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SUMMARY

A systematic procedure is presented for generating dynamic stiffness matrices for two independent circular foundations
on an elastic half-space medium. With the technique reported in References 1-3, the analytic solution of three-
dimensional (3D) wave equations satisfying the prescribed traction due to the vibration of one circular foundation can be
found. Since there are two analytic solutions for two prescribed tractions due to the vibrations of two circular
foundations, the principle of superposition must be used to obtain the total solution. The interaction stresses (prescribed
tractions) are assumed to be piecewise linear in the r-directions of both cylindrical co-ordinates for the two circular
foundations. Then, the variational principle and the reciprocal theorem are employed to generate the dynamic stiffness
matrices for the two foundations. In the process of employing the variational principle, a co-ordinate transformation
matrix between two cylindrical co-ordinate systems is introduced. Some numerical results of dynamic stiffness matrices
for the interaction of two identical rigid circular foundations are presented in order to show the effectiveness and
efficiency of the present method, and some elaborations for its future extensions are also discussed.

INTRODUCTION

Soil-structure interaction problems have attracted much attention from researchers in earthquake engineer-
ing in the past few decades. To perform soil-structure interaction analysis, a sub-structure technique is often
used. In sub-structuring analysis, the interaction of the structure and the surrounding soil medium is usually
represented by a dynamic stifiness matrix, which can be combined with the total stiffness matrix of the finite
element model of the structure.

To generate the dynamic stiffness of a structural foundation, some analytic procedures are available. For
example, Lysmer* employed the analytical solution for constant normal ring-traction on a half-space
medium to generate the compliance function (the inverse of the dynamic stiffness function) for vertical
vibration of a rigid circular plate, Luco and Westmann® obtained the compliance functions for torsional,
vertical, horizontal and rocking vibrations of a rigid circular plate by reducing the Fredholm integral
equations to algebraic equations using the finite difference method, and Wong and Luco® employed an idea
similar to Lysmer’s to generate the compliance functions for a rigid foundation with an arbitrary shape on
a half-space medium. Liou' ~* developed a technique to generate dynamic stiffness functions for vibrations of
an axial symmetric foundation and a foundation with an arbitrary shape.

When two independent foundations are sufficiently close, their interaction is significant in the seismic
analysis of the two structures. Therefore, researchers have started to pay attention to structure—soil-structure
interaction in recent decades. Similarly, to perform structure-soil-structure interaction analysis, a sub-
structure technique can also be employed. Thus, to generate the dynamic stiffness matrix for a two-
foundation system is an important step in the analysis of structure-soil-structure interaction.

To generate the dynamic stiffness functions, many procedures are available. For example, Roesset and
Gonzalez’ employed the semi-analytical solution of unit loading on a layered stratum, which is obtained by
using the consistent boundary method (layer element) to generate the dynamic stiffness functions réquired
and then investigating the behaviour of the interaction of the two structures. Lin et al.® also used a hybrid
method in which the near field and the complementary far field of a layered stratum are modelied by the finite
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element method and the consistent boundary method, respectively, to investigate the behaviour of the
vibrations of two embedded foundations. Warburton er al.” employed the solution for a single foundation to
approximate the displacement at the location of the second foundation by an averaging process. This method
can give fair results for low-frequency excitation. Savidis and Richter!'® used Green’s function to generate the
boundary integral equation for a two-foundation system. For two-dimensional (2-D) problems, Luco and
Contesse!! obtained an analytic form of the solution for two shear walls subjected to anti-plane shear wave
(SH waves) cxcitations, and studied the interaction effect of these two walls. Murakami and Luco'? extended
the solution to investigate the interaction behaviour among many shear walls which are equally spaced. For
3-D problems, Wong and Luco'® used a procedure similar to that of Savidis to obtain the boundary integral
equation for a multiple foundation system. They also developed a technique for an iterative approach, which
can save some computational effort when finding the inverse of the complex matrix of the influence function.
Kawakami and Tasaki'* directly employed the boundary element method and developed a simplified
method to study the interaction effect of two masses excited by wave motion in a half-space. Triantafyllidis
and Prange'>~'® employed the influence function, which is the integral of Green’s function, to generate the
dynamic stiffness functions for two rigid circular foundations and two rigid rectangular foundations.

This paper presents a systematic procedure to generate the dynamic stiffness matrix for two circular
foundations on a half-space medium. In the procedure, a technique, reported in References 1- 3, of decompos-
ing arbitrarily prescribed stress boundary conditions on the surface of a half-space medium is used to find the
analytical solutions of 3-D wave equations in cylindrical co-ordinates. The interaction stresses of the
foundations and the soil medium are assumed to be piecewise linear in the r-direction. Two solutions for the
interaction stresses from the vibrations of the two foundations are obtained separately, and then the principle
of superposition is used to obtain the final solution. After that the variational principle is employed to
generate the dynamic stiffness matrix for the two foundations. In the process of using the variational
principle, the co-ordinate transformation matrix is introduced, since the two independent solutions are
described in different cylindrical co-ordinate systems.

Some numerical results are presented for the dynamic stiffness matrices for two identical rigid circular
foundations, with different distances apart, on a half-space medium. A comparison 1s made with the results in
Reference 15 in order to show the effectiveness and efficiency of the present method and shed some light on
the significance of the effect of structure—soil-structure interaction. Some comments on the important
features of this method are also presented.

FORMULATION OF A DYNAMIC STIFFNESS MATRIX

To generate a dynamic stiffness matrix for two circular foundations, a sub-structure technique is employed.
For the sub-structure of wave propagation in a half-space medium, the contact stresses (interaction stresses)
due to the harmonic vibration of the foundation are treated as the prescribed tractions on the surface of
a half-space medium, as shown in Figure 1. In Figure 1, the prescribed traction t, (in contact area No. 1),
described in an rq, 04, z, co-ordinate system, and the prescribed traction t, (in contact area No. 2), described
inanr,, #,, z, co-ordinate system, can be expressed in terms of Fourier components with respect to 6, and 8,
in the following two equations, respectively.

%rlzl {7.1591) Bl ‘_Cilz,.n (rl) rL-:-‘lzl,n (rl)
t) =<0, (r,0;) y= Z L5{0% ., (r) 3+ La<as o () ), 0<r <a {0
g Tp,z, (r1,6) n=0 . (ry) Thiz,m (r1)
an
Ty,z, (72, 02) ® Tryzym (12) B T}, (12)
t2 = 62222 (r2s02) = Z Efl 6-2222,11 (rl) = L: 6gzzz,n (7'2) s 0 < r2 < d; (2]
Tg,z, (2. 02) n=0 T5,2,m (12) T8,z,m (12)

where diagonal matrices L: = diag(cosnfl,, cosnf;, — sinnf,), L} = diag(sinnf,, sinné,, cos nfl,), super-
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Figure 1. A half-space medium with two prescribed tractions

scripts s and a denote symmetric and anti-symmetric with respect to the line of 8, = 0 and 8, = 0, and
matrices L and L2 are similar to matrices L$ and L} except that 0, is replaced with 0,. In equations (1) and
(2), the time harmonic variation e'* has been omitted for convenience in later derivations.

For each Fourier component in equations (1) and (2), the tractions are assumed to be piecewice linear in
the 7,- and r,-directions, respectively. Let the radius a, (for contact area No. 1) be divided into m,
sub-intervals. One can express the traction of each Fourier component in the following form:

my—1

Tyizym = Z hi{r)g; + ho(r))q, + hm,(r1)gm, = h'q
j=1
my—1
azlzl,n = Z hj(rl)pj + ho(rl)po + hml(rl)pml = th (3&)
j=1
m;—1

Tozom = 2. hi(r)s; + hy(ry)s, + P, (F1)Sm, = hTs
=1
or

tia(r) = HIP,,
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wherce
Ly =y ey —rij-1) ifr <rm<rnjand 1€j<m
hifr) = LU —(ry —r )iryjoy — 1) r ;< <rj+; and 0<j<<m — 1

0 otherwise

matrix H{ = diag [h",h",h" ], vector P] , = (¢", p",s”), and g;, p; and s; are the stress intensities at nodal ring
jforz, . ,.0.. ,and T, . ,, respectively. Vector P, , in equation (3) could be either P§ , or P} , for symmetric
or anti-symmetric Fourier components, respectively.

Similarly, the radius a, (of contact area No. 2) can be divided into m, sub-intervals and the traction of every
Fourier component in equation (2) can be written as

t,,=HiP,, i

It should be noted that HY and HY are 3 x3 (m, + 1) and 3 x 3 (m, + 1) matrices, respectively.

Consider the prescribed tractions of equation (1) with (3) only. References 1-3 reported an analytical
solution for 3-D equations of wave propagation in a half-space medium satisfying this boundary condition.
Using the analytical solution, the displacements at the surface of a half-space medium can be expressed as
follows:

w0 = Y L J 3,QD,P;, dk, + L3 J 3,QD,P4 , dk, (5a)
n=0 0 0
where
[ k) 0 (/r)dlkry)
J, = 0 kyJ(kiry) 0 iShy
(nir) ok ry) 0 Julkiry)
i — VKA kw23 + kDA O }
Q =] k2w — 23 + kYA — vk3/A 0 iS¢
L 0 0 ]/G\""
A = G[4k3 v — (2kF — kD] sy

B (=D +D_p)2 0 (Daet + Do_y)2
D, = 0 D! 0 {Se)
(DI, +D)_)2 0 (=D, +D7 )2

D}, = j F1Jus1(kor )R dr, {54y
0

DI = j rid ke r phTdr, {Sg
0

D_, =J rod ook ir Rt dry (<h;
0

G is the complex shear modulus of the half-space material,
—_— , JE—
v= ki — w*/c}, Vo= ki - ot
¢, and ¢, are the compressional and the shear wave velocities in the half-space medium, k, the azimuthal wave
number in r,. 0,, z, co-ordinates, J,(k,r;)} is the first kind of Bessel function of order » and
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Ji(kyry) = dJ,(k,r )/dr,. Note also that vectors D}, Dy and D] _, are Hankel transforms of the vector h” in
equation (3).

Similarly, the analytical solution for 3-D equations of wave propagation satisfying the boundary condition
of equation (2) with equation (4) can be obtained, except that the co-ordinate system is r,, 85, z; in Figure 1.
The displacement vector at the surface of the half-space medium can be expressed as follows:

= 3 L4 3,0D,P1ndk: + L4 [ "5,0D, % it ©
m=0 0 0
where matrices J,,, Q and D,, are similar to those defined in equation (5) except that r; and k, are replaced
with r, and k,, respectively.
The principle of superposition is employed to obtain the total solution for the prescribed tractions of both
equations (1) and (2). This leads to the total displacement vector at the surface of the half-space medium as
follows:

u=u; + U, (7)

In equation (7), u is described by ry, 6; and u, by r,, 8,. Therefore, the co-ordinate transformation matrix
must be introduced when the variational principle is employed to generate a dynamic stiffness matrix.

Consider the half-space medium with the prescribed tractions of equations (1) and (2). The work done by
variations of t; and t; is

a, r2n a, rP2n
oW = J J‘ 6{{‘(“1 + TU2)r1 d91 drl + J‘ J‘ 5t§(TTu1 + uZ)rz dgz dr2 (ga)
0J 0O 0JO

where T (referring to Figure 2) is the co-ordinate transformation matrix and can be expressed as follows:

cos (6, — 0,) 0 —sin (6, — 8)
T= 0 1 0 (8b)
sin (8, — 6,) 0 cos {0, — 6,)

Replacing equation (1) with (3), equation (2) with (4} and substituting equations (5) and (6) into equation (8),
and making use of the orthogonal property of Fourier components, equation (8) can be written, after some
mathematical manipulations, as

oW = §(5(Ps1n)TK o+ 3(PLITKEP)

n

+ Y (6(P)" Z K; + (6(P%,, Z
n=0 m=0
+ Y (O(P5,) KPSy + O(P3 ) K5 PS )
m=0
+ 2 6Py Z PLa) + (0P, Y KL P L) 9
m=0 n=0 n=0
where
ay p2w
K, = f j H,L;L:J,r, dé, dr, QD, dk, (10a)
0
a; p2n _
K, = f J H,L:L3J,.ryd8,dr, QD dk, (10b)
0

ap p2xn
K, = f f H,L:TL:,J,.r, d6, dr, QD,, dk, (11a)
0JO 0
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0 ray 2T o o

Ki., = [ f H,L;TL J,.r, df, dr, QD,, dk, (Itb)
0JoJo

_ 0 raz 2N o o

Kom = f f H,L; L;J,r,d0,dr, QD, dk, (12a)
0J0JO

_ oAz P2 o _

K?mn = '[ J\ HZL?HL:-,erz d02 dl‘z QDmdk2 i]:’b)
0JoJo

_ w raz M2m - _

K. = J J H,L;, TTLJ,r, d6, dr, QD, dk, (13a)
0JOJO

_ w0 ey p2n _

K>, = ( ( [ H,L: T3, r, do, dr, QD,, dk; (13b)

JOJO SO

in equation (9), the integral of the product of symmetric and anti-symmetric Fourier components with
respect to the line 6, = 0 and 8, = O (Figure 1) has been set equal to zero.

If one truncates the infinite Fourier series of equations (1) and (2) to finite series, and let 4 and B be the
highest components for equations (1) and (2), respectively, equation (9) can be written in a matrix form as

SW = op* [T K 0[P (14
TP [0 K| P

where
‘-T . T sT ST s'l
P =[P, - Pi. Py, - Pl
T T T 4T T
Pt = [Pal‘l P?.A P‘lll,l P%_.B
— —_
w0 - 0 Kiy o Kig
3 s s
0 Ky -+ 0 Ky o Kig
K= 0 0 aa Koo o m
s s IS KS
Ki: K1,2 1,4 11 0
Kii Kpo - Kpa O - Ky

and the expression for K? 1s similar to that for K®. From equation (14), one can observe that the interactions
among Fourier components only occur between two symmetric components and between two anti-
symmetric components, and there are no interactions between symmetric and anti-symmetric components
with respect to the line 6; = 0 and 8, = 0 in Figure 1. Also, by reciprocal theorem (Betti’s theorem), onc can
easily prove that K3, = (K;,)", K2, = (K2,)", K3, = (K5,,)" and K? ,, = (K2, ,)". Therefore both K* and K* are
symmetric matrices.

Now consider the sub-structure of the two foundations. If finite element modelling is employed for the
sub-structure, the displacement fields of the two foundations can be expressed as

a
vi(r.0)) = Z [LiNi(r ) Vin + LENG(r) Vi, (s
n=0
and
B — —
va(ra,05) = Y [LLN3(r2) Vi + LaN3(r2) V3 ] 116}
m=0

where N and N, are the matrices of the shape functions with respect to the variables r, and r,, respectively.



DYNAMIC STIFFNESS MATRICES 199

vectors V, , and V, ,, are the displacements at the nodal rings of the finite element model, and matrices L,
and L,, are defined in equations (1) and (2). Making use of equations (15) and (16), the work done by the
variation of t; and t, in equations (1) and (2) can be expressed the following equation.

a, f2n a2 P27
oW = j J’ 5{{"17’1 dgl dr; + J‘ f 5{5‘727'1 dGz drz
0 JO 0 JO

A B
= Y (6PY, B, V5, + 0P, B, Vi) + Y (6P%.BS nVsm + 0PL,BS V5 M) (17a)
n=0 m=0
where

ay p2n
Blynzjv J HanLanrldgldrl (17b)

0 JO
the expression for B, ,, is similar to that in equation (17b), and matrices H, and L, are defined in equations (3)
and (1). In a similar way to equation (14), the integration of the products of the symmetric and anti-symmetric
Fourier components has also been set to be zero in equation (17), and the infinite Fourier series in equations

(15) and {16) have also been truncated to finite series in order to make equation (17) compatible with equation
(14). Equation (17) can also be rewritten in matrix form as

SPYTIB 0 [ Ve
- 2

where
OP =[OPY; - 0Py, OPyy - OPY]
V=V o Vi Ve, o Vi
B*=diag[B}, - B« By, - 2.8]

and expressions for vectors P?, V¥ and matrix B* are similar to those for P*, V* and B, respectively.
Equating equations (14) and (18), one can obtain the following two equations:

K’P* = B°V* or U =DBV® (19)
and
K*P* = B*V* or U®=B*V* (20)

where vectors U® and U® are the generalized displacements at the nodal rings of the assumed piecewise linear
stress models of equations (1) and (2). Equations (19) and (20) give the relationship between the generalized
displacements of the assumed stress model and the finite element model of equations (15) and (16). The
reciprocal theorem can be used to find the corresponding force-stress relationship. This gives

F*=B"P* and F*=B""P* (21)

where the vectors F* and F? are the generalized forces at the nodal rings of the finite element models of
equations (15) and (16). The following two equations can be obtained by making use of equations (19) and
(20) with equation (21).

F = B [K*] 'B°V® = I°V® (22)
and
F* = B*'[K*]"'B*V? = I*V® (23)

where I° is the dynamic stiffness matrix for the excitations of the symmetric Fourier components with respect
to the line 8; = Oand 8, = 0, as shown in Figure 2, and I is the dynamic stiffness matrix for the excitations of
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Contact Area No. 1

Contact Area No. 2

Figure 2. Co-ordinate transformation for two cylindrical co-ordinates

the anti-symmetric Fourier components. Both the I* and I* matrices are symmetric since matrices K* and K*
are symmetric as indicated in equation (14). Equations (22) and (23) also show that there are no interactions
between the symmetric vibration mode and the anti-symmetric vibration mode with respect to the line
connecting the two centres of the two circular foundations (Figure 2).

This concludes the derivations for the dynamic stiffness matrices for the interaction of the vibrations of two
circular foundations on an elastic half-space medium.

NUMERICAL RESULTS

A numerical example of two identical rigid circular foundations, rigidly attached to an elastic half-space
medium and subjected to excitations in all possible directions, is used to demonstrate the effectiveness and
efficiency of the present method. In the example, the radius of both foundations is a4 (g, = 0-5), the complex
shear modulus of the half-space is G = Gg(1 + 2&i), in which the hysteresis damping ratio & is selected to be
0-05 for major numerical results, and the Poisson ratio is assumed to be 0-33. In order to investigate the
significance of the effect of the interaction of the two foundations, seven clear distances (d’s)
(dfay = 0-2,1,2,4,10, 20 and oo) between the two foundations are chosen for the calculation of dynamic
stiffness matrices.

Since both circular foundations are rigid, only Fourier components of n = 0,1 and m = 0, | in equations
(22) and (23) are involved in the calculation of the dynamic stiffness matrix for all the vertical, two horizontal
(x- and y-directions in Figure 3), rocking, pitching and torsional vibrations of the two foundations, as defined
in Figure 3. Equation (22) is the dynamic stiffness matrix for the two foundations with vertical, horizontal
{x-direction) and pitching motions. Equation (23) is the dynamic stiffness matrix for the two foundations with
torsional, horizontal (y-direction) and rocking motions. Furthermore, due to symmetry and anti-symmetry
with respect to the centre line C—C between the two foundations, as shown in Figure 3, the dynamic stiffness

functions in the two dynamic stiffness matrices have the following properties: I, . =1..,. [ =/1..,.
Tpp, = 1Ip,pys Loy, = — Liyxy Iop, = — I,p, and I, p = I,,p, for the dynamic stiffness matrix in equation
(22), and 1T1T1 = ITsz, Iylyl = I}'z}’z’ IRIRI = IRsz’ IT1Y1 = — ITz.Vz’ ITlRl = — IT2R2 and I_lel = [v)R: for the

dynamic stiffness matrix in equation (23).

Using this method, one should note that singularity could occur in calculating the Q matrix of equation
(5b) at the Rayleigh wave number if the damping ratio £ = 0. Therefore, some material damping, which
would meet the realistic condition of the soil, must be assumed in the soil medium. After some extensive
numerical investigations, the infinite integration limit of the wave number in equations 10(a) 13(b) can be
replaced with the finite number 200/a, without losing accuracy for a damping ratio ¢ as low as 0:01, and 10
equal sub-intervals for radius a, is enough for a piecewise linear stress model of equations (3) and (4). The
Gaussian quadrature method is employed to perform the integrations for which closed-form integration
cannot be obtained.
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In order to show the effectiveness of this method, some comparisons with the results in Reference 15 are
made in Table I. As mentioned above, material damping in a soil medium is necessary, and the results for
& = 0-01 are used for comparison. In the table, the non-dimensionalized frequency b is defined as wao/Re (c,).
Although there are some discrepancies between the results of the two methods, in general one can still say
that the two results agree fairly well with each other except Ip p , for which the discrepancy is higher. Since
Ipp,» 1+ x, and I, ; arec obtained simultaneously by equation (22), as mentioned above, it is believed that the
accuracy of these dynamic stiffnesses should be of the same order. The sources of the discrepancies could be
the error due to digitizing the curves in Reference 15, and the use of two different damping ratios for the soil
medium and two different analytical approaches.

Figures 4-10 show some numerical results of dynamic stiffness functions for the vibrations of the two
foundations. In the figures, it should be noted that all the dynamic stiffness functions and excitation
frequencies are non-dimensionalized by radius ao and complex shear modulus G [or shear wave velocity
Re (c,)]. Each figure contains several curves of results representing different clear distances between the two
foundations. The curves for different clear distances are marked by different symbols. Table II shows the
symbols used.

Foundation No. 1 Foundation No. 2

Rocking

Pitching
s <
P
pad - Torsi
s . < ﬁ/\_, orsion

e 4 /&_\ ®

a8

Rocking <
s Pitcb )
g
i 4
2N 2
Figure 3. Definitions of the motions for two identical foundations
Table I. Comparison for clear distance d = 0-5a,
IZ z IZ z / IX X IX X I 1 1
Re (— m (-—3> / b Re (— ) Im (—— ) / b Re (—‘13) Im (—”%) /b

Ga, Gag /| Gay Ga, Ga; Gaj
Presented b = 0-03568 667 303 539 1-64 4-16 0-023
method b = 071365 57 425 4-88 223 390 0-20
(& =001
Reference 15 b = 003568 682 3-00 550 1-77 442 0-02
&=0 b= 071365 5-89 430 500 2-17 419 031

1 It v\ / 1 1 I 1

Re <——T‘T‘ m (——T‘“)/b Re | 22 Im ﬁ)/b Re|[—281) m | Refi)p

Ga} Gad | Gay Gag Ga} Gad
Presented b = 0-03568 531 0-013 512 1-88 4-09 0-016
method b= 071365 491 023 470 2-57 369 0-31
(€ =001) ;
Reference 15 b = 0-03568 539 0-01 515 190 416 0-01
(E=0) b =071365 500 0-21 4-72 2:55 373 026
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Table II. Symbols representing dif-
ferent separations of the two foun-
dations

G-00-69 L=02

I____+—*_—*——+ —4— = 1

MM 4 — 3
@0

0—0—0—0—0 &=
as

Figure 4 shows the dynamic stiffness function (I, ,, ) for the vertical vibration of one of the two foundations.
From the figure, it can be seen that the influence from the other foundation on the vertical dynamic stiffness is
not significant if the separation of the two foundations is greater than 4a, (d/a, > 4 in Figure 4). Figure
5 gives the results of the horizontal dynamic stiffness function. In the figure, the solid lines show the results for
the horizontal vibration in the x-direction and the broken lines show the results for vibration in the
y-direction. The same conclusion can be drawn from this figure as from Figure 4, and it can also be seen that
the influence of the existence of the other foundation is more important for the vibration in the x- direction
than for the vibration in the y- direction. Regarding the dynamic stiffness for pitching and rocking motions,
the influence from other foundation is even less than that for the horizontal dynamic stiffness as shown in
Figure 6. The solid lines in Figure 6 are the results of pitching dynamic stiffness and the broken lines are the
results of rocking dynamic stiffness. From Figure 6, it can also be seen that the influence on the pitching
dynamic stiffness from the other foundation only occurs when the two foundations are sufficiently close
(saying d/a, < 1-0), and the influence on the rocking dynamic stiffness is insignificant (the broken lines cannot
be distinguished from the solid lines). Figure 7 shows the coupling dynamic stiffness for pitching and
horizontal motions (solid lines), and rocking and horizontal motions (broken lines). From this figure, it can
be seen that the influence from the other foundation may be significant if the two foundations are very close
(say d/ay < 1-0). The reason for putting the two horizontal dynamic stiffnesses (Figure 5), the pitching and
rocking dynamic stiffnesses (Figure 6) and the two coupling dynamic stiffnesses (Figure 7) together is that in
each case they are identical to each other if the two foundations are infinitely far apart. Figure 8 shows the
dynamic stiffness function for the torsional vibration. From this figure, it can be seen that the influence on the
torsional dynamic stiffness from the other foundation is unimportant even when the two foundations are very
close (d/a, = 0-2). Figure 9 shows the coupling dynamic stiffness function between the vertical vibrations of
the two foundations. It can be seen that the coupling dynamic stiffness function approaches zero as d/a, = 20
or oc. A similar result can be seen in Figure 10, which shows the coupling dynamic stiffness between the
torsional vibrations of the two foundations. From Figures 9 and 10, it can be seen that the coupling dynamic
stiffnesses between the vibrations of two foundations cannot be neglected in soil-structure interaction
analysis, especially when the two foundations are close to each other.

After some numerical study of the dynamic stiffness matrices for the two-foundation system. some general
conclusions can be drawn.

I. The interaction of the vibrations of two foundations with an excitation of low frequency is more
important than that with an excitation of high frequency.

2. The influence on the imaginary parts of the dynamic stiffness functions due to the existence of another
foundation is less significant.
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Figure 6. Non-dimensionalized pitching dynamic stiffness
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Figure 8. Non-dimensionalized torsional dynamic stiffness
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3. The influence on the dynamic stiffness function by the existence of another foundation is not negligible if
the two foundations are sufficiently close, (say d/a, < 4).

SOME CHARACTERISTICS OF THE PRESENT METHOD

After invesigation of the present method, several important features were found.

. Most computational effort in this method is devoted to the calculation of the surface integrals (e.g. j
XXXrydb,dr,) in equations 10(a)-13(b) and matrices D,s. However, the calculation of the surface
integrals and D,s is independent of the complexity of the sub-soil half-space and the excitation
frequency, since the changes in the soil properties and excitation frequency are only reflected in matrices
Q and Q in equations 10(a)-13(b). Therefore, one can generate many K® and K* matrices from equations
(22) and (23), corresponding to different excitation frequencies, at the same time. To do this, one just
needs to reserve storage space in the computer for these matrices. Actually, this present method needs
less computer storage space compared with other methods. This feature would dramatically reduce the
computational cost of generating the dynamic stiffness matrices for the interaction of vibrations of
several foundations.

2. The method can easily be extended to generating the dynamic stiffness matrices for the interaction of

vibrations of more than two foundations.

3. The method can also be extended to calculating the dynamic stiffness matrices for vibrations of

foundations with arbitrary shapes. To do this, one needs the co-ordinate transformation matrix for
cylindrical- and rectangular co-ordinates. This co-ordinate transformation matrix can be found in
Reference 2.

4. Although a half-space medium is assumed throughout the derivation for generating the dynamic

stiffness matrix, the present method can be extended to calculating the dynamic stiffness matrices for the
case of a layered medium. To do this, one can replace the Q and Q matrices in equations 10(a) 13(b)
with the equivalent matrices for a layered medium. The equivalent matrices can be found in Reference 3.
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