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Abstract

Throughout, let p be a positive integer and let 2 be the set of permutations over {1,..., p}. A real-valued function 1
over subsets of {1,..., p}, with A(0)=0, defines a mapping of X into R” where ¢ € X is mapped into the vector A, whose
kth coordinate (4, )i is the augmented A-value obtained from adding k to the coordinates that precede it, according to the
ranking induced by ¢. The permutation polytope corresponding to /4 is then the convex hull of the vectors corresponding
to all permutations. We introduce a new class of strongly supermodular functions and for such functions we derive an
isomorphic representation for the face-lattices of the corresponding permutation polytope.

(© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

A permutation (of {1,..., p}) is formally defined as an ordered collection of sets 0 =(o1,...,0,) where ai,...,0, are
singletons that partition {1,..., p}; given such a partition ¢ and k € {1,..., p} there is a unique index j with o; = {k},
which we denote j,(k). Given a real-valued function A on the subsets of {1,..., p} with A(0) =0, each permutation o
defines a vector A, € R” whose kth coordinate (1,); for k = 1,..., p equals }V(U{:1 a1) — },(U{: a;) with j = j.(k).
The permutation polytope corresponding to 2, denoted H”, is the convex hull of the vectors A, with ¢ ranging over all
permutations of {1,..., p}. These polytopes have been studied in the literature with different motivations.

Shapley [13] studied the core of convex p-person games, otherwise known as supermodular set function games. Such
a game is a real-valued function 1 on the subsets of {1,..., p} that satisfies A()) =0 and

MUJ)Y+2INJ)= M)+ AJ) for all subsets I and J of {1,..., p}. (1.1)
Shapley showed that the core of such games, defined as the solution set of the linear inequality system
Zx_/- > /(1) for each 7 C {1,..., p} and

Jel
»
> xi={L.... p}) (12)
j=1
coincides with H*. He further examined other properties of H* for such games.
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Elsewhere a partition problem was studied in Gao, Hwang, Li and Rothblum (GHLR) [7] (see also [8] and references
therein). The data for the problem consists of positive integers p, n, ny,...,n, with Z}’.’:I n; =n and n real numbers
0' <. <o (1.3)
Given a partition n=(ny,...,m,) of {1,...,n}, let 0; be the p-vector with (6;); :Zi@f 0 for j=1,..., p. The goal is
to find a partition (7i,...,7,) that maximizes an objective function f(0:) over the set of partitions 7 with |r;| = n; for
j=1,..., p. It is shown in [7] that the function / defined on each subset / of {I,..., p} by

()
)= 0" where n(I)=> n (1.4)
i=1

Jjel

satisfies (1.1); further, the convex hull of the 6,’s, referred to as the partition polytope, coincides with the permutation
polytope H* corresponding to A. So, permutation polytopes generalize partition polytopes. Also, an instance of partition
polytopes with n; =1 for j=1,..., p is referred to as a permutahedron (see [1,7,11,12]).

Both Shapley and GHLR studied the strict version of their problems—for Shapley “strict” refers to the case where
the inequalities in (1.1) are strict when S and 7 are not comparable by set-inclusion and for GHLR “strict” refers to
strict inequalities in (1.3) which implies that the function 4 defined by (1.4) satisfies Shapley’s strictness condition (see
[7]). Billera and Sarangarajan [1] studied this strictness for the special case of permutahedra (which form a subclass of
partition polytopes). Under either of this strictness assumption, the corresponding permutation polytopes have particularly
simple structure; in fact, all such polytopes are both combinatorially and normally equivalent (see [8]).

Permutation polytopes were studied extensively in the literature for functions 4 satisfying (1.1) [1,2,4-6,10-13]. Further,
they were extended to base polyhedra which play an important role in the analysis of combinatorial optimization and other
areas of combinatorial analysis, e.g. [3,4]. Functions 4 satisfying (1.1) were also studied extensively in [9].

In the current paper, we propose a new nondegeneracy condition that sharpens (1.1) and is weaker than the strict
supermodularity introduced by Shapley; under this condition we derive an isomorphic representation of the face lattice
of the corresponding permutation polytopes. We call the new condition strong supermodularity and we note that it is
satisfied by set functions generated by any partitioning problems.

Preliminaries about Polytopes and Supermodularity are summarized in Sections 2 and 3, and our main results about
strong supermodularity are established in Section 4.

2. Preliminaries: polytopes, permutations and supermodularity

We identify row and column vectors and use R” to denote the set of either type of p-vectors. Also, we refer to the
standard definitions for the convex hulls of subsets of R? and for the dimension of convex sets, and use the notation conv
C and dim C, respectively. A polytope in R” is the convex hull of finitely many points in R?”. The Main Theorem for
Polytopes (see [14, Theorem 1.1, p. 29]) asserts that a subset of R? is a polytope if and only if it is bounded and is the
solution set of a system of linear inequalities.

Given a polytope P in R”, we say that a linear inequality > 7 | ¢;x; <y is valid for Pif P C {x €R”: } 7 | ¢jx; <y}
A face of P is any set of the form F =P N{xe€R": 377 djx; =0} where 327 | djx; < ¢ is a valid inequality for P.
A face F of P is proper if ) # F # P. Faces of dimension 0, 1 and (dim P) — 1 are called vertices, edges and facets,
respectively. For convenience, we refer to a vertex not only as a face of dimension zero, but also as the single element
that such a face contains. A number of results about faces of polytopes are recorded in Proposition A.1 in the Appendix.

With set inclusion as the partial order, the set of faces of a polytope P is known to be a lattice (cf., Part (b) of
Proposition A.1 of the Appendix), and we refer to this lattice as the face-lattice of P.

Real-valued functions 4 on the nonempty subsets of {1,..., p} are automatically extended to the empty set with A())=0;
and a function A on subsets of {1,..., p} which satisfy A() =0 is viewed as a function on the nonempty subsets of
{1,..., p}. Recall the definition of supermodular functions given in the Introduction via (1.1). A real-valued function A
on the subsets of {1,..., p} with A(0) =0 is called strictly supermodular if strict inequality holds in (1.1) whenever the
two sets / and J are not ordered by set inclusion, that is, / £ J and J & [.

Suppose 1 is supermodular on subsets of {1,..., p}. A triplet (/,K,J) of subsets of {l,..., p} is called A-flar if
I CK CJ and, with L=TU(J\K),

M)+ M) = MK) + ML). 2.1)

We observe that strict supermodularity means that there exist no A-flat triplets.
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We say that a function A on subsets of {1,..., p} is strongly supermodular if 1 is supermodular and for every pair of
subsets ,J of {1,..., p} if it satisfies the following condition:

if there exists a subset K of {1,..., p} such that (1, K,J) is A-flat, then for every subset K’ satisfying I C K’ C J,
(L,K',J) is i-flat.

Of course, strict supermodularity implies strong supermodularity.
The next two examples demonstrate that supermodularity does not imply strong supermodularity and that strong super-
modularity does not imply strict supermodularity.

Example 1. Let p =3 and /4 be given by A({1}) = 1, A({2}) =2, A({3}) = A{1,.2}) = 3, A({L.3}) = A({2,3}) = 5,
M{1,2,3})=7. Then 4 is supermodular. However, / is not strongly supermodular as A({2})+A({1,3})=7=4(0)+(1,2,3)
assuring that (0, {2},{1,2,3}) is A-flat. But, (0, {1},{1,2,3}) is not A-flat because A({1}) + A({2,3})=6<7=A4D) +
A({1,2,3}).

Example 2. Let p =3 and 4 be given by A(/) = |I| if [[| <2 and A({1,2,3}) =4. Then 1 is not strictly supermodular
as equality in (1.1) occurs for all distinct sets / and J which contain a single element. As equality in (1.1) occurs only
for such pairs, it immediately follows that 4 is strongly supermodular.

Let 4 be a supermodular function on subsets of {I,..., p}. We say that a pair of subsets (1,J) of {1,..., p} is A-flat
if |J\ | =2 and for every I C K C J, the triplet (/,K,J) is A-flat. Strong supermodularity of 4 means for every A-flat
triplet (/,K,J), the pair (/,J) must be J-flat.

We next consider an important class of strongly supermodular functions that appear in partitioning problems (e.g. [7,8]).

Throughout the end of this section, let 0',...,0" be real numbers satisfying (1.3) and let n,...,n, be nonnegative
integers satisfying Zj’:l n; = n. For subset  of {1,..., p}, let
n=> n, (2.2)
JEl
and
i)
Him.,‘,fnp)(l)zzgl; (2.3)
i=1

in particular, n({1,..., p})=n and 00" ({1,..., phy=3", 0.
We note that (1.3) implies that
u+w v+w
Z 0" < Z 0" for nonnegative integers u,v and w with u < v. (2.4)
i=ut1 i=v+1

Further, if # < v and w > 0, equality holds in (2.4) if and only if 0’ is a constant for u < i < v+ w. In particular, (2.4)

holds strictly when the inequalities in (1.3) are strict, ¥ < v and w > 0.

The next two lemmas and following theorem establish useful properties of 9(*""'"’"" ),

Lemma 2.1. Let ni,...,n, be nonnegative integers with n =327 n;. Then, oUr) s supermodular. Further, if the

n;’s are positive, then for subsets I and J of {1,..., p} where neither is a subset of the other we have that

95:”’"“"")(1 uJ)+ 91""'"’"”)(1 NnJ)= 9(*"1""’””)(1) +0U ””)(J), (2.5)
if and only if 0" is constant for n(I NJ) <i < n(I UJ).
Proof. For subsets / and J of {1,..., p}, n({UJ)=n(I)+n(J\I), n(J)=n(INJ)+n(J\I) and (2.4) with u = n(INJ),
v=n(I)(=nINJ)=u)and w=n(J \ 1) = 0 implies that

n(IUJ) n(l) n(I)+n(J\I)

Hinl,.“,np)(l UJ) _ Oinl,u.,np)(l) _ Z 91' - Zez _ Z 01’
i=1 i=1

i=n(l)+1
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n(INJ )+n(J\I) n(J) n(J) n(INJ)
S SR SIS SIS oyt
i=n(INJ)+1 i=n(INJ)+1 i=1 i=1
=0y — 0T A ). (2.6)

Next, assume that the n;’s are positive, that / & J and that J & . Then n(/ NJ) < n(I) and n(J \ 1) > 0; henc;:, the
comment following (2.4) implies that the left-most and right-most expressions of (2.6) are equal if and only if 6' is a
constant for n(INJ) <i<n(IUJ). U

Lemma 2.2. Let ny,...,n, be positive integers with n=737_, n; and let K and L be subsets of {1,..., p} with K C L.
Then the following are equivalent:

(¢) IL\K|=2 and 0" is constant for n(K) < i < n(L).
Proof. (b) = (a): Assume (b) holds. The assertion |L\ K| > 2 assures that there is a set / with K C I C L; for such a

(c) = (b): Suppose |L\ K| =2 and 0' is constant for n(K) < i < n(L). As |[L\ K| > 2, there exists a set / satisfying
KCICL. LetJ=KU(L\I). Then, INJ =K, UJ =L and [ and J are not ordered by set inclusion. Lemma 2.1
then implies that (2.5) must be satisfied, assuring that (K,1,L) is 0 "r)_flat.

n(INJ)<i<n(IUJ)=nlL). O

Theorem 2.3. Let ni,...,n, be positive integers with n = Z}’.’Zl nj. Then 0" g strongly supermodular; further, if

Wlp)

the 0%s are distinct, then U is strictly supermodular.

is supermodular, and the implication (a) = (b) in Lemma 2.2 proves that oy

(115l p)
*

Proof. Lemma 2.1 shows that
is strongly supermodular.

Next assume that 6 ’s are distinct and let 7 and J be subsets of {1,..., p} where neither is a subset of the other. Then,
n(l UJ)—n( NJ) = 2; thus, the second conclusion of Lemma 2.1 implies that (2.5) cannot hold, that is necessarily

0T U+ 00 ATy > 00 ) 4 00, 2.7)

JCAL....p},

9&"1""’"")(‘]) = min {Z (02);: m€ H("""""")} .

jeJs

(ny,itp)
Also, it is shown in [8] that the permutation polytope H’ S equals the (partition) polytope

Pl = cony Z 0',..., Z 0'|:n=(m,...,n,) € )
iemy i€ny
3. Permutation polytopes corresponding to supermodular functions

In this section, we record some results on permutation polytopes corresponding to supermodular functions to facilitate
proofs on permutation polytopes corresponding to strongly supermodular functions to be presented in Section 4. These
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results have been established in a more general context (see [4]). We include some elementary proofs for the sake of
completeness.

Throughout we assume that 2 is a real-valued function on the nonempty subsets of {1,..., p}. For such 4, the permutation
polytope H* is defined in the first paragraph of Section 1. Also, let C* be the solution set of the system of linear inequalities
given by (1.2).

For each I C {1,..., p}, let F; be the subset of C* obtained by tightening the inequality corresponding to / in (1.2),
that is,

Ffz{xec":zxj_w)}. (3.1)

jer
We note that the faces of C* are precisely intersections of F;’s (see Proposition A.l, parts (b), (c) and (g)).

Lemma 3.1. Suppose A is supermodular and I and J are subsets of {1,..., p}.

(a) If(] NJSLIUJ) is /l—ﬂaz, then Fing NFruy CFINEy.

) If FiNF; #£ 0, then Finy NFiuy = Fr N Fy and either 1 and J are ordered by set-inclusion or (I NJ, 1,1 UJ) is
A-flat.

Proof. (a) Suppose (I NJ, LI UJ) is A-flat and y € Finy N Fruy. Then

A +MD) KDy + D> 3= v+ D, y=MNJ)+ A UJ) =)+ AJ);

JEI jeJs jeing jerus

it follows that all of the above inequalities hold as equalities. Thus, Z].E ; yi=2(I) and Zje 5 yi=4(J), thatis, y € F;NF;.
So, the inclusion Finy N Fruy € F;y N F; has been established.
(b) Assume that F; N F; # () and x € F; N F;. Then

D+ =D x5+ x= > x4+ > x5 =AM NT)+ A UJT) = i)+ M)

J€El jes JjeimnJ JEIUJ

It follows that all of the above inequalities hold as equalities. Thus, > .., ,, xi = AL UJ), > ., xi = A NJ) and
AMNT)+ AL UJ)= i)+ MJ). In particular, x € Finy N Fruy and either I and J are ordered by set-inclusion or
INJLIUJ) is A-flat. As x € F; N F; was selected arbitrarily, we conclude that F; N F; C Finy N Frus. Next, the
reverse inclusion follows from part (a). If (/ NJ,L,1 UJ) is A-flat and is trivial otherwise (when / and J are ordered by
set-inclusion).

A (possibly empty) sequence I\, 5,...,I; of subsets of {1,...,p} is called a chain if ) C I, C L C --- C It C
{1,..., p}, in which case we refer to k as the length of the chain. Such a chain is usually augmented with /o = () and
It = {1,..., p}. We say that a chain /1, b,...,I is a representing chain of a subset F' of R, if F = ﬂle Fj,. In this
case, F is a face of H” (as an intersection of F;’s). We say that chain I{,1;,...,I}, is a subchain of I ,b,...,I; and
that 11, b, ..., Iy is a superchain of I{,I;,....I},, if {I{,I;,....I,} € {L,bL,...,I}; we say that I],I;,...,I}, is a proper
subchain of I\,b,..., Iy and that I,b,...,I; is a proper superchain of I{,I;,...,I}, when the above inclusion is strict.
The maximal length of a chain is p — 1 and every chain has a superchain of length p — 1. A chain /,...,I; is called
maximal (minimal) if it has no proper superchain (subchain) which is a representing chain of ﬂle Fy,.

For a chain I, b,...,I;, we have that {,\ ,_: t=1,...,k+ 1} is a partition of {1,..., p}. In particular, if the length
of the chain is p — 1, each of the sets /;\ /,—1 is a singleton and {/;\,—1: t=1,..., p}={{j} : 1 <j < p}. Thus, a chain
of length p — 1 defines a permutation ¢ of {1,..., p} with o, =1, \ [,—; for t=1,..., p. We note that the correspondence
of chains of length p — 1 into permutations is one-to-one and onto, with the pre-image of permutations ¢ being the chain
h,...., 0, with [, = Ui:l gs. We say that a permutation o is consistent with a chain Iy,...,I; if I;,...,I; is a subchain
of the unique chain of length p — 1 corresponding to o.

The following result is due to Shapley [13].

Theorem 3.2. Suppose J. is supermodular. Then:

(a) H" =7,
(b) the vertices of H" are precisely the ;s where ¢ ranges over the permutations of {1,..., p},
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(¢) the nonempty faces of H* are precisely the sets represented by chains, and
(d) a chain of length p — 1 is a representing chain of {ls} where a is the corresponding permutation.

The next result records a relationship between face-inclusion and representing chains. It has been established
in the more general framework of base polytopes (see [4]). We include an elementary proof using the following
lemma.

Lemma 3.3. Suppose A is supermodular. Let I,...,Ix be a chain and let I{,...,I}; be nonempty proper subsets of
{1,..., p} with F' = (ﬂf:1 Fi)n (ﬂ;‘:1 Fy) # 0. Then there exists a superchain of I,...,Ix which is a representing
chain of F'.

Proof. It suffices to consider the case with ' =1, in which case we let I stand for I{. So, F’ = (ﬂf:1F1,> NF; # 0.
For t=1,....,k+1, let J, = I,_; U[(L; \ [,—1) NI]. We next prove by induction that for s =0,1,....k, F' = ((,_, F;,) N
Frurn <ﬂf:v+l F1,>. As Iy =0, the case where s =0 follows from the representation F’' = F; N (ﬂf:l F1,). Next assume

that the asserted representation holds for 0 < s < k. As I; C L1, we have that (I, U1) N1 =L U [l \ L) N ] =Jssa
and (I, U/7) U Iy = I U I; by the induction assumption Fpu; N Fr,, 2 F’ # (). Hence, part (b) of Lemma 3.1
implies that F[:ul n F’s+l :F(IsUI)ﬁlerl n F(IJUI)UIHI = FJHI M F’x+1U’ and therefore Fl = (mizl FJ:) n FISUI N (ﬂf:s+1 F’z ) =
(ﬂ:;l F;)NF,,u N (ﬂf:Hz Fy,). Thus, the induction hypothesis has been established with s+ 1 replacing s. As I =
{1,..., p}, we have that I Ul = I U [(li41 \ Ir) N I] =Ji41 and the verified inductive hypothesis with s =k proves that
F' =] Fj,. We next observe that

0= CHCLChLC - Ch ChL Cliy1 Chy={1,...,p} (3.2)

As VI F, =F C ﬂle Fy,, we have that (0" F;,) N (ﬂf;l Fy,) = F'; further, by dropping J,’s which coincide with

=1 =1
either I, or with I,, we get a superchain of I;,...,I; which is a representing chain of F’. [

Theorem 3.4. Suppose /. is supermodular and F and F' are nonempty faces of H*. Then the following are equivalent:

() F' CF,
(ii) each representing chain of F has a superchain which is a representing chain of F’, and
(iii) some representing chain of F has a superchain which is a representing chain of F’',

Proof. The implication (i) = (ii) follows directly from Lemma 3.3, and the implication (ii) = (iii) is immediate from
the existence of representing chains of faces (Theorem 3.2). Finally, if [1,...,I; is a representing chain of F and [{,...,I},

is a superchain of 1;,...,Jx which is a representing chain of F’, then F =, F}, D ﬂf;l Fp=F. 0O

The following corollary of Theorem 3.4 demonstrates that representing chains of a face of H* provide characterization
of the vertices in that face.

Corollary 3.5. Suppose A is supermodular. Let F be a nonempty face of H* with representing chain I,,...,Ir. Then a
vertex v of H* is in F if and only if there is a permutation o which is consistent with I\,..., Iy and has v = ), in
particular, F = conv{l, : o is a permutation which is consistent with I,,...,I;}.

4. Permutation polytopes corresponding to strongly supermodular functions

In this section we study permutation polytopes corresponding to strongly supermodular functions. For such polytopes,
we show that minimal chain representation of faces is unique and use the minimal chain representation of faces to derive
an isomorphic representation of the corresponding face lattice.

Lemma 4.1. Suppose A is strongly supermodular and (I,J) is J-flat. Then every triplet (I',K',J’) with 1 CI' C K' C
J' ' CJis iAflat.



F.K. Hwang et al. | Discrete Applied Mathematics 142 (2004) 87—-97 93

Proof. Let L' =1' U (J'\ K'). By the A-flatness of (1,J) we then have that
W)+ ATy =21+ 2ATu T\ 1],
=MJ)+2ATU NI,
=WK"Y+ AT U\ K],
=LY+ ATUJ\L)] (4.1)
As K'NL' =1 and K' UL =J', the supermodularity of /1 implies that
MK+ ALy <2+ AJT. (4.2)
Also, as
HUUJ\NKH)INUTUU\NL)=TUJ\ K UL)=1U\J)
and
HUUN\NKNUTUJN\NL)=TU[J\(K' NL)=1U\I),
we have that
ATUINK)N+ AT UTNII<ATUT NI+ AT U \JI)] (4.3)
We conclude from (4.1)(4.3) that
0=2I"Y4+XJ) = AK") =MLY+ AT U\
FATUIN\NIDN = AT U \NK) = 2LU\L)] =0.

It follows that equality holds in (4.2) (and (4.3)), assuring that (I',K’,J") is A-flat. [

Corollary 4.2. Suppose A is strongly supermodular and (I,J) is J-flat. Then every pair of subsets (I',J") with I CI' C
J' ' CJand |J'\1I'| =2 is J-flat.

Lemma 4.3. Suppose J. is strongly supermodular and I',1,J" and J are subsets of {1,..., p} such that I' CI CJ CJ
where both (I',J") and (1,J) are i-flat. Then (I',J) is i-flat.

Proof. The result is trivial when either I’ =1 or J' =J. In the remaining case I’ C I C J' C J and the assumptions of
the lemma imply that (I',7,J") and (1,J',J) are A-flat. Let K = I’ U(J'\I) and L=1U(J\J')=I"U(J\K). As
(I',1,J") is A-flat, we have that

M)+ MK)Y= M)+ AT,

and as (1,J',J) is J-flat, we have that
MY+ ALY = 2T) + AJ).

Summing the above equalities and canceling identical terms, we see that
JKY+ ML) =2I")+ AJ);

as L=1"U(J \ K), we conclude that (I',K,J) is A-flat; hence, by the strong supermodularity of 4, (I’,J) is i-flat. [J

Lemma 4.4. Suppose A is strongly supermodular; 1, ..., Iy is a chain and s € {1,...,k}. Then the following are equivalent:

(a) ﬂf:l Fr, = mf:l. ts £y,
(b) Fi,_, NFy,, CFy, and

s+1

(C) (Isfl’lsﬁ»l) is )v-.ﬂat.

Proof. (b) = (a): This implication is trite.
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(¢) = (b): Suppose (Is—1,L+1) is A-flat. Then, (L1, 15, [s+1) is A-flat. Let Jy = L1 U (Ly1 \ Is). As L, NJs=1I—; and
Iy UJ; = Iy, part (a) of Lemma 3.1 next implies that F;_ ,NF;,, C F; NF; CFj.

(a) = (c): Suppose (a) holds. Again, let J; = I—1 U (L+1 \ Ls). As ©L,...,L—1, Js, L1,..., 1 is a chain, it represents
a nonempty face F (Theorem 3.2) which is contained in the face F’' = ﬂf:l’ i Fri = N_, Fj,. It follows that § # F' C
Fj, NFy. As I, and J; are not ordered by set inclusion, I, NJ; = I,y and I, UJ; = I, we conclude from part (b) of

Lemma 3.1 that (I,_i, I, I;41) is A-flat; hence, by the strong supermodularity of A, (Li—1, 1) is A-flat. [

Corollary 4.5. Suppose A is strongly supermodular; Ii,..., Iy is a minimal chain and F = ﬂf:l Fi,, and s €{0,...,k}. If
there exists a set I satisfying Iy C I C Iy and F; D F, then (I;, ;1) is A-flat.

Proof. The insertion of 7 into the chain 7,..., [, between I; and I, yields a superchain which is another representing
chain of F. As the removal of / from this superchain is the original chain which represents F, the equivalence of (a) and
(¢) in Lemma 4.4 implies that (I, 1) is A-flat. [

The next result establishes uniqueness of minimal representing chains of faces.

Lemma 4.6. Suppose /. is strongly supermodular. If I, ..., I and I{,..., I}, are minimal chains with ﬂle F //:ﬂf; F #
0, thenk=k" and I, =1/ for t=1,...,k=k".

Proof. Let F = ﬂlkzl F, = ﬂfi] Fr # (). We proceed with an inductive argument and prove that for each positive integer
s <min{k,k'}+1, I, =1, in particular, if s=min{k,k’} + 1, then I, =1 ={1,..., p} and s=k+1=k"+1. As lo=1; =0,
the assertion is trite for s = 0. Assume the assertion holds for integer s < min{k,k’'} 4+ 1 and we will establish it with
s + 1 replacing s.

We first observe that (I, 2) is not A-flat, for otherwise Lemma 4.4 implies that Ii,..., I, Ii2,...,I; is also a repre-
senting chain of F, contradicting the minimality of /i,..., .

We next argue that /1, and IX'“ are ordered by set inclusion. Aiming to establish a contradiction we assume that
this conclusion is false. In particular, neither ;1 nor I, equals {1,..., p} assuring that s + 1 < min{k,k'} + 1. With
J=LNI, and K = [ UL, we have that [, CJ C L1 C K. As Fr., ﬂF,;H D F # (), Lemma 3.1 implies that
FyNFx=F,, NF v, D F and A(J)+ AK) = A1) + A(I},1); in particular, the strong supermodularity of A implies
that (J,K) is A-flat. Now, if Iy #J, then I, CJ C Liy1 C K; as F; D F; N Fx DO F, Corollary 4.5 implies that (I, [i+1),
is A-flat. So both (I, L+1) and (J,K) are A-flat and Lemma 4.3 assures that (/;,K) is A-flat. When I, =J, we have that
(I, K) is A-flat from the established /-flatness of (J,K). Thus, we conclude that regardless of whether or not I,=J, (;,K)
is J-flat. As it was shown that (I, I;;2) is not A-flat and (I, K) is A-flat, it now follows from Corollary 4.2 that ;1> & K.

We next argue that necessarily K C I;». Indeed, suppose this is not the case. As 12 € K, we then have that K and
Iy> are not ordered by set-inclusion. As Fy,, NFx D F # (), Lemma 3.1 and the strong supermodularity of 4 imply that
(L2 NK, Lo UK) is A-flat. As Iy, C KNIy, C K C KUy, and (I, K) was shown to be J-flat, we conclude from
Lemma 4.3 that (I, K U Iyy,) is A-flat; as I, C Lo C K U L4, it then follows from Corollary 4.2 that (I, Ii+2) is A-flat,
a contradiction. Thus, indeed, K C 2. So, Iy C Iy1 C K C Ii1a. As Fx O Fx N Fy O F, Corollary 4.5 implies that
(Iy41,1512) is A-flat and therefore the A-flatness of (/;,K) and another application of Lemma 4.3 imply that (Z;,/2) is
A-flat, a contradiction. This contradiction establishes that /i, and IS’H are ordered by set inclusion.

Without loss of generality, we proceed under the assumption that Iy C 1), ,. So, K = I+ UI/,; =1, ,. Now, suppose
L1 # Iy, that is, Ly C L. As I =1, C Iy C I, and Fj,, D F = ﬂf;l Fy, we conclude from Corollary 4.5 that
(I = I;,1,, = K) is A-flat. The arguments of the above paragraph then imply that (I, 2) is A-flat, a contradiction. This
contradiction proves that I,y =1,;. [

We observe that subchains of minimal chains are minimal, and every chain 7i,...,J; has a minimal subchain 1{,..., I
with ﬂf;l Fy = ﬂ’;zl Fy,. We say that minimal chain [I,...,I}, refines minimal chain I,...,I; if I{,...,I], can be con-
structed from 1i,...,/; by augmenting this chain with additional sets and then dropping sets which become superfluous;
formally I{,..., I}, refines I,,..., 1 if there exists a chain I{’,...,I//, which is a superchain of both I;,..., I and I{,...,I},
and ﬂf; Fir= ﬂfi] Fj;. We observe that the refining relationship is a partial order on the set of minimal chains.

Example 3. Let p=3, A(/)=2|I|—1 for each § C I C {1,2,3}. Then 4 is supermodular, in fact, strongly supermodular,
and (by Theorem 3.2) C*=H" is the convex hull of {(1,2,2), (2,1,2) and (2,2,1)}. It is easy to verify that the chains
I ={1,2} and I{ = {1} are minimal chains representing the faces {x € R*: x; +x, =3, x3 =2} and {(1,2,2)}, respectively.
Now, the chain I{' =1I{, I}/ =1, is a superchain of the above two minimal chains and Fyr O Fy =Fy. So, I{ refines 1.
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Theorem 4.7. Suppose 1 is strongly supeimodulai A subset F of R? is a nonempty face of H* if and only if there is
a minimal chain I,,...,I; with F = ﬂ; \ Fi,, and the correspondence of nonempty faces of H* onto minimal chains is
one-to-one. Further, if F is a nonempty face of H* corresponding to minimal chain I,,..., I, then:

(a) if I,..., I}, is a chain with F% ﬂf;l Fy, then L,....I; is a subchain of I{,.... I},
(b) if F' is a nonempty face of H”, then the following are equivalent:

() F' CF,
(ii) F' has a representing chain which is a superchain of I,,...,I,
(iii) the minimal chain representing F' refines I,..., I,

(c) dimF < dimH” — k.

Proof. By Theorem 3.2, a subset F of R” is a nonempty face of H” if and only if there is a chain I;,...,[; with
F= ﬂle Fy,; each such chain has a minimal subchain [{,...,I}, with ﬂ]t‘;l Fp = ﬂle Fj, = F. We conclude that a set
F C R? is a nonempty face of H* if and only if it has a representing chain which is minimal. By Lemma 4.6, a minimal
chain representing a given face is unique; also, trivially, a minimal chain uniquely defines the corresponding face. So the
correspondence of nonempty faces of H* to minimal chains is one-to-one and onto.

Next, let F be a nonempty face of H* with representing minimal chain 1y,...,J.

(a): It If,..., I}, is a representing chain of F, then it has a minimal subchain 7{’,..., [’ with ﬂ Fypr = fil Fp =
F= ﬂt | Fi,. As ﬂt \ Fe 7ﬂt ) Fy,, Lemma 4.6 assures that the minimal chains 1I,...,I; and I{’,..., I}/, coincide, thus
I,...,I; is a subchain of 1, .. Ik,

(b): Suppose F’ is a nonempty face of H*. The implication (i) = (ii) follows from Theorem 3.4. To see that (ii)
= (iii) assume that F’ has a representing chain I{’,...,I}/, which is a superchain of I,...,I. It then follows from
the established part (a) that the minimal chain representing F’, say I{,...,I;,, is a subchain of I’,...,[J/;. As minimal
chains Ii,...,I; and Ij,...,I;, are both subchains of I{’,..., I’ and ﬂf:] Fiyn=F' = ﬂf;] Fy, we have that Ij,....1;
refines I, ..., I;. Finally, to see that (iii) = (i) assume the minimal chain representing F’, say I{,...,I},, refines Ii,. .., I.
Then there exists a chain 1{’,...,1;’, which is a superchain of both Ii,...,I and I{,...,I}, with ﬂ]t‘; Fyr = ﬂf;l Fy; in
particular, F' = ﬂf;ll Fin C N, F, =F.

(c): The minimality of the chain I;,...,J; implies that the sets Fo = H* and F, = (i_, F, for s=1,...,k are distinct.
As these sets are faces of H* and Fo=H"* D F, D --- D Fy_1 D Fy =F, it follows (cf., part (f) of Proposition A.1) that
dim H* = dim Fo > dim F1 > - -+ > dim F—; > dim F; = dim F; it follows that dimF < dimH* — k. [

Property (a) of the minimal chain corresponding to a face F of H” characterizes that chain as the common subchain
of all representing chains of F, namely as the unique minimal representing chain for F. Property (b) shows that the
correspondence of faces to minimal representing chains is an isomorphism of the face-lattice with set inclusion as the
partial order onto the set of minimal chains with the “refining” partial order; in particular, we obtain a lattice structure
for the minimal chains. Finally, property (c) shows the length of the minimal chain corresponding to a face of H* yields
an upper bound on the dimension of that face. [

The next example demonstrates that strong supermodularity does not suffice for the unique representation of a face via
minimal chains.

Example 1 (continued). We observe that in Example 1, C* is the polytope defined by the linear system

x1=21, =2, x =3,
X1+x223, x14+x3=5 x24+x =5,

x1+x+x3="7.

By Theorem 3.2, the vertices of H*=C" are the 1,’s with ¢ ranging over the permutations over {1,2,3}; these permutations
together with the corresponding As’s are listed below in Table 1.

In particular, v=(1,2,4)" is a vertex which lies in F; for I € {{1},{2},{1,2},{1,3}} and F;={v} for 7 € {{1},{1,2}}.
Hence, {1} and {1,2} are two distinct minimal representing chains (each of length 1). There are 3 maximal representing
chains of {v}, namely: (i) {1},{1,2}, (ii) {1},{1,3}, and (iii) {2},{1,2}. Each of these maximal chains has the length
3—-1=2.

Finally, the next example demonstrates that the bound in part (c) of Theorem 4.7 need not be tight.
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Table 1

Permutation o .

(1}, {2} {3H (1,2,4)7
13 {33 {2H (12,47
(2}, {1}, {3H (1,2,4)7
(2% {31 {1H (2.2,3)"
({3} {1}, {2H (2,2,3)7
(), 2, (1) 223)"
Table 2

Permutation o Ao

(13 {2} {3H (3,3,3)
(1}, {31 {2H (3,3,3)
(23 {1} {3H 5, 1,3)
(2}, {31 {1H (6,1, 2)
({33 {11 {2H (5,3 1)
({3} {21, {1H (6,2, 1)

Example 4. Let p=3, A({1})=4({2,3}) =3, A({2})=2{3H) =1, A({1,2})=A({1,3})=6 and A({1,2,3})=09. Then
A is not strictly supermodular, as A({1,2}) + A({1,3}) =6+ 6=9+3 = A({1,2,3}) + A({1}); in fact, {1,2} and {1,3}
is the only pair of subsets of {1,2,3} which is not ordered and satisfies (2.1) with equality; consequently, it follows that
/. is strongly supermodular. By Theorem 3.2, the vertices of H* = C* are the 2,’s with ¢ ranging over the permutations
of {1,2,3}; these permutations along with the A,’s are listed below in Table 2.

It is easy to verify that H*, namely, the convex hull of the 4,’s, has dimension 2. The chain {1} of length k=1 is a
minimal chain representing the vertex F = {(3,3,3)} and (dimH*) —k=2—-1=1> 0=dimF.

Appendix

In this Appendix, we summarize results about polytopes and their faces that are used in our paper. For a proof of the
first result, see [14, Propositions 2.2 and 2.3, pp. 52-53, and Theorem 2.7 and followwing discussion, pp. 57-58].

Proposition A.1. Let P be a polytope in R?. Then:

(a) P is the convex hull of its vertices,

(b) intersections of faces of P are faces of P,

(¢) each face of P is the intersection of facets of P,

(d) each proper face F of P is a facet of a face F' of P,

(e) the faces of a face F of P are exactly the faces of P that are contained in F, in particular, the vertices of F are
the vertices of P that are contained in F,

(f) a face F' of P is strictly included in a face F of P if and only if F' C F and dim F' < dim F,

(g) if P is a polytope with representation

ZBk/x/ <br for all kep, (A1)
=1

where B is a finite index set, then each facet F of P has a representation of the form F={x€P: Y7} | Byx;=b}
for some rep,

(h) if P is the convex hull of a finite subset B, then B contains all the vertices of P, in particular, maximizers of a
linear function over B is a maximizer of that function over P,

(i) a linear function on P attains a maximum at a vertex of P,

() if dim P =1, then P has exactly two vertices,

(k) a polytope of dimension m has a face of dimension k for each 0 <k < m, and

(1) F is a face of P if and only if F is a convex extreme set of P.
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