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Abstract

The identical two-degrees-of-freedom loudspeaker systems are discussed for synchronization of chaos in this paper.
Two methods are used to synchronize two identical chaotic systems with different initial condition: the adaptive
control and the Gerschgorin’s theorem. Finally we research the parameter identification for two identical two-
degrees-of-freedom loudspeaker systems by adaptive control and random optimization method.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

Lorenz studied the strange changes in the atmosphere which is the first example to study chaos in 1963. In the past
four decades, a large number of studies have shown that chaotic phenomena are observed in many physical systems that
possess nonlinearity [1,2]. It was also reported that the chaotic motion occurred in many nonlinear control systems [3].

In this paper, chaos synchronization of a two-degrees-of-freedom loudspeaker system is researched by many
methods. In Section 2, a two-degrees-of-freedom loudspeaker system model and Lagrange’s equations of motion for it
are introduced. Next, the bifurcation diagram and the Lyapunov exponent are expressed by numerical analysis.

The identical systems are discussed for synchronization of chaos in Section 3. Two methods are presented to achieve
the synchronization: the adaptive control, the Gerschgorin’s theorem.

We research the parameter identification for identical two-degrees-of-freedom loudspeaker systems in Section 4.
Two methods are presented to achieve the synchronization: the adaptive control and the random optimization method.

Finally, the conclusion of the whole paper is briefly stated.

2. Equations of motion

The loudspeaker system considered here is depicted in Fig. 1. It is a loudspeaker system having two-degrees-of-
freedom, where one is the electric charge on the capacitor plate and the other is displacement of the parallel plate
capacitor.

The state equations of loudspeaker system are described by [4]

X = X,

. 2 : .

Xy = —ay1X| — apXy + A23X3 + AxuX3 + dys sin (%)‘Q @.1)
X3 = X4,

X4 = a41X| + AX1X3 — A43X3 — A44X4,

where ar = 1, ay = 005, ar; = 2, Ay = 00847, ars = as = 00694, g = 00694, agy = 127, gy = 0.5.
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Fig. 2. Bifurcation diagram for 4 between 38 and 44.

The bifurcation diagram of the loudspeaker system is depicted in Fig. 2. The range of 4 is [38,44] with the incre-
mental value is 0.01. Lyapunov exponents of loudspeaker system are plotted in Fig. 3.

3. Synchronization of chaos for identical systems

Two identical systems are discussed for synchronization of chaos in this paper. Two methods are presented to
achieve synchronization: the adaptive control [5] and the Gerschgorin’s theorem [6].

3.1. Synchronization by adaptive control
We study two identical two-degrees-of-freedom loudspeaker systems in this section. Both systems have the same

form and two parameters are unknown. Two identical systems begin with two different initial conditions that will be
synchronized by following methods.
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Fig. 3. The Lyapunov exponent for 4 between 38 and 44.

The drive system is described as Eq. (2.1).

xl = X2,
. ) .
Xy = —aX| — anXs + axXs + aux3y + dss Sin (%)‘Q (3.1.1)
).63 = X4,
X4 = A X + ApX1X3 — A43X3 — A4aX4.
The response system is described by
n=mn,
. ) : ;
V2 = —any1 — an)ys + axys + any; + axssin (?‘;)T, (3.1.2)
=,

Y4 = any + apyiys — anys — au)s.

The values of parameters are ax; = 1, ax; = 2, axy = 0.0847, aps = 5.5652, ay; = 0.0694, a4, = 0.0694, aq3 = 1.27. The
true values of “unknown” parameters are ay, = 0.05, ayy = 0.5 in numerical simulation.

The initial conditions of the drive and the response systems are (x;(0),x2(0),x3(0),x4(0)) = (1,0, 1,0), ()1 (0),12(0),
3(0),14(0)) = (1.1,0.1, 1.1,0.1), respectively. The initial values of estimate for “unknown” parameters are a»(0) = 0.1
au(0) =0.1.

For synchronizing two two-degrees-of-freedom loudspeaker systems, we add four controllers, u;, us, us, us on the
first, second, third, and fourth equations of Eq. (3.1.2), respectively.

il

Vi =y +u,
J2 = —auy — anys + anys + auyi + axs sin($)t + u, (3.1.3)
V3 =ys +us, o
Y4 = any1 + annys — asnys — aass + ug.
First, subtracting Eq. (3.1.1) from Eq. (3.1.3), we can obtain the error dynamics
ey =ey+u,
&, = —aye] — ape; + anes + az4(y§ — x%) + s, (3.1.4)

ey = eq +u3,
ey = ame) + an(V1ys — X1x3) — auzes — ages + U,

where e; = y1 — X1, e, =) — X3, €3 = Y3 — X3, €4 = Y4 — X4.



1234 Z.-M. Ge, W.-Y. Leu | Chaos, Solitons and Fractals 21 (2004) 1231-1247

Next, a Lyapunov function is selected as
V(e an,au) =ie"e + (a3, + aj,), (3.1.5)

where Gy = ax — ay, G4q = ags — aaq and ay, agy are estimate values of the unknown parameters ay and ayy, respec-
tively.
Its derivative along the solution of Eq. (3.1.4) is

W = e"e+ anay + Audu
=ei(es +ur) + es[—arer — anes + anes + au(y; — x3) + uz] + es(eq + us) + eafasie
+ap(Viys —x1x3) — aszes — ames + u4] + 5122(—&22) + 5144(—é44)~ (3.1.6)
Select uy, uy, us, g, o, Gag aS

Uy = —ep — ey,

A 2 2
Uy = axie) + ane, — axes — 024()/3 - x3) — €,

Uy = —e3 — €y,

Uy = —agie; — ap(Mys — x1x3) + dgzes + dases — ey,
5.122 = *657

él44 = —ei.

Then, Eq. (3.1.6) becomes

d’;ge) — P -d-d e <. (3.1.7)

This means that the synchronization of two identical two-degrees-of-freedom loudspeaker systems can be accom-
plished. The results are shown in Figs. 4-11.

3.2. Synchronization by Gerschgorin’s theorem
We continue to study two identical two-degrees-of-freedom loudspeaker systems in this section. Two identical

systems begin with two different initial conditions which will be synchronized by following methods. The drive system is
described as Eq. (3.1.1).

®1 y1

20 : :
0 50 100 150

time (s)

Fig. 4. The time response of states for drive system’s x; (—) and response system’s y; (- - -). The controller is acceded to response system
att=50s.
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Fig. 5. The time response of states for drive system’s x, (—) and response system’s y, (- - -). The controller is acceded to response system
att=50s.
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Fig. 6. The time response of states for drive system’s x3 (—) and response system’s y; (- - -). The controller is acceded to response system
att=50s.

The following response system is constructed for Eq. (3.1.2) with linear unidirectional couplings:

=yt ki —n),

V2 = —any — any, + axnys + auy; + as sin (%)T + k(X2 — ), (3.2.1)
s =y +ks(xs —»3), -
Va = agy + apyys — aasys — Qs + ka(xs — ).

The parameters of drive and response systems are chosen as ay; = 1, as; = 0.05, ayp; = 2, axy = 0.0847, ars = 5.5652,
ag = 00694, A4y = 00694, agz = 127, A4y = 0.5.
The drive and the response systems can be written as
I
f=dxtel) +u (3.2.2)
y=Ay+g) +u+Kx-y),

where 4 € R”" is a constant matrix, g(x) is a nonlinear function, and u is the external input vector. K is a diagonal
matrix to be designed later.
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Fig. 7. The time response of states for drive system’s x4 (—) and response system’s y; (- - -). The controller is acceded to response system
att=50s.
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Fig. 8. Time history of error for e;.

Assuming that
g(x) —gly) = Myy(x — y). (3.2.3)

The elements are dependent on x and y in M, .
From Eq. (3.2.2), we can obtain the error dynamics

e=(4-K+My)e, (3.2.4)

where e = x — y.

If P is a positive definite symmetric constant matrix, and all the eigenvalues of (4 — K +M,,)'P + P(4 — K + M,,)
are negative, the error dynamics would be asymptotically stable about (0,0, 0) [6]. In the other words, the two-degrees-
of -freedom loudspeaker systems would be synchronized.

Let Q=(4—-K +Mx<y)TP +P(4 - K +M,,). The cigenvalues of Q are 4, and /; < < 0, where p is a negative
constant:

Q= (4—K+M,)"P+P(4—K+M,) = [P(A+M,) + (A+M,)"P| - [PK+K"P| = [a)] — [b;].  (32.5)
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Fig. 10. Time history of error for e;.

Let C; be the Gerschgorin’s circles of Q, then the centers of circles are a; — 2k;p;, the radiuses are r; and
r= 22:1 i |a;;|. Gerschgorin’s theorem guarantees that each eigenvalue of Q, when plotted in the complex plane, must
lie on or within the circle C;. Then, we can get that a; — 2k;p; + r; < 1, and the range of k; can be obtained:

ki zs- (@i +ri—w), i=12,...,n (3.2.6)

1
2p;
For convenience, we choose P = I, and Eq. (3.2.6) can be written as
ki zYap+ri—p), i=12,...,n (3.2.7)

Considering the two-degrees-of-freedom loudspeaker systems investigated in this section, we can obtain
0 1 0 0

_ | 4 —ax as 0
4=\ 0 0 Ll (3.2.8)

ay) 0 —a43  —a44
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Fig. 11. Time history of error for ey.
kk 0 0 O
kK=o b 1?3 0 (3.2.9)
0 0 0 Kk
and
0 0
aux} any:
g =1 "7 e=| %" (3.2.10)
A4pX1X3 ax)1)s
then
[ 0 0
g —gl)= | @O 2| el ey
| s (x1x3 — y1y3) ap[(2x;3 — y3)er + xie3]
[ 0 0 0 0] [e
_ g g “24("30+y3) 8 Z , (3.2.11)
_a42(2x3 - y3) 0 AagnXy 0 €4
0 0 0 0
M,; = 0 0 "2“("30”3) g (3.2.12)
5142(2)63 *ya) 0 agnX) 0
The error dynamics is
er =e — ke,
f:fz = —aple; — apesx + axes + ‘124(3‘_% - y%) — ke, (3.2.13)
&3 = ey — ke,
ey = age; + a42(x1x3 —yl)/z) — agyes — aseq — kaey,
where

€ =X — N,

€ =X — )2,

€3 = X3 — )3, €4 =X4— )4
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It follows from Egs. (3.2.8) and (3.2.10) that

0 1 —ay 0 as + an(2x3 — y3)
1 —ay —2ay an + ax(xs +3) 0
A+ M, A+ M) =
-+ x’y) A+ x'y) 0 ays + ax(xs +y3) 0 1 — auz + asnx,
as + asn(2x3 — y3) 0 1 — ag + apx —2a4
(3.2.14)

In terms of Eq. (3.2.7), we can obtain the inequalities as

ki = (11 — ay| + |ag + ap(es +x3)| — p),

ky = (11 — ay| — 2a0 + |azs + aza(x3 + y3)| — ), (3.2.15)
ks = 5(lazs + aza(xs + y3)| + |1 — aas + asxi| — ),
ky > %(\041 + an(es +x3)| + |1 — ass + apxi| — 2au — ).

By choosing u = —0.7, we can obtain the coupling strengths as k; = 1.1, k, = 2, k3 = 2.8, k4 = 1.3. The eigenvalues
of A—K+M,)+(A4-K —Q—Mx‘y)T are —0.7, —1.6, —4.3, —8.3. The selection of u value is to satisfy with 4; < u < 0. The
results are shown in Figs. 12-15, and the synchronization is accomplished.
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Fig. 12. Time history of error for e;.
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Fig. 13. Time history of error for e,.
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4. Parameter identification by adaptive control

In this paper, both parameter identification and synchronization of chaos are proposed. Two methods are presented
to achieve parameter identification: the adaptive control method [7] and the random optimization [8]. In addition, we
also keep on discussing identical two-degrees-of-freedom loudspeaker systems in this part.
4.1. Parameters identification by adaptive control

In this section, both parameters identification and synchronization of chaos are proposed by adaptive control

method. Two parameters are uncertain in the response system.
The drive system is described by Eq. (2.1).

X1 = X,

o ) .

Xy = —a1X| — AxnXy + A23X3 + Ar4X3 + a5 SIN (%)‘L (4.1.1)
X3 = X4,

X4 = A1 X1 + Ag2X1X3 — A43X3 — A4gXy.
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The response system is described as

n=mn,
V2 = —any — 0 (1)ys + axys + axy; + ass sin (}%)T, (4.1.2)
= o

Ja = any + annyy — asys — oaa(t)ya,

where oy, and oy, are two parameters of uncertainty. The initial conditions of the drive and the response systems are
(x1(0)7x2(0)7x3 (0),)64(0)) = (17 07 170)’ (yl (O)ay2(0)7y3(0)7y4(0)) = (127 027 127 02), respectively.
The drive and the response systems can be written as
¥ = f(x) + (Fi(x)an + F(x)as),

y=f0) + (Fi(y)oa + F(y)ous), (4.1.3)

where
FX)'=(0 x 0 0), BX"=(0 0 0 x4).

For synchronizing two identical two-degrees-of-freedom loudspeaker systems, we add four controllers, u;, uy, uz, uy
on the first, second, third, fourth equations of Eq. (4.1.2), respectively.

Y=y +u,
V2 = —auy — 0 (1)ys + axys + axy; + ass sin (%)T + Uy, (4.1.4)
= +us, o

s = any + annys — asys — oaa(t)ys + us.

We have some work to do first before solving our problem. To consider the special case when the drive and the
response systems have the same parameters which are time-invariant. In other words, oy and oy, are rewritten as ay
and a4 in Eq. (4.1.4). Subtracting it from Eq. (4.1.1), we can obtain the error dynamics:

ey = ey +uy,
&, = —aye] — ape, + anes + 6124())32 — x§) + uy, (4.1.5)
é3 = ey + us,
ey = agie; + an(y1ys — X1X3) — agzes — dsses + U,

where
€ =)1—X1, € =))—X2, €3=)3 X3, €4=)4—X4.

The Lyapunov function is selected as

Vie)=jlel +& + e +el). (4.1.6)

Then its derivative along the solution of Eq. (4.1.5) is

dv
ﬁ = elél + ezéz -+ e;e; + €4é4

dt
=ei(e; +uy) + ex[—aze; — ane; + ane; + az40’§ - x%) + ] + ez(es + uz) + eslaner + an(nys — x1x3)
— A43€3 — d44€4 + u4]. (417)
The controllers are chosen as
u = —e — e,
Uy = az1e) +ane; — axpe; — dxy y2 -x3) — e,
05 =) (4.1.8)

Uz = —e3 — éy,

Uy = —age; — a4z(y1y3 - x1x3) + asze; + ageq — ey.
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Then, Eq. (4.1.7) can be rewritten as
dv
E:—ef—eg—eg—ei<0. (4.1.9)

This means that synchronization of the drive-response system.
Here, we use the results of this special case to solve our problem. The drive system is described as Eq. (4.1.1). The
response system is described as Eq. (4.1.4). Let

i (1) = —F (x)(grad V (e))" = xes,

) . T (4.1.10)
0(44(1‘) = _FZ (x)(grad V(e)) = X4€4.

The controllers are chosen as
U = —e; —é,
Uy = arie; + 0622(1‘)@2 — axpez — az4(y§ —x§) — ey, (4 1 11)
Uy = —e3 — &y, .
uy = —age; — an(Nys — x1x3) + ases + oggeqs — ey.

According to the drive system Eq. (4.1.1) and the controlled response system Eq. (4.1.4), we have the following error
dynamical system:

e=f)—f(x) +F)o—F(x)a+U, (4.1.12)
where
U=y w uy wu)
The Lyapunov function is selected as
V(e o) =V(e)+a—a) (x—a). (4.1.13)

Its derivative along the solution of system Eq. (6.1.11) satisfies [7]

U (grad V(e),/(v) = f(x) + F(y)o = F(x)a + U) + &' (o = a)

ds
= (gradV(e), f(y) — f(x) + F()o — F(x)o + U) + [grad V (e)F (x) (o — a)] + &" (o« — a)
=—ej—e—e;—e; <0. (4.1.14)

This means that synchronization of the drive-response system. The results are shown in Figs. 16-21, parameters
identification and synchronization of chaos are accomplished.

12

10F .

%22

& L 1 1 L L 1 L L L
0 10 20 30 40 50 60 70 BO S0 10C

time (s)

Fig. 16. Graph of the parameter identification result.
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Fig. 17. Graph of the parameter identification result.
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Fig. 18. Time history of error for e;.

4.2. Parameter identification by random optimization

We investigate two identical loudspeaker systems in this section. Both systems have the same parameters, but a
parameter of the response system is unknown. Our work is to identify the unknown parameter. In this section,
parameter identification is proposed by random optimization.

The drive system is described as Eq. (2.1).

X = X,

. — 2 : 0]

Xy = —Q1X] — AxX> + A»3X3 + a24X3 + a»s SIn (§)T7 (4 2 1)
X3 = Xy,

X4 = aqX) + apX1X3 — A43X3 — A4aXq.

The response system is described as

=,
V2 = —any — 0y + axnys + auyi + ars sin (%)ﬁ (4.2.2)
V3 = Yay -

j/4 = any1 + apy1ys — agys — Aaa)s.
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Fig. 19. Time history of error for e,.
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Fig. 20. Time history of error for e;.

100

The parameter oy, is unknown in the response system. The initial conditions of the drive and the response systems
are (x1(0),x2(0),x3(0),x4(0)) = (1,0,1,0), (31(0),3(0),»3(0),34(0)) = (1.2,0.2,1.2,0.2), respectively.
To synchronize two identical loudspeaker systems, we add one coupling term, k(x; — 1), on the first equation of Eq.

4.2.2).
y =y 4k — ), ‘
Jr = —any1 — tnys + arys + axyi + axs sin (4)7,
=,

J>4 = amy1 + anp)1ys — aa3ys — Aaa)s.

Define the difference by

T
U:/ |x1 —y1|2dt,
097

where T is the simulation time, chosen as 100 s.

(4.2.3)

(4.2.4)
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Fig. 22. Difference with respect to the parameter o,, for £ = 3.

The difference U can be considered as a function of oy and k. If & is sufficiently large and oy, is close to a»,, the
difference U would tend to zero. In the other word, with sufficiently large value of &, if U is small, o, would be close to
ay. The result is shown in Fig. 22.

To identify the unknown parameter of the response system, we use the random optimization method. The algorithm
is as follows.

First, choose a sufficiently large value of k. In our case, we choose k£ = 3. By estimating initial value of a,,, we can
calculate the difference U.

The parameter oy, is randomly modified as

0, = Oy + 7, (425)

where r is a random number which obeys the Gaussian distribution with variance ¢ = 0.001.
Substituting the modified parameter oy, into Eq. (4.2.3), we can obtain y|. The difference between two
systems is
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Fig. 23. Time evolution of oy, by random optimization process.

T
U= / by — 34 Pdr. (4.2.6)
0.97
If the difference U’ is smaller than U, the parameter is changed from o, to 0, . On the other hand, if the difference
U’ is larger than U, the parameter set is unchanged and kept to be o,,. The processes are repeated until the difference U
tends to zero.
The parameter identification can be achieved. The result is shown in Fig. 23.

5. Conclusions

In this paper, synchronization of a two-degrees-of-freedom loudspeaker system is studied. In Section 2, a two-
degrees-of-freedom loudspeaker system model and its states equations of motion are introduced. Next, the bifurca-
tion diagram and the Lyapunov exponent are expressed by numerical analysis. Then the chaos synchronization
of identical systems is achieved in Section 3. Two methods are presented to achieve the synchronization: the adap-
tive control and the Gerschgorin’s theorem. The values of state error approach zero, as display in the plots of time
history of error. In other words, synchronization of chaos is realized for identical two-degrees-of-freedom loudspeaker
systems.

Finally, we succeed to research the parameter identification for identical two-degrees-of-freedom loudspeaker sys-
tems by adaptive control and random optimization method. The results are demonstrated by applying various
numerical results.
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