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In steganography, several different types of media have been used as carriers, such as images, audios
and video streams, to hide secret data. Nevertheless, various novel media and applications have been
developed due to the rapid growth of internet. In this paper, we select maze games as carrier media to
conceal secret data. The original idea of embedding data in a maze is proposed by Niwayama et al. Their
method has two disadvantages. One is the very small embedding capacity; the other is that the stego
maze is not perfect. Here, we propose an improved algorithm for increasing the embedding capacity and
preserving the “perfect” property.
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1. Introduction

Steganography (Cox et al., 2008) is a method to conceal and pre-
serve the secrecy of information in a carrier. Traditionally, images,
audios and video streams have been used as carriers due to their
popularity on the internet. Nevertheless, various novel media and
applications have been developed due to the rapid growth of inter-
net. For example, users can play online games with friends, send
puzzles to friends’ mobile devices (Shirali-Shahreza and Shirali-
Shahreza, 2008), or download printable puzzles for kid education
(Fun Printable Mazes for Kids, 2009). Hence, some methods (Shirali-
Shahreza and Shirali-Shahreza, 2008; Hernandez-Castro et al.,
2006; Niwayama et al.,2002; Diehl, 2008; Desoky and Younis, 2009;
Kieu et al., 2009; Farn and Chen, 2009a,b; Zander, 2008) have been
proposed to conceal message in these novel media. A maze is an
excellent educational game (Fun Printable Mazes for Kids, 2009),
so many maze games could be found on the internet (Fun Printable
Mazes for Kids, 2009; Novel Games, 2009; WORLDVILLAGE KIDZ,
2009; Lost in the maze, 2009). Besides, the maze is a novel carrier in
steganography (Niwayama et al., 2002). Discovering new and bet-
ter carrier can enhance the secrecy of steganography. In this paper,
we will propose a steganographic method using a perfect maze to
hide secret data. In the following, we will give a brief description
for a perfect maze.

A maze (see Fig. 1) basically contains cells, walls, a starting cell,
and an end cell. Logically, a maze is a puzzle with complex mul-
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Fig. 1. An example to illustrate a maze structure.

tipath network, and a player is to find a solution path from the
starting cell to the end cell. A rectangular maze has m cells in width
and n cellsin height and is denoted as m x n maze, it is called perfect
if there exists one and only one path between any two cells (Pullen,
2009). Figs. 2 and 3 (Kirkland, 2009) show a perfect maze and an
imperfect maze, respectively. From our observation, most puzzles
appearing in websites (Fun Printable Mazes for Kids, 2009; Novel
Games, 2009; WORLDVILLAGE KIDZ, 2009; Lost in the maze, 2009)
are rectangle and perfect. For security consideration, the created
maze should look like a common one (Pullen, 2009). Hence, here
we only deal with rectangular perfect mazes.

Regarding cells as nodes, carved invisible walls as links, we can
express a maze as a graph. Fig. 4 shows an example, a number
attached to a link connecting two nodes N and M stands for the
number of intermediate nodes appearing in the shortest path from
N to M. Based on this representation, we can find that a perfect
maze corresponds to a tree (see Fig. 5), such relation can be used to
prove whether a generated maze is perfect.

The rest of the paper is organized as follow. Section 2 outlines
the previous works. Section 3 describes the proposed algorithm
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Fig. 3. A 16 x 12 imperfect maze.

and Section 4 is the proof and security analysis for the proposed
method. Section 5 illustrates the experimental results, and Section
6 draws conclusions.

2. Previous works

In this section, we will first introduce a typical maze generator,
then a steganographic method based on this generator is described.

2.1. Hunt-and-Kill maze generating (HKMG) algorithm

There are a number of maze generating algorithms (Pullen,
2009), Hunt-and-Kill maze generating algorithm (Niwayama et al.,
2002) is typical. The HKMG algorithm generates a maze by carving
walls. Fig. 6 shows a maze generated by the HKMG algorithm. In
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Fig. 5. Correspondence between a perfect maze and a tree.
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Fig. 6. An maze generated by HKMG algorithm.

HKMG algorithm, there are three types of cells defined as follows:

‘In’ cell (I): a cell that has been processed and always keeps its
type.

‘Frontier’ cell (F): a cell that is processed and is a 4-neighbor of a
certain “I” cell.

‘Out’ cell (O): a cell not yet processed.

In the following, we will give a brief description for the HKMG
algorithm.

The corresponding graph

Fig. 4. Correspondence between an imperfect maze and a graph.
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Fig. 7. An imperfect maze generated by the HK embedding algorithm. (a) A perfect maze generated. (b) The solution path remained with eight embeddable cell marked by
“A . (c)Secret data ‘111111’ embedded with six embeddable cells marked by “A ”. (d) A maze with an inaccessible area generated based on (c).

. Mark all cells as O cells.

. Mark the starting cell as I cell, and mark each O cell in the 4-

neighborhood of the I cell as F cell.

3. Choose an F cell around an I cell, and carve the wall between the
F cell and the I cell. Mark the F cell as I cell, and mark each O cell
in the 4-neighborhood of the I cell as F cell. Repeat step 3 until
there is no F cell.

4. End.

N =

As mentioned previously, a maze can be represented as a graph.
Therefore, we can show that the HKMG algorithm generates a per-
fect maze only by only showing that the corresponding graph is
a tree. The reason is that any two nodes in a tree have one and
only one path. This matches the property of a perfect maze. In the
following, we will give a brief proof.

Theorem 1.
maze.

A maze generated by the HKMG algorithm is a perfect

Proof. At first, let set A contain only the starting cell. Create a
graph G with the starting cell to be its root node. In step 3 of the
HKMG algorithm, when an F cell is chosen, a new node correspond-
ing to the F cell is created and added in G. When a wall between
the F cell and its neighbor I cell is carved, a link between the cor-
responding two nodes (one for I cell in set A, the other for F cell
outside A) is added in G, and the F cell is added in set A. This will
guarantee that no loop occurs in G. Thus, at the end of the HKMG
algorithm, each cell has a corresponding node added to G and con-
nected to a certain node. This means that the corresponding graph
Gis atree.

The HKMG algorithm is nearly bias free (Lost in the maze, 2009).
A maze generation algorithm is called bias free, if it treats all direc-
tions and sides of the maze equally. Since HKMG algorithm is nearly
bias free, we could say it generates almost all perfect mazes with
the same probability. Besides, the HKMG algorithm does not require
extramemory (Lost in the maze, 2009). Hence, the HKMG algorithm

can be used to create mazes of larger size or executed on systems
with limited processing power.

2.2. Hunt-and-Kill embedding algorithm

Niwayama et al. (2002) provided a data hiding method called HK
embedding algorithm, which embeds secret data in a maze gen-
erated by the HKMG algorithm. The HK embedding algorithm is
described as follows:

1. Locate a solution path from the starting cell to the end cell.

2. Make branches in the solution path depending on embedded
data. Concretely, if the embedded data bitis 1 then make a branch
on the right, else if the data bit is 0 then on the left.

3. Applying HKMG algorithm to complete the maze creation.

Unfortunately, the HK embedding algorithm may generate some
inaccessible sections (Niwayama et al., 2002). Fig. 7 shows an exam-
ple. A perfect maze (Fig. 7(a)) is first generated by HKMG algorithm.
Secondly, all cells are cleared besides the solution path from the
starting cell S to the end cell E (see Fig. 7(b)). If the embedded data
are ‘111117’, then the solution path makes six right branches (see
Fig. 7(c)). After applying HKMG algorithm to Fig. 7(c) to complete
the maze creation, an inaccessible section on the upper part of the
maze (see Fig. 7(d)) is generated. Each cell in this section does not
connect to S and E. Thus, the maze generated by this algorithm
is not a perfect maze. This might attract the attention of inspec-
tors. According to Cox et al. (2008), the property of undetectability
is the main requirement of steganography. Furthermore, the HK
embedding algorithm provides very small embedding capacity. To
overcome these problems, we will propose an improved embed-
ding method to generate a perfect maze, and the proposed method
will provide more embedding capacity by using multiple paths
instead of only one path.
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Fig. 8. One example to illustrate embeddable cells. (a) The white path stands for the solution path. (b) Embeddable cells marked by black triangles.

3. Proposed method

The main idea of the proposed method is to consider multipaths
rather than only the solution path to gain more embedding capacity.
Before describing the proposed method, we will define “embed-
dable cell” which will be used to embed a bit. Suppose the HKMG
algorithm is used to generate a perfect maze, and the solution path
from the starting cell to the end cell is located. All cells on the path
are marked as I cells, the other cells are reset to be O cells, and all
walls are rebuilt, except those in the path (see Fig. 8(a)).

Definition 1. An embeddable cell, A, is an I cell, which is in the
solution path with exact two O cells in its 4-neighbors, and each
O cell should not be a neighbor of another embeddable cell which
appears before A.

Fig. 8 shows an example. In Fig. 8(b), the cells with black trian-
gles are embeddable ones and the gray cell is an O cell and is the
overlapped neighbor of two I cells, thus the cell with a black solid
circle is not an embeddable cell. Based on the definition, all embed-
dable cells can be located. According to the embedding bit, we carve
the wall between an embeddable cell and one O cell around it, and
mark the O cell as I cell. There are six kinds of embeddable cells
shown in Fig. 9. Each embeddable cell has two neighboring O cells
marked as 1 and 0. If a “1” bit is embedded, then the wall between
the embeddable cell and the cell marked “1” is carved, and the “1”
cell is marked as I cell. Otherwise the wall between the embeddable
cell and the cell marked as “0” is carved, and the “0” cell is marked
as I cell.

To increase embedding capacity, we can embed bits into mul-
tipaths instead of only one path. In the proposed method, we first
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Fig. 9. Six kinds of embeddable cells.

generate a perfect maze with HKMG algorithm. Subsequently, we
choose some cells as the start cells and one cell as the common
end one of the multipaths. Finally, we solve the perfect maze to
obtain the corresponding multipaths. These multipaths sometimes
will merge at some cells. Fig. 10(a) shows a 10 x 10 perfect maze
generated by the HKMG algorithm. Fig. 10(b) shows two solution
paths. The two solution paths start at S and T, respectively, they
have the common end cell E. The second path from T to E is merged
into the first path from S to E at cell A. Note that the number of solu-
tion paths and all the start cells and one end cell are chosen through
a random number generator and a seed, which will be considered
as the secret key. This part will be further addressed in Section 3.3.

3.1. Embedding algorithm

After obtaining the multiple paths, we order these paths accord-
ing to their starting cells from top to bottom and then left to right.
According to the path sequence, we trace each path from the start
cell to locate all embeddable cells. Note that if a subpath of a cer-
tain path has already been traced, it will be skipped. As a result, we
obtain a sequence of embeddable cells. Then data can be embedded
according to this sequence. Here, we will define a new type of cell,
‘D’ cell, which will be used in the proposed embedding algorithm.

Definition 2. Let A be an embeddable cell, B and C be its two
neighboring O cells. If the wall between A and B is carved to embed
one bit, cell Cis called a D cell.

The details of the proposed embedding algorithm are described
as follows:

. Create a maze using the HKMG algorithm (see Fig. 10(a)).

. Choose some cells as start cells and one cell as the end cell. Solve
multipaths from these starting cells to the end cell (see Fig. 10(b),
S and T stand for two starting cells, E stands for the end cell, and
A stands for the merging cell).

3. Reset all cells to be O cells and all walls as visible. Set those cells
on multipaths to be I cells. Carve each wall between two I cells
(see (c)).

4. Find all embeddable cells in each path and order them accord-
ing to the path sequence. Note that we do not set the cell on
boundary to be embeddable cell even if the cell is embeddable
(see Fig. 10(d), black triangles stand for embeddable cells).

5. For each embeddable cell, if the embedding bit is 1 (0), the wall
between the embeddable cell and its neighboring O cell marked
1(0) (see Fig. 9) is carved and the cell marked 1 (0) is set as I cell,
the other neighboring O cell marked 0 (1) is set as D cell (see
Fig. 10(e), D stands for the D cell).

6. Set those O cells around I cells to be F cells.

N —
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Fig. 10. An example of using our proposed method to embed data in a perfect maze. (a) A perfect maze generated by HKMG algorithm. (b) Two paths from S to Eand T to E
in (a) located with merged points A. (c) The result after performing Step 3 of the proposed embedding algorithm to (b). (d) All embeddable cells located. (e) The result after
embedding data in embeddable cells with D cells marked. (f) The result of applying HKMG algorithm to process F cells. (g) The immediate result of applying Step 8 of the
proposed embedding algorithm to (f). (h) The perfect maze generated after processing all Ds.

7. Process these F cells using HKMG algorithm (see Fig. 10(f), O
stands for the O cell).
8. Process the D cells.

(a) Scan the maze, and check if any D cell exists. If none, go to
step 9. Otherwise, choose a D cell with one of its neighbors
being an un-embeddable I cell and carve the wall between
the D cell and the un-embeddable I cell. Mark the D cell as I
cell, and mark each O cell in the 4-neighborhood of the I cell
as F cell (see Fig. 10(g)).

(b) Check if any F cell exists. If yes, go to step 7. If none, go to
step 8.

9. End (see Fig. 10(h)).

3.2. Extracting algorithm

To extract the embedded bits, the receiver must know the num-
ber of solution paths and locate the start and end cells of multipaths,
which can be extracted through the secret key and a pseudo ran-
dom number generator. This part can be found in Section 3.3. Since
the generated maze is perfect, the receiver can get the original mul-
tipaths accurately according to these start and end cells. Then, the
receiver can locate all embeddable cells. Finally according to the
direction of the branch in each embeddable cell, secret data can be
extracted successfully.

3.3. Maze information generation

In the proposed method, when the sender wants to embed secret
messages in mazes, he should determine a set of maze information
including the maze size (m x m), the number of solution paths (k),
six types of embeddable cells, the positions of start cells (sg, s1,

., Sk), and the position of end cell (e). In the paper, we provide
a method to produce the set of maze information automatically.
First, the sender inputs a seed to a pseudo random generator to
generate the set of maze information: the maze size (m x m), the
number of solution paths (k), six types of embeddable cells, the
positions of start cells (sg, s1, ..., S¢), and the position of end cell
(e), sequentially. Then, the sender uses the set of maze information
to generate a perfect maze with secret message embedded. If the
capacity of the generated maze is less than the size of the secret
message, the sender will continue to generate more perfect mazes
in the same way until the whole secret message is embedded. The
procedure is repeated until all secret messages are embedded. Note
that the secret messages will be padded to the capacity of the gen-
erated mazes. Finally, the sender considers the seed used to embed
secret messages as a secret key and share it with the receiver in a
secure way.

When the receiver receives mazes, the receiver can use the
secret key to produce the maze information, and based on the maze
information to extract secrets.
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Table 1
The embedding capacity of the proposed method.

Number of solution path HK embedding Proposed method

Proposed method

Proposed method Proposed method Proposed method

algorithm (1 path) (1 path) (2 paths) (3 paths) (4 paths) (5 paths)
Average capacity (bits) 64 125 152 213 216 224
4. Proof and security analysis for the proposed method 600 \
g 500 |
In this section, we first prove the maze generated by the pro- < 400} Er——
posed method is a perfect maze, then the security analysis for the T 200k — B4xE4
proposed method is described. § 200 b e 128x128
© 100 /#
4.1. The proof for generating a perfect maze 5 : ; y
1 2 3 4 5

As mentioned previously, since the maze generated by HKMG
algorithm is a perfect maze, we can build a corresponding tree. In
the proposed method, we first get the multipaths from some start
cells to one end cell. Thus, the corresponding subgraph, T, of these
multipaths can be obtained by taking off all nodes and edges, which
are not in these multipaths. The subgraph, T, is still a tree, since all
cells in the multipaths are connected through the end cell. When
we embed one bit into one embeddable cell, A, on the multipaths,
only one cell neighboring to A and not in Tis added to T, and the link
connecting the cell and A are added to T. Thus, the expanded graph
T after embedding all bits is still a tree. Subsequently, we use the
HKMG algorithm to process F cells. Since the HKMG algorithm is a
tree based algorithm, this will make the expanded graph T still be
a tree after all F cells are processed. At last, when a D cell with one
un-embeddable I neighboring cell is added, the expanded graph T
is still a tree. Thus, to prove that the generated maze is perfect, we
only need to prove thatall Ds are marked as I cells after the proposed
algorithm ends. To prove this point, six lemmas are first given; their
proof can be found in Appendix A. Here, we briefly describe the idea
of proof. For a D cell, its four 4-neighbors have four situations. The
first is that each of its four 4-neighbors is not a D cell, the second is
that exactly one of its four 4-neighbors is a D cell, the third is that
exactly two of its four 4-neighbors are D cells, the fourth is that
exactly three of its four 4-neighbors are D cells. Lemmas 3-6 are
provided to prove that for each situation, the D cell should become
an | cell after applying the proposed embedding algorithm. Lemmas
1 and 2 are provided to aid the proof of Lemmas 3-6.

Based on Lemmas 3-6, we can get the following theorem imme-
diately.

Theorem 2. In the proposed method, any D cell will become an I cell
when the method ends.

4.2. Security analysis for the proposed method

In steganography, there are two stages to break a stegano-
graphic system (Zollner et al., 1998; Katzenbeisser and Petitcolas,
2000): First, an attacker can detect the existence of a secret mes-
sage in a steganographic system. Second, the attacker can extract
the embedded message. Since each maze produced by the HKMG
algorithm is perfect, to make a HKMG based embedding method
undetectable, the perfect property should be kept. We have proved
that all mazes generated by the proposed method are perfect. This
makes an attacker not able to distinguish the mazes produced by
our proposed method from those produced by the HKMG algo-
rithm. However, the HK algorithm cannot guarantee that each
generated maze is perfect, this makes the HK algorithm detectable.
On the other hand, if an attacker wants to extract the embedded
bits by “brute force”, the attacker must guess correct start and
end cells and embedded type. Suppose that K is the maximum
number of solution paths. The attacker should guess the correct
six kinds of embeddable cells (total number of choices is 26), the

Solution paths

Fig. 11. The capacities of different sizes of mazes.

possible positions of start (total number of possible positions is
2
ni ) )and end cells (total number of possible positions is (n% —i)),

and the order of solution paths (total number of possible orders

is i! for i solution paths). Hence, the probability of the attack is
1

. 2 . 2+
6 2 _ 1
26 x Z (n? —1i) x ( R
2<i<K
K >4, the probability of the attack is less than 10~19, this is very
small. Thus, the proposed method is secure.

Note that when n> 10,

5. Experimental results

Note that when the HK embedding algorithm embeds a bit into
the solution path, a branch path will be generated and may adjoin
the solution path (see Fig. 7(c)), this makes some embeddable
cells in the solution path become un-embeddable (see Fig. 7(c),
two embeddable cells become un-embeddable). In our proposed
method, we mark all the embeddable cells and embed bits into
these embeddable cells before applying the HKMG algorithm.

5
-
B #ﬂrwﬁf"ﬁ

| |
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Fig. 12. A maze generated by the HKMG algorithm.
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Hence, no embeddable cells become un-embeddable. Thus, our
proposed method has higher capacity. We also conduct some
experiments to show this point. In Table 1, we generate twenty
64 x 64 mazes and calculate their capacities using different num-
ber of solution paths. In the HK embedding algorithm, only 64 bits
can be embedded into a 64 x 64 maze (Niwayama et al., 2002).
According to our experiment, the average capacity of the pro-
posed algorithm using one solution path is nearly twice that of
the HK embedding algorithm, and the capacity using three solu-
tion paths is three times. When embedding bits in more than three
solution paths, the capacity of our proposed algorithm will not
be increased substantially. Fig. 11 shows the capacity of 32 x 32,
64 x 64, and 128 x 128 mazes which embed bits into one to five
solution paths, respectively. Fig. 12 shows a 64 x 64 maze gen-
erated by the HKMG algorithm. Fig. 13 shows a 64 x 64 maze
generated by our proposed method using three paths, in which
there is 221 bit embedded. Both figures show perfect mazes,
and based on visual inspection we cannot identify the maze
that embeds secret data. From our experiments, we can also see
that our proposed algorithm actually provides higher embedding
capacity.

6. Conclusions

We proposed a novel method to embed secret data into
mazes (Fun Printable Mazes for Kids, 2009; Novel Games, 2009;
WORLDVILLAGE KIDZ, 2009; Lost in the maze, 2009). It gener-
ates perfect mazes (Pullen, 2009) that cannot be distinguished
visually by humans from other perfect mazes commonly used.
Hence, it significantly improves security over the existing HK
embedding algorithm (Niwayama et al., 2002) that does not gen-
erate perfect mazes. When encoding bits into one solution path
our new method on average provides approximately twice the
embedding capacity of the one-path HK algorithm. With larger
mazes our algorithm can utilize multiple paths for encoding to
further increase capacity, while maintaining its “undetectability”
for human vision. In future work, we will focus on other puzzle
games.
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Appendix A.

Lemma1. Fora D cell, exact one of its 4-neighbors is an embeddable
I cell.

Proof. Suppose AisaD cell, then Ais an O cell. By Definition 2, we
know that there is one of A’s 4-neighbors to be an embeddable I cell.
By Definition 1, we know that any two embeddable cells should not
have an O cell as their common 4-neighbors. Thus, only one of A’s
4-neighbors could be an embeddable I cell. The proof is completed.

Lemma 2. For an embeddable I cell, after a bit is embedded, exact
three 4-neighbors of the embeddable I cell are I cells.

Proof. Let A be an embeddable I cell. According to Definition 1,
we know that there are exact two 4-neighbors of A to be O cells,
that is, there are exact two 4-neighbors of A to be I cells. After a bit
is embedded, one of these two O cells will become an I cell. Thus,
there are exact three 4-neighbors of A to be I cells.

Lemma 3. Let A be a D cell, and each of its four 4-neighbors is not
a D cell, then A should become an I cell after applying the proposed
embedding algorithm.

Proof. SinceAisaD cell, by Lemma 1, we have exact one of its four
4-neighbors to be an embeddable cell. Without loss of generality,
suppose that C (see Fig. 14) is an embeddable cell, by Lemma 2, we
have exact three of C's four 4-neighbors are I cells. This implies that
B is an I cell. Since ] is not a D cell, ] will become an I cell. Since ] is
not embeddable, this will make A become an I cell.

Lemmad4. LetAbea D cellwithexactone ofits four 4-neighbors being
a D cell, then A should become an I cell after applying the proposed
embedding algorithm.

Proof. Suppose that A has exact one of its four 4-neighbors being
a D cell, and suppose that C is a D cell (see Fig. 14). Since Aisa D
cell, from Lemma 1, we have one of ], H, and F to be an embeddable
I cell.

(1) IfJ(or F)is an embeddable I cell, then from Definition 1, we have
that H is not embeddable, and from Lemma 2, we have that K
(or G)is an I cell. Since H is not a D cell, H will become an I cell,
this makes A become an I cell.

(2) IfHis an embeddable I cell, then from Lemma 2, we have that K
is an I cell, and from Definition 1, we have that ] is not embed-

B C E
J A F
K H G

Fig. 14. An example to illustrate Lemmas 3 and 4.
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dable. Since ] is not a D cell, ] will become an I cell, this will
make A become an [ cell.

Lemma 5. Let A be a D cell, and exact two of its four 4-neighbors
are D cells, then A will become an I cell after applying the proposed
embedding algorithm.

Proof. We prove this Lemma in two different cases (see Fig. 15).

Case1. SupposethatCand]areD cells(forCandF,JandH, or Fand
H, the proof is similar), then one of H and F will be an embeddable
I cell. If H is an embeddable I cell, then F is not embeddable and G
is an I cell (by Lemma 2). This implies that F is an un-embeddable I
cell. This make A become an I cell. If F is an embeddable I cell, the
proof is similar.

Case 2. Suppose ] and F (or C and H) are D cells.

(1) Consider F cell, if E, T and G are not D cells. By Lemma 4, we
have Fis an I cell, this will imply A to be an I cell.

(2) If one of E and G is a D cell, according to the proof of Case 1, we
have Fis an I cell, this make A be an I cell.

(3) IfE and G (for E and T, G and T, the proof is similar) are D cells,
by Lemma 6 (will be proved later), we have F is an I cell, this
will imply A to be an I cell.

(4) If exact T is a D cell, we consider S, Z, and U. According to the
number of Din S and U cells, we apply the similar proof of (1) to
(3)togetTtobeanIcell.Since TisanIcell, Fwillbecomeanlcell,
this will imply A to be an I cell. If the proof of (1) to (3) cannot be
applied, this means that the horizontal cells such as that from F
to M except W are D cells. Since we restrict all boundary points
not to be embeddable cell, W is not embeddable, and W is not
D due to that L and N are not embeddable cells. This means that
M has exact one of its 4-neighbors being D cell. By Lemma 4, M
will become an I cell, then we get the left cell of M be an I cell.
In the similar fashion, we get all horizontal cells from M to F be
I cells, then A will be an I cell.

Lemma6. LetAbea D cell, and exact three of its four 4-neighbors be
D cells, then Awill become I cells after applying the proposed algorithm.

Proof. If ], H, and F are D cells (see Fig. 15), then C will be an
embeddable I cell (by Lemma 1). According to Lemma 2, B, R, and E
will be I cells.

(1) Consider F, if G and T are not D cells. By Lemma 4, we have F is
an I cell, this will imply A to be an I cell.

(2) If one of G and T is a D cell, by Lemma 5, we have F is an I cell,
this will imply A to be an I cell.

R
B|CJ|E]|S Q| L
JI1A|F |T]|Z M| W
K|H|G|U P | N

Fig. 15. An example to illustrate Lemmas 5 and 6.

(3) If G and T are D cells, then E will be an embeddable I cell (by
Lemma 1), and S will be I cells (by Lemma 2). According to the
number of D in U and Z, we apply the similar proof of (1) or (2)
to get T to be an I cell. This make F become an I cell, then A will
be anIcell. If (1) and (2) cannot be applied, this means that we
have horizontal cells such as that from F to M are D cells except
the end cell W. Since we restrict all boundary points not to be
embeddable cell, W is not embeddable, and W is not D due to
that L and N are not embeddable cells. This means that M has
exact one of its 4-neighbors being D cell. By Lemma 4, M will
become an [ cell, then we get the left cell of M be an I cell. In
the similar fashion, we get all horizontal cells from M to F be |
cells, then A will be an I cell.
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