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A linearly/circularly polarized heterodyne light beam coming from a heterodyne light source with an
electro-optic modulator in turn enters a modified Twyman–Green interferometer to measure the surface
plane of a GRIN lens. Two groups of periodic sinusoidal segments recorded by a fast complementary
metal-oxide semiconductor camera aremodified, and their associated phases are derived with the unique
technique. The data are substituted into the special equations derived from the Fresnel equations, and
the refractive index can be obtained. When the processes are applied to other pixels, the full-field refrac-
tive-index distribution can be obtained similarly. Its validity is demonstrated. © 2010 Optical Society of
America
OCIS codes: 110.2760, 040.2840, 120.3180, 230.2090, 120.5050.

1. Introduction

The gradient-index (GRIN) lens is widely used in
many fields, such as in fiber communications and
biomedical and industrial applications [1,2]. The
correctness and symmetry of the refractive-index
distribution directly influence its product quality.
Therefore, it is necessary to identify the full-field
refractive-index distribution of the GRIN lens in ad-
vance. Several methods [3–9] have been proposed to
measure the full-field refractive index of the optical
waveguide or the GRIN lens, and they have good re-
sults. In our previous paper [10], we developed a
method to measure the full-field refractive-index dis-
tribution of aGRIN lens based on the oblique incident
approach without immersing it in the matching li-
quid. However, the camera must be set obliquely to

match the image plane in order to correct the ratio
of lateral scales, and the depth of field of the imaging
lens limits the oblique angle of the measured sample.
For a larger oblique angle, the images are easily ob-
scured. To overcome these drawbacks, an alternative
method for measuring the full-field refractive-index
distribution of the GRIN lens based on the normal in-
cident approach is presented in this paper. A linearly/
circularly polarized heterodyne light beam in turn en-
ters a modified Twyman–Green interferometer, in
which a GRIN lens is located in one arm for test.
Two groups of full-field interference signals are taken
by a fast complementary metal-oxide semiconductor
(CMOS) camera. The sampling intensities recorded
at each pixel can be fitted to derive sinusoidal signals,
and their associated phase can be calculated with the
unique technique [11]. Then, substituting these data
into the special equations derived from Fresnel equa-
tions, the refractive index at that pixel can be esti-
mated. The processes are applied to other pixels,
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then full-field refractive-index distribution can be
obtained similarly. Its validity is demonstrated.
Although it is easier to align the imaging system
and get clear images in this method, two phase mea-
surement procedures need to be operated. Moreover,
its measurement error is smaller than that of the ob-
lique incidence method. This method measures only
the refractive index in the end surface plane from
which the light in the interferometric method is re-
flected. Thus, it does not in any way measure the re-
fractive index in any internal plane perpendicular to
the waveguide axis; i.e., the uniformity of the axial
index distribution is not probed by this method.

2. Principle

A. Phase of the Interference Signal

A modified Twyman–Green interferometer for test-
ing a GRIN lens is shown in Fig. 1. It consists of a
heterodyne light source (HLS), beam splitter (BS),
quarter-wave plates (Q1 and Q2), reference mirror
(M), test GRIN lens (G), analyzer (AN), imaging lens
(IL), and CMOS camera (C). In this interferometer,
two optical paths are (1) BS → Q2 → M → Q2 → BS
→ AN → IL → C (the reference beam) and (2) BS
→ G → BS → AN → IL → C (the test beam). The
lights reflected from the M and the G pass through
the AN and interfere with each other. For conveni-
ence, the þz axis is chosen to be along the light pro-
pagation direction and the y axis is along the
direction perpendicular to the paper plane. If the
HLS [10] with a frequency difference f between
the x and y polarizations is used, its Jones vector
can be written as [12]

E1 ¼ 1ffiffiffi
2

p
�

eiπf t

e−iπf t

�
: ð1Þ

Let the fast axis of the Q2 and the transmission axis
of the AN be at 45° and 0° to the x axis, respectively,
and then the Jones vectors of the reference beam and
the test beam can be derived [12] and expressed as
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Here, RBS, M, and G are the reflection matrix of the
BS, M, and G; rm and r are the reflection coefficients
of the M and G; and ϕd1 and ϕd2 are the phase varia-
tions due to the optical path lengths of the reference
and the test beams, respectively. ϕr is the phase dif-
ference between the x and the y polarizations coming
from the reflection at the BS. The associated interfer-
ence signal is

IA ¼ jEr1 þ Et1j2 ¼ I01 þ γ1 · cosð2πf tþ ϕ1Þ

¼ 1
2

�
r2 þ rm2 − 2rrm cos

�
2πf tþ π

2

− ðϕd1 − ϕd2 þ ϕrÞ
��

; ð4Þ

where I01, γ1, and ϕ1 are the mean intensity, visibi-
lity, and phase of the interference signal, respec-
tively. From Eq. (4), we have

ϕ1 ¼ π
2
− ðϕd1 − ϕd2 þ ϕrÞ: ð5Þ

Next, Q1 with the fast axis at 45° to the x axis is
inserted into the optical setup, as shown in Fig. 1,
and we have a circularly polarized heterodyne light
beam. Consequently, the Jones vectors of the refer-
ence beam and the test beam become

Er2 ¼ ðANð0°Þ ·Q2ð−45°Þ ·M ·Q2ð45°Þ
× ·RBS ·Q1ð45°Þ · E1Þ · eiϕd1

¼ ei2πf t þ iffiffiffi
2
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�
1

0

�
; ð6Þ

Et2 ¼ ðANð0°Þ · RBS ·G ·Q1ð45°Þ · E1Þ · eiϕd2

¼ −
ei2πf t − iffiffiffi

2
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�
1
0

�
; ð7ÞFig. 1. Schematic diagram of the modified Twyman–Green

interferometer.
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respectively. The interference signals are

IB ¼ jEr2 þ Et2j2 ¼ I02 þ γ2 · cosð2πf tþ ϕ2Þ
¼ A · cosð2πf tÞ þ B · sinð2πf tÞ þ C; ð8Þ

where I02, γ2, and ϕ2 are the mean intensity,
visibility, and phase of the interference signals,
respectively:

A ¼ rrm sinðϕd1 − ϕd2 þ ϕrÞ and B ¼ 1
2
ðrm2 − r2Þ:

ð9Þ

So we have

ϕ2 ¼ tan−1

�
−
B
A

�
¼ cot−1

�
2rrm sinðϕd1 − ϕd2 þ ϕrÞ

ðrm2 − r2Þ
�
:

ð10Þ

Substituting Eq. (5) into Eq. (10), it becomes

r ¼ − cosϕ1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ϕ1 þ cot2 ϕ2

p
cotϕ2

rm; ð11aÞ

where n is the refractive index of the G. According to
Fresnel equations [13], r can be rewritten as

r ¼ n − 1
nþ 1

: ð11bÞ

From Eqs. (11a) and (11b), we have

n ¼ cotϕ2 − rm cosϕ1 þ rm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ϕ1 þ cot2 ϕ2

p
cotϕ2 þ rm cosϕ1 − rm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ϕ1 þ cot2 ϕ2

p : ð12Þ

It is obvious from Eq. (12) that n can be calculated
with themeasurement of phases ϕ1 and ϕ2, assuming
the experimental condition rm is specified.

B. Phase Measurements with Heterodyne Interferometry

Because the reference signals used in conventional
heterodyne interferometry for evaluating the abso-
lute phases are difficult to apply to a two-dimensional
measurement, our previously proposed technique
[11]with an electro-opticmodulator is introduced into
thismethod. The configuration of theHLS is shown in
Fig. 2, and it consists of a linearly polarized laser
source (LS), an electro-optic modulator (EO), a linear
voltage amplifier (LVA), and a function generator
(FG). An external sawtooth voltage signal with period
TðT ¼ 1=f Þ and amplitude V coming from the FG and
theLVA is applied to drive theEO. TheCwith a frame
frequency of f c anda frameexposure timeΔt is used to
take s frames.We choose the condition thatV is smal-
ler than the half-wave voltage Vπ, so each pixel re-
cords a group of periodic sinusoidal segment and
each segment has an initial phase ψ, as shown in
Fig. 3(a). Here, we have ψ ¼ ϕ − ϕ0, where ϕ0 ¼ V

Vπ
π

is the characteristic phase andϕ is the absolute phase
to be measured. Next, let the T be lengthened to T þ
ðVπ − VÞT=V as shown in Fig. 3(b), the interference
signal can be modified to a continuous sinusoidal
signal and represented as

IcðtkÞ ¼ I0

�
1þ γ cos

�
2π V

VπT
tk þ ψ

��
: ð13Þ

Then, Eq. (13) is processed by using the three-
parameter sinewave fitting [14] to get the phase data,
and the fitted equation has the form of

IðtkÞ ¼ A0 · cosð2πf tkÞ þ B0 · sinð2πf tkÞ þ C0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A0

2 þ B0
2

q
· cosð2πf tk þ ψÞ þ C0; ð14Þ

where

ψ ¼ tan−1

�
−
B0

A0

�
: ð15Þ

whereA0,B0, andC0 are real numbers and they canbe
derived with the least-squares method [14]. Finally,
the phase ϕ can be obtained by calculating under
the condition thatV andVπ are specified. If these pro-
cesses are applied to all other pixels, then the asso-
ciated data ϕðx; yÞ can be obtained similarly.

Fig. 2. Configuration of the heterodyne light source.

Fig. 3. (Color online) (a) Sampled interference signal as V < Vπ
and (b) corresponding modified interference signal with length-
ened period.
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3. Experiments and Results

To show the feasibility of this method, a GRIN lens
(AC Photonics, Inc./ALC-18) with a NA of 0.46, a dia-
meter of 1:8 mm, and a length of 0.25 pitch is tested. A
He–Ne laser with 632:8 nm wavelength, an electro-
optic modulator (New Focus/Model 4002), a CMOS
camera (Basler/A504K) with 8 bit gray levels and
600 × 600 pixels, a reference mirror with rm ¼ 99%,
and a 4× image lens IL were used. Under the condi-
tions f ¼ 20 Hz, Vπ ¼ 144 V, V ¼ 120 V, f c ¼
300 frames=s and s ¼ 300 frames were taken in 1 s
each time. The measurement was applied in turn be-
fore/after inserting the quarter-wave plateQ1; the as-
sociated phase distributions ϕ1ðx; yÞ and ϕ2ðx; yÞwere
obtained with MATLAB software (MathWorks, Inc.).
Substituting them into Eq. (12), nðx; yÞ can be esti-
mated. For easier reading, the contour of the refrac-
tive index nðx; yÞ is depicted in Fig. 4. For
comparison, this GRIN lens was also tested with
our previous method [10], and the measured contour
of the refractive index is shown in Fig. 5. From these
two figures, we can see that they have the same ec-
centric distances anda similar refractive-indexdistri-
bution. Hence, both results are consistent. The

deviations from axial symmetry in both results might
come from the fabrication error.

4. Discussion

The errors in the phasemeasurements in thismethod
may be influenced by the characteristic phase errors
Δϕ0, the sampling error Δϕs, and the polarization-
mixing error Δϕp. The errors in V and Vπ directly in-
troduce a systematic error Δϕ0 to the characteristic
phase ϕ0. The resolution ofV from the power supplier
is ΔV ¼ 0:016 V. Also, Vπ can be measured [15], and
its error is estimated asΔVπ ¼ 0:015 V.Hence the er-
ror of ϕ0 can be estimated and expressed as
Δϕ0 ¼ ϕ0 · ½ðΔV=VÞ2 þ ðΔVπ=VπÞ2�1=2. Substituting
our measurement results ϕ1 ≈ 0° and 63:5° ≤ ϕ2 ≤

67:5° in turn into ϕ0, the associated errors can be de-
rived asΔϕ01 ¼ 0° andΔϕ02 ≈ 0:01°, respectively. Be-
sides,Δϕs ¼ 0:036° andΔϕp ¼ 0:03° canbe estimated
in our previous paper [11].

Consequently, the total errors of Δϕ1 and Δϕ2 are
Δϕ1 ¼ Δϕ01 þΔϕs þΔϕp ¼ 0:066° and Δϕ2 ¼ Δϕ02
þΔϕs þΔϕp ¼ 0:076°, respectively. From Eq. (12),
the error of refractive-index measurement in this
method can be derived and expressed as

Δn ¼
����
�
∂n
∂ϕ1

�
·Δϕ1

����þ
����
�
∂n
∂ϕ2

�
·Δϕ2

����¼
rmj sinϕ1 sin 2ϕ2Δϕ1 þ 2 cosϕ1Δϕ2j

����
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ϕ1 þ cot2 ϕ2

p
− cosϕ1

����
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ϕ1 þ cot2 ϕ2

p �
cosϕ2 þ rm sinϕ2

�
cosϕ1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2 ϕ1 þ cot2 ϕ2

p ��
2 :

ð16Þ

Fig. 4. (Color online) Refractive-index contour of the GRIN lens
with this method.

Fig. 5. (Color online) Refractive-index contour of the same GRIN
lens with our previous method.
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Substituting rm ¼ 99%,ϕ1 ≈ 0°, and63:5° ≤ ϕ2 ≤ 67:5°
into Eq. (16),Δn ≈ 0:002 can be obtained. Besides, the
reflectance of the mirror M might influence the mea-
surement resolution. Substituting ϕ1 ≈ 0°, ϕ2 ¼ 64°,
and 90% ≤ rm ≤ 99% into Eq. (16), the variation of
Δn does not exceed 10−5; therefore, this issue can be
neglected.

In our previous oblique incidence method [10], the
camera should be set obliquely to match the image
plane.Consequently, itmayhavethemagnificationer-
ror and low image quality. In addition, it is difficult to
set the camera properly. Although it is easier to align
the imaging system and get clear images in this
method, two phase measurement procedures need to
beoperated.Moreover, itsmeasurementerror is smal-
ler than that of the oblique incidence method
(Δn ¼ 0:021 − 0:025).

5. Conclusion

An alternativemethod formeasuring the full-field re-
fractive-index distribution of the GRIN lens has been
presented in this paper. A linearly/circularly polar-
ized heterodyne light beam in turn enters a modified
Twyman–Green interferometer inwhich aGRIN lens
is located in one arm for test. Two groups of full-field
interference signals are taken by a fast CMOS cam-
era. The sampling intensities recorded at each pixel
are fitted to derive a sinusoidal signal, and its asso-
ciated phase can be calculated with the unique tech-
nique. Then, substituting these two groups of phase
distribution data into the special equations derived
from the Fresnel equations, the refractive index at
that pixel can be estimated. The processes are applied
to other pixels, and then the full-field refractive-index
distribution can be obtained similarly. The validity
has been demonstrated.

This study was supported in part by the National
Science Council of Taiwan (NSCT), under contract
NSC95-2221-E009-236-MY3.
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