Thus Timy c(A¥)'/* = sup,,
c(AV/k = dist (0, 0 (A)) = 0. Hence we may assume that 0 is not in o (A). In view of Proposition 1.1
(2), we may further assume that A = diag (A1, ..., Ay—1, 1), where [Aj| >1forallj, 1<j<n —1.By
Lemma 2.2, there are positive integers ni, k > 1, such that limg (A;/|A;|)™ = 1 for all j. Since W (A™)

is the convex hull of {A]%, ..., 43¢ ;, 1}, we infer that limy c(A") = 1. Hence
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1= lilgn (AT /e <@C(Ak)l/k <sup c(A) 'k < dist (0,0 (A)) = 1,
k
where the last inequality is by Proposition 1.1 (5). Our assertions follow. [l

We next prove for matrices of size two. The proof engenders all the essential ingredients of the one
for general matrices. Recall that if A = [g Z] then W (A) equals the elliptic disc with foci a and b
and with minor axis of length |c| (cf. [4, p. 113]).

a ¢

Proposition 2.4. et A = [0 b

} . Then

=— n1/k _ |min{|al, [b]} if eitherc = 0orc #* 0,a # band |a| = |b|,
“,?“C(A) - {0 otherwise.

In this case, limy c(AK)'/¥ = 0 if and only if 0 is in W (AX) for all large k.

Proof. If a = 0 or b = 0, then 0 is in o (A¥) and hence in W (A¥) for all k. Thus c(A¥) = 0 for all k and
therefore limy, c(A¥)/¥ = 0. For the remaining part of the proof, we assume that a, b # 0. Four cases
are considered separately:

(1) ¢ # 0 and a = b. In this case,

k k—1
k a® cka k[1 ck/a
A" = |:O ak i| =da [O 1 .

1 ck/a
0 1

Thus limy c(A%)/k = 0.
(2) c #+ 0and |a| # |b|. In view of Proposition 1.1 (2), we may assume thata = 1 > |b|. Since

A {1 c(1 —b4/(1 — b)} . [(1) c/(1— b)]

Since 0 is in W ([ ]) and hence in W (A¥) for all large k, we have c(A¥) = 0 for such k’s.

0 bk 0

as k — 00, we obtain 0 € W (AK) for all large k. Hence limy c(A¥)'/% = 0.

(3) ¢ = 0. In this case, A is normal. Hence our assertion follows form Proposition 2.3.

(4) ¢ # 0,a # band |a| = |b|. We may assume that |a| = |b| = 1.Let ng, k > 1, be positive integers
such that limy a™ = limy b™ = 1 by Lemma 2.2. Then

el e

ask — oo.Hencelimy c(A%)/¥ > limy c(A™)!/™ = 1.The converse inequality follows by Propo-
sition 1.1 (8). [J

Note that in general limy, c(A%)!/¥ is smaller than supj c(AK)'/¥ even for a 2-by-2 matrix A. One
exampleis A = [(1)
condition for their equality will be given in Proposition 2.8.

For the ease of exposition, we define three types of matrices, which correspond roughly to the four
cases in the proof of Proposition 2.4.

}] for which the former equals 0 while the latter 1/2. For general matrices, the

Definition 2.5. A matrix A is said to be of type I if its eigenvalues have equal moduli and it is unitarily
equivalent to a matrix of the form
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EREEREE
0 A x|,
10 0 =%

where A’ is not a scalar matrix and has equal eigenvalues, it is of type Il if it is irreducible and has two
eigenvalues with unequal moduli, and it is of type III if it is unitarily equivalent to a matrix of the form

_)L]I] *
| 0 Amlm
where [A1| = --- = |Ap| and the A;’s are distinct.

Recall that a matrix is irreducible if it is not unitarily equivalent to the direct sum of any two other
matrices.

Note that a matrix of type I or II has size at least two while a size-one matrix is of type III. A general
(resp., normal) matrix is unitarily equivalent to a direct sum of irreducible matrices of type I, II or III
(resp., of type III).

The next lemma deals with matrices of types I and II.

Lemma 2.6. IfA is an n-by-n matrix of type I (even without the requirement of equal-moduli eigenvalues)
or type II, then 0 is in W (A) for all large k and hence limy, c(A¥)/* = 0.

Proof.

(1) Ais of type I. Let

*k * *
A=1[0 A x|,
0 0 =

whereA’ = [GU]E}=1 (2 <m<n)isuppertriangular (a;; = Oforalli > j),invertible (A; = a;; # 0
for all i) with A1 = --- = App;, and is not a scalar matrix. Then there are iy and jo with iy < jo
such that ajyj, # 0 and a;; = 0 for all i and j satisfying either i < ip ori = ip andj < jo. If

_[M dig
B= [ 0 )
then B¥ is a submatrix of AX for all k > 1 and 0 is in W(B¥) for all large k by Proposition 2.4 (1).
Hence 0 is in W (A¥) for all large k.

(2) Ais of type Il. We may assume that A = [a,-j]}fj=1 with @ = Ofori > j, A; = a;; # Oforalli,and
Al ="+ = |Am|l > |Am+1l, - - ., |An| for some m, 1 <m < n. Since A is irreducible, there are
ip and jo with 1<ig <mand m < jo <n such that a;j;, # 0 and a;; = 0 for all i and j satisfying
eitheri =ijgandm < j <jporig <i<mandm < j<n.Let

)v ai i
B — [ io lu]o] )

0 Ao
By Proposition 2.4 (2), we have 0 € W(Bk) for all large k. Since B is a submatrix of A¥ for all k,
we obtain 0 € W (AX) for all large k. [

The following lemma is useful in proving for type-III matrices.

Lemma 2.7. LetA = [AU]ZFI (n=2)onH = Z};l @ Hj be an n-by-n upper-triangular operator matrix
withAij = Oforalli > jand A; = Ail; for alli, where the A;’s are distinct with equal moduli and I; denotes
the identity operator on H;. If A¥ = [(Ak)ij]Zj:] for k > 1, then, for each pair (i,j) with i < j, there are
operators By, i + 1 <1<}, from H; to H; such that
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J k k

f— A
(Ak),-j = Z )»l kl B; forallk>1.
[=i+1 1

Proof. We prove this by induction on n. For n = 2, we have

A P’;h [ =25/ — )»2)]/\12}
0 AL ’

Hence B, = A1, meets our requirement. Next assuming that our assertion is true for all operator

matrices of size less than n, we prove it for n. If (i, j) # (1, n), then this follows by the induction

hypothesis for the (n — 1)-by-(n — 1) submatrix [A'J]u 0r [A,-]']?J-=2 of A.Hence we need only consider

for (i,j) = (1, n). In this case, we have

n
(A 10 = AA D)1 = 2 (A D + ) AyA
j=2
and similarly
n
A D1n = 2 A0 + 3 AGA ).
j=2
Substituting the latter into the former yields
n
A 1n = A3A )10+ D2 Ay (A g+ 21 (A 2)0)
j=2

Continuing in this fashion, we obtain

n k—2
A1 = 27 A + D Ay (Z A‘J(Ak“"l)jn)

j=2 p=0
k—1 n—1 k—2
= [ ST A+ D Ay [ D AR P . (1)
p=0 j=2 p=0

The induction hypothesis on the submatrix [A;]; =m>
operators Bj, j + 1 <1< n, from Hy, to H; such that

2 <m < n, says that for any j, 2 <j <n, there are

k . Jk — )‘;f
A= > Bji )
I=j+1 )‘j — Al

for all k > 1. Substituting (2) into (1) yields

)» n )\.k p—1 )\k p—1
A1y = nA1n+ZA1] ZM PR —— 1 P 3)
Y A — Al

I=j+1
Since
S Ll SN [ S R
=7 MM T m\Mm—A A— A

from (3) we obtain

)\ n )\’I{ — )\’k )\‘k _ )\k 1
Ay, = ”A J _ M ! AiBi ),
(A%)1n M in+ Z Z ()hl — )\j A — A )hj Y 1j5ji

j=2 I=j+1

which, when expanded, gives the asserted form for (A%)1,. O
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We are now ready to prove Theorem 2.1.
Proof of Theorem 2.1. We may assume that A = Ay @ - - - @ Ag, where the A;’s are all upper triangular

and irreducible. Assume that limy c(A¥)/¥ = 0. Then, in particular, A is invertible and lim;, C(A]’-<)l/ k£
0 for all j. By Lemma 2.6, each A; is of type 1lI, say, of the form

)\ﬂ[ﬂ k
Aj = , 1<j<q,
0 )“jmjljmj
where [Aj1| = - -+ = |Ajy| for all j. Assume that dist (0, o (A)) = |A11]. Then replacing A by A/\1, we

may assume that Ay; = 1 and || > 1 for all j and I. By Lemma 2.2, there are positive integers n,
k> 1, such that limy (A;;/|Aj])™ = 1 for all j and I. Then A™ behaves asymptotically like 3;, 69()»]»","1]1)
as k — oo by Lemma 2.7. Since the numerical range of the latter matrix is the convex hull of {)»j"," :
1<j<gq,1<I<m;}, we infer that limg c(A™) = 1. Thus

dist (0,0/(4)) =1 =lim C(A™) 1/ <@c(A’<)1/" < sup c(AN V¥ < dist (0, 0 (A)),
K k

where the last inequality is by Proposition 1.1 (5). Therefore, limy c(AK)'/k = supkc(A")l/k =
dist (0, o (A)) and our assertion follows. [

The above proof also yields the following proposition.

Proposition 2.8. Let A be an n-by-n matrix. Then limy c(A)'/¥ = sup, c(A%)'/* if and only if either
Timy c(A) /K £ 0 or 0 is in W(A¥) forall k> 1.

Our last result of this section gives conditions on A for which limy C(Ak)]/k equals 0.
Proposition 2.9. Let A be an n-by-n matrix. Then the following conditions are equivalent:

(1) lim c(A%!/* = 0;
(2) one of the following holds:

(a) Ais noninvertible;

* ok %
(b) Ais unitarily equivalent to a matrix of the form {0 A *} , where A’ is not a scalar matrix
0 0 =
and has equal eigenvalues;
* ok %
(c) Aisunitarily equivalentto |0 A" |, where A’ isirreducible and has two eigenvalues with
0 0 =

unequal moduli;
(3) 0is in W(AX) for all large k.

Proof. To prove (1) = (2), assume that (1) holds and A = A; @ - - - ® Aq, where the A;’s are upper
triangular and irreducible. If (a), (b) and (c) are all false, then all the A;’s are invertible and of type IIL
Arguing as in the proof of Theorem 2.1, we obtain limy c(A¥) /¥ = dist (0, o (A)) # 0, which contradicts
(1). Hence (1) = (2) is true. Finally, (2) = (3) is a consequence of Lemma 2.6 and (3) = (1) is
trivial. [
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3. Generalized Crawford number

In this section, we consider the limit supremum of C(A%)'/¥ k> 1, for a finite matrix A. The next
theorem is our main result.

Theorem 3.1. For any n-by-n matrix A with eigenvalues A1, . .., An, the quantity limy C(A")”" equals
some |Aj], 1<j<n.

We start with the 2-by-2 matrices. Its proof is the harbinger of the one for the general case.

Proposition 3.2. [etA = [g ﬂ . Then

min{|al, [b]}  ifc =0,

T ky1/k _ ;
lim C(A™) {max{|a|, bl}  ifc#0.

Proof. We consider four cases separately:

(1)c#0anda=b.Ifa=b =0, then AX = 0 and C(AX) = 0 for all k > 2. Thus limy C(A%)/* =
0 = max{]a|, |b|} in this case. Assume next that a = b # 0. Then

k k—1
k__|a“ cka _ k[1 ck/a
A= {0 . }—“ [0 1

and
C(A) = |af* ('C'k - 1)
2lal
for all large k. Hence
1/k
CAHVE = |q| <|2C|11k| - 1) / — |a

as k — oo. This shows that limy C(AK)'/¥ = |a| = max{|a|, |b|}.
(2) ¢ # 0and |a| # |b|. We may assume that a = 1 > |b|. Then

{1 cQ=b%/(1—b) 1 ¢/(0—=b)] _
Ak_[o bk }_’[0 0 }=B

as k — oo. Hence C(A¥) — C(B) > 0 by Proposition 1.1 (7) and thus C(A)Vk — 1 =
max{|al, |b|} as k — o0.
(3) ¢ = 0. On the one hand, we have

fim C(A)/* > Tim ¢(A)/* = min{al, |b]}

K
by Proposition 2.4. On the other, since dist (0, W (A)) < dist (0, 0 (A)) for any 2-by-2 normal
matrix A, we have C(A%)!/% < min{|a|, |b|} for all k. Thus lim; C(A¥)'/¥ <min{|a|, |b|} and our
asserted equality holds.

(4) c # 0,a # b and |a] = |b]. In this case, limy c(A/k = |a| can be proved as in case (4) of the
proof of Proposition 2.4. [

The next two lemmas are useful in the proof of Theorem 3.1.

Lemma 3.3. Let A be an n-by-n matrix. If limy C(A¥)1/% = 0, then A is not invertible.
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Proof. Our assumption implies that limy c(A")l/k = 0.If A is invertible, then, by Proposition 2.9, A is
* k%

unitarily equivalent to a matrix of the form [O A *:| , where either A’ is not a scalar matrix and
0 0 =x

has equal eigenvalues or it is irreducible and has two eigenvalues with unequal moduli. In either case,
the proof of Lemma 2.6 yields a 2-by-2 nonnormal matrix B such that r(B) = r(A"), B is a submatrix

of A* for all k > 1, and 0 is in W (B¥) for all large k. Then
0= @C(A")l/" >@C(B")1/" =rB) =r@A) >0
K K
by Proposition 3.2, which is absurd. Hence A is not invertible. [

A complete characterization of matrices A with limy C (A")l/ k—o0is given in Theorem 3.8.

In the following, the convex hull of a subset A of the plane is denoted by A”.

Lemma 3.4. LetA =B ® C; @ - - - ® (g be an n-by-n matrix, where the Cj’s are all of type Ill. If O is in the
interior of W(A) and W(A) = (W(C;) U - - - U W(C,))", then Timy C(A) /¥ > min{r (), ..., r(Cy)}.

Proof. We may assume that ¢ = min{r(Cy),...,r(Cg)} > 0 and even c = 1 (by considering A/c in-
stead of A). Since 0 is in the interior of W (A), there isan & > OsuchthatD, = {z € C: |z] < &} is
contained in W (A). Assume that

Aljn *
G= , 1<j<gq
0 )ijjljmj
where [Aj1| = - -+ = |Ajm;| = r(G) for all j. By Lemma 2.2, there are positive integers n, k > 1, such

that limg (Aj/r(Cj))™ = 1 foralljand I. We deduce, using Lemma 2.7, that, for eachj, (G /r(G;))™ — I
as k — oo and hence W(Cf”l)/r(cj)”" is asymptotically close to W(G) (in the Hausdorff metric)
for large k. Since D, € W(A) = (W(Cy) U -+ - UW(Gy))”", we obtain D, /5 C ((W(C{l"H)/r(Q)”") U
-y (W(C[I”‘“‘l)/r(Cq)”k))/\ for all large k. It follows that

Depp © (W(C?k—H) u.--u W(Cgk'f‘l))/\ C W(Aﬂk-‘rl)
for large k because r(G;) > 1 for all j. Hence C(A™*1) > ¢ /2 for large k and therefore

@C(A")”" >@C(Ank+l)1/<”k+” >1=min{r(Cy),...,r(Cp)}. O

We are now ready for the proof of Theorem 3.1.

Proof of Theorem 3.1. Assume that A=B; @ --- ® B, ® C; & - - - @ (g, where the B;’s are of type
L or Il and the G's are of type Il Let ¢ = limy C(A")]/" and let the eigenvalues A; of A be arranged
as |Aq|=--->|Ayl. If c =0, then A, = 0 by Lemma 3.3, in which case ¢ = |A,|as required. For
the remaining part of the proof, we assume that ¢ > 0. Let ng, k > 1, be positive integers such that
limy C(A™)'/™ = ¢. We may assume that 0 is in the interior of W(A™) for all k. Indeed, if there are
infinitely many k’s, say, k’ for which 0 is not in Int W(A™"), then C(A™) = c(A™) for all such k’’s.
Hence we have

c= llkm C(Ank/)l/nk/ — lilmC(Ank/)l/nk/ g@C(Ak)l/k <@C(Ak)l/k =c.
! k' k k
This shows that ¢ = limy C(Ak)l/k. Since ¢ > 0, we obtain ¢ = |A,| by Theorem 2.1. Hence in the

following we may assume that 0 € Int W(A™) for all k. Since there are only finitely many subsets of
the set of summands {B;, Gj:1<i<p,1<j<q} of A by the pigeonhole principle there is a
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subsequence {m}°; of {ni};2, andthereareB;,, ..., Bi, Gy, ..., G, (1<i; <--- <is<pand1<j; <
- < jr <q)such that, forall I >1,

W(A™) = (( U W(BZ”))U( U W(C}?')))A, (4)

1<u<s 1<v<t

W (A™) N ow (B:-?‘) #+ @ forallu,1<u<s,

and
IWA™) NIW(G") # 8 forallv, 1<v<t. (5)

Letd = min{r(B;,), 7(G;,) : 1<u<s,1<v<t}.Weclaim thatc = d.
To prove ¢ < d, let z be any point in §W (A™) N AW (B]"). We have C(A™) < |z| < ||B;" . Hence

¢ =lim CA™)1/mi < lim B/ ™ = r(8y,)

for all u. Similarly, we have c <r(Cj,) for all v. Thus c < d as asserted.

For the proof of ¢ > d, we assume that d > 0. Two cases are considered separately: (a) s > 1. In this
case, the proof is analogous to the one for Lemma 3.3. Indeed, assume that min{r(B;,) : 1<u<s} =
r(B;, ). Since B;, is of type I or type II, by the proof of Lemma 2.6, there is a 2-by-2 nonnormal matrix B

such thatr(B) = r(B;,), BX is a submatrix of Bﬁ for all k > 1 and 0 is in W (B¥) for all large k. Then

¢ = lmc@)* >lim (8" = r(B) = r(8) >4

where the equality of limy C(B¥)'/¥ and r(B) is by Proposition 3.2. This gives ¢ > d in case (a).(b)s = 0.
In this case, since 0 is in the interior of W(A™) and W(A™) = (Uj <y < fW(CjTl ))" from (4), we have

limy C(A™¥)1/k > min{r(C}:“) : 1<v <t} =d™ by Lemma 3.4 and hence
c> mC(Amlk)l/(mlk) > d
k
as desired. This shows thatc = d. [

For normal matrices, more can be said.

Proposition 3.5. If A is an n-by-n (n>3) normal matrix with eigenvalues Aq,..., A, satisfying
[A1]= -+ = |Anl, then Timy C(A%)'/* = sup, C(A)V/* = |a;| for somej, 3 <j<n.

Proof. Let ¢ = limy C(AX)"/¥ and assume that A = diag (A1, ..., An). Then A can be considered as
the direct sum [A] ® - -- @ [Ay] of the 1-by-1 type-lll matrices [A;]. Arguing as in the proof of
Theorem 3.1, we see that if either ¢ = 0 or 0 is not in Int W (A™) for infinitely many indices nj with
limy, C(A”k)l/"" = ¢, then ¢ = |A,|. For the remaining case, it was shown in the proof of Theorem
3.1 that ¢ = min{|A;,| : 1 <v<t} = |A;| for some indices j, (1<j; <--- < j; <n). Since 0 is in
Int W(A™) = Int {)\}'V“ :1<v<t}” by (4) and )»}T is in dW (A™) for all v by (5), we infer that t >3
and hence j; > 3.

To prove that ¢ = sup;, C(AX)'/¥, we need only check C(A)!/%o < ¢ for all kg > 1. If 0 is not in
W (Ak), then

C(Akoyl/ko — ¢c(akoyl/ko < |31 < ¢

by Proposition 1.1 (5) and Theorem 3.1. If 0 is in W (A%), then C(Ak)/k0 = 0 < c. Hence we may
assume that 0 is in Int W(A¥). Assume further that W(Ak0) is the polygonal region with vertices
)»}{10, .. .,)»jlio (B<t<nand 1<j; < --- <jr<n)and X, = 1 (by considering A/};, instead of A). By
Lemma 2.2, there are positive integers ny, k > 1, such that limk()\}("/MfO [)™ =1 for all nonzero Aj,
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1<j<n. Letting my = ko(ng + 1) for k> 1, we infer that W(A™) is asymptotically close to W (A%)
(in the Hausdorff metric) and hence {z € C : |z| < C(A%)/2} € W(A™) for all large k. Thus C(A™*) >
C(A"O)/Z for all large k. It follows that

> Tim CA™) /™ > 1 =y, > C(Ak0) ko
k
as required. [
Note that, for an n-by-n normal matrix A with eigenvalues A1, . . ., A, satisfying |A1]| > - - - > |Ag|, if

n < 3, then limy C(AK)'/k = |1,,| by Propositions 3.2 and 3.5 while if n > 4, then lim; C(A¥)'/* can be
any of |A;], 3 <j < n.This is seen by the following example.

Example 3.6. For any n >4 and any jg, 3 <jo <n, let
(o —j+ 1) exp(2mi/3) if1<j<jo—2

= 2 exp(4mi/3) ifj=jo—1,
17 if j = Jo,
1/j if jo <j<n,

and let A = diag (A1, ..., An). Then C(AX) <1 for all k>1 and limy C(A***1) = +/3/2. Hence
Timy C(A) /K =1 = |,.

Similarly, for a general matrix A, limy C(A¥)/¥ can be any of the |Aj|'s as the preceding example
(for n>4 andj > 3) and the next (for n >3 andj = 1 or 2) show.

Example 3.7. For any n > 3, let

I 1 di 11 1
m=lo 1j|edns (5 507)

Ay =[11® [1(/)2 1}3] @ diag <%%%>

and

Using Proposition 3.2, we can easily show that limy C(A¥)'/¥ = 1 and lim;, C(A§)'/* = 1/2.

__We conclude this section with the following theorem characterizing those matrices A with
limy, C(A%)V/k = 0.

Theorem 3.8. For an n-by-n matrix A, Iimy, C(A)Y/* = 0 if and only if there is an m > 1 such that 0 ¢
AW(A™ 1) and 0 € AW (AX) for all k> m. In this case, A is unitarily equivalent to a matrix of the form
B @ C, where B must be present satisfying B~ # 0 and B™ = 0 for some m > 1, and C is invertible (but
may be absent).

Proof. Assume that ¢ = limy C(Ak)l/" =0andA=B;®---®B, & C; & --- D (g, where the B;’s
are of type I or I and the (j’s are of type IIl. We first check that the B;’s are all nilpotent. Indeed, if
r(Bi,) > 0 for some iy, then, by the proof of Lemma 2.6, there is a 2-by-2 nonnormal matrix B’ such
that r(B') = r(B;,), B* is a submatrix of Bf forall k > 1and 0 is in W(B") for all large k. Then

62@“3”‘)1/" =r(B) =r(B;,) > 0,

where the equality of limy C(B’ ")l/ kand r(B') is by Proposition 3.2. This leads to a contradiction. Hence
the B;’s must all be nilpotent. Let B be the direct sum of the B;’s together with those nilpotent (;’s. Say,
A=B®C & - Cy,wheretheG's,1<j< q’, are all invertible type-IIl matrices. Assume that 0 ¢

AW (A¥) for infinitely many k's. Since ¢ = 0, Theorem 3.1 implies that 0 € o (A) and hence 0 € W (A¥)
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for all k > 1. Thus 0 is in Int W (A¥) for infinitely many k's. Let ko > n be such that 0 € Int W (Ak0). Then
Ao 0@ @@ Cg?, and hence

A

W) = (o uw (cle)u--uw ()" = (101 u (w(cl) u---uw (ck))")
If 0 is not in (W(Cf“) u-.-u W(C:;?))A, then it will be in 9W (A%), a contradiction. Hence we have
w(ak) = (W(C{®) U+ UW(C*))". From Lemma 3.4, we infer that

c>Timc (49) Y (min r (k). (c)]) " = min{rc,... 1)} = 0,
which leads to a contradiction. Hence there is an m > 1 such that 0 ¢ AW(A™ 1) and 0 € AW (A¥) for
all k > m. Conversely, under this condition, we obviously have C(A¥) = 0 forall k > m and hencec = 0.

In this case, the arguments in the preceding paragraph yield A=B® C; @ --- @ Cy as above.
We claim that 0 € dW(A™) implies B™ = 0. Indeed, if otherwise, then B™, being a nonzero nilpotent
matrix, is unitarily equivalent to an upper-triangular matrix [b;] with bj = 0 foralli >j and bjyj, # 0
for some iy < jo. Therefore, 0 is in Int W <[8 bi%jOD and hence in Int W(A™), which contradicts our
assumption of 0 in 9W (A™). Thus we have B™ = 0.

Note that B must be present in the decomposition A = B ® C; @ - - - @ Cy of A. This is because if
otherwise then 0 = ¢ > dist (0, o (A)) (by Theorem 3.1) implies that A = C; @ - - - @ Cy is noninvert-
ible, a contradiction.

Finally, assume that B™~! = 0. Since A is noninvertible, 0 is in ¢ (A™ 1) and hence in W(A™1).
Our assumption 0 ¢ W (A™ 1) implies that 0 € Int W(A™1). On the other hand, since A"~! = 0 @
M lg...o Cg?_l,we have

w@m) = (opuw (U uw (cg?”))A
= (10 w(er)v-uw(e))

If 0 is not in (W(C"™ HU---U W(C?_]))A, then it must be in 9W(A™ '), a contradiction. Thus
WA = w(@hHu-..u W(Cg?_l))A. Lemma 3.4 then implies that

c >@C(A(m—l)k)l/((m—l)k) > (min {r (qn_l) oy (C?_1>}>1/(m—1)

= min{r(Gy),...,r(Cy)} >0,
again a contradiction. This shows that B™ ! == 0 as asserted. [

As pointed out by the referee, the decomposition B ¢ C of A in the preceding theorem is a special
type of the Fitting decomposition of A (cf. [8, pp. 151-152]).
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