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The three-intensity technique is used to calibrate a photoelastic modulator by its temporal waveform. This
method not only allows us to measure the intrinsic static phase retardation and modulation amplitude but
also provides the evidence for the existence of circular dichroism (CD) in the photoelastic modulator. In this
report, we will demonstrate the averaged intensity for normalization in this PEM modulated light not only
depicts a periodic modulation, it also exhibits anti-symmetric distributions at P=45° and P=−45°, which
was considered as constant for conventional PEM ellipsometry. Four models were examined to verify that
only a circular dichroism medium coupled with the periodical induced birefringence modulator can explain
the phenomena. This work can quantitatively measure the artifactual CD effect of PEM and reduce its system
error in CD spectrometer which consists of a PEM.
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1. Introduction

The photoelastic modulator (PEM) is a device that uses the
photoelastic effect to modulate phase retardation harmonically [1].
Recently, the PEM has been used to replace the wave plate in some
metrological techniques, especially for polarization-related mea-
surements [2]. To ensure optimum performance, it is necessary to
accurately calibrate the azimuth angle, initial static retardation and
modulation amplitude of the PEM. Using data acquisition (DAQ)
system, Wang et al. [3] carefully determined the modulation
amplitude by its digitized temporal waveform. The three-intensity
measurement technique [4] in a polarizer–PEM–analyzer configu-
ration is used as another alternative method to calibrate the
photoelastic modulator through its temporal waveform. To our
surprise, its asymmetric intensity distribution at P=−45° and 45°
can only be explained by the existence of circular dichroism (CD) in
the PEM. Because of the existence of this artifactual CD, Claborn et al.
[5] constructed a new circular dichroism imaging microscopy
instead of using a commercial JASCO old product. In addition,
Shindo [6] also showed the artifactual CD effects in the commercial
CD spectrometers, both of which consist with a PEM. In fact, as early
as 1972, Nordén and Davidson [7,8] had already shown that the
strain in polyethylene could generate circular dichroism. The
artifactual CD coupled with linear birefringence (LB) was also
widely discussed by Schellman [9]. However, this effect has never
been considered in the conventional PEM ellipsometry/polarimetry
because only harmonics were used to deduce the physical
parameters. The intensity fluctuation in DC for normalization has
been averaged out in the process of measurement.
The three-intensity measurement in ellipsometry [4] has been
developed to replace the over determination technique for fast
Fourier transformation or least squares fit. Chao et al. [4] proved
that this technique can save both time and memory without
degrade the ellipsometric measurements. Moreover, this technique
also provides the feasibility of establishing the two-dimensional
ellipsometry/polarimetry [10–12]. Based on this concept, Han and
Chao [13] also developed a stroboscopic illumination technique in
the PEM modulated ellipsometry to form an imaging system. Since
only four specific polarization states in a cycle were used to obtain
the ellipsometric parameters, its initial phase and the stability of
intensity for normalization are crucial for this technique to obtain
the accurate result. This work not only can improve the
measurements of PEM imaging ellipsometry/polarimetry, it also
can reduce the system error in PEM-related CD measurements.

The combination of a circular diattenuator and a linear retarder
is considered to be the physical model of the PEM in this work.
Since the Stokes parameters can also be obtained by the same
three-intensity measurements, we will investigate the state of
polarization (SOP) and its angular deviation from various models
on Poincare sphere.

2. Theoretical background

The basic setup for measuring the parameters of PEM is shown in
Fig. 1. The Stokes vector S represents the polarization state, where
subscripts f and i represent for the final and initial linear polarized
states, respectively. The P-PEM-A polarimetric system can be
expressed as:

Sf = MAð2AÞMRð−2θÞMPEMMRð2θÞSi ð1Þ
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Fig. 1. Schematic setup of the polarimeter for calibrating the photoelastic modulator.
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whereMR(2θ) andMA(2A) are the Mueller matrices for a rotator with
rotating angle θ and an analyzer with its transmission axis atA,
respectively. Let PEM be a combination of a diattenuator (linear
dichroism MLD or circular dichroism MCD) and a linear retarder. All
their Mueller matrices are listed in the Appendix. The four possible
models of PEM are (1)MLD MLB , (2)MLB MLD, (3)MLB MCD and (4)MCD

MLB. When Si is the linear polarized light whose azimuth is at P, the
measured intensity for the above four cases can be written as

I1ðAÞ = I2ðAÞ = I0½cosh LD + cosð2A−2θÞ cosð2P−2θÞ cosh LD
+ cosϕ sinð2A−2θÞ sinð2P−2θÞ
+ 2cosðP−θÞ cosðA + P−2θÞ sinhLD�; ð2Þ

I3ðAÞ = I0½coshCD + cosð2A−2θÞ cosð2P−2θÞ
+ cosϕ sinð2A−2θÞ sinð2P−2θÞ + sinð2A−2θÞ sinϕ sinhCD�;

ð3Þ

and

I4ðAÞ = I0½coshCD + cosð2A−2θÞ cosð2P−2θÞ
+ cosϕ sinð2A−2θÞ sinð2P−2θÞ− sinð2P−2θÞ sinϕ sinhCD�;

ð4Þ

where I0 is the normalized intensity and φ is the phase retardation of
linear retarder. The averaged intensity measured by the three intensi-
ties at the azimuth of the analyzer at 0°, 60° and 120° is noted as Iki ,

Iki =
1
3

Ii 0ð Þ + Ii
π
3

� �
+ Ii

2π
3

� �� �
ð5Þ

and i indicates the case number, it is easy to prove

Ik1 = Ik2 = I0½cosh LD + cosð2P−θÞ sinh LD�; ð6Þ

Ik3 = I0 coshCD: ð7Þ

From Eq. (7), one can immediately conclude that Ik3 is static;
moreover, when P=±45∘and θ of PEM is close zero (see Eq. (6)), both
Ik1 and Ik2 are also independent of the modulated phase ϕ. None of
these three cases exhibit the observed asymmetric intensity distri-
bution at P=−45° and 45o. However, the averaged intensity Ik4,

Ik4 = I0½coshCD− sinð2P−θÞ sinϕ sinhCD�; ð8Þ

presents a periodical distribution under the phase modulation ϕ and
its asymmetric intensity distribution at P=−45° and 45° is just what
we observed in this experiment, so MCD MLB is considered to be the
model for PEM.

By considering the existence of the static phase retardation Δi in
the PEM, its phase retardation can be expressed as [14]:

ϕ = Δi + Δ0 sinðωtÞ ; ð9Þ

where Δi, Δ0 and ω are the static retardation, modulation amplitude
and modulation frequency of the PEM, respectively. Since the
temporal averaged intensity Īk can be defined as ∫0
2π /ωIkdt /(2π) by

averaging Eq. (8), we can prove that

I
�
k = ∫2π = ω

0 Ik4dt = 2πð Þ = I0 coshCD− sin 2P−2θð ÞJ0 Δ0ð Þ½ � ð10Þ

where J0 is the zero-order Bessel function. If the absolute value of the
CD is less then 0.1 and Δib 5°, then Īk≈ I0 and one can use it to
normalize the intensity. Using the three-intensity measurements [4],
the following can be proven:

tanð2θÞ = Ia− cos2P
sin2P−Ib

; ð11Þ

cosϕ =
I2a + I2b−Ia cos2P−Ib sin2P
−1 + Ia cos2P + Ib sin2P

ð12Þ

where

Ia = ½2Ið0Þ−Iðπ= 3Þ−Ið2π = 3Þ�= ð3 I
�
kÞ; ð13Þ

Ib =
ffiffiffi
3

p
½Iðπ = 3Þ−Ið2π = 3Þ�= ð3 I

�
kÞ: ð14Þ

Using Eqs. (11) and (12), along with the normalized intensity, we
can calculate the optical axis and phase retardation, respectively. The
CD can be obtained by substituting ϕ and θ into Eq. (8). It is easy to
prove that theoutput Stokesparameter can also beobtainedby the same
measurements; i.e., So=1; S1= Ia; S2= Ib; and S3=± (1− Ia

2− Ib
2)1/2.

3. Experiment

The optical properties of a PEM were investigated using a PSA
polarimeter. Fig. 1 depicts the experimental setup. Light (L, from a
He–Ne laser) passed through a polarizer whose azimuth angle was
set to 45° and −45° with respect to the horizontal axis. The
analyzer was mounted on a stepping motor controlled rotator, and
three radiances were measured at the azimuth of the analyzer at
0°, 60° and 120°. The operating frequency of the PEM (Hinds PEM-
90™) was 50.91kHz and its modulation amplitude was set to 2.405
for Jo(Δo)=0. A data acquisition system (NI PCI-6111) was used to
acquire the temporal intensity with a sampling rate of 10 MHz.
Two consecutive experiments were conducted by setting P=45°
and P=−45° to measure its physical parameters and its output
Stokes parameters.

4. Results and discussion

From Eq. (6), it is very easy to prove that if the PEM is a pure linear
birefringence material, the averaged intensity should be a constant, Io.
However, the measured averaged intensity Ik which fluctuates more
than 10% not only depicts a periodicmodulation but also exhibits anti-
symmetric distributions at P=45° and P=−45°, as shown in Fig. 2.
This non-constant distribution ofIk indicates that the artifactual
circular dichroism does couple with the birefringence in the PEM.
Using Eqs. (8), (11) and (12), along with the normalized intensity, we
calculated the optical axis, phase retardation and circular dichroism,
which are illustrated in Figs. 3, 4 and 5, respectively. From these
figures, we can conclude that the azimuth angle of the optical axis and
circular dichroism approach to a constant, except around the singular
points, i.e., ωt close to 0 and π. In these measurements, the averaged
results for the azimuth angle of the optical axis and circular dichroism
were −0.20±0.09° and −0.066±0.002, respectively. The modula-
tion amplitude was 2.488 (0.396 λ), which was closer to the panel
value, i.e., 0.383 λ, than what was obtained by Wang et al.'s [3]
calibration. By substituting these values in the intensity distribution,
such as shown by the line in Fig. 2, the periodic anti-symmetric



Fig. 2. The average temporal intensity distribution (Ik) measured at P=45°(o) and P=
−45°(x). The lines show the theoretical distribution of Ik, where CD=−0.066, θ=0
and (Δi,Δ0)=(0.076,2.488).

Fig. 3. The temporal azimuth distribution of the PEM's optical axis measured at
P=45°(o) , P=−45°(x) and its averaged (●).

Fig. 5. The temporal CD distribution of the PEM measured at P=45°(o), P=−45°(x)
and its averaged (●) values.
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distribution of intensity measured at P=45° and P=−45° can be
explained.

The states of the polarization (SOP) of the light generated by
the PEM can be applied in stroboscopic illumination imaging
ellipsometry [13]. The precisely generated or measured SOP can be
used to determine the success of the imaging ellipsometry. Since
the SOP can be determined by the same three-intensity measure-
ments, we like to compare the angular deviation (σ) of the SOP on
Poincare sphere between the measured SOP (Sm) with that (Sa) of
Fig. 4. The temporal retardation of the PEM: the line indicates its modulation amplitude
Δo=2.405; the measured retardation at P: 45°(o) and −45°(x).
various models. Three models of PEM were simulated for
comparison and noted as MH, MW and MCDLB. The first one, MH,
is model of Hinds PEM-90, and its parameters (CD, Δi, Δo) are (0,
0, 2.405). MW is model calibrated by Wang et al. [3], and its
parameters (CD, Δi, Δo) are (0, 0.074, 2.526). And the last, MCDLB,
is model proposed in this paper, and its parameters (CD, Δi, Δo)
are (−0.066, 0.076, 2.488). The angular deviation σ of these three
models is illustrated in Fig. 6. Just as expected, the worst model is
the one before calibration of Hinds PEM-90. After calibration,
without considering the existence of CD, the angular deviation of
the SOP is close to zero only in the first half period; the deviation
in the other half can reach 4°. The angular deviations of the SOP of
Model (III) are close to zero, except at the singular points. By
comparison, we can conclude that the PEM is a linear birefrin-
gence medium followed by a weak CD medium.

The photoelastic modulator that employs the strain-induced
birefringence can accompany with the unavoidable stray birefrin-
gence [15], such as static phase retardation, CD and dual
modulation mode [16]. All these phenomena can only be analyzed
from its waveform instead of its harmonic components which can
bury all these effects in the Fourier transformation. The digitized
oscilloscopic ability in data acquisition system indeed provides us
a powerful tool to study the modulator for establishing some new
instruments, such as stroboscopic illumination imaging ellipsome-
try [13] and Mueller Matrix polarimetry [17]. This work can
quantitatively measure the artifactual CD effect of PEM and reduce
its system error in CD spectrometer which consists with a PEM.
Fig. 6. The measured temporal SOP angular deviation (σ) on a Poincare sphere under
various models of PEM (CD, Δi, Δo); Model (I) MH, “o”; Model (II) MW, “×”; Model (III)
MCDLB, “●”. Upper right corner: angular deviation of σ on the Poincare sphere.
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Appendix

For anisotropic medium, Azzam and Bashara [18] listed the
normalized Jones matrices in the followings:

JLB =
e jϕ2 0

0 e−j ϕ2

" #
; ðA1Þ

JLD =
e
LD
2 0

0 e
−LD

2

2
64

3
75 ðA2Þ

whereϕ and LD are the linear retardation and the relative attenuation,
respective. The azimuth of fast axis and low-absorption axis are at
zero, respectively. The circular attenuator with circular dichroism CD
is written as

JLD = coshðCD= 2Þ j sinhðCD=2Þ
−j sinhðCD=2Þ coshðCD= 2Þ

� �
ðA3Þ

TheMuellermatrix (M) can be transformed from its corresponding
Jones Matrix by the unitary transformation [19],

M = UðJ⊗J�ÞU−1
; ðA4Þ

where ⊗ represents the Kronecker product and U is

U =
1ffiffiffi
2

p
1 0 0 1
1 0 0 −1
0 1 1 0
0 −j j 0

2
664

3
775: ðA5Þ
So, one can write the Mueller matrices for the linear retarder,
linear and circular dichroism as

MLB =

1 0 0 0
0 1 0 0
0 0 cosϕ sinϕ
0 0 � sinϕ cosϕ

2
664

3
775; ðA6Þ

MLD =

coshðLDÞ sinhðLDÞ 0 0
sinhðLDÞ coshðLDÞ 0 0

0 0 1 0
0 0 0 1

2
664

3
775; ðA7Þ

MCD =

coshðCDÞ 0 0 sinhðCDÞ
0 1 0 0
0 0 1 0

sinhðCDÞ 0 0 coshðCDÞ

2
664

3
775; ðA8Þ
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