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Abstract

Let MPT(v, 1) denote a maximum packing of triples of order v with index A and TS(u, ) denote a triple system of
order u with index 4. For 2 > 1 and v > 6, it is proved in this paper that the necessary and sufficient conditions for the
embedding of an MPT(v,4) in a TS(u, 1) are A(u — 1) = 0(mod?2), Ju(u — 1) = 0(mod6) and u > 2v + 1.
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1. Introduction

Let V' be a v-set, B a collection of 3-subsets (called blocks or triples) of V. A pair (V,B) is called a partial triple
system of order v with index A and denoted by PTS(v, ) if each 2-subset of V' is contained in at most A triples.

Let (¥, B) be a partial triple system of order v and index A. (¥, B) is called a maximum partial triple system if |B| = |C|
for any partial triple system PTS(v,4) (¥,C). A maximum partial triple system of order v and index 4 is also called a
maximum packing of triples (or simply a maximum packing) of order v with index A and denoted by MPT(v, ).

Let (¥, B) be an MPT(v, 1), the leave of (V,B), denoted by L(v, 4), is a multigraph (¥, E) where an edge {x, y} € E with
multiplicity m if and only if the corresponding 2-subset {x, y} is contained in exactly 2 —m triples of B. It is well-known
(see, e.g. [2]) that the leave of an MPT(v, 4) is empty if and only if A(v—1) = 0(mod2) and Av(v — 1) = 0(mod 6). In
this case, the MPT(v, 1) is called a triple system and denoted by TS(v, ). For fixed 4, if there exists a TS(v, ), then v
is called A-admissible.

For v = 6, by Mendelsohn et al. [11], the only graphs which can be leaves of an MPT(v, ) are shown in Table 1
(where v and A are reduced modulo 6) with the following abbreviations:

Graphs of odd degrees

IF a matching on v vertices
IFY a matching on v — 4 vertices and a tree on 4 vertices with one vertex of degree 3

* Research supported by NSC 90-2115-M-009-027 for the second author, and the National Natural Science Foundation of China for
the third author.
* Corresponding author.
E-mail address: haoshen@online.sh.cn (H. Shen).

0012-365X/$ - see front matter () 2003 Published by Elsevier B.V.
doi:10.1016/j.disc.2003.11.038


mailto:haoshen@online.sh.cn

236 R. Su et al. | Discrete Mathematics 284 (2004) 235-245

Table 1
Leaves of maximum packings

I\ v 0 1 2 3 4 5
0 0 0 0 0 0 0
1 IF 1] IF 0 IFY Ey4
2 1] 1] 2 0 0 2
3 IF 1] 06 0 IFY 0
4 0 0 Ey4 0 0 n
5 IF 1] 1FY 0 IFY 2

06(a) 1FH a matching on v — 6 vertices and a graph induced by AB, BC, BD, DF, DG
(b) 1Fs a matching on v — 6 vertices and a tree on 6 vertices with one vertex of degree 5
(c) IFYY  a matching on v — 8 vertices and two vertex-disjoint trees each on4 vertices with one vertex of degree 3
(d) 1F;5 a matching on v — 2 vertices and a triple edge AB, AB, AB
(e) 1F_o— a matching on v — 4 vertices and a graph induced by AB, BC, BC, CD

Graphs of even degrees

2 a double edge AB, AB

Es  (a) Cy a 4-cycle
(b) 4 a quadruple edge AB, AB, AB, AB
(c) 2? 2 double edges AB, AB, CD, CD
(d) 00 AB, AB, BC, BC

Now let (X,4) be a partial triple system. (X,4) is said to be embedded in a partial triple system (Y, B) provided that
X C Y and 4 C B. We also say that (X,4) is a subsystem of (¥,B). The embedding problem is one of the fundamental
problems in design theory. For the embeddings of triple systems, we have the following result:

Theorem 1.1 (Doyen and Wilson [5], Stern [15]). Let u, v be A-admissible and v = 3. Then a TS(v, 1) can be embedded
in a TS(u, ) if and only if u > 2v+ 1.

Over the last 30 years much effort has been focussed on proving a similar theorem for embedding any PTS(v, 1) in a
TS(u, 2). The best results to date are the following two theorems:

Theorem 1.2 (Rodger and Stubbs [13]). Let u be odd J-admissible. Then a PTS(v, ) can be embedded in a TS(u, ) if
u=4v+ 1.

Theorem 1.3 (Hilton and Rodger [9]). Let u be A-admissible and 4 | .. Then a PTS(v,/) can be embedded in a TS(u, )
ifu=2v+1.

The embedding problem for maximum packings has been studied extensively [6,7,10]. For 2=1, this embedding problem
has been completely solved.

Theorem 1.4 (Mendelsohn and Rosa [10]; Hartman et al. [8]; Hartman [7]; Fu et al. [6]). Let u > v. Any MPT(v,1) can
be embedded in an MPT(u,1) if and only if

(1) if v==6 then u=17 or u > 10,
(2) if v>6 and v is even then u=v+ 1 or u > 2v, and
3) if v>6 and v is odd then u = 2v.

An MPT(v, ) is called simple if it contains no repeated triples. In 1995, Milici et al. [12] proved that for v > 3 and
any even /, a simple MPT(v, 4) can be embedded in a simple MPT(u, A) if and only if u > 2v+ 1. As a consequence of
this result, we then have the following theorem.

Theorem 1.5 (Milici et al. [12]). Let v = 6 and 4 = 0(mod2). An MPT(v,A) can be embedded in an MPT(u,/.) if and
only if u>=2v+1.
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For /4 > 1, it is easy to prove the following lemma by Table 1 and simple counting.

Lemma 1.6. Let u be A-admissible, v = 6 and 1. > 1. Then a necessary condition for the embedding of an MPT (v, 1) in
a TS(u, ) is u = 2v+ 1.

In this paper, by proving the following theorem, we show that the necessary condition of Lemma 1.6 is also sufficient
for the embedding of any MPT(v, 1) in a TS(u, A) for A > 1.

Theorem 1.7. Let v > 6 and 1 > 1. Then an MPT (v, /) can be embedded in a TS(u, A) if and only if A(u—1) = 0(mod 2),
Ju(u — 1) = 0(mod 6) and u > 2v + 1.

2. Basic construction techniques

Let A1 + A2 + - -- + A, denote the union of multisets A41,A42,...,4,—1 and A, (so if e occurs k; times in 4; for any
1 <i<n, then it occurs k; +kx + -+ k, times in A; + A2 + -+ Ay). If 41 =A2=---=A4, = A, then let n4 denote
Ay +A2+---+A4,. Let 1K, denote the multigraph on n vertices in which each pair of vertices is joined by exactly /4 edges.
Let V(G) and E(G) denote the vertex set and edge set of a multigraph G respectively. Given two multigraphs G and H,
the union GUH is the graph with V(GUH)=V(G)UV(H) and E(GUH)=E(G)+E(H). If V(G)NV(H)=1, then the
join GV H is the graph with V(GVH)=V(G)UV(H) and E(GVH)=E(G)+ E(H)+ {{x, y}x € V(G),y€ V(H)}. If
G is a multigraph, then let G denote the graph with V' (AG)=V(G) and E(AG)=AE(G). Let G denote the complement
of the graph G. We refer to [4] for an overview on graph theory.

Construction 2.1. Suppose (X,A) is an MPT(v, A1) with leave L(v, 1) and (X, B) is an MPT(v, A2) with leave L(v, 1,). Let
u > v, and u be both A-admissible and 1,-admissible. If the MPT(v, A1) can be embedded in a TS(u, 1), the MPT(v, 7,)
can be embedded in a TS(u,2) and L(v, 1)U L(v, A2) is a L(v, 41 + A2), then an MPT(v, A1 + A2) with leave L(v, A1 + A2)
can be embedded in a TS(u, 1 + 42).

Proof. Let V(K,)=X, V(K,—,)=Z and X N Z = (. We recall that embedding an MPT(v, A1 + 42) in a TS(u, 11 + )
is equivalent to partitioning the set of edges in (X1 + 42 ) (K, V Kyu—y) U L(v, 21 + 22) into triples. The union of the graph
(K oV Ky—y)UL(v, 21) and the graph /2(K,V K,—,)UL(v, 2) is exactly the graph (11 + /2 )(KyV Ku—y)UL(v, A1 + A2) since
L(v, 1)U L(v, A2) = L(v, 21 + J2). Since each of the set of edges in A1(K, 4+ K,—») UL(v, A1) and Aa(K, + Ky—») U L(v, 22)
respectively can be partitioned into triples, the conclusion follows. [

Theorem 2.2. Let u>v =6, v = 0,4(mod6), u = 5(mod6). Then an MPT(v,3) can be embedded in a TS(u,3) if
u=2v+1.

Proof. We prove the theorem for the case v = 0(mod6), the case v = 4(mod 6) can be dealt with in a similar way.
Let X be a v-set, Y =X U Z,—, and X N Z,—, = 0. By Mendelsohn and Rosa [10] there exists an MPT(u,1) (Y,B:)
with leave {{0,1},{1,2},{2,3},{0,3}} containing an MPT(v, 1) (X,4,) as a subsystem. By Milici et al. [12] there exists
an MPT(u,2) (Y,B,) with leave {{0,2},{0,2}} containing a TS(v,2) (X,4>) as a subsystem. Let 4 = 4, + 4> and
B=Bi+B,+{{0,1,2},{0,2,3}}. Then (X,4) is an MPT(v,3) and (Y,B) is a TS(u,3) containing (X,4) as a subsystem.
This completes the proof. [

By using Theorems 1.1, 1.4, 1.5, 2.2 and Construction 2.1, we have the following theorem:

Theorem 2.3. Let v>6, A > 1, and let u be A-admissible. If u > 2v + 1, then any MPT(v,) can be embedded in a
TS(u, ) with the following possible exceptions:

(1) v=2(mod6), 1 = 3(mod6), and the leave of MPT(v,1) is 1Fs, 1\FH or 1FYY, and
(2) v=2(mod 6) and /. = 5(mod 6).

In order to eliminate all of these possible exceptions, by Construction 2.1 and Theorem 2.3, we only need to embed
an MPT(v, 1) in a TS(u, A) for v =2 (mod 6), A =3 or 5, and all admissible u > 2v + 1.

Now let X be a v-set and v > 2. A collection F of 2-subsets (called pairs) of X is called a partial A-factor if each
vertex of X is contained in at most A pairs of F, and F is called a A-factor if each vertex of X is contained in exactly
A pairs of F. If F is a partial A-factor and a € X, then let a x F denote the multiset {{a,x, y}|{x,y} € F}.
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Construction 2.4. Let u > v > 6, =20+ 1 = 3, u be A-admissible, V(K,)=X ={ai|l <i<v}, V(Kui—s)=Z,XNZ=¢
and Y =X UZ. Let (X,A) be an MPT(v, A) with leave L(v, ). If we can remove enough triples (denoted the collection
of all these triples by H) from G = WK,V K,—,) U L(v,2) such that G — H satisfies:

(1) each edge of L(v, 1) has been removed,

(2) there are only 22 edges joining x and z for each x € X and z € Z; and

(3) the subgraph of G — H induced by Z is a 2lyv-regular subgraph, then an MPT(v, 1) with leave L(v,.) can be
embedded in a TS(u, ).

Proof. As 2/v is even, by Petersen [3] the subgraph of G — H induced by Z has a 2-factorization C = {Fj;|1 <i <v,
1 <j< i} Forany 1 <i<uv,let B;=a; * Fi +aixFp+--+axFy, Let B=A+H + B+ B+ -+ B,. Then
(Y,B) is a TS(u, ) containing (X,4) (MPT(v, 1)) as a subsystem. This completes the proof. [

3. 1-factors and partial 1-factors in complete graphs

Lemma 3.1. Let n=6t+s+4, s=0,2 or 4, n = 14, and V(K,)={a,b,c,d, 00} U Zss+s—1. Then K, contains a subgraph
whose edge set can be partitioned into 7 partial 1-factors each missing exactly the four vertices of {a,b,c,d} and
6t +s — 8 l-factors each containing no edges of the complete graph K4 on {a,b,c,d}.

Proof. The seven partial 1-factors are:
Fy = {{i+ i = 7} € Zousn \ {0}} U {{i.00}},
6t+s—8<i<6r+s5—2.
Let m=1—(—1)". For 0 <i<3t+s/2—75, let
Fyi={{a,3t+2i+5/2—2},{b,3t +2i +5/2 + 1},{c,3t + 2i + 5/2}}
U{{3t+2i+2j+5/242,3t +2i —2j +5/2 — 3}
0<j<(6t+s—m—38)/4}
U {30+ 20 +2j + /24 3,3t + 2i — 2j +5/2 — 4}
0<j<(6t+s+m—12)/4}
U {{d,3t +2i + /2 — 1},{2i,00}}, and

Fyo={{a,3t+2i+s/2+1},{b,3t + 2i +s/2},{c,3t + 2i +5/2 — 1}}
U{{3t+2i+2j+s/24+4,3t+2i —2j +5/2 — 3}]
0<j<(61+s+m—12)/4}
U{{3t4+2i+2j+s/24+3,3t+2i —2j+s/2 -2}
0</j<(6t4+s5s—m—2R8)/4}
U {{d,31 +2i +5/2 4 2},{2i + 1,00} }.
Then Fg, Fy,...,Fgs_o are the desired 67 4+ s — 8 1-factors. This completes the proof. [
Since there are 6 edges in the complete graph K4, the following lemma is obvious:
Lemma 3.2. Let n=6h+s+4,s=0 or 2, n = 12, and V(K,) ={a,b,c,d, 00} U Zsj+s—1. Then K, contains a subgraph

whose edge set can be partitioned into 6h + s — 4 1-factors each containing no edges of the complete graph Ks on
{a,b,c,d}.
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Lemma 3.3. Let n=6h+9 > 15 and V(K,) ={a,b,c,d,e,00} U Zesy3. Then 2K, contains a subgraph whose edge set
can be partitioned into 6h + 9 partial 1-factors Fo,F,...,Fen7 and Feps satisfying the following properties:

(1) for any 0 < i < 3h, each of Fr and Fsiy\ misses exactly the vertex i and contains no edges of the complete graph
Ks on {a,b,c,d,e};
(2) for any 6h+ 2 <i < 6h+ 8, F; misses exactly the five vertices of {a,b,c,d,e}.

Proof. Set = 4 in Lemma 3.1, and let Fi,6 = F} for any i where 61 — 4 <i < 6h + 2. Now choose 4h 1-factors
Fo,F!,...,Fi_, and F,_, in the proof of Lemma 3.1. For any i where 0 <i < 2h — 1, we replace the vertex i in Fj;
and F3;,, by e. Then we obtain 44 partial 1-factors (denoted by Fo,F1,...,Fuy—2 and Fy,_; correspondingly) in 2K,. It
is easy to check that there exist no repeated edges in these 44 partial 1-factors. So we can again choose 2/ + 2 1-factors
F§,Fi,...,Fy, and Fy,,, in the proof of Lemma 3.1. Let o = (0,2k)(1,2h + 1)...(h,3h) be a permutation of V' (X,). For
any i where 2h <i < 3h, let k=i — 2h and set

Foi = a(F3) = {{o(x),6(»)} | {x, y} € 5}, and

Fii = 6(Fai) = {{o(x),6(3)} | {x, y} € Fyeii }-

If we replace the vertex i in Fo; and F; by e for any i where 2h < i < 3h, then we obtain 24 4 2 new partial 1-factors
(denoted by Fup, Fapti,...,Fen and Feui correspondingly) in 2K,. It is also easy to check that there exist no repeated
edges in all these 24 + 2 partial 1-factors. Therefore, Fo, Fi,...,Fery7 and Fepig are the desired 64 + 9 partial 1-factors.
This completes the proof. [

Similarly, the following lemma can also be proved, we omit the details here.

Lemma 3.4. Let n=18h+ 21 > 21 and V(K,) = {a,b,c,d,e,00} U Zigj115. Then K, contains a subgraph whose edge
set can be partitioned into 6h + 9 partial 1-factors Fo,F\,...,Fenw7 and Feyg satisfying properties (1) and (2) of
Lemma 3.3.

Lemma 3.5. Let n=6t+s+2,s=2 or4,t > 1 and V(K,)={a,b,00}UZsys—1. Then K, contains a subgraph whose edge
set can be partitioned into 5 partial 1-factors each missing exactly the two vertices of {a,b} and 6t + s — 6 1-factors
each containing no edge {a,b}.

Proof. The five partial 1-factors are:
F} = {{i+ ;i = j}j € Zsrsn \ {0}} U {{i, 00} },
6t +5—6<i<O6f+s—2.
Let m=1—(—1). For 0 <i<3t+s/2—4, let
Fy={{a,3t +2i+5/2 — 2},{b,3t + 2i + +s5/2 + 1},{2i,00}}

U {{3t +2i+2j +5/2,3t +2i —2j +5/2 — 1}]
0 <j<[6f+ 25— (—1)"m—8]/4}
U {{3t +2i +2j 4+ 5/2 4+ 3,3t + 2i — 2j +5/2 — 4}
0<j<[6t+(—1)"m—8]/4}, and
Fhioy = {{a,3t + 2i +5/2 + 1},{b, 3t + 2i +s/2}, {1 + 2i,00} }
U{{3t +2i+2j+5/2 42,342 —2j +5/2— 1}
0 <j <[6t+(—1)7m— 4]/4}
U {{3t +2i +2j +5/2 43,3t 4+ 2i — 2j +5/2 — 2}
0<j<[6r+25—(—1)7m—12]/4}.
Then Fgy, Fy,...,Fg._7 are the desired 67 + s — 6 1-factors. This completes the proof. [
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We also need the following theorem in Section 4.

Theorem 3.6 (Colbourn and Rosa [1]). Let n be an odd integer and n # 9. Then for each 2-regular subgraph Z of K,,
Ky — Z can be partitioned into triples if and only if 3|(n(n — 1)/2 — |E(Z)]).

4. The case 4 =3 and v = 2 (mod 6)

For n = 1 (mod?2), as in [14], let D(n, A) be the multiset A{d|1 < d < (n—1)/2} with elements from Z,. The elements
of D(n, ) are called differences. We remark that we also use n — d to represent the difference d.

Let a,b,c € D(n, 1), if a+b+c = 0(modn) or one is the sum of the others, say, a+b = ¢ (mod n), then D=(a,b,c) is
called a difference triple, let (D) denote the set of triples {{0,a,a+b}+i|0 <i <n—1} or {{0,b,a+b}+il0 <i<n—1},
and we say that (D) is induced by the difference triple D. If n = 0(mod 3), and a = b = ¢ = n/3, then {{0,n/3,2n/3} +
i|0 <i<n/3—1} can form a 2-regular spanning subgraph of K, on the vertex set Z,. In this case, the difference n/3 is
used once. Otherwise, the triple set induced by the difference triple (a,b,c) forms a 6-regular spanning subgraph of K,
on Z,.

In this section, let v = 2(mod 6), v = 8, V(K,)=V(K,)=X = {a:|0 <i <v—1}, and let (X,4) be an MPT(v,3) with
leave L(v,3)=1Fs, 1FH or 1FYY. Letu>v, Y =X UZ,—y, XNZ,—, =0 and V(K,—,) = Zy,—,. Set

1Fs = {{ap,a;}|1 <i<5}U{{am, i1 }3<i<v2—-1};
1FH = {{ao,a1},{ai,a2},{ai,a3},{as,as},{as,as}} U {{az,a0i41 }|3 <i <v/2 -1}

1FYY = {{ao, al}, {ao, az}, {ao, as}, {a4, as}, {a3, a4}, {a4, a7}}

U {{azi, a1 }4 <i<v/2—1,0>8};

Ao ={{a1,1,4},{a1,2,3},{a2,0,2},{a2,3,4},{a3,1,3},{a3,0,4},
{a4,0,1},{a4,2,4},{as,0,3},{as, 1,2} } U {{ao, ai,i — 1}|]1 <i <5}

Ay = {{ao,a1,0},{a1,a2,1},{a1,a3,2},{as,as,3},{as, as,4}, {a1,3,4},
{a2,2,4},{a2,0,3},{a3,0,1},{a4,1,2},{as,0,4},{as, 1,3},{as,0,2},
{ao,1,4},{a0,2,3}}, and

Ay = {{ao,a1,0},{ao, a2, 1}, {aa, as,2}, {a3,a4,3},{a2,0,3},{as, 1,4},{a3,0,2},

{a2,2,4},{a1,1,2},{a1,3,4},{as,0,4}, {as, 1,3}, {a0,2,3},{as,0, 1} }.

Lemma 4.1. Let v = 2(mod6), v =8 and u = 1(mod 6). If u>2v + 1, then an MPT(v,3) with leave 1Fs, 1FH or
LFYY can be embedded in a TS(u,3).

Proof. Write v=6A+8 and u —v==06¢+5. By Theorem 1.2, we can suppose 2v+1 <u <4v,s0 1 <h+1<t<3h+3.
Case 1: h=0 and ¢t = 1. We take 6 1-factors Fo, Fi, F», F3, F4 and Fs in 2Ks on {5,6,7,8,9,10} such that each of
the edges {5,6} and {9,10} is not contained in any of the above 1-factors. Let

By ={{4,a¢,a7},{0,5,a6},{1,6,as},{2,7,as},{3,8,as},{9,10,as},{0,7, a7},
{1,8,a7},{2,9,a7},{3,10,a7},{5,6,a7},{0,1,4},{2,3,4}},

By ={{0,1,3} +i|0 <i < 10}, By =J_,(ai * F;), and By = (B) \ {{a6,a7,4}}) U {{4, a0, a5}, {4,as,a7}}. Set
Ao+ Bi + By + By, if L(1,3) = 1Fs,

H= A\+B +B,+B3, if L(U,3) = 1FH, and
Az + Bo + B3 + By, if L(v,3) = 1FYY.
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Case 2: t =h+1>2. By Lemmas 3.1 and 3.2, 2K¢;411 contains 7 partial 1-factors Fo, Fi, F», F3, F4, Fs and
F each missing exactly the five vertices of {0,1,2,3,4} and 6A + 2 partial 1-factors Fg,F7,...,Ferie and Feuy7 each
missing exactly the vertex 4 and containing no edges of K4 on {0,1,2,3}. Suppose F = {{2i — 1,2i}|3 <i <3h+ 5}.
Let By = {{4,az,azi1}|3 <i < 3h+3}, Bo = (UPY @i+ Fi) U {{4,2i — 1,2i}|3 <i <3h+2} and o = (4h + 5,6h + 5)
be a transposition of Zg;i11. Now in the third copy of Keyr11 we take the difference triple (24,24 + 1,2k + 10). Let
By = {{0,2h,4h+ 1} +i|0 <Ii<4,2h+5<i<6h+ 10}, B3 = {{4,(12,’,(12,’+1} |4 <i< 3h+3} U {{4,a0,a6},{4,a4,a7}},
and Bs = {{0,1,4},{2,3,4}}. Set

Ao+ B1+ B2 + Bs + a(Bo), if L(v,3)=1F5,
H=4{ A+ B+ B, +Bs+03(By), if L(v,3)=1FH, and
A> + By + B3 +B4+O’(Bo), if L(D,3):1FYY.

Case 3: 2 <h+2<t<3h+2. By Lemma 3.1, K,_, contains 7 partial 1-factors Fy, Fi, F>, F3, F4, F5 and F each
missing exactly the five vertices of {0,1,2,3,4} and 6A + 2 partial 1-factors Fe,F7,...,Ferie and Fepy7 each missing
exactly the vertex 4 and containing no edges of K4 on {0,1,2,3}. Suppose F = {{2i — 1,2i}|3 <i < 3t+2}. Let By, B>
and Bs be the same as defined in Case 2.

Choose differences of D(6¢ + 5,2) to form the following collection T of 2¢ + 1 difference triples:

(1,26 + 2,26+ 3), (26,2t +2,2t +3), (2,2t — 3,2t — 1),
(3,2t — 2,2 + 1), (2,21 + 1,21 + 4),
(i3t —i+23—i+3):1<i<t—2 t>3, and
Qi—Lt+it+Lt—i+2):1<i<t—2 t>3.
From T\ {(1,2¢ 42,2t +3),(2t,2¢t + 2,2t + 3)}, choose 3t — 3h — 3 difference triples D1, D,...,D3—3p—4 and D3_3;_3.
Let Ba=(D1)+(D2)+- - - +(D3i—31n—3), Bs={{0,26,4t+2} +i|0 <i < 4,2h+5 <i < 61+4}U{{0,1,2¢+3},{1,2,2¢+4}},
the vertex set V1 = {0,1,2,2¢ + 3,2¢ + 4}, and the vertex set Vo = {i|[5<i<2h+4, 2t +5<i<2t+2h+4, 4+

7 <i<4t+2h+6}. Clearly,! ¥iNVh=¢, so there exists a permutation ¢ of Zs 5 such that 6(0)=0, a(1)=4, 6(2)=2,
62t +3)=1, 62t +4)=3 and o(}5) = {i|5 <i < 6h + 4}. Set

B +Bz—|—0’(B4)—|—O’(Bs)—|—A0, if L(U,3):1F5,
H=<{ B+ B+ d(Bs)+ a(Bs)+ A1, if L(v,3)=1FH, and
By 4+ B3 + 0(Bs) + 0(Bs) + A2, if L(v,3) = 1FYY.

Case 4: t =3h+ 3 > 3. Let the partial 1-factors Fo, F1,...,Fenr7 and F in Kjg;423 be similar to Case 3, By and Bz be
the same as defined in Case 2, and B> = ("¢ a; % F;)U{{4,2i — 1,2i}|3 <i < 3h+4}. Let C; denote any (6h+4)-cycle

on the vertex set {i|5 <i < 6h+ 8}, and C, any (184 + 19)-cycle on the vertex set {i|4 <i < 184+ 22}. By Theorem
3.6, the graph 2Kjsp+23 — (C1 U Cy) can be partitioned into a collection B4 of triples. Set
By 4+ By + By + Ao, if L(U,3)=1F5,
H= B+ By + By + A4, if L(U,3):1FH, and

By + B3 + By + 45, if L(D,3)=1FYY.

It can be checked that in each of the above cases, 3(K, V K,—,)UL(v,3) — H satisfies conditions (1)—(3) of Construction
2.4. The conclusion follows. [

Lemma 4.2. Let v = 2(mod6), v > 8 and u = 3(mod 6). If u>2v+ 1, then an MPT(v,3) with leave 1Fs, 1FH or
1FYY can be embedded in a TS(u,3).

Proof. Write v=6/4+ 8 and u —v=6¢+7. Suppose 1 <h+1<t<3h+2.

! Remark. If /1 = 0, then both of the subset {{4,2i — 1,2i}|3 <i < 3h+ 2} of B, and the subset {{4,a;, az;1}|4 <i <3h+3} of
Bj are ¢, so is the vertex set V5. Also, for the following cases in this paper we have similar results.
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Case 1: t=h+1 > 1. Let partial 1-factors Fo, F,...,Feri7 and F in 2Kg;113 be similar to Case 2 in the proof of Lemma
4.1. If h > 1, then we choose two difference triples, (24,2h + 1,2h + 12) and (1,24 + 10,2k 4 11), from difference set
D(6h+13,1). Let the vertex set V' ={i|0 <i <2h—1,2h <i <4h—1,4h+1 <i < 6h}. Then there exists a permutation
o of Zepi13 such that o(V) = {i|5 <i < 6h +4}. Let Bi, B, and B; be the same as defined in Case 2 in the proof of
Lemma 4.1, Bs = {{0,1,4},{2,3,4}}, Bs ={{0,1,4h + 3} + |0 <i < 6h+ 12} U{{0,2h,4h + 1} + i|2h < i < 6h + 12},

a(Bs), ith=1,
{{0,1,4} +i]0 <i <12} U{{0,2,7} +il0 <i < 12}, if h=0, and

Bi + By + B4+ Bs + 4o, if L(v,3)=1F5,
H=< By +By+Bs+Bs+ A4, if L(U,3):1FH, and
By + B3 + By + Bs + A4, if L(U,3):]FYY
Case 2: 1 <h+1<t<3h+ 1. Let the partial 1-factors Fo,Fi,...,Fe+7 and F in K,—, be similar to Case 3 in the
proof of Lemma 4.1. Choose differences of D(6¢ + 7,2) to form the following collection 7 of difference triples:
(23t —i+3,3t—i+4):1<i<t and
Qi—lLt+i+1L,t—i+2):1<i<t+1.
From T\ {(2¢ — 2,2t + 4,2t + 5),(1,2¢ + 1,2¢ + 2)}, choose 3¢t — 3k — 2 difference triples Di,Ds,...,D3—3—3 and
Ds3;_3p—5. Let B4 = (D1) + (D2) + -+ + (D3—31—2), Bi, B, and B3 be the same as defined in Case 2 in the proof of
Lemma 4.1, Bs = {{4¢ — 1,41,6¢ + 1}, {41,4t + 1,6t + 2} } U {{0,2¢ — 2,4t + 2} + i|2h < i < 61+ 6}, and the vertex set

V={i0<i<2h—1,2t —2<i<2t+2h—3,4t4+2 <i<4t+2h+ 1}. Clearly, there exists a permutation g of Zs7
such that o(4t — 1) =0, o(4t) =4, a(6t + 1) =1, a(4t + 1) =2, o(6¢ +2) =3 and o(V') = {i|5 < i < 6h + 4}. Set

B +BQ+(7(B4)+O'(B5)+AO, if L(U,3):1F5,
H= Bl+Bz+O'(B4)+O'(Bs)+A1, if L(U,3):1FH, and
By 4+ B3 + a(Bs) + 0(Bs) + A2, if L(v,3)=1FYY

Case 3: t =3h+2 = 2. Let the partial 1-factors Fo, F1,...,Fer+7 and F in Kjgp419 be similar to Case 3 in the proof of
Lemma 4.1. Choose differences of D(18% 4 19,2) to form the following collection 7 of difference triples:

2{(3h+3,3h+4,6h +7),
Gi+1,4h—i+54h+2i+6):0<i<h,
(Bi+3,6h—2i4+56h+i+8):0<i<h—-1, h=1,
(Bi+2,8h—i+8,8h+2i+10):0<i<h}
From 7'\ {(3h + 3,3h +4,6h + 7),(2,8h + 8,81 + 10)}, choose 64 + 4 difference triples D1, Ds,...,Der+3 and Depia.
Let Bi, B, and B3 be the same as defined in Case 2 in the proof of Lemma 4.1, Bs = (D1) + (D2) + - - - + (Den+a),
Bs={{2h+ 1,2+ 3,10h + 11},{2h +3,2h+ 5,10h + 13} } U {{0,3h + 3,6h + 7} + i|2h < i < 18h + 18}, and the vertex

set V={il0 <i<2h—1,3h+3 <i<5h+2,6h+7 <i<8h+6}. Clearly, there exists a permutation ¢ of Zgs+19 such
that 6(2h + 1) =0, 6(2h +3) =4, (10h+ 11) =1, 6(2h +5) =2, 6(10h + 13) =3 and o(V) = {i|5 < i < 6h + 4}. Set

Bl+Bz+O'(B4)+O'(Bs)+Ao, if L(U,3)=1F5,
H=< B +B,+ O'(B4) + O'(Bs)+A1, if L(U,3): 1FH, and
B> +B3+O’(B4)+O'(B5)+A2, if L(U,3)=1FYY.

It can be checked that in each of the above cases, 3(K,VK,_,)UL(v,3)—H satisfies conditions (1)—(3) of Construction
2.4. The conclusion follows. [



R. Su et al. | Discrete Mathematics 284 (2004) 235-245 243

Lemma 4.3. Let v = 2(mod6), v =8 and u = 5(mod 6). If u>2v+ 1, then an MPT(v,3) with leave 1Fs, 1FH or
LFYY can be embedded in a TS(u,3).

Proof. Write v=6h+ 8 and u —v=06¢+9. Suppose 0 < /h <t <3h+2.

Case 1: t =h=0. Let {Fo,F\,F>} be a 1-factorization of K4 on {5,6,7,8}, Bi = (Uf:0 a; * F;)U (Uf:3 a; * Fi_3) U
40,1,4},{2,3,4}}, By = {{aj.ii + 5}0 < i <3:j = 6,7} U {{4.as.ar}}, and Bs = {{a,i,i + 5}0 <i < 3;j = 6,7} U
{{4,a0,a6},{4,as,a7}}. Set

By + By + 4y, if L(v,3) = 1F5,
H=1{ Bi+B:+4, if L(v,3)=1FH, and
By + B3 +A4;, if L(U,3):1FYY

Case 2: t=h>1 and L(v,3) = 1Fs or 1FH. By Lemma 3.3, 2K4,49 contains 6 partial 1-factors Fo, Fi, F2, F3, F4
and Fs each missing exactly the five vertices of {0,1,2,3,4} and 64 + 2 partial 1-factors Fg, F7,...,Ferre and Feu7 such
that each of F»; and F»;+1 misses exactly the vertex i 4+ 2 for each i where 3 <7 <3h+3. Let 6 =(3h+6,2h+4) be a
transposition of Zes9, Bi=(U"s" aixFi)U{{i+2,a,az1}|3 < i < 3h+3}, and B ={{0,h+2,2h+5}+i|0 <i < h+1}.
Set

B +(T(Bz)+Ao, if L(U,3)= 1Fs, and
H =
Bi + a(B2) + 41, if L(v,3)=1FH.

Case 3: t=h =1 and L(v,3) = 1FYY. By Lemmas 3.1 and 3.3, 2Ks,49 contains 6 partial 1-factors Fo, F1, F», F3, F4
and Fs each missing exactly the five vertices of {0,1,2,3,4} and 2 partial 1-factors Fs and F7 each missing exactly the
vertex 4 and containing no edges of K4 on {0,1,2,3} and 64 partial 1-factors Fs,Fo,...,Fere and Fgy7 such that each
of F»; and F»i+1 misses the vertex i + 1 for each i where 4 <i <3h+3. Let 0 =(2h + 5,34+ 5) be a transposition of

Zonro, Br = (U237 ai % Fi) U {{0,1,4},{2,3,4}}, Bo = {{i + 1, a0;,a0i1 }|4 < i < 3h + 3} U {{4,a0,a5},{4,as,a7}}, and
Bs={{0,h,2h + 1} +i|5 <i < h+4}. Set

H=BUB, UO‘(B4)UA3.

Case 4: 1 < h+ 1<t <3h+ 1. Let the partial 1-factors Fo,Fi,...,Fe+7 and F in K,_, be similar to Case 3 in the
proof of Lemma 4.1. Choose differences of D(6¢ + 9,2) to form the following collection 7' of difference triples:

(20,3t —i+43t—i+5):1<i<t+1, and
Qi—Lt+i+Lt—i+2):1<i<t+1.
From T\ {(2¢ — 2,2t 4+ 5,2t + 6),(1,2¢ + 1,2¢ + 2)}, choose 3t — 3h — 1 difference triples Di,Ds,...,D3—3;—» and
Ds3;—34—1. Let By, B> and B3 be the same as defined in Case 2 in the proof of Lemma 4.1, By = (D1) + (D2) + -+ +
(D3i—3n—1), Bs={{4t,4t + 1,60 +2},{4t + 1,4t + 2,6t + 3} } U {{0,2¢ — 2,4t + 3} +i|2h < i < 61+ 8}, and the vertex set

V={i0<i<2h—1,2t —2 <i<2t+2h—3,4+3 <i<4t+2h+2}. Clearly, there exists a permutation ¢ of Zs 9
such that o(4t) =0, o(4t + 1) =4, a(4t +2) =2, 6(6t+2) =1, a(6t +3) =3 and a(V') = {i|5 <i < 6h +4}. Set

Bl+Bz+O'(B4)+O'(Bs)+Ao, if L(U,3)=1F5,
H= Bl+Bz+O'(B4)+O'(B5)+A1, if L(U,3):]FH, and
B> +B3+O’(B4)+O’(B5)+A2, if L(U,3)=1FYY.

Case 5: t =3h+2>2 and L(v,3) = 1Fs or 1FH. By Lemma 3.4, K321 contains 6 partial 1-factors Fy, F, F,
F3, F4 and Fs each missing exactly the five vertices of {0,1,2,3,4} and 6k + 2 partial 1-factors Fe,F7,...,Ferre and
Feny7 such that each of Fp and Fy11 misses exactly the vertex i + 2 and contains no edges of Ks on {0,1,2,3,4}
for each i where 3 <i < 3h+ 3. Let C; denote a (15h + 15)-cycle on the vertex set {i|3h + 6 <i <181+ 20}, C; a
(184 + 21)-cycle on Zigpy21. By Theorem 3.6, the graph 2Kig421 — (C1 U Cy) can be partitioned into a collection B, of
triples. Let By = (%"s" ai % Fi) U {{i + 2,az,a21}|3 <i < 3h + 3}. Set

By + By + A4y, if L(U,3)=1F5, and
H=
Bi + By, +4,, if L(U,3):1FH.
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Case 6: t =3h +2>2 and L(v,3) = 1FYY. By Lemmas 3.1 and 3.4, Kig,421 contains 6k + 8 partial 1-factors
Fo,Fi,...,Ferre and Fg,7 which satisfy the following properties:

(1) for any 0 <i <5, F; misses exactly the five vertices of {0,1,2,3,4};

(2) for any 3 <i <3h+ 2, each of F» and F»; misses exactly the vertex i + 1 and contains no edges of Ks on
{0,1,2,3,4};

(3) each of Fgu+6 and Fep7 misses exactly the vertex 4; and

(4) for any 0 <i < 6h+ 7, F; contains no edges of {{5,6},{4,5},{4,6}}.

Let B :(Uf:0 ai*Fi)U(Uf’izs Air2%F)U(ae* Fopi6)J(a7%Fops7 )U{{i+ 1, asi, aris1 H4 < i < 3h+3}U{{4,a0,a6},{4,a4,a7},
{4,5,6}}, and let C; denote a (154 + 18)-cycle on the vertex set {i|3hA+5 <i < 18h+20}U{5,6}, C; a (18h+21)-cycle
on Zigp+21. By Theorem 3.6, the graph 2K,_, — (Ci U () can be partitioned into a collection B, of triples. Set

H =B+ B> + A4>.

It can be checked that in each of the above cases, 3(K,VK,_.)UL(v,3)— H satisfies conditions (1)—(3) of Construction
2.4. This completes the proof. [

5. The case A =5 and v = 2 (mod 6)

In this section, let v = 2 (mod 6), v = 8, V(K,)=V(K,) =X = {a;]0 <i <v—1}, and let (X,4) be an MPT(v, 5) with
leave L(v,5)={{ao,a:}|1 <i<3}U{{a,a0+1}]2 <i<v/2—1}. Letu > v, V(Ky—v)=Zu—v, Y=XUZy_y, XNZy—py=0
and A3 = {{0,a0,a1},{1,a0,a2},{2,a0,a3},{a1,1,2},{a2,0,2},{a3,0,1} }.

Lemma 5.1. Let v = 2(mod6), v>8 and u = 3(mod6). If u>2v + 1, then an MPT(v,5) can be embedded in a
TS(u,5).

Proof. Write v =64+ 8 and u — v=6¢+ 7. Suppose 1 <h+ 1<t <3h+2. By Lemma 3.5, K,_, contains 5 partial
1-factors Fo, Fi1, F», F3 and F each missing the three vertices of {0, 1,2} and 64+ 4 partial 1-factors Fa, F5, ..., Fepre and
Feny7 each missing exactly the vertex 2 and containing no edge {0,1}. Suppose F ={{2i —1,2i}|2 <i < 3¢+3}, and let
B ={{2,2i — 1,2i}|2 <i < 3h+3} U(UY7 @i % Fi) U {{2, a0, a0i11 }|2 < i < 3h+3}. Choose differences of D(6¢ 4 7,4)
to form the following collection T of difference triples:

2{(2t + 1,2t + 4,2t +2); (1,26,2¢t — 1); (2,2t + 1,2t + 3),
(2,3t —i+3,3t—i+4):1<i<t—1,t=2,
Qi—lLt+i+1L,t—i+2):1<i<t—1, t =2}

From T\ {(2¢+ 1,2¢+4,2¢ + 2); (2t + 1,2¢ + 4,2t + 2)}, choose 5¢ — 5h — 2 difference triples D1, Ds,...,Ds,—sp—3 and
Ds;_sp—z. Let By = (D) + (D2) + -+ - + (Dsi—sp—2), B3 = {{0,2¢ + 1,41 +3},{0,2¢ + 1,4t + 3}} + {{0,2¢ + 1,4 + 3} +
i|1 <i<2t—2h}, the vertex set V = {i,2¢t +i+ 1,4t +i + 3|1 <i <2t — 2h}. Clearly there exists a permutation ¢ of
Zsis7 such that ¢(0) =0, 6(2¢ + 1) =1, o(4t +3) =2 and o(V) = {i|6h + 7 < i < 6t + 6}. Set

H =B\ + (B2) + a(B3) + 4.
Then the graph 5(K, V K,—,) U L(v,5) — H satisfies conditions (1)—(3) of Construction 2.4. The conclusion follows. [J

Lemma 5.2. Let v = 2(mod6), v =8 and u = 1(mod6). If u>2v + 1, then an MPT(v,5) can be embedded in a
TS(u,5).

Proof. Write v =67+ 8 and u —v=06¢+ 5. Suppose 1 <h+1<t<3h+3.

Case 1: t = 1. By Lemma 3.5, 2K, contains 5 partial 1-factors Fy, F1, F2, F3 and F each missing exactly the three
vertices of {0,1,2} and 4 partial 1-factors Fu, Fs, Fs and F; each missing exactly the vertex 2 and containing no edge
{0,1}. Choose two difference triples (3,3,5) and (2,2,4) from D(11,3). Suppose F = {{2i — 1,2i}|2 <i < 5}, and let
B ={{2,2i — 1,2i}|2 <i <4} U {{2,a4,as},{2,a6,a7} } U UZZO a; % F;, and B, = {{0,3,6} +il0 <i<1,5<i<10}U
{{0,2,4} +]0 <i < 2,5 <i < 10}. Set

H = A3 + By + Bs.
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Case 2: t > 1. Let the partial 1-factors Fy, Fi,...,Fer+7 and F in Kgys be similar to that in the proof of Lemma
5.1, and By = (U @i + Fi) U {{2,2i — 1,2i}|2 <i < 3h + 4} U {{2,a2, a1 }|2 < i < 3h + 3}. Choose differences of
D(6t + 5,4) to form the following collection 7 of difference triples:

2{(2t + 1,2t + 1,2¢ + 3); (2,2 +2,2t +4); (3,2t —3,2¢),
26,2t +2,2t 4+ 3); (25,3t —i+23t—i+3):1<i<t—2, t>3,
Qi—Lt+i+1Lt—i+2):1<i<t-2,t>3}

From 7\ {(2¢ + 1,2t + 1,2t + 3); (2¢ + 1,2¢ + 1,2t + 3)}, choose 5¢ — 5h — 5 difference triples D1, Da,...,Dsi—sh—¢
and Ds;_s;,_5. Let B, = (D1)+ (Dz) + -4 (D5t75h75), B; = {{0,2{ + 1,4t +4} + l|2h +2<i<6t +4}, By = {{O,Zt +
1,4t + 3} + |2t + 1 <i < 6t + 4}, the vertex set V; = {i,2¢t +i + 1,4t + i + 4|0 <i < 2h + 1}, and the vertex set
Vo=A{i,2t +i+ 1,4t +i+4]2h + 2 <i <2t}. Clearly Vi N V2 = ¢, so there exists a permutation ¢ of Zs+s such that
o(V)={il3<i<6h+8} and o(}2)={il6h+9 <i <6t +4}U{2}. Set

H =43+ B, + a(B2) + a(B3) + d(Bas).

It can be checked that in each of the above cases 5(K,V K,—,)UL(v,5)— H satisfies conditions (1)—(3) of Construction
2.4. The conclusion then follows. [

6. Conclusion

Combining Lemmas 1.6, 4.1-4.3, 5.1-5.2, Theorems 1.1, 2.3, and using Construction 2.1, we have completely proved
Theorem 1.7, the main theorem of this paper. Based on this result, recently we have completely solved the problem
of embedding any MPT(v,4) in an MPT(u, 1) in a subsequent paper, and we will continue to consider the embedding
problem for simple maximum packings or the packings which are not maximum.
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