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Broad Multiwavelength Second-Harmonic
Generation From Two-Dimensional �(2) Nonlinear
Photonic Crystals of Tetragonal Lattice Structure
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Abstract—We investigate the effects of lattice spacing and
domain-filling ratio on the wavelength dependence in second-har-
monic generation (SHG) from two-dimensional (2) nonlinear
photonic crystals (2-D NPC) on lithium niobate. Spectral coverage
of 150 and 200 nm around 1.5 and 1.9 m in quasi-phase-matched
(QPM) SHG is obtained by angular rotation of the NPC with a lat-
tice periodicity of 20 20 and 29.5 29.5 m2, respectively. The
SHG signals are shown to have off-axial propagation directions
determined by the incident wavelength and the QPM vector. The
intensity of the high-order reciprocal-lattice-vector (Gmn)-as-
sisted SHG signal is shown to depend on the domain-filling ratio.
These observations are attributed to the unique dispersion of
Gmn together with the nonzero (2)(Gmn) nonlinearity in the
2-D QPM-NPC having a tetragonal lattice structure.

Index Terms—Nonlinear photonic crystals, quasi-phase-
matching, second-harmonic generation (SHG).

I. INTRODUCTION

THE USE OF THE quasi-phase-matching (QPM) technique
to enhance nonlinear wave interactions has been actively

pursued in nonlinear optics. A QPM structure can be realized
in nonlinear crystals by seeking a periodic domain reversal at
every coherent length [1]. For the case of second-harmonic
generation (SHG), the coherent length is defined as follows:

(1)

where the ’s and ’s are the wave vectors and refractive in-
dices at the fundamental and second-harmonic frequencies, re-
spectively, and is the wavelength of the fundamental beam.
This process has been named periodic poling when the QPM
structure is realized by the application of an electric field in
a ferroelectric crystal to periodically reverse the domain struc-
tures. Such material modification can lead to a periodic sign re-
versal in the spontaneous polarization and, therefore, in the

nonlinearity. The artificial distribution of the nonlin-
earity can give rise to a structural symmetry in that is dif-
ferent from the original crystal. This new symmetry can render
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a structure-imposed phase factor to compensate the destructive
interference caused by the material’s optical dispersion as the
interacting waves propagate in the crystal. For example, the
SHG process can be realized by a momentum conservation of

, where is the reciprocal lattice
vector of a first-order QPM structure with a periodicity of .
One advantage in utilizing the QPM mechanism is that it al-
lows access to the largest diagonal matrix element of the non-
linear coefficient, such as , which would not be possible
in the conventional birefringent phase matching scheme. The
reason is that generally in order to satisfy birefringent phase
matching, orthogonal polarizations in the interacting waves are
required [2]. The nonlinear wave interaction can, thus, only be
initiated via coupling with the off-diagonal matrix elements in
the nonlinear coefficient, which usually is smaller than its diag-
onal parts. Applying the QPM mechanism to nonlinear interac-
tions can, therefore, be an efficient means for laser wavelength
conversion. Recent realization of QPM optical parametric oscil-
lators (OPO) [3] and second-harmonic generators [4] using pe-
riodically poled lithium niobate (PPLN) and potassium titanyl
phosphate (PPKTP) [5] are representative developments in this
field. A subtle difficulty that has limited the use of one-dimen-
sional (1-D) QPM devices, however, is the tight temperature sta-
bility and wavelength acceptance bandwidth. The tolerance in
these two factors is approximately equal to 0.1 where

is the length of the crystal [6]. These tight tolerances add to the
complexity in system designs where the temperature stability
and capacity for simultaneous multiwavelength switching/con-
version are concerns for applications in optical information pro-
cessing [7], [8] and telecommunication [9], [10].

An approach to overcome the issue of a tight wavelength ac-
ceptance bandwidth is to engineer a domain configuration such
that momentum conservation can be simultaneously satisfied by
a number of different wavelengths [11]. This concept can be im-
plemented in a 1-D quasi-periodically [12] or aperiodically [13]
poled structure. For QPM-SHG in the quasi-periodically poled
structure, the momentum conservation mechanism is written as

. The vectors are indexed by two in-
tegers and , and are expressed as follows:

(2)

where is the “average structure parameter”
taken as the sum of the length from each of the building
blocks in the poled crystal and multiplied by an arbi-
trary irrational number [11]. By doing so, multiwavelength
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QPM-SHG [14] and sum frequency generation [15] have been
realized in potassium titanyl phosphate (KTP) and lithium tan-
talate LiTaO . However, the temperature stability of such 1-D
QPM devices has not yet been investigated. Alternatively, the
concept of a plural number of QPM vectors can be realized in a
two-dimensional (2-D) periodically poled structure. For a 2-D
poled crystal having an orthorhombic lattice structure, the cor-
responding reciprocal lattice vectors are

(3)

where and are the domain periodicity and, hence, the lattice
vector in the - and -axis direction, respectively, and and

are two integers. The active QPM components in this case
are those reciprocal lattice vectors for which the Fourier
transformation of the second-order nonlinearity
have nonzero values. These 2-D poled structures are called
nonlinear photonic crystals (NPC) [16]. It has been noted in
[16] that the indexing of in the 1-D quasi-periodic lattice
is simply the projection of a 2-D periodic crystal on a 1-D axis
with an irrational slope. The added dimension creates a number
of new phenomena in nonlinear wave interaction. For example,
the transversely patterned QPM gratings enable a layout of
nonlinear physical optics [17]. A 2-D SHG-NPC can sup-
port 1-D and 2-D solitons [18]. Wave interactions in a 2-D NPC
can result in SH waves that grow and propagate in directions
departing from the fundamental beam [19]. Theory further
suggests an optimal design of the 2-D poled patterns that can
render QPM vectors suitable for third- or fourth-harmonic
generation [20].

We have recently demonstrated a two-step poling method that
can be used for the fabrication of large area NPC. This method
consists of first a high-temperature treatment at 1050 C to intro-
duce a surface inversion layer, followed by a pulse-field poling
[21]. The origin of surface domain inversion in this case is due to
the thermally induced out-diffusion process [22]. The polariza-
tion-induced charge (i.e., ) at the domain boundary
serves as a potential barrier to restrict the nucleation and mo-
tion of an inverted domain at a designated lattice site [23]. One
thereby can overcome the issue of domain merging due to the
fringe-field effect as is often encountered in the periodic poling
process. Inverted domains of various geometric shapes and lat-
tice structures can, thus, be realized. An important consequence
of such a domain manipulation capability is to allow the engi-
neering of QPM-NPCs with a designated lattice structure to en-
hance the temperature tolerance and the acceptance bandwidth.
We have thereby demonstrated a wide temperature bandwidth
over 150 C in the SHG of 532 nm from a 2-D NPC of
orthorhombic lattice structure on a 500- m-thick LiNbO sub-
strate [24]. A SHG spectral coverage of over 150 nm has re-
cently been observed by angle tuning of a 2-D NPC having
a tetragonal lattice structure of 20 20 m on LiNbO [25].

In this paper, we investigate the wavelength tunability of 2-D
NPC that are fabricated to quasi-phase-match to generate

the second harmonic of laser beams tunable around the 1.5-
and 1.9- m bands at room temperature (30 C). The experi-
mental details and results will be summarized in Sections II

and III, respectively, and followed by a discussion of the lat-
tice spacing effect on the SHG spectral coverage and the de-
pendence of the SHG efficiency on the vectors involved
in the QPM process in Section IV. We demonstrate that a wide
SHG spectral tuning range of over 200 nm can be obtained on
NPC samples of a tetragonal lattice structure with a period-
icity of 29.5 29.5 m . These results are ascribed to a unique
high-order reciprocal lattice vector -assisted QPM-SHG
process and the corresponding nonzero second-order nonlinear-
ities of in the 2-D NPC.

II. EXPERIMENTAL

Two sets of 2-D NPCs were fabricated on Z-cut,
double-side-polished, congruent-grown undoped LiNbO sub-
strates purchased from Crystal Technology (Palo Alto, CA).
They were designed to have a tetragonal lattice structure and a
first-order periodicity of 20 20 and 29.5 29.5 m , respec-
tively, to quasi-phase-match to generate the second harmonic
of 1.5- and 1.9- m-band beams at room temperature. A typical
procedure of the aforementioned two-step poling method is as
follows. A thin 50 nm , 2-D aluminum (Al) electrode was
first evaporated onto the face of LiNbO by the standard
lithography and lift-off process. We then placed the Al-pat-
terned sample inside a quartz tube furnace and let it undergone
a heat treatment at 1050 C for 5 h in an air ambience. This
process resulted in a shallow surface inversion layer in the
region not covered by the electrode. Although the Al electrode
was oxidized and transformed into an Al O pattern, it pre-
served the underlying LiNbO in its original polarization state.
The microcracks found in the Al O electrode then served
as a current path for the subsequent pulsed-field poling. The
sample was then transferred to a poling apparatus consisting
of a pulsed voltage amplifier (Trek, NJ, USA, model 20/20 A
for 20-kV and 20-mA output). The poling setup was similar to
that originally designed by Myers et al. [26], where a lithium
chloride liquid electrode was used to make contact with the
sample surfaces via a pair of viton o-rings. To stabilize the
domain reversal process, a fast turn-on rectifying diode was put
in series with the poling apparatus such that relaxation of the
inverted domain was inhibited at the moment the poling field
was terminated [27].

The SHG measurements were conducted by using a pulsed
grating-tuned periodically poled LiNbO optical parametric os-
cillator [28] as the fundamental frequency pump source. The
pulse repetition rate was 4 kHz and the pulsewidth was 30 ns.
By choosing an appropriate periodicity and adjusting the tem-
perature of the PPLN crystal in the OPO, wavelength spans
from 1450 to 1640 nm, and from 1800 to 2000 nm, respec-
tively, could be obtained as the pump wavelengths. The peak
power in the 1.5- m region was 2 kW while that for the 1.9- m
region was 1.2 kW. The poled samples have a length of
6 mm for the 20 20 m period NPC which was designed for
QPM in the 1.5- m-band pump and a length of 18 mm for
the 29.5 29.5 m period sample for the 1.9- m-band pump.
Both samples had the edges cut and polished parallel to the
crystalline and axes. The fundamental beam was loosely
focused into the polished 2-D NPC sample with a beam waist
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Fig. 1. �Z magnified micrograph showing an NPC consisting of 2-D
distribution of inverted domains residing on a tetragonal lattice structure.
The lattice vectors a and b are of equal length and have a center-to-center
periodicity of: (a) 20� 20 and (b) 29.5� 29.5 �m on 300 �m-thick LiNbO
substrate. (c) QPM-SHG processes in the reciprocal space of NPC showing
wave propagation and generation in the NPC.

of 100 m by a lens of 30-cm focus length, which resulted
in a peak intensity of 13.3 MW/cm for the 1.5- m case and
8 MW/cm for the 1.9- m case inside the crystal. A rotational
stage was attached to the sample mount to vary the azimuth
angle of the sample by up to 15 , a process equivalent to
varying the incident angle of the fundamental beam. The SHG
power and the spatial pattern in the far field were recorded at a
number of different incident fundamental wavelengths.

III. RESULTS

Illustrated in Fig. 1(a) and (b) are the face micrograph of
an NPC showing a distribution of the nonlinearity with a
2-D periodicity of 20 20 and 29.5 29.5 m , respectively.
The periodicity is measured as the center-to-center distance of
the adjacent inverted domains shown in the figure. A close ex-
amination of Fig. 1 indicates the inverted domains are registered
on a square (i.e., tetragonal) lattice site. In particular, one notes
there is a pinnacle shape of structure residing on the inverted
domain, indicating a slightly faster domain growth along the
crystal’s axis than the axis [29]. The ratio of the area of the
inverted domain to that spanned by the lattice vectors of the 2-D
NPC can be characterized by a factor called the domain-filling
ratio. It has been noted in [16] that this filling ratio relates di-
rectly to the second-order nonlinearity of for a given
reciprocal lattice vector where the QPM-nonlinear process

Fig. 2. (a) and (c) CCD images and (b) and (d) normalized far-field SHG
intensity distribution for the NPC samples shown in Fig. 1. Details of the
experimental conditions and data are shown in Table I.

takes place. This issue will be further alluded to in Section IV
of this paper.

Moreover, the spatial distribution of nonlinearity shown
in Fig. 1 has a tetragonal symmetry that differs from the

trigonal lattice symmetry of the LiNbO host crystal. The
nonlinear generation and propagation of the interacting waves
in this photonic crystal would depend solely on the domain
symmetry and is independent of the host’s crystal symmetry.
Sketched in Fig. 1(c) are the SHG signals and the momentum
vectors in the reciprocal space of the NPC showing the high-
order -assisted QPM processes. They illustrate simulta-
neous phase matching and spatial separation of the fundamental
and harmonic waves that are unique to the 2-D NPC structure.

Shown in Fig. 2 are the CCD images taken with a digital
camera and the normalized far-field intensity distribution of
QPM-SHG signals for the NPC samples shown in Fig. 1.
The SHG data were measured with the fundamental beam
propagating along the crystal’s axis (i.e., 0 incident angle).
The images were taken by placing an IR-sensitive florescence
card 10 cm away from the sample. Data in Table I summarize
the far-field angle and the average SHG power of the
20 20 [Fig. 1(a)] and 29.5 29.5 m [Fig. 1(b)] period
NPC samples with respect to the phase-matched fundamental
wavelengths/incident powers and the contributing vector
in the QPM-SHG process. Even though the input intensity of
the 1.5- and 1.9- m-band OPO differed by a factor of two,
one can still maintain a SHG output power 50 mW for the

-assisted QPM process by resorting to a longer interaction
length 18 mm in the latter case.

Referring to Fig. 2(a) and (c), one observes a symmetrical
distribution of the 1.5- and 1.9- m-pump QPM-SHG patterns
in a plane transverse to the propagation direction of the funda-
mental beam. By rotating the crystal 90 to let the pump beam
propagat along the crystal’s axis, similar transverse distri-
butions of SHG signal were also observed (not shown). This
fourfold rotational symmetry reveals the tetragonal structural
effect of the 2-D NPC on the SHG process [30]. From the peak
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TABLE I
PARAMETERS AND DATA OF QPM-SHG OUTPUT FROM THE 2-D

NPCS SHOWN IN FIG. 1

Fig. 3. (a)–(b) Measured internal conversion efficiency for the G -assisted
QPM-SHG process. (c)–(d) Cascaded-QPM third and fourth harmonic signals
for samples in Fig. 1.

position of the SHG signals shown in Fig. 2(b) and (d), one
notes that the associated far-field angles and peak SHG in-
tensities exhibit a unique dependence on the QPM wavelengths.
That is, decreases but the peak SHG intensity increases as
one sequentially increases the QPM wavelength. Data from
Table I show that at an input intensity of 13.3 MW/cm , the total
power summed from two SHG beams caused by the 1563-nm
pump at is 12.4 mW, whereas the single spot
of SHG from the 1590-nm pump has a power of 66 mW at

. Table I only lists the angles associated with QPM
vectors that resulted in the strongest SHG intensity. Other
signals had an intensity at least one order of magnitude lower
and, hence, were omitted. These latter signals represent a beam
deflection of the SH wave by the QPM vector
in the NPC, whereas the intensity distribution carries the infor-
mation of on the SH conversion. The appearance
of mirror symmetry in phase-matching angle and the reduction
in conversion efficiency signify a phase-matched SHG mecha-
nism due to contribution from the high-order reciprocal lattice
vector , and the nonzero value of the corresponding

nonlinearities. These quantities exhibit the subtle
dependence of the QPM-SHG process on the fundamental
wavelength and the lattice spacing/symmetry of the NPC.

Further shown in Fig. 3 are the internal efficiency curves
for the -assisted QPM-SHG in the 20 20 [Fig. 1(a)] and
29.5 29.5 m [Fig. 1(b)] period 2-D NPC sample pumped at
a fundamental beam of 1589- and 1998-nm wavelength. Note
the conversion efficiency is linear up to a pump intensity of

4 (and 2) MW/cm for the NPC sample in Fig. 3(a) and (b),

respectively, and the process approaches saturation with an in-
ternal conversion efficiency reaching 50% as the pump inten-
sity increases above 12 (and 8) MW/cm . Similar saturation
behavior has also been reported on 2-D NPC with hexagonal
lattice structure. This effect has been ascribed to the increase
of parametric back conversion with the SHG power in [19].
Note that in the latter, the maximum internal conversion effi-
ciency reached 41%–82% and saturated at a pump intensity of

1 GW/cm with the 1531-nm picosecond laser.
In addition to the QPM-SHG process, cascaded generation

of third and fourth harmonics were also observed. Illus-
trated in Fig. 3(c) and (d) are the images of mixed third-
and fourth-harmonic outputs of green and blue and red and
blue light generated by the 1589- and 1997-nm fundamental
beams in the 20 20 and 29.5 29.5 m period 2-D NPC
samples, respectively. Note third-harmonic green beams like
the ones in Fig. 3(c) showing an almost continuous range of
emission angles have also been reported in [19]. Although our
NPC devices were originally designed for phase matching to
the multiwavelength QPM-SHG process, the abundance of
higher order (third and fourth) harmonic generations suggest
a potential use for studying the cascaded QPM nonlinear
phenomena [31].

To further investigate the wavelength tunability of QPM-SHG
in tetragonal NPC, we azimuthally rotated the sample such
that the internal incident angle of the input beam relative to the
(or ) axis of the 2-D NPC can be varied. In doing so, each of the
allowable QPM-SHG processes can be accessed by a suitable re-
ciprocal lattice vector that fulfills the phase-matching condition
of . The above procedure helps to analyze
the lattice spacing effect on the wavelength span of QPM-SHG
in a 2-D NPC. Illustrated in Fig. 4(a) and (c) are the normal-
ized SHG spectra labeled with the contributing QPM vectors of

for the 20 20 and 29.5 29.5 m period 2-D NPC sam-
ples, showing the angular dependence on the spectral coverage
of QPM wavelength. The data were recorded at an azimuthal ro-
tation angle , , and , respectively. Although we
did not measure the full range of SHG wavelengths accessible
with the 2-D NPCs, one can clearly discern an increase in the
spacing between the QPM wavelengths with the azimuthal rota-
tion angle . In addition, the measured wavelength span of the
QPM-SHG process is shown to increase with the lattice spacing
of the 2-D NPC, changing from 150 to 200 nm as the 2-D lattice
spacing increases from 20 to 29.5 m. Here we note the peak in-
tensity of the SHG signals decreases with for the same
not shown. This is possibly due to an increase in the walk-off
angle between the fundamental and the SH waves.

IV. DISCUSSION

In order to quantify the above observations, we applied a
ray-tracing method in geometric optics to reveal the under-
lying physics corresponding to the spatial distribution of the
QPM-SHG process [32]. In the calculation, the material’s
refractive index of LiNbO was taken from [33]. The
reciprocal lattice vectors was calculated according to (3)
by letting the lattice constant equal to 20 (or 29.5) m
for the tetragonal NPC used in this work. After taking
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Fig. 4. (a) and (c) Normalized QPM-SHG spectra labeled with theG vectors. The spectrometer had a detection limit at 1-�m wavelength. (b) and (d) Dispersion
curves ofG for NPC samples in Fig. 1. Lines and dots: calculated results; symbols: experimental data.

into account the Fresnel diffraction and the QPM condition
of , one can derive a dispersion curve
to reveal the dependence of phase-matching wavelength on
the reciprocal lattice vector and the azimuthal rotation
angle in the – plane. Compared with angular tuning in the
conventional birefringent phase-matching scheme, the addition
of in the NPC signifies the importance of lattice spacing
effect on the wavelength coverage of the QPM-SHG process.

A. Lattice Spacing Effect

We illustrate in Fig. 4(b) and (d) the dispersion curves of
, , , and with respect to the QPM wave-

length and rotation angle at a 2-D lattice spacing of 20 20 and
29.5 29.5 m , respectively The calculated curves were over-
laid with the experimental data to support our analysis. As the
periodicity of NPC is increased, one can clearly observe an in-
crease in the spectral span of the phase-matched wavelengths at
a given . This can be credited to the increase of the slope of

at each dispersion curve with the lattice spacing
of the 2-D NPC in lithium niobate. This explains why the NPC
of a 29.5 29.5 m periodicity can have a wider spectral span
of over 400 nm in the QPM wavelength than that of 200 nm in
the 20 20 m period NPC at . It is worth pointing out
that for each of the dispersion curve shown in Fig. 4, one
can obtain a continuous SHG wavelength tuning by a continuous
change of the incidence angle, or equivalently speaking, by a
simple azimuth angle rotation. One can also detect an in-
version symmetry in the dispersion curves with respect to and
a crossover of the curves at . These are specific
properties due to the domain symmetry of the tetragonal
structure of our 2-D NPC. Similar crossing behavior in the dis-
persion curves with respect to the phase-matched temperature
and lattice spacing has also been observed in an orthorhombic

NPC structure [24]. Referring to Fig. 4(b) and (d), one notes
that at the phase-matching wavelengths become degen-
erate for each pair of the curves. This explains why only
three wavelengths were observed in the phase-matched spectra

of Fig. 4(a) and (c) at instead of five at . Our cal-
culations also clarify the increase in the quasi-phase-matched
wavelength spectral coverage obtained by a simple crystal rota-
tion. These effects would be beneficial to applications in optical
information processing where the channel number and spectral
bandwidth become important considerations in the system de-
sign [7]–[10].

B. QPM-SHG Efficiency

It has been shown in the case of a noncollinearly pumped 1-D
QPM device that the use of a larger aperture pumping scheme
can ensure an overlap of the pump, signal, and idler waves in the
crystal, thus leading to a desirable optical gain in the OPO [34].
This scheme can allow phase matching at multiple noncollinear
angles and result in broadband wavelength output. A similar
concept can also be applied to the QPM-SHG process in a 2-D

NPC when the high-order vectors are involved in the
nonlinear optical process. As a rule of thumb, the divergence of
the incident beam inside the 2-D NPC should be larger
than the angle of the QPM vector . One
thereby can maintain a desirable overlap between the funda-
mental and SH waves to achieve sufficient nonlinear conversion.
This can transform into a simple relation of
when the far-field angle of the -assisted QPM-SHG
process is less than a few tens of milliradians, and and
are the beam waist and effective length of the NPC. With a fun-
damental pump of 100- m beam waist, one quickly notices the
above criterion is satisfied for the QPM vectors of and

in the mm NPC sample of 20 20 m period,
whereas in the longer sample of mm, such relation is
not satisfied. This partially explains the quick reduction of the
SHG power for the and -assisted SHG processes in
the longer NPC sample listed in Table I.

Another factor concerning the SHG output power is the QPM
nonlinearity . Generally the conversion efficiency is
proportional to the square of . can be
evaluated by performing a 2-D Fourier transform according to
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Fig. 5. Calculated second-order nonlinearity � (G ) as a function of the
inverted domain-filling ratio whose definition is shown in the inset.

a given NPC domain pattern and the formalism described in
[16]. In the analysis, we let the domain-filling ratio, defined as
the area ratio of the stretched hexagon to the square unit cell
sketched in the inset of Fig. 5, to be a fitting parameter in order
to comply with the observation that the inverted domain grows
slightly faster along the axis than in the axis. Illustrated
in Fig. 5 are the calculated curves showing the
domain-filling ratio effects on the second-order nonlinearity at
various vectors. Note there appears a strong dependence
of the , , , and
values on the domain-filling ratio. We note the has
a fast falling slope while the and curves
reach a maximum around a domain-filling ratio of 40%. How-
ever, at this filling ratio, the value is nearly zero.
These observations would affect the generation of SH signals
that seek QPM by the higher-order vectors. For example,
the SHG signals caused by the nonlinearity would
be much weaker than those obtained by the other
components. By comparing the measured SHG power at various

-assisted QPM processes of the 20 20 m period NPC
sample, whose experimental condition fulfilled the criterion of

, one obtain an equivalent domain-filling
ratio of 39.2% that agrees with the SHG signals generated in
the unsaturated pump regime. For the longer mm
NPC sample of 29.5 29.5 m period, we are currently
investigating the use of an elliptical-pump scheme with larger
aperture size [34] to retrieve the information of at
larger QPM vectors and their effects on the high-order har-
monic processes. The results will be presented in a forthcoming
publication.

V. CONCLUSION

In summary, we have shown that the lattice spacing and
domain-filling ratio in the 2-D NPC play an important role in
determining the span of QPM wavelengths and the conversion
efficiency. Using 2-D NPCs with tetragonal lattice structure
symmetry, we have shown that simultaneous multiwavelength
SHG with propagation directions departing from that of the
fundamental pump beam is possible. We observe a spectral
coverage of over 150 and 200 nm at the 1.5- and 1.9- m pump
band by the rotation of NPC that has a 2-D lattice periodicity of
20 20 and 29.5 29.5 m , respectively. These observations

are ascribed to the unique dispersion of and the nonvan-
ishing nonlinearity of the 2-D NPC.
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