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Optimal Approximate Inverse of
Linear Periodic Filters

Jwo-Yuh Wu and Ching-An Lin

Abstract—We propose a method for constructing optimal causal
approximate inverse for discrete-time single-input single-output
(SISO) causal periodic filters in the presence of measurement
noise. The analysis is based on block signals and multi-input
multi-output (MIMO) time-invariant models for periodic filters.
The objective function to be minimized is the asymptotic block
mean square error. The optimization problem is formulated in
terms of transfer matrices as an optimal model-matching problem
with nonsquare model and plant. Based on an inner—outer
factorization on the transpose of the plant rational matrix, it is
shown that the problem can be further reduced to one with a
lower dimensional square model and plant, which is then solved
in the time-domain, and a closed-form solution is obtained. A
lower bound on the objective function is given. It is shown that
the lower bound can be asymptotically achieved as the order of
the optimal transfer matrix increases. The proposed method is
extended to MIMO periodic systems. Numerical examples are
used to illustrate the performance of the proposed approximate
inverse.

Index Terms—Approximate inverse, block signal processing,
deconvolution, inner-outer factorization, inverse, optimal
model-matching, periodic filters.

1. INTRODUCTION

ERIODIC filters and systems have been found useful in

the areas of signal processing and communications, e.g., in
subband coding [20], in transmultiplexer modeling and design
[16], in speech scrambling [9], in co-channel interference can-
cellation [4], and in blind equalization [15], [17]. The inverse,
or approximate inverse, of periodic filters is used for recovering
the scrambled speech signals [9] and for equalization of periodi-
cally time-varying channels [17], [24]. Inverting periodic filters
isdiscussed in [8], [10], and [21] for noiseless case and, recently,
in [23] and [24] when measurement noise is present.

It is well known that associated with each N -periodic filter,
there is an V-input N -output time-invariant system that exhibits
an input-output (I/O) relation that is identical to that of the filter
[71, [13], [20]. This MIMO time-invariant model corresponds
to the block filter implementation [20, p. 428]. For a general
study of periodic systems, in particular, in the inverse filtering
problem, this model is often adopted since the time-invariant
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nature would allow considerable simplification in problem for-
mulation as well as in analysis and design. Indeed, based on
such a model, there is a very simple procedure for determining
the invertibility condition in the absence of noise [8], [10]; also,
the well-established design techniques for time-invariant sys-
tems can be used for inverse filter design [10], [23]. It is known
that such a filter model must satisfy an additional structure con-
straint owing to causality [7, p. 1090]. As a result, the inverse
filter design problem thus formulated will be closely related
to constructing an appropriate “inverse” time-invariant system
subject to this constraint to guarantee the existence of a corre-
sponding single-input single-output (SISO) causal periodic re-
alization (as is required in real-time operations). In the noiseless
case, Lin and King [10] proposed a method for finding such an
“inverse” transfer matrix; however, the stability issue of the so-
lution toward a causal periodic implementation has yet to be
addressed. For the general case when noise is present, there has
yet to be a related study of approximate inverse design based
on such MIMO time-invariant formulation (see the introductory
comments in [24, p. 1685-1686]). Zhang et al. in [23] and [24],
on the other hand, propose an alternative “direct” approach:
They formulate the problem directly in terms of the state equa-
tion for periodic filters; the optimal inverse filter coefficients are
computed, in an iterative manner, based on the linear-matrix-in-
equality (LMI) method.

This paper is a generalization of the previous work in [10].
Based on block signals and MIMO time-invariant models for
periodic filters, we study the problem of constructing an approx-
imate inverse for a given periodic filter [either infinite impulse
response (IIR) or finite impulse response (FIR)] when there is
noise. For a given reconstruction delay, we show how to con-
struct an approximate inverse, which is a causal and stable peri-
odic filter with the same period, such that the average energy of
the block reconstruction error is kept small. There is a natural
formulation of the optimization problem in terms of transfer ma-
trices of periodic filters as an optimal model-matching problem
[2], [5]. Owing to the noise effect, it is seen that the resultant
model and plant are nonsquare rational matrices. Based on an
inner—outer factorization on the transpose of the plant rational
matrix, it is shown that the problem is further reduced to one
with lower dimensional square model and plant. The reduc-
tion in dimensions of model and plant using inner—outer fac-
torization leads to a simple procedure for obtaining an optimal
transfer matrix subject to the causality constraint; it also enables
us to obtain a lower bound on the objective function. Compared
with the LMI-based method [23], [24], our solution is in closed
form. With the optimal solution, it can be shown that the ob-
jective function can be made arbitrarily close to the obtained
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lower bound if a sufficiently large reconstruction delay is al-
lowed. Our formulation, moreover, allows a direct extension of
the proposed method for constructing an MIMO approximate
inverse of a given MIMO periodic system.

The organization of this paper is as follows. Section II is
the problem statement and some preliminary results. Section IIT
proposes the optimality criterion. Section IV shows that the
problem is equivalent to solving an optimal model-matching
problem and gives a lower bound on the objective function. The
construction of the solution is given in Section V. Section VI
extends the proposed method to MIMO periodic systems. Sec-
tion VII is the simulation results. Finally, Section VIII is the
conclusion.

List of Notations: Let R1*™ be the set of all [ x m real ma-
trices. The notations 0;x,, and I;, respectively, stand for the
[ X m zero matrix and the [ x [ identity matrix. We say a real
rational matrix X(z) is proper if X(o0) is a constant matrix
with finite entries. Let R, (z) be the set of all [ X 1 proper
real rational matrices in z with all its poles in the open unit
disk {z : |z| < 1}. The notation 9D denotes the unit circle
{z :]z| = 1}. Let R'*™(2) be the set of all | x m real rational
matrices in z with no poles on dD. The convolution of two se-
quences X, Y is defined as X« Y =" X,,z" ™Y, where
z~™ is the m-step delay such that (z="Y)x = Yg_y,. The no-
tation F'a denotes the expected value of the random variable a.

II. PROBLEM STATEMENT AND PRELIMINARY
A. Problem Statement

Consider the discrete-time linear causal [V -periodic filter de-
scribed by the following state equation!

Tit1 = At + brsk

up = Tk + disg, k>0 2.1
where s € R,u, € R,z € R", are respectively, the input,
output, and state vector; Ay, € R"*" b, € R, ¢, € R1*™, and
dy € R are N-periodic, that is

bryn = by, and

k> 0.

Apen = Ag, Ck+N = Ck,

disn = di, 2.2)
We assume that filter (2.1) is (asymptotically) stable [1].

Consider the block diagram shown in Fig. 1. Let r be the
observed signal, which is the sum of the filter output u and a
measurement noise v, i.e.,

r=u4+v

(2.3)

and let § be a d-step delay of the input s to filter (2.1), that is

A Sk—d
S = 0
)

10ther models for periodic filters include polyphase representation, periodic
difference equation, etc. The state equation seems most convenient for the
problem addressed since there is an associated well-known formula for the
MIMO time-invariant filter model.

k>d

0<k<d 24)
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Fig. 1. Schematic description of periodic inverse filtering problem.

An approximate inverse of filter (2.1) is a causal stable N -pe-
riodic filter with input r and output y described by

Wr41 = Apwi + bipry

yr = épwy, + dyry, k>0 (2.5)

where Ak, lA);c7 ¢, and cfk are N-periodic such that, with o =
wo = 0, the output y is close to §, i.e., the error signal

e=§—y (2.6)

is small for the input signal s of interest.
The following assumptions are made in the sequel.
1) The input s = {s € R,k > 0} to filter (2.1) is a white
sequence with zero-mean and unit variance.
2) The noise v = {v;, € R, k > 0} is a white sequence with
zero-mean and variance o2 and is uncorrelated with the
input s.
In this paper, we propose a method for constructing an ap-
proximate inverse of the form (2.5), with which the average en-
ergy of the block reconstruction error signal is kept small.

B. Preliminary

1) Transfer Matrix Representation of Periodic Fil-
ters: Consider again the filter (2.1). Define the block input s,
output %, and state T as

5k = [SkNSkN41 - Senen—1]T € RY (2.7a)
g = [upNURN+1 - - ukNeN—1]T € RY

and
£ = Trn. (2.7b)

There is an V-input [V-output linear time-invariant system as-
sociated with filter (2.1) described by
Tht1 = A.Tk + ng
i = CTy + D3, (2.8)
where A € R**", B € RN C e RN*" and D € RN*N,
with D lower triangular, are such that, with zo = 0 and zg = 0,
the systems (2.1) and (2.8) have an identical I/O relation, except
that in (2.8), the input and output are sequences of vectors of
dimension N. The matrix D is lower triangular since filter (2.1)
is causal [7, p. 1090]. Formulas for A, B, C, and D can be found
in [13]. The transfer matrix of the system (2.8) is
G(2)=C(zI - A)™'B+D. (2.9)
Thus, each linear causal N -periodic filter is represented by an
N x N proper rational matrix with G(co)(=D) lower trian-
gular. Conversely, any N x N proper rational matrix G(z) with
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G(00) lower triangular can be implemented as an N-periodic
filter of the form (2.1) [7]. An algorithm for computing minimal
N -periodic realizations can be found in [11]. In the sequel, we
will simply call G(z) the transfer matrix of the periodic filter
(2.1). We need the following results.

Proposition 2.1 [7]: If filter (2.1) is stable, then its
transfer matrix G(z) € RY*N(z). Conversely, each
G(z) € RY*N(z), with G(co) lower triangular, can be
realized as an N-periodic filter of the form (2.1), which is
stable. O

Proposition 2.2 [10]: The transfer matrix of a d-step delay,
viewed as an N -periodic system, is

L 0 zfllp
D(z) := [INp 0

where d = p + gN,p, and ¢ are non-negative integers with
0<p<N-1. O

2) Some Properties of Real Rational Matrices in
RIXm(2): Let H be the space of all sequences of ma-
trices X = {Xy.}, Xp, € R*™, satisfying S50 __ Tr[Xj Xi] =
Yoo IXkll3 < oo, where Tr[-] and ||-||» denote, re-
spectively, the trace and the Frobenius norm. Define the inner
product on H as

} 21 e RN (2) (2.10)

XY =3 Tr[X{Yk} . YX.YeH @.11)
k=—occ
which induces a norm || - || on H: ||[X||? = Y32 [|Xkl|%, for

all X € H. Let RH be the rational subspace of H, that is, if
X € RH, then its z-transform

Z Xpz~F e RXm(2). (2.12)

The region of convergence of X(z) in (2.12) is an annular region
containing dD. If X € RH is causal, i.e., X = 0;x,, for all
k < 0,then X(z) = Y32 Xpz ¥ € R*™(2). The 2-norm of
X(z) € R¥™ (%) is defined as

1 71'
X -

We say i) X(z) €

' 1/2
ejg)X*(ejg)]cw) . (2.13)

§Rlxm( ),1 > m, is inner if

XT(z"HX(2) = L. (2.14)
(ii) Y(z) € R (2) is outer if Y™'(z) € R7"*™ (). Inner
and outer rational matrices are sometimes called, respectively,
allpass and minimum-phase. Note from (2.14) that if X(z) €
R™Xm(2) is square and inner, then X ~1(z) = XT'(z71). For
each X(z) € R*™(z) with [ > m, there exists an inner
X;(z) € R*™(z) and an outer X,(z) € R"*™(z) such that
[25]

X(2) = Xi(2)Xo(2)- (2.15)
The product expression (2.15) is called an inner—outer factor-
ization of X (z) and is a generalization of the allpass-minimum-
phase factorization [14, p. 240] of scalar rational functions to
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rational matrix case. We need the following fact, which is the
Parseval’s relation for matrix sequences.

Proposition 2.3 [25]: Let X € RH be the inverse z-trans-
form of X(2) € R!*™(2). Then, we have | X[z = [|X||. O

III. OPTIMALITY CRITERION

In this section, we propose an optimality criterion for approx-
imate inverse design. Our analysis is based on block signals and
MIMO time-invariant models of periodic filters. As we will see,
the characterization of the block reconstruction error is simple,
and the selection of design criterion is natural and convenient.

Let the block reconstructed output g, reconstruction error
€, and noise ¥ be defined in an analog way as in (2.7a). Let
D(z), G(z), and F(z) be, respectively, the transfer matrices of
the d-step delay [see (2.10)], filter (2.1), and filter (2.5); denote
by D, G, and F the respective inverse z-transforms. Then, we
have

y=FxGx5+Fx*un. 3.1

Since € = D * 5 — 7 and from (3.1), we can write € as
e=Dx5—FxGx5—Fxo=(D—-FxG)*x5—Fx*u. (3.2)

To reliably recover the input signal s, we must keep the block re-
construction error & “small” for each & > 0. A commonly used
measure of the “size” of &y, is the mean square value E||e;||%,
i.e., the average energy. The following proposition provides a
characterization of this quantity. Specifically, we will see that,
owing to the causality of the signal s and noise v, E||éx||% is an
increasing function of £ and asymptotically approaches a con-
stant as k — oo. The result will allow a very natural optimal
criterion for approximate inverse design. The proof of the propo-
sition is given in Appendix A.

Proposition 3.1: Let the block error e be defined in the same
way as in (2.7a). Then, we have

E“ekHF_Z“ (D—FxG)ill + o2 Z“F]HF (3.3)
=0

In particular, E||ex||%. increases with k and, as k — oo, ap-
proaches

J =D = FGI[3 + o7 |[F]l3. (3.4
]
Based on Proposition 3.1, we propose to construct an approx-

imate inverse by minimizing the asymptotic block mean square

error J defined in (3.4). This is because if J is small, then the
monotone increasing property guarantees that E||éx||% is small
for each k > 0. Moreover, the objective function will also allow

a natural formulation of the optimization problem in terms of

transfer matrices as an optimal model-matching problem, based

on which a closed-form solution can be obtained. This will be
shown in the next two sections.
Remarks:

a) We note that F(2)G(z) is transfer matrix of the cascade
connection of filters (2.1) and (2.5) [7, p. 1089]. As a re-
sult, the first term of the objective function J in (3.4) can
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be regarded as a measure of the imperfectness of signal
resolution (filter inversion). The second term represents
the noise contribution to the approximation error with re-
spect to a signal resolution quality attained by F(z).

b) We note from (3.4) that large noise variance 03 tends to
emphasize large reduction in noise effect. However, this
is done at the expense of the signal resolution quality. On
the other hand, small Ug leads to better signal resolution
quality but with smaller noise reduction. Hence, there is
a tradeoff between signal resolution quality and noise re-
duction.

¢) The problem of constructing an approximate inverse for
a given periodic filter in the presence of noise is also ad-
dressed in [23] and [24]. By regarding the signal s and
noise v as the input to the signal reconstruction system
shown in Fig. 1 and error e as the corresponding output,
the optimality criterion adopted in [23] and [24] is to min-
imize the squared Hy-norm of the I/O map from the aug-
mented input [s v]7 to the error e. In terms of block sig-
nals, such an objective function is shown to be equal to
[23, p. 2698]

|[D - FG FJ||3. (3.5)
By the definition of the 2-norm [see (2.13)], it can be
easily checked that the quantity given in (3.5) is a spe-
cial case of the proposed objective function in (3.4) with
noise variance fixed at o> = 1. The resultant minimiza-
tion problem in [23] and [24] is formulated in terms of

the state equations associated with the augmented transfer

matrix [D(z) — F(2)G(2) :
LMI-based approach.

F(2)] and is solved via the

O

IV. OPTIMAL MODEL-MATCHING PROBLEM
A. Problem Formulation

From (3.4), it appears that an optimal F(2), if it exists, will
tend to keep the two quantities ||D — FG||3 and ||F||3 small or,
equivalently, to keep F(2)G(z) =~ D(z) and F(2) =~ Onxn-
The observation thus indicates that an optimal approximate in-
verse (which is stable and causal) can be obtained if we can
find an F(z) € R}V (z), with F(co) lower triangular, such
that the above two “matching” conditions hold as exact as pos-
sible. This suggests that we can formulate the problem as an
optimal model-matching problem. Since such formulation in-
volves only time-invariant transfer matrices, the related proper-
ties of rational matrices can be further used for deriving a solu-
tion.

To see this, we should note that the objective function .J in
(3.4), which is a weighted sum of the two quantities | D —FG/||3
and ||F||3, can be further rewritten by using only one single
term. More precisely, by definition of 2-norm and from (3.4),
we have

J=|[D-FG

o, F|I3. 4.1
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Define the following two augmented rational matrices:

Onxn] € RYN(2) 4.2)

and

—o,IN] € RN (). (43)
From (4.1)-(4.3), we can express the objective function .J in the
so-called model-matching form [2], [5], [6], as

J=|D - FG|3. (4.4)
In (4.4), the rational matrix D (z) represents the target “model”
to be achieved: D(z) and Oy are the desired models, re-
spectively, for signal resolution and noise reduction, whereas
G (z) is the given “plant” (G(z) for signal, and —o, Iy with re-
spect to noise) based on which we are to design an F(z) to keep
F(z)G(z) as close to D(z) as possible in the 2-norm sense.
The problem of optimal approximate inverse design, therefore,
can be formulated as follows: Given a model ]5(7;) and a plant
G(z), find an F(z) € R *N(z), with F(oco) lower triangular,
such that the objective function .J in (4.4) is minimized.

Remarks:

a) Consider the noiseless case o2 = 0; hence, (4.4) reduces
to

J=|D-FG|3. 4.5)
We note that in this case, the model and plant (D(z)
and G(z), respectively) are square rational matrices. If
G~1(2) has all its poles inside 9D and the reconstruc-
tion delay is large enough, it is shown in [10] that we can
choose

(4.6)

to yield the reconstructed output y identical to the d-step
delay of the input s, viz., y = §. We note that with F(z)
in (4.6), the model D(z) is exactly matched in this case,
and hence, J = 0. The procedure for constructing one
such F(z) with minimal possible reconstruction delay is
given in [10, p. 198].

b) Formulation of other signal design and reconstruction
problems as an optimal model-matching problem is also
found in the designs of rate-changing multirate elements
[2], [18], and perfect reconstruction filterbank, e.g., see
[19] [where the same 2-norm criterion as in (4.4) is used],
and [3], [5], [6] (in which an H, criterion is used). We
should note, however, that the problems addressed in all
these works do not consider the noise effect.

O

B. Equivalent Problem with Lower Dimension

Due to noise effect, the model and plant (D(z) and G(z),
respectively) are nonsquare rational matrices. In what follows,
based on an inner—outer factorization on GT(Z) we will show
that the proposed model-matching problem can be equivalently
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reduced to one in which both the model and plant are square
rational matrices with lower dimensions. The reduction in di-
mension of model and plant will lead to a simple procedure for
finding the optimal solution (in Section V). In addition, it will
allow us to obtain a lower bound on the objective function. As
we will see, this bound is an indication of the best achievable
performance.

To be specific, write an inner—outer factorization of GT (z) as
GT(z) = UT(2)GT(z), where UT(z) € R2¥*N (%) is inner
and GT(z) € RI*N(2) is outer. Thus, we have

4.7

Write

U(z) = [Uq(2) U,(z)], where Uj(z) € RY*N(z)

1<j<2. (48)

Based on (4.4) and with (4.7) and (4.8), we have the following
proposition, whose proof is given in Appendix B.

Proposition 4.1: Let D(z) defined in (2.10) be the transfer
matrix associated with the d-step delay. Let the augmented
transfer matrix G(z) be defined in (4.3). Factorize G(z) as in
(4.7), and express U(z) as in (4.8). Then, the objective function
J can be expressed as

J = |[H - FG[ + oz ]G3 4.9)

where
H(z) := D(2)UT(271) € RV*N(2). (4.10)
O

Based on (4.9), it follows immediately that, for a given D(z),
the second term on the right-hand side (RHS) of (4.9) is in-
dependent of F(z) that is to be determined. Hence, to find an
optimal F(z), it is equivalent to solving the following optimal
model-matching problem, in which the model and plant are IV x
N square rational matrices:

min ||[H — FGJ|2, subject to F(z) € RYN(z) and

F(c0) is lower triangular.  (4.11)

Remarks:

a) We note that in the equivalent problem (4.11), the plant
G(Z) is an outer rational matrix. In the next section, this
property will be further exploited for deriving the solu-
tion.

b) Consider the noiseless case, i.e., 012, = 0. Then, the fac-
torization (4.7) is replaced by

G(z) = Go(2)Gi(2) 4.12)
where GI(2)GI(z) is an inner—outer factoriza-
tion of GT(z) (both G;(z) and G,(z) are square
with dimension N x N). In this case, we have

H(z) = D(2)G{(z7') instead, and (4.9) reduces

to

J = |H - FG,|3. (4.13)
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¢) Algorithms for computing an inner—outer factorization of
GT(Z) can be found in, e.g., [12], [19, p. 975], and [25,
p. 555].
O
In addition, from (4.9), it can be easily seen that no matter
which F(z) is used, a lower bound on the objective function .J
is
o |G- (4.14)
Note that in noiseless case, the lower bound in (4.14) equals
zero, and the objective function J in (4.9) reduces to the one
given in (4.13). Therefore, for a given noise variance o2, the
bound in (4.14) can be regarded as the inherent approximation
error incurred due to noise. In general, this lower bound can
be asymptotically achieved as the value of reconstruction delay
d approaches infinity. To see this, we will first find an optimal
solution by solving problem (4.11). This is done in the next sec-
tion.

V. OPTIMAL SOLUTION

In this section, we solve problem (4.11) for an optimal F(z).
Section V-A reformulates problem (4.11) in the time-domain.
Section V-B then derives a solution. Finally, Section V-C dis-
cusses some properties of the optimal solution.

A. Optimization Problem in the Time-Domain

To solve problem (4.11), we propose to rewrite the problem
in time-domain and in terms of the inverse z-transforms of the
related rational matrices. With such a time-domain formulation,
there is a simple procedure for obtaining an optimal solution
that satisfies the required constraints. To this end, we need some
additional notations.

Recall that RH is the space of all square summable sequences
of real [ x m matrices X = {Xj} with z-transforms X(z) €
RIX™(2). In the sequel, we set [ = m = N. For integer
ko, let RH,:; = {X € RH | X, = ONxN,Vk' < k’o}, and
RH = {X € RH|X; = Oyxn,Vk > ko}. Clearly, we

have RH = RH ,:) é_a RH,_ . Note that RH{ is the subspace of
causal sequences, and RH; is the subspace of anti-causal se-
quences, respectively. For X € RH, let P;ro [X] be the projection
of X onto RH ,j; and P} [X] be the projection of X onto RH,_.
Thus, X = P} [X] + P,_[X]. Denote by 6 the N x N matrix
unit-impulse sequence, i.e., 6 = I fork = 0and 6, = Onxn
otherwise. ~

Let H,F, and G be, respectively, the inverse z-transforms
of H(z), F(z), and G(z). Then, with Proposition 2.3, problem
(4.11) is equivalent to

min ||H — F x G||?, subject to F € RH; and

Fo(=F(c0)) is lower triangular.  (5.1)

Remarks:

a) We note that in problem (5.1), F and G are causal se-
quences, but H is generally not.
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b) In the noiseless case, based on (4.12), the sequences H
and G in (5.1) are, respectively, the inverse z-transforms
of D(2)GI(271) and Go(2).

O

B. Optimal Solution

The derivation of a solution is based on a rearrangement of
the time-domain objective function ||H — F x G||%. Specifically,
it is shown in Appendix C that the quantity ||H — F x G||? can
be decomposed as a sum of three terms as

IH = F<GII* = PG [HJIP + [Ho  FoGo[F + [P [H~ FoG
~PFF1*G|%. (5.2)

We note that the first term on the RHS of (5.2), which is the
energy of the anticausal component of H, is independent of F.In
addition, since G( ) is outer, we have, by deﬁmtlon G~ ( ) €
R >N () and, hence, its inverse z-transform G G RH{ . As
a result, for a given initial value Fy, we can choose
. =-1
PF[F]=P[H-F,G]+G € RH; (5.3)
to make the third term on the RHS of (5.2) equal to zero. Hence,
if we can first find the lower triangular matrix F, the initial
value, which minimizes the second term on the RHS of (5.2),
namely
IHo — FoGoll% (54)
then the quantity ||H — F « G||2 is minimized by choosing P[F]
as in (5.3) and Fy = Fy.

_ ~T
The optimal Fy is constructed as follows. Factorize G, as

Gy = QL. (5.5)

where () is unitary, and L is lower tr1angu1ar This is

simply a QR-factorization of the matrix G0 Since
G'(z) € RY*N(z), Go(=G(c0)) is nonsingular, as is

L. Write HyQ = [t;;], where ¢;; is the ijthentry 1 < ¢,j < N.
Define the lower triangular matrix W = [w;;] by
wz] - {0/ L < J (56)

We note that the matrix W' thus defined is simply obtained from
Ho Q@ by nullimg its entries on the upper diagonals. Then, the
optimal Fy is given in the following proposition.

Proposition 5.1: The lower triangular matrix that minimizes
the Frobenius norm (5.4) is Fg = W L~!, where W and L are,
respectively, defined in (5.6) and (5.5). O

Proof: Since, from (5.5), Go = LQT = LQ~! and the
Frobenius norm is unitary invariant, we have

12
I+
(5.7)

IHo — FoGoll% = [[Ho — FoLQ™"[|% = [|(HoQ — FoL)Q™
= IHoQ — FoL||%.

Since Fo L is lower triangular, it follows from (5.7) that the min-
imum norm is attained if we choose Fq L to eliminate the entries
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on the main and lower diagonals of HyQ. This immediately im-
plies that Fo . = W, and the result follows. O
With (5.3) and Fy in Proposmon 5.1, the optimal F is thus

F=Fos+Pf[H-Fy G]*G . With some rearrangement, the
expression of F can be further simplified as

F={FoGos+PF[H} G (5.8)

By taking the z-transform of both sides of (5.8), the transfer ma-

trix of the optimal approximate inverse is immediately obtained
as

F(2) = {FoG(o0) + Hf (2)}G~

where H{ (2) is the z-transform of P;"[H].

Remark: The proposed optimal approximate inverse F(z) in
(5.9) is, in general, IIR. One way to obtain a jth-order FIR ap-
proximate inverse is to keep the first j + 1 terms of F to get the
FIR transfer matrix

L(2) (5.9)

(5.10)

O

C. Some Properties of the Optimal Approximate Inverse

With optimal F(z) in (5.9), it can be verified, using (5.2) and

Proposition 2.3, that
[H - FGIl3 = [[Hg 5 + [[Ho@ — W% (5.11)

where H (z) is the z-transform of the anticausal sequence
Py [H]. From (4.9) and (5.11), the minimal value of the
objective function J is thus

Tnin = [[HF 13 + [HoQ = W% + o2 IGTHE. (5.12)
Note that since Uy (z) € RN (z), UT (z7") has all its poles
outside 0D, and therefore, its inverse z-transform is an infi-
nite-duration sequence belonging to RH; . Since D(z) defined
in (2.10) is the transfer matrix of the d-step delay, the sequence
H, which is the inverse z-transform of H(z) = D(z)UT (271),
is thus a delayed version of the one associated with U7 (z71).
Hence, as the reconstruction delay d is sufficiently large, we can
make the sequence P; [H] arbitrarily close to a zero sequence
and, hence, the two quantities ||Hy ||3 and |HoQ — W||% ar-
bitrarily close to zero. From (5.12), we thus have the following
asymptotic property.

Proposition 5.2: The minimal value of the objective function
Jimin — 02||G 1|3 as the reconstruction delay d — co. For the
special case o?, = 0, the limit value of J,,;y, is zero. O

From Proposition 5.2, the quantity o2||G 1|3 can therefore
be regarded as the “best achievable” performance for a given
noise variance a}j. In particular, if, for some choice of delay,
the resultant J.,;, is substantially larger than this quantity, we
can further improve the performance by introducing more de-
lays. Since increasing the delay will, at the same time, increase
the order of H{ (z), and hence the order of optimal F(z) [see
(5.9)], there is a tradeoff between the achievable performance
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and the order of the transfer matrix associated with the optimal
approximate inverse.

Remark: Consider the noiseless case 02 = 0. Assume that
G(z) has a nonminimum phase zero zy (viz., zo lying out-
side D). From (4.12) and since Go(z) is outer, zp must be
a zero of the inner factor G;(z) and, hence, a pole of G{*(z).
Since Gj(z) is square inner when there is no noise, we have
GI(271) = Gy () [by definition (2.14)]. This immediately
implies that H(z) = D(2)G¥(27!) = D(2)G, *(2); the se-
quence H is thus a delayed version of G; ! (the inverse z-trans-
form of G{'(z)). Since z is a pole of G; ' (2), G; ! has an
anticausal component of infinite duration. If zq is close to 0D,
then the significant part of the anticausal component of G; !
will last a long time. As a result, it would require a large recon-
struction delay and, therefore, a high order F(z) to keep P7 [H]
close to a zero sequence and, hence, achieve a good approxima-
tion performance. For the case o2 > 0, although a nonminimum
phase zero zy of G(z) is no longer a pole of UY (z~1), simula-
tion results (see Simulation 4) show that this tendency, however,
seems to hold. O

VI. EXTENSION TO MIMO N -PERIODIC SYSTEMS

Suppose that the state equations (2.1) and (2.5), instead,
represent two N -periodic systems, each with K inputs and K
outputs. Our goal is to design an approximate inverse (2.5) of
system (2.1) such that, for 1 < [ < K, the signal in the [th
output channel of system (2.5) is close to a d;-step delay of the
[th input signal of system (2.1). Assume that i) the K input
signals to system (2.1) are uncorrelated white sequences and
that ii) the K additive noises are uncorrelated white sequences
and are uncorrelated with the input signals to system (2.1).
Under these assumptions, the proposed method for the scalar
case can be extended. This is seen as follows.

Note that each K-input K-output N-periodic system
of the form (2.1) is represented by a rational matrix
G(z) € RINVEN(Z) with G(oo)K x K-block lower
triangular (and vice versa) [7]. The optimality criterion in
terms of transfer matrices described in Section III thus applies;
the objective function is of the same form as in (3.4), except that
the transfer matrices involved are of dimensions KN x KN.
By following the same procedures as in Section IV, it amounts
to solving a model-matching problem as in (4.11), subject to
F(z) € REV*EN(%) and F(oo) being K x K-block lower
triangular. Note that the transfer matrix D(z), in this case, is
associated with the K-input K-output time-invariant system
whose [th output is a d;-step delay of the Ithinput1 <[ < K
(one way to construct such a D(z) is given in Appendix D).
Since the problem is essentially the same with the one in the
SISO case, except for the constraint on Fo(=F(c0)), we still
need to determine the K x K-block lower triangular matrix
Fo that minimizes the Frobenius norm (5.4). To this end,
factorize GOT as in (5.5). Since L is lower triangular, Fo L is
K x K-block lower triangular. Equation (5.7) shows that the
optimal Fo is chosen so that FoL eliminates the entries on the
K x K -block main and lower diagonals of the matrix HoQ.
This implies that Fy = WL, where W € RENXEN g the
K x K-block lower triangular matrix obtained from Ho(Q by
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nulling its entries on the K x K-block upper diagonals [W is
constructed similarly as in (5.6)].

VII. SIMULATION RESULTS

In this section, we use several numerical simulations to illus-
trate the performance of the proposed optimal approximate in-
verse. In our simulations, we estimate the block mean squared
error at time k, viz., E||éy||%, via the time-average

1 ! 2
=2 Y AL
i=1

where [ is the total number of independent Monte Carlo real-
izations, and €}, is the kth block error sample in the ith realiza-
tion. Based on the computed ¢, we determine the associated
steady-state region by selecting a time instant ko such that e,
approaches a constant for all £ > k. The estimated value of
the asymptotic block mean squared error .J in (3.4) is then com-
puted as

(7.1)

(7.2)

where S is the total number of estimated block mean squared
errors in the steady state. For each conducted Monte Carlo re-
alization, the input to filter (2.1) is a white Gaussian sequence
with 100 samples. The signal-to-noise ratio (SNR) is defined as
SNR:= 10log;q(c;2). In all simulations, the number of trials
is I = 1000. To compute the optimal approximate inverse, we
use the algorithm in [25, p. 555] to compute an inner—outer fac-
torization of the rational matrix G (z).

1) Simulation 1—Comparision with  Previous Work
[10]: The performance of the proposed optimal approximate
inverse is compared with that obtained by the minimal-delay
inverse filter constructed in the noiseless case [10]. We consider
the 2-periodic filter described as

0 05 11 0
AO_[—0.5 0]’ Al_[l 2}’ bo_[—os}

b 1 111" 1"
L= lo|" “Tlo| » 7 11
dy=1, d;y=-0.5 (7.3)
The associated transfer matrix is
G(2) = 1 2(z —0.5) z2—0.5
T 224025 | —0.52(24+0.5)  —0.5(z% + z +0.75)
(7.4)

By computations, G ~*(z) is proper and has all its poles inside
OD. According to [10], the minimal achievable reconstruction
delay is zero, and the transfer matrix associated with the inverse
filter is simply G~'(z) [cf. (4.6)]. For a fair comparison, the
proposed optimal approximate inverse based on (5.9) is imple-
mented by setting d = 0(D(z) = I»). Fig. 2 shows the re-
spective computed objective function J with respect to different
values of SNR. As we can see from the figure, for SNR > 25
dB, the performances obtained by the two methods are roughly
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inverse filter in [10]

/

magnitude (dB)

proposed method

-30

SNR (dB)

Fig. 2. Computed J versus SNR: Proposed method versus method in [10].

the same. For SNR < 25 dB, the proposed method leads to im-
proved performance since it does the task of noise reduction.
For the particular case SNR = 15 dB, the transfer matrix of the
optimal approximate inverse is computed as in (7.5), shown at
the bottom of the page. Using the algorithm in [11], a minimal
2-periodic realization of F(z) in (7.5) is obtained as

4 _ [o0.4151 0.7849 i [-0.143 -0.8227
°= | o  0.0703 "7 0591 -0.5169
jo_ [-Ltuari] [ 0.8569

*7 ] 0.5336 [ -0.1879

. [ 1226517 . [o7939]"

O | —13805] © 1T |0.2367

do = 0.7994, d; = —1.69. (7.6)

2) Simulation 2—Comparison with the LMI-Based Method
[23], [24]: The performance of the proposed approximate in-
verse is compared with that obtained by the LMI approach in
[23] and [24]. We consider the following 2-periodic FIR filter,
which is used in simulation in [23] and [24]:

[0 1 0 0
A(] = Al = 0 0 1 N bo = b1 0
1 0 0 0 1
1 T
Co = —2 H d() =5 dl =3
2
(7.7)

and use both methods to design an FIR approximate inverse. At
each SNR level, an optimal approximate inverse is first designed
according to (5.9) (we choose reconstruction delay d = 0 as in
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"star": proposed method

"square": LMI method
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Fig. 3. Computed J versus SNR: FIR approximate inverse filters obtained by
two methods.

the simulations in [23] and [24]). Then, a ninth-order FIR ap-
proximate inverse Fg(z) is obtained using (5.10) (computations
show that this choice yields a good match in performance to the
computed optimal IIR F(z) at each SNR). By computations,
the dimension of a minimal realization of the obtained Fy(z),
at each SNR, is 19. For a fair comparison, an FIR 2-periodic
filter with the same dimension of realization is designed based
on [24]. In particular, we obtain the LMI-based solution by prop-
erly scaling a parameter in the design equation (the D, matrix
in [24, p. 1688, (3.11)]) by noise standard deviation to further
reflect the actual noise variance; the solution thus obtained then
minimizes the same objective function as ours. Fig. 3 shows the
respective computed J versus SNR. From the figure, we can see
that the performances of the proposed analytical solution and
the one based on the LMI method are roughly the same; this is
not unexpected since both solutions tend to minimize the same
objective function.

3) Simulation 3—Effects of Reconstruction Delay: In this
simulation, we demonstrate the effect of reconstruction delay. In
particular, we will show that when the optimal F(z) is used, the
computed objective function J, as the delay d increases, will be
close to the lower bound (4.14). We consider the 2-periodic filter
obtained via replacing the ¢y vector in state (7.3) by ¢o = [1 3].
We fix the SNR at 20 dB. For each 0 < d < 9, the optimal
F(z) is implemented. Fig. 4 shows the respective computed J
versus delay d. In addition, at each delay, the associated theoret-
ical minimal value .J,,;,, based on (5.12) and lower bound (4.14)
are calculated and shown in the figure. The result shows that the
experimental values J are very close to the theoretical J,,,;,, and
exhibit the expected tendency.

4) Simulation 4—Effect of Nonminimum Phase Zero of
G(z): In this simulation, we demonstrate the dependence of

) 1
F =
(*) = 236832 +0.01634

0.799422 + 0.68512 + 0.5274
—(0.78442% + 0.4119z)

1.31z — 0.6851

—(1.6922 — 0.7844z + 0.010 46) (7.5)
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Fig. 4. Computed J and theoretical values versus delay. SNR = 20 dB.
T T T
%
"star": theoretical values
45 1
"square": experimental values
s ,
—~ 55 B
)
h=2
@
°
2
& 6 1
©
€

[ predicted
lower bound

~7.416 dB;
Ll )

-7.5

0 5 10 15 20 25 30

reconstruction delay d

Fig. 5. Computed J and theoretical values versus delay, filter with zero at
Z = —1.08,SNR = 20 dB.

performance on the locations of nonminimum phase zeros of
G(z). We consider the filter used in the previous simulation
and another filter obtained by replacing the cy vector in state
(7.3) by ¢g = [1 0.58] (in the sequel, we will call them
“filter (a)” and “filter (b),” respectively). By computations,
the respective transfer matrices have a single nonminimum
phase zero at zp = 3.5 and zy = 1.08. For fixed SNR at
20 dB, Fig. 5 shows the computed J for filter (b), together
with the corresponding theoretical values J.,;, and the lower
bound, at various values of delay d. From Figs. 4 and 5, we
can see that for filter (b), the value of delay required to keep
J close to the lower bound is relatively large. If fact, based on
the theoretical values Jy,;, for each filter, the required delay
such that |Jumin — o2||G™1|3| < 0.0005 are, respectively,
d = 6 for filter (a) and d = 28 for filter (b); the orders of
respective optimal F(z) are 3 and 14. Hence, if G(z) contains
a nonminimum phase zero close to 9D, a large delay and,
hence, an approximate inverse of high order, would be required

2379

"star": theoretical values
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Fig. 6. Computed J and theoretical values versus SNR (MIMO case).

to achieve an approximation error close to the lower bound
a2 IG7H3

v 2

5) Simulation 5—MIMO Periodic Systems: In this simula-
tion, we demonstrate the performance of the proposed method
when it applies to MIMO periodic systems. We consider the
2-input 2-output 2-periodic system given as

[0 05 1 1 1 -6
AO__—0.5 0]’ Al_[l 2}’ bo_[o 0}
1 0], 12 !
17 971 ol 7|0 1
0 11
) a=lo )

An approximate inverse of system (7.8) is designed based on
(5.9); the reconstruction delays in channels 1 and 2 are, respec-
tively, 6 and 7. The input signal to each channel is a white se-
quence of 100 samples. The resultant vector error signal (of di-
mension 2) is obtained, and the (experimental) objective func-
tion J is computed. Fig. 6 shows the computed J and the theo-
retical Jp,;, versus SNR. The result shows that the experimental
values are very close to the theoretical values.

by =

r
N = O =

do (7.8)

VIII. CONCLUSION

We study the problem of constructing an approximate
inverse of SISO linear causal discrete-time periodic filters in
the presence of measurement noise. In terms of block signals
and block time-invariant filter model, the characterization of
the block error signal is simple, and the selection of design
criterion is very natural and convenient. The proposed opti-
mality criterion, which minimizes the asymptotic block mean
square error, allows us to formulate the problem in terms
of transfer matrices as an optimal model-matching problem.
The problem is solved using an inner—outer factorization
and in terms of related time-domain sequences. In particular,
the proposed time-domain approach for a solution yields a
simple procedure for obtaining a closed-form optimal transfer
matrix subject to the causality constraint. The computations
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required are inner—outer factorizations for rational matrices and
QR-factorizations but do not involve numerical optimization
(as is required in existing LMI method). We also obtain a lower
bound incurred by noise on the objective function, which can
be considered as the “target performance” for a given noise
variance. The bound can be asymptotically achieved as the
order of optimal transfer matrix increases. In fact, there is a
tradeoff between the achievable performance and the order of
the solution. The optimal transfer matrix is, in general, IIR,
but an FIR approximate inverse can simply be obtained by
truncating the associated inverse z-transform. The proposed
method is also extended to MIMO periodic systems.

APPENDIX A
PROOF OF PROPOSITION 3.1

From (3.2) and since both s and v are causal, we have

k k
&= (D-FxG)isp—i— » Fjvop_j, Vk>0. (Al)
i=0 j=0
Note that

E|lex||F = Eefe, = ETr [ef ex] = ETr [eye; |

= Tr [Eeeq | - (A.2)
By substituting €, in (A.1) into (A.2) and since s and v are mu-
tually uncorrelated white vector processes, (3.3) follows. With
(3.3), we immediately have, for any &k > 0

Ellecsly — Ellexll
= (D = FxG)pq1ll7 + opl|Fesallz >0 (A3)

and hence, E||ex||% is an increasing function in k. In addition,
letting k — oo in (3.3), we have E||é||% = ||D — F x G||> +
o2||F||%. The result (3.4) then follows by Proposition 2.3. [

APPENDIX B
PROOF OF PROPOSITION 4.1

To prove Proposition 4.1, we need the following two lemmas.
Lemma B.1 ([22, p. 213]: Let UT(2) € R2NV*N(2) be the
inner rational matrix defined in (4.7). Then, there exists an inner
rational matrix U7 (z) € R2N*N (), called the complementary
inner factor of U7 (2), such that
V7(2) = [U"(2)

UT(2)] € R2V2N(2) (B.1)

is square and inner. In particular, we have

U,(2)UT(z"Y) =1y and U()UL(z™Y =0yxn-
(B.2)

O

Lemma B.2 [25]: Let X(z) € R™!(2) and Y(2) €
R™*™(2) be two square inner rational matrices. Then, for any
W(z) € RX™(2), we have [XWs = [WY[lz = [W]],
that is, pre or post multiplying a rational matrix by a square
inner factor preserves 2-norm. O
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Write

U7 (2) = [UL1(2)
e RN (z).

UJ_Q(Z)]T7 where UJ_]'(Z)

(B.3)
We first claim
J=|H-FG[+|[E|3 whereE(z):=UT,(z7").
(B.4)
It can be shown that
I3 = o2 IG5 (B.5)
The result thus follows from (B.4) and (B.5).
Proof of Equation (B.4): From (4.4) and (4.7), we have
J = ||D — FGU||3. Write

A

D(z) — F(2)G(2)U(2)

(B.6)
U.i(2)
N———
=V(z)in (B.1)

Since V(z) in (B.1) is square and inner, from (B.6), it follows
that

D(z) — F(2)G(2)U()

Onxn]) V(2)

~ v
~~

=M;(2)V(2). (B.7)
From (B.7) and by Lemma B.2, we immediately have J =
|IM ||3, and hence, we must still find an expression of ||M; ||3.
Since VI'(z71) = [UT(271) UL (271)] [this follows from
(B.1)], we can express the rational matrix M;j(z) defined in
(B.7) as

M (z) = [D(2)U"(=7") -

F(z)G(z) @ D(x)UT("")]

(B.8)

By definition of D(z) in (4.2), and with U(z)
and U,(z) given as in (4.7) and (B.3), we have
D(z)U"(>"') = D()U{(>7') = H(z) and
D(2)UT(271) = D(2)UT, (27 1!). Hence, M;(z) in (B.8)
becomes
M, (z) = |H(z) — F(2)G(2) D(z)UL,(z"H|. (B.9)
With (B.9) and by the definition of 2-norm [see (2.13)], we thus
have

J = |H~-FG|j + |DE|; = |[H - FG| + |E[3 (B.10)

where the last equality follows since D(z) in (2.10), which is
the transfer matrix of the d-step delay, is square and inner and
by using Lemma B.2.
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Proof of Equation (B.5): From (4.3) and (4.7), we can
write

U(z) = [GT(2)G(2) —0,G71(2)]. (B.11)
With U(z) and U (z) given as in (B.11) and (B.3) and since
U(2)UT(271) = Onxn [see (B2)], it can be easily checked
that UT,(271) = 0,71G(2)U%,(271), and hence, again with
(B.3), we have

IN
D=1 o [Uhe™
0, G(z)

Ul (2~ (B.12)

From (B.12) and since U (2)U% (2~
have

DYy = Iy [see (B.2)], we

o' ULi(2){oIn + GT(z71)

=Q(2)

G(2)} o, 'UT (271 = In.

(B.13)

Let S(z) € RY*N(z) be the spectral factor [22, p. 213] of
Q(2), that is, Q(z) = ST(271)S(z), Vz. From (B.13), it fol-
lows that

U(z) == 0;'8(2)UT (7)) € RV*N(2)

is square and inner. Since, from (B.14), E(z) = UT,(z7") =
.S~ 1(2)U(2) and U(z) is square and inner, we have (from
Lemma B.2) that

_ ol
Bl = o215 = 3= [

—T

(B.14)

™

Tr[S™1(e?)S ™ (e7%)] db.

(B.15)

Q(z) =

Since S(z) is a spectral factor of Q(z) (.e.,
ST (271)S(z),Vz), we have, for any 6 € [0 27],

() = [$° (@S] = QA
= (02Ix + G*(¢/)G(c7)) ™ (B.16)

S 1(el%)S™

where the last equality follows by definition of Q(z) [see
(B.13)]. With (B.15) and (B.16), we immediately have

o2

|3 = 2—/ Tr (o2 In + G (/) G(e) | db.
a —T

(B.17)
Since, for any § € [0 27], the two (positive definite) ma-
trices 02In + G*(e/?)G(e’?) and 02Ix + G(e’?)G*(e?)
have the same eigenvalues, so do the respective inverse
matrices. This implies Tr{(c7 Iy + G*(e/?)G(e/?))7'} =
Tr{(02Ix + G(e??)G*(e?%)) 71}, and hence, from (B.17), we
have

o2 [T
B =72 [
T J_x

[(UEIN + G(eﬁ)G*(eﬂ’))‘l] df.
(B.18)
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From (4.3) and (4.7), and since U7 (z) is inner, we have, for all
6 € [0 2x],

G(?)G*(e7%) = 021y + G(e?))G* (7)) = G(e77)G* (7).
(B.19)
The result follows from (B.18) and (B.19). O

APPENDIX C
DERIVATION OF (5.2)

Since F* G = > Fnz_"é, we have

ZFZ”G

— Pi"[F] «G.

H—F+G=(H-FoG

=(H- FOG) (C.1)
Decompose the first term on the RHS of (C.1) as H — FOG =
P [H—FoG] + P [H — FoG], and hence, with (C.1), we have
H-F+G=PJ[H-FyG]

+ (P{[H - FoG] - P{[F]  G).

€RH}
(C.2)
Write
P7[H = FoG] = P;[H — FoG] + (Ho — FoGo)é
=Py [H] + (Ho — FoGo)o (C3)

where the last equality follows since Py [H — FoG] = Py [H]
(for FoG is causal). Substituting P} [H—F¢G] in (C.3) into (C.2)
and by definition of norm || - || in (2.11), the result follows. O

APPENDIX D
TRANSFER MATRIX OF MIMO DELAY

For a fixed 1 < m < K, we will show how to construct
the transfer matrix D,,(z) € REN KN () associated with the
K -input K -output system whose I/O relation is a d,,, -step delay
in the mth channel. Since a MIMO delay can be considered
as a cascade of K systems, each of which being a delay in a
single channel, the associated transfer matrix is then obtained
as [[/<, Du(z) [7].

We first note that D,,,(2) = Ign if d,, = 0.1f d,,, # O,
write dp, = pm + g N, where 0 < p,,, < N — 1. The resultant
D,,.(z) can be obtained from Ik by replacing its (¢ K + m)th
rows 0 < ¢ < N — 1, respectively, by

T
—1 €m
0 z7 Iy, 5

In_p, 0 D.1)

e(TN—l)K+m

where €5+ € REYN is the (4K + m)th standard unit vector
0 < ¢ < N —1.Theresult (D.1) can be verified by investigating
the z-transforms of the block input and output [defined similarly
as in (2.7a) but is of dimension K N] associated with the system
and using (2.10). O
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