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Abstract

We derive stringy Ward identitiesfrom the decoupling of two types of zero-norm states in the ol
covariant first quantized (OCFQ) spectrum of open bosonic string. These Ward identities are
all energyα′ and all loop ordersχ in string perturbation theory. The high-energy limitα′ → ∞ of
these stringy Ward identities can then be used to fixthe proportionality constants between scatterin
amplitudes of different string states algebraicallywithout referring to Gross and Mende’s saddle po
calculation of high-energy string-loop amplitudes. As examples, all Ward identities for the
levelM2 = 4,6 are derived, their high-energy limits arecalculated and the proportionality consta
between scattering amplitudes of different string states are determined. In addition to those id
before, we discover somenew nonzero components of high-energy amplitudesnot found previously
by Gross and Manes. These components are essential to preserve massive gauge invar
decouple massive zero-norm states of string theory. A set of massive scattering amplitudes and t
high-energy limits are calculated explicitly for each mass levelM2 = 4,6 to justify our results.
 2004 Elsevier B.V. All rights reserved.

PACS: 11.25.-w

1. Introduction

It is often of fundamental importance to study the high-energy behavior of a
quantum field theory. In the quantum chromodynamics, for example, the renormali
group and the discovery of asymptotic freedom[1] turned out to be one of the mo
important properties of Yang–Mills theories. On the other hand, the spontaneously bro
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symmetries are often hidden at low energy, but become evident in the high-energy be
of the theory. In string theory, one expects even more rich fundamental structures a
energy since only then will an infinite number of particles be excited. Being a cons
quantum theory with no free parameter, it is conceivable that an huge symmetry
or Ward identities get restored at high-energy, which are responsible for the ultraviol
finiteness of string theory.

Recently it was discovered that[2] the high-energy limitsα′ → ∞ of stringy Ward
identities can be used to fix the proportionality constants between scattering amplitud
of different string states algebraicallywithout referring to Gross and Mende’s[3] saddle
point calculation of high-energy string-loop amplitudes. These proportionality constan
are, as conjectured by Gross[4], independent of the scattering angleφCM and the orde
χ of string perturbation theory. As a result, all high-energy string scattering ampli
can be expressed in terms of those of tachyons. These Ward identities, which are va
to all energyα′ and all loop ordersχ in string perturbation theory, are derived from t
decoupling of two types of zero-norm states in the old covariant first quantized (O
spectrum of open bosonic string. A prescription to explicitly calculate zero-norm stat
arbitrary mass levels, or stringy symmetry charges with arbitrarily high spins, was
in [5]. The importance of zero-norm states and their implication on stringy symm
were first pointed out in the context of massiveσ -model approach of string theory[6].
These stringy symmetries were also demonstrated recently in Witten’s string field theo
(WSFT), and the background ghost fields in the off-shell BRST spectrum were iden
in a one to one manner, to the lifting of the on-shell conditions of zero-norm stat
the OCFQ approach[7]. On the other hand, zero-norm states were also shown[8] to
carry the spacetimeω∞ symmetry charges of toy 2D string theory, and the correspon
ω∞ Ward identities were powerful enough to determine the tachyon scattering amplitud
algebraicallywithout any integration[9].

In this paper, all Ward identities for the mass levelM2 = 4,6 will be derived, their
high-energy limits are calculated and the proportionality constants between scatter
amplitudes of different string states are determined directly from these Ward iden
General formula of high-energy amplitudes for arbitrary mass levels will be given in t
of those of tachyons. In addition to those identified before, we discover some new no
components of high-energy amplitudes at eachmass level not found previously by Gro
and Manes[10]. These components are essential to preserve massive gauge invaria
decouple massive zero-norm states of string theory. A set of massive scattering amplitud
and their high energy limits are calculated explicitly for each mass levelM2 = 4,6 to
justify our results. This paper is organized as following. InSection 2, we derive stringy
Ward identities for the mass levelM2 = 4 [11], and then take high-energy limits of them
determine the proportionality constants betweenscattering amplitudes of different strin
states algebraically. At the subleading order energy, one finds 6 unknown amplitud
and 4 equations. Presumably, they are notproportional to each other or the proportiona
coefficients do depend on the scattering angleφCM. This result will be confirmed a
Section 3. In Section 3, the high energy limits of a set of string-tree level amplitudes w

one tensor at mass levelM2 = 4 and three tachyons are explicitly calculated to justify
the results ofSection 2. The whole program is then generalized to mass levelM2 = 6 in
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Section 4. We make a comparison of our results with those of Gross and Manes[10] in
Section 5. Finally a brief conclusion is given inSection 6.

2. High-energy stringy Ward identities of mass level M2 = 4

In the OCFQ spectrum of open bosonic string theory, the solutions of physical
conditions include positive-norm propagating states and two types of zero-norm
which were neglected in the most literature. They are[12]

(2.1)Type I: L−1|x〉, whereL1|x〉 = L2|x〉 = 0, L0|x〉 = 0;

(2.2)

Type II:

(
L−2 + 3

2
L2−1

)
|x̃〉, whereL1|x̃〉 = L2|x̃〉 = 0, (L0 + 1)|x̃〉 = 0.

Eqs. (2.1) and (2.2)can be derived from Kac determinant in conformal field theory. W
type I states have zero-norm at any spacetime dimension, type II states have zer
only at D = 26. The existence of type II zero-norm states signals the importance of
norm states in the structure of the theory of string. In the first quantized approach of
theory, the stringyon-shell Ward identities are proposed tobe (for our purpose we choos
four-point amplitudes in this paper)

Tχ (ki) = g2−χ
c

∫
Dgαβ

N DXµ exp

(
− α′

2π

∫
d2ξ

√
ggαβ∂αXµ∂βXµ

)

(2.3)×
4∏

i=1

vi(ki) = 0,

where at least one of the 4 vertex operators corresponds to the zero-norm state sol
Eqs. (2.1) or (2.2). In Eq. (2.3)gc is the closed string coupling constant,N is the volume of
the group of diffeomorphisms and Weyl rescalings of the worldsheet metric, andvi(ki) are
the on-shell vertex operators with momentaki . The integral is over orientable open surfac
of Euler numberχ parametrized by moduli�m with punctures atξi . The simplest zero-norm
statek · α−1|0, k〉, k2 = 0 with polarizationk is the massless solution ofEq. (2.1), which
reproduces the Ward identity of string QED when substituting intoEq. (2.3). A simple
prescription to systematically solveEqs. (2.1) and (2.2)for an infinite number of zero-norm
states was given in[5]. A more thorough understanding of the solution of these equa
and their relation to spacetimeω∞ symmetry of toyD = 2 string was discussed in[8]. For
our purpose here, there are four zero-norm states at mass levelM2 = 4, the correspondin
Ward identities were calculated to be[11]

(2.4)kµθνλT (µνλ)
χ + 2θµνT (µν)

χ = 0,

(2.5)

(
5

2
kµkνθ

′
λ + ηµνθ

′
λ

)
T (µνλ)

χ + 9kµθ ′
νT (µν)

χ + 6θ ′
µT µ

χ = 0,

(
1

)

(2.6)

2
kµkνθλ + 2ηµνθλ T (µνλ)

χ + 9kµθνT [µν]
χ − 6θµT µ

χ = 0,
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(2.7)

(
17

4
kµkνkλ + 9

2
ηµνkλ

)
T (µνλ)

χ + (9ηµν + 21kµkν)T (µν)
χ + 25kµT µ

χ = 0,

where θµν is transverse and traceless, andθ ′
λ and θλ are transverse vectors. In ea

equation, we have chosen, say,v2(k2) to be the vertex operators constructed fr
zero-norm states andkµ ≡ k2µ. Note thatEq. (2.6) is the inter-particle Ward identit
corresponding toD2 vector zero-norm state obtained by antisymmetrizing those te
which containαµ

−1α
ν
−2 in the original type I and type II vector zero-norm states. We

use 1 and 2 for the incoming particles and 3 and 4 for the scattered particles. InEqs. (2.4)–
(2.7), 1, 3 and 4 can be any string states (including zero-norm states) and we have o
their tensor indices for the cases of excited string states. For example, one can
v1(k1) to be the vertex operator constructed from another zero-norm state which gen
an inter-particle Ward identity of the third massive level. The resulting Ward-identi
Eq. (2.6)then relates scattering amplitudes of particles at different mass level.Tχ ’s in
Eqs. (2.4)–(2.7)are the mass levelM2 = 4, χ th order string-loop amplitudes. At th
point, {T (µνλ)

χ ,T (µν)
χ ,T µ

χ } is identified to be theamplitude triplet of the spin-three state

T [µν]
χ is obviously identified to be the scattering amplitude of the antisymmetric spin

state with the same momenta asT (µνλ)
χ . Eq. (2.6)thus relates the scattering amplitud

of two different string states at mass levelM2 = 4. Note thatEqs. (2.4)–(2.7)are valid
order by order and areautomatically of the identical form in string perturbation theor
This is consistent with Gross’s argument through the calculation of high-energy sca
amplitudes. However, it is important to note thatEqs. (2.4)–(2.7)are, in contrast to th
high-energyα′ → ∞ result of Gross, valid toall energyα′ and their coefficients do depen
on the center of mass scattering angleφCM, which is defined to be the angle between�k1
and−�k3, through the dependence of momentumk.

We will calculate high energy limit ofEqs. (2.4)–(2.7)without referring to the saddl
point calculation in[3,4,10]. Let us define the normalized polarization vectors

(2.8)eP = 1

m2
(E2, k2,0) = k2

m2
,

(2.9)eL = 1

m2
(k2,E2,0),

(2.10)eT = (0,0,1)

in the CM frame contained in the plane of scattering. They satisfy the completeness r

(2.11)ηµν =
∑
α,β

eµ
α eν

βηαβ,

whereµ,ν = 0,1,2 andα,β = P,L,T . Diagηµν = (−1,1,1). One can now transform
all µ,ν coordinates inEqs. (2.4)–(2.7)to coordinatesα,β . For Eq. (2.4), we haveθµν =
e
µ
Leν

L − e
µ
T eν

T or θµν = e
µ
Leν

T + e
µ
T eν

L. In the high energyE → ∞, fixed angleφCM limit,
one identifieseP = eL and Eq. (2.4)gives (we drop loop orderχ here to simplify the
notation)

(2.12)T 6→4 − T 4 + T 4 − T 2 = 0,
LLL LT T (LL) (T T )

(2.13)T 5→3
LLT + T 3

(LT ) = 0.
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In Eqs. (2.12) and (2.13), we have assigned a relative energy power for each ampli
For each longitudinalL component, the order isE2 and for each transverseT component,
the order isE. This is due to the definitions ofeL andeT in Eqs. (2.9) and (2.10), whereeL

got one energy power more thaneT . By Eq. (2.12), theE6 term of the energy expansio
for TLLL is forced to be zero. As a result, the possible leading order term isE4. Similar
rule applies toTLLT in Eq. (2.13). For Eq. (2.5), we haveθ ′µ = e

µ
L or θ ′µ = e

µ
T and one

gets, in the high energy limit,

(2.14)10T 6→4
LLL + T 4

LT T + 18T 4
(LL) + 6T 2

L = 0,

(2.15)10T 5→3
LLT + T 3

T T T + 18T 3
(LT ) + 6T 1

T = 0.

For theD2 Ward identity,Eq. (2.6), we haveθµ = e
µ
L or θµ = e

µ
T and one gets, in the hig

energy limit,

(2.16)T 6→4
LLL + T 4

LT T + 9T 4→2[LL] − 3T 2
L = 0,

(2.17)T 5→3
LLT + T 3

T T T + 9T 3
[LT ] − 3T 1

T = 0.

It is important to note thatT[LL] in Eq. (2.16)originate from the high energy limit ofT[PL],
and the antisymmetric property of the tensor forces the leadingE4 term to be zero. Finally
the singlet zero norm state Ward identity,Eq. (2.7), implies, in the high energy limit,

(2.18)34T 6→4
LLL + 9T 4

LT T + 84T 4
(LL) + 9T 2

(T T ) + 50T 2
L = 0.

One notes that all components of high energy amplitudes of symmetric spin three a
antisymmetric spin two states appear at least once inEqs. (2.12)–(2.18). It is now easy to
see that the naive leading order amplitudes corresponding toE4 appear inEqs. (2.12),
(2.14), (2.16) and (2.18). However, a simple calculation shows thatT 4

LLL = T 4
LT T =

T 4
(LL) = 0. So the real leading order amplitudes correspond toE3, which appear in

Eqs. (2.13), (2.15) and (2.17). A simple calculation shows that

(2.19)T 3
T T T :T 3

LLT :T 3
(LT ) :T 3

[LT ] = 8 : 1 :−1 :−1.

Note that these proportionality constants are, as conjectured by Gross[4], independent o
the scattering angleφCM and the loop orderχ of string perturbation theory. They are al
independent of particles chosen for vertexv1,3,4. Most importantly, we now understand that
they originate from zero-norm states in the OCFQ spectrum of the string! The subleading
order amplitudes corresponding toE2 appear inEqs. (2.12), (2.14), (2.16) and (2.18.
One has 6 unknown amplitudes and 4 equations. Presumably, they are not proportional
each other or the proportional coefficients do depend on the scattering angleφCM. We will
justify this point later in our sample calculation inSection 3. Our calculation here is purel
algebraicwithout any integration and is independent of saddle point calculation in[3,4,10].
It is important to note that our result inEq. (2.19)is gauge invariant as it should be sin
we derive it from Ward identities(2.4)–(2.7). On the other hand, the result obtained in[10]
with T 3

T T T ∝ T 3
[LT ], andT 3

LLT = 0 in the leading order energy at this mass level is, on

contrary,not gauge invariant. In fact, withT 3
LLT = 0, an inconsistency arises, for examp
betweenEqs. (2.13) and (2.15). We give one example here to illustrate the meaning of the
massive gauge invariant amplitude. To be more specific, we will use two different gauge
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choices to calculate the high-energy scattering amplitude of symmetric spin three
The first gauge choice is

(
εµνλα

µνλ
−1 + ε(µν)α

µ
−1α

ν
−2

)|0, k〉,
(2.20)ε(µν) = −3

2
kλεµνλ, kµkνεµνλ = 0, ηµνεµνλ = 0.

In the high-energy limit, using the helicity, decomposition and writingεµνλ = ∑
α,β,δ eα

µ ×
e
β
ν eδ

λuαβδ;α,β, δ = P,L,T , we get
(
εµνλα

µνλ
−1 + ε(µν)α

µ
−1α

ν−2

)|0, k〉
= [

uPLT

(
6αPLT−1 + 6α

(L
−1α

T )
−2

)
+ uT T P

(
3αT T P−1 − 3αLLP−1 + 3α

(T
−1α

T )
−2 − 3α

(L
−1α

L)
−2

)
(2.21)+ uT T L

(
3αT T L−1 − αLLL−1

) + uT T T

(
αT T T−1 − 3αLLT−1

)]|0, k〉.
The second gauge choice is

(2.22)ε̃µνλα
µνλ
−1 |0, k〉, kµε̃µνλ = 0, ηµν ε̃µνλ = 0.

In the high-energy limit, similar calculation gives

(2.23)ε̃µνλα
µνλ
−1 |0, k〉 = [

ũT T L

(
3αT T L−1 − αLLL−1

) + ũT T T

(
αT T T−1 − 3αLLT−1

)]|0, k〉.
It is now easy to see that the first and second terms ofEq. (2.21)will not contribute

to the high-energy scattering amplitudes, of the symmetric spin three state due to th
two Ward identitiesEqs. (2.13) and (2.12)if we identify eP = eL. Thus the two differen
gauge choicesEqs. (2.20) and (2.22)give the same high-energy scattering amplitude
can be shown that this massive gauge symmetry is valid to all energy and is the re
the decoupling of massive spin two zero-norm state at mass levelM2 = 4. Note that the
αLLT−1 term of Eq. (2.23), which corresponds to the amplitudeT 3

LLT , was missing in the
calculation of Ref.[10]. We will discuss this issue inSection 5.

To further justify our result, we give a sample calculation inSection 3.

3. A sample calculation of mass level M2 = 4

In this section, we give a detailed calculation of a set of sample scattering ampl
to explicitly justify our results presented inSection 2. Since the proportionality constan
in Eq. (2.19)are independent of particles chosen for vertexv1,3,4, for simplicity, we will
choose them to be tachyons. For the string-tree levelχ = 1, with one tensorv2 and three
tachyonsv1,3,4, all scattering amplitudes of mass levelM2 = 4 were calculated in[11].
They are

µνλ

∫ 4∏ 〈
ik1X µ ν λ ik2X ik3X ik4X

〉

T =

i=1

dxi e ∂X ∂X ∂X e e e
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= �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[−t/2
(
t2/4− 1

)
k
µ
1 kν

1kλ
1

+ 3(s/2+ 1)t/2(t/2+ 1)k
µ
1 kν

1kλ
3 − 3s/2(s/2+ 1)(t/2+ 1)k

µ
1 kν

3kλ
3

(3.1)+ s/2
(
s2/4− 1

)
k
µ
3 kν

3kλ
3

]
,

T (µν) =
∫ 4∏

i=1

dxi

〈
eik1X∂2X(µ∂Xν)eik2Xeik3Xeik4X

〉

= �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[
t/2

(
t2/4− 1

)
k
µ
1 kν

1

− (s/2+ 1)t/2(t/2+ 1)k
(µ
1 k

ν)
3 + s/2(s/2+ 1)(t/2+ 1)k

(µ
3 k

ν)
1

(3.2)− s/2
(
s2/4− 1

)
k
µ
3 kν

3

]
,

T µ = 1

2

∫ 4∏
i=1

dxi

〈
eik1X∂3Xµeik2Xeik3Xeik4X

〉

(3.3)= �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[
s/2

(
s2/4− 1

)
k
µ
3 − t/2

(
t2/4− 1

)
k
µ
1

]
,

T [µν] =
∫ 4∏

i=1

dxi

〈
eik1X∂2X[µ∂Xν]eik2Xeik3Xeik4X

〉

(3.4)= �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[(
s + t

2

)
(s/2+ 1)(t/2+ 1)k

[µ
3 k

ν]
1

]
,

wheres = −(k1+k2)
2, t = −(k1+k3)

2 andu = −(k1+k4)
2 are the Mandelstam variable

In derivingEqs. (3.1)–(3.4), we have made theSL(2,R) gauge fixing by choosingx1 = 0,

0 � x2 � 1, x3 = 1, x4 = ∞. To calculate the high energy expansions (s, t → ∞, s
t

=
fixed) of these scattering amplitudes, one needs the following energy expansion for

(3.5)eP · k1 =
(−2E2

m2

)[
1−

(
m2

2 − 2

4

)
1

E2

]
,

(3.6)

eL · k1 =
(−2E2

m2

)[
1−

(
m2

2 − 2

4

)
1

E2 +
(

m2
2

4

)
1

E4 +
(

m4
2 − 2m2

2

16

)
1

E6

+ O

(
1

E8

)]
,

(3.7)eT · k1 = 0,

eP · k3 =
(

E2

m2

){
2ξ2 +

[
m2

2

2
η2 + (

3ξ2 − 1
)] 1

E2

( )(m2 + 2
)2 1

(
1

)}

(3.8)+ 2ξ2 − 1 2

4 E6 + O
E8 ,
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(3.9)

eL · k3 =
(

E2

m2

){
2ξ2 +

[
−m2

2

2
η2 + (

3ξ2 − 1
)] 1

E2
+

(
m2

2

2
ξ2

)
1

E4

+
(

m4
2 − 4m2

2ξ
2 + 8ξ2 − 4

16

)
1

E6
+ O

(
1

E8

)}
,

(3.10)eT · k3 = (−2ξη)E −
(

2ξη

E

)
+

(
ξη

E3

)
−

(
ξη

E5

)
+ O

(
1

E7

)
,

whereξ = sin φCM
2 andη = cosφCM

2 . The high-energy expansions of Mandelstam varia
are given by

(3.11)s = (E1 + E2)
2 = 4E2,

(3.12)t = (−4ξ2)E2 + (
m2

2 − 6
)
ξ2 + 1

8

(
m2

2 + 2
)2(1− 2ξ2) 1

E4 + O

(
1

E6

)
.

We can now explicitly calculate all amplitudes inEq. (2.19). After some algebra, we get

TT T T = −8E9 exp

(
−α′ s ln s + t ln t + u lnu

2

)

(3.13)× sin3 φCM

[
1+ 3

E2
+ 5

4E4
− 5

4E6
+ O

(
1

E8

)]
,

TLLT = −E9 exp

(
−α′ s ln s + t ln t + u lnu

2

)

×
[

sin3 φCM + (
6 sinφCM cos2 φCM

) 1

E2

(3.14)− sinφCM

(
11

2
sin2 φCM − 6

)
1

E4
+ O

(
1

E6

)]
,

T[LT ] = E9 exp

(
−α′ s ln s + t ln t + u lnu

2

)

×
[

sin3 φCM − (
2 sinφCM cos2 φCM

) 1

E2

(3.15)+ sinφCM

(
3

2
sin2 φCM − 2

)
1

E4
+ O

(
1

E6

)]
,

T(LT ) = E9 exp

(
−α′ s ln s + t ln t + u lnu

2

)

×
[

sin3 φCM + sinφCM

(
3

2
− 10 cosφCM − 3

2
cos2 φCM

)
1

E2

(3.16)− sinφCM

(
1

4
+ 10 cosφCM + 3

4
cos2 φCM

)
1

E4
+ O

(
1

E6

)]
.

3 9 3 ′ s ln s+t ln t+u lnu
We thus have justifiedEq. (2.19)with TT T T = −8E sin φCM exp(−α 2 )

andT 5
LLT = 0. We have also checked thatT 6

LLL = T 4
LLL = T 4

LT T = T 4
(LL)

= 0 as claimed
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in Section 2. Note that, unlike the leadingE9 order, the angular dependences ofE7 order
are different for each amplitudes. The subleading order amplitudes corresponding toT 2

(E8 order) appear inEqs. (2.12), (2.14), (2.16) and (2.18). One has 6 unknown amplitude
An explicit sample calculation gives

(3.17)T 2
LLL = −4E8 sinφCM cosφCM exp

(
−α′ s ln s + t ln t + u lnu

2

)
,

(3.18)T 2
LT T = −8E8 sin2 φCM cosφCM exp

(
−α′ s ln s + t ln t + u lnu

2

)
,

which show that their angular dependences are indeed different or the propo
coefficients do depend on the scattering angleφCM.

4. The calculation of mass level M2 = 6

In this section we generalize the calculation ofSections 2 and 3to mass levelM2 = 6.
There are four positive-norm physical propagating states at this mass level[13], a totally
symmetric spin four state, a mixed symmetric spin three state, a symmetric spin tw
and a scalar state. There are nine zero-norm states at this mass level. One can use
simplified method[5] to calculate all of them. The spin three and spin two zero-n
states are (from now on, unless otherwise stated, each spin polarization is assumed to
transverse, traceless and is symmetric with respect to each group of indices)

(4.1)L−1|x〉 = θµνλ

(
kβα

µνλβ

−1 + 3α
µν
−1α

λ−2

)|0, k〉, |x〉 = θµνλα
µνλ
−1 |0, k〉,

L−1|x〉 = [
kλθµνα

µλ

−1α
ν
−2 + 2θµνα

µ
−1α

ν
−3

]|0, k〉,
(4.2)|x〉 = θµνα

µ
−1α

ν−2|0, k〉, whereθµν = −θνµ,

L−1|x〉 =
[
2θµνα

µν
−2 + 4θµνα

µ
−1α

ν−3 + 2(kλθµν + k(λθµν))α
λµ
−1α

ν−2

+ 2

3
kλkβθµνα

µνλβ

−1

]
|0, k〉;

(4.3)|x〉 =
[
2θµνα

µ
−1α

ν
−2 + 2

3
kλθµνα

µνλ
−1

]
|0, k〉,

(
L−2 + 3

2
L2−1

)
|x̃〉 =

[
3θµνα

µν
−2 + 8θµνα

µ
−1α

ν
−3 +

(
kλθµν + 15

2
k(λθµν)

)
α

λµ
−1α

ν
−2

+
(

1

2
ηλβθµν + 3

2
kλkβθµν

)
α

µνλβ
−1

]
|0, k〉,
(4.4)|x̃〉 = θµνα
µν
−1|0, k〉,
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whereα
µν
−1 = α

µ
−1α

ν−1, etc. There are two type I degenerate vector zero-norm states whi
can be calculated as following:

Ansatz: |x〉 = [
a(θ · α−3) + b(k · α−2)(θ · α−1) + c(k · α−1)(θ · α−2)

(4.5)+ d(α−1 · α−1)(θ · α−1) + f (k · α−1)
2(θ · α−1)

]|0, k〉.
TheL1 andL2 constraints ofEq. (2.1)give

(4.6)a − 2c = 0, b + c + d − 6f = 0, 3a − 12b + 28d − 6f = 0,

which can be easily used to determine, for example,a :b : c :d :f = 26 : 5 : 13 : 0 : 3 or
0 : 81 : 0 : 39 : 20. This gives two type I vector zero-norm states

L−1|x〉 = [
3a(θ · α−4) + 2b(k · α−3)(θ · α−1) + (2c + a)(k · α−1)(θ · α−3)

+ (b + c)(k · α−2)(θ · α−2) + (b + 2f )(k · α−1)(k · α−2)(θ · α−1)

+ 2d(α−2 · α−1)(θ · α−1) + (c + f )(k · α−1)
2(θ · α−2)

+ d(α−1 · α−1)(θ · α−2) + d(k · α−1)(α−1 · α−1)(θ · α−1)

(4.7)+ f (k · α−1)
3(θ · α−1)

]|0, k〉.
The type II vector zero-norm state is(

L−2 + 3

2
L2−1

)
|x̃〉

=
[
33(θ · α−4) + 4(k · α−3)(θ · α−1) + 22(k · α−1)(θ · α−3)

+ 21

2
(k · α−2)(θ · α−2) + 11

2
(k · α−1)(k · α−2)(θ · α−1)

+ 15

2
(k · α−1)

2(θ · α−2) + 3

2
(α−1 · α−1)(θ · α−2)

+ 1

2
(k · α−1)(α−1 · α−1)(θ · α−1) + 3

2
(k · α−1)

3(θ · α−1)

]
|0, k〉,

(4.8)|x̃〉 = [
3(θ · α−2) + (k · α−1)(θ · α−1)

]|0, k〉.
The type I singlet zero-norm state was calculated to be the following[5]:

Ansatz: |x〉 = [
a(k · α−1)

3 + b(k · α−1)(α−1 · α−1) + c(k · α−1)(k · α−2)

(4.9)+ d(α−1 · α−2) + f (k · α−3)
]|0, k〉.

The L1 andL2 constraints ofEq. (2.1)can be easily used to determinea :b : c :d :f =
37 : 72 : 261 : 216 : 450. This gives the type I singlet zero-norm state

L−1|x〉 = [
a(k · α−1)

4 + b(k · α−1)
2(α−1 · α−1) + (2b + d)(k · α−1)(α−1 · α−2)

+ (c + 3a)(k · α−1)
2(k · α−2) + c(k · α−2)

2 + d(α−2 · α−2)

+ b(k · α−2)(α−1 · α−1) + (2c + f )(k · α−3)(k · α−1)

(4.10)+ 2d(α · α ) + 3f (k · α )
]|0, k〉.
−1 −3 −4

Finally, the type II singlet zero-norm state can be calculated to be
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(
L−2 + 3

2
L2−1

)
|x̃〉

=
[
11a(k · α−4) + (6a + 8c)(k · α−3)(k · α−1) + 8b(α−1 · α−3)

+
(

5

2
a + 3c

)
(k · α−2)

2 +
(

3

2
a + 17

2
c

)
(k · α−1)

2(k · α−2)

+ 3b(α−2 · α−2) +
(

5

2
b + 1

2
a

)
(α−1 · α−1)(k · α−2)

+ 6b(k · α−1)(α−2 · α−1) +
(

3

2
b + 1

2
c

)
(k · α−1)

2(α−1 · α−1)

+ 3

2
c(k · α−1)

4 + 1

2
b(α−1 · α−1)

2
]
|0, k〉,

(4.11)|x̃〉 = [
a(k · α−2) + b(α−1 · α−1) + c(k · α−1)

2]|0, k〉
wherea :b : c = 75 : 39 : 19. We are now ready to calculate the high-energy Ward iden
The high-energy limit of stringy Ward identity corresponding toEq. (4.1)are

(4.12)
√

6
(−T 8→6

LLLL + 3T 6
LLT T

) + 3
(−T 6

LLL + 3T 4
LT T

) = 0,

(4.13)
√

6
(−3T 7→5

LLLT + T 5
LT T T

) + 3
(−3T 5

LLT + T 3
T T T

) = 0,

whereTµνλ is the amplitude corresponding toα(µν
−1 α

λ)
−2. Eqs. (4.12) and (4.13)correspond

to θµνλ = −e
µ
Leν

Leλ
L + 3e

µ
(Leν

T eλ
T ) and θµνλ = −3e

µ
(Leν

Leλ
T ) + e

µ
T eν

T eλ
T respectively.

Similarly, Eq. (4.2)gives

(4.14)T̃ 5→3
LL,T + √

6T̃ 3
[LT ] = 0,

where T̃µν is the amplitude corresponding toαµ
−1α

ν−3 and T̃µν,λ is the amplitude
corresponding to mixed symmetric part ofα

µν
−1α

λ−2, that is, first symmetrizing w.r.t.µν

and then antisymmetrizing w.r.t.µλ. This is exactly the amplitude for the positive-no
mixed symmetric spin three state. The type I symmetric spin two zero-norm stateEq. (4.3)
gives, in the high-energy limit,

2
(
T 8→6

LLLL − T 6
LLT T

) + 2
√

6
[(
T 6

LLL − T 4
LT T

) + 1

3

(
T̃ 6→4

LL,P + T̃ 4
LT,T

)]
(4.15)+ 2

(
T̃ 4

(LL) − T̃ 2
(T T )

) + (
T 4

LL − T 2
T T

) = 0,

(4.16)2T 7→5
LLLT + √

6

[
2T 5

LLT + 1

3
T̃ 5

LL,T

]
+ 2T̃ 3

(LT ) + T 3
LT = 0,

whereTµν is the amplitude corresponding toαµν
−2. TheE6 order ofT̃ 6→4

PL,L in Eq. (4.15)is
forced to be zero in the high-energy limit(eP = eL) due to the antisymmetric property
the tensorT̃µν,λ w.r.t. µλ. It is important to note that in derivingEqs. (4.15) and (4.16), we
have made the following irreducible decomposition of the term[ ]
(4.17)kλθµνα
λµ
−1α

ν
−2 = 1

3
(kλθµν + kµθνλ + kνθλµ) + 1

3
(kλθµν − kνθµλ) α

λµ
−1α

ν
−2
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in Eq. (4.3). The first term with totally symmetric spin three index corresponds to the g
artifact of the positive-norm spin four state, and the mixed symmetric tensor struct
the second term is exactly the same as that of the positive-norm spin three state. In g
there are three other possible mixed symmetric spin three terms, which do not ap
Eq. (4.17). This is a nontrivial consistent check of zero-norm states spectrum in the O
string. We shall see another similar mechanism happens in our later calculations. Th
II symmetric spin two zero-norm stateEq. (4.4)gives, in the high-energy limit,

9T 8→6
LLLL − 17

2
T 6

LLT T − 1

2
T 4

T T T T + 17

2

√
6

[(
T 6

LLL − T 4
LT T

)

(4.18)+ 2
√

6

3

(
T̃ 6→4

LL,P + T̃ 4
LT,T

)] + 8
(
T̃ 4

(LL) − T̃ 2
(T T )

) + 3
(
T 4

LL − T 2
T T

) = 0,

(4.19)18T 7→5
LLLT + T 5

LT T T + 4
√

6

3
T̃ 5

LL,T + 17
√

6T 5
LLT + 16T̃ 3

(LT ) + 6T 3
LT = 0.

Two type I vector zero-norm statesEq. (4.7)give, in the high-energy limit,

6
√

6f T 8→6
LLLL + √

6dT 6
LLT T + 6(b + c + 3f )T 6

LLL + 3dT 4
LT T + (4b − 8c)T̃ 6→4

LP,P

+ √
6(2b + 2c + a)T̃ 4

(LL) + (2b − 2c − a)T̃ 4→2[LP ] + √
6(b + c)T 4

LL

(4.20)+ 3aT 2
L = 0,

6
√

6f T 7→5
LLLT + √

6dT 5
LT T T + 6(b + c + 3f )T 5

LLT + 3dT 3
T T T − (4b − 8c)T̃ 5→3

PP,T

+ √
6(2b + 2c + a)T̃ 3

(LT ) + √
6(2b − 2c − a)T̃ 3

[T L]
(4.21)+ √

6(b + c)T 3
LT + 3aT 1

T = 0,

whereTµ is the amplitude corresponding toαµ
−4. Note thatT̃ 6→4

LP,P in Eq. (4.20)is identical

to T̃ 6→4
LL,P in Eqs. (4.15) and (4.18)in the high-energy limit. However,̃T 2

LP,P andT̃ 2
LL,P can

be different. AlsoT̃ 5
PP,T in Eq. (4.21)is zero since it equals tõT 5

LL,T in Eq. (4.14), which

is zero, in the high-energy limit. However,T̃ 3
PP,T andT̃ 3

LL,T can be different. In deriving
Eqs. (4.20) and (4.21), in addition to (4.17), one needs another projection formula

kλkµθνα
λµ
−1α

ν
−2

(4.22)=
[

1

3
(kλkµθν + kµkνθλ + kνkλθµ) + 2

3
(kλkµθν − kνkµθλ)

]
α

λµ
−1α

ν−2.

Again, the first term ofEq. (4.22)with totally symmetric spin three index corresponds
the gauge artifact of the positive-norm spin four state, and the mixed symmetric
structure of the second term is exactly the same as that of the positive-norm spin
state. This is another consistent check of zero-norm states spectrum in the OCFQ st

the following, we will useEqs. (4.17) and (4.22)whenever they are needed. Type II vector
zero-norm stateEq. (4.6)gives, in the high-energy limit,
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9
√

6T 8→6
LLLL +

√
6

2
T 6

LLT T + 78T 6
LLL + 3

2
T 4

LT T + 2T̃ 4
LT,T

(4.23)+ 38T̃ 6→4
LP,P + 26

√
6T̃ 4

(LL) − 18T̃ 4→2[LP ] + 21

2

√
6T 4

LL + 33T 2
L = 0,

9
√

6T 7→5
LLLT +

√
6

2
T 5

LT T T + 78T 5
LLT + 3

2
T 3

T T T

(4.24)+ 38T̃ 5
T L,L + 26

√
6T̃ 3

(LT ) − 18T̃ 3[T L] + 21

2

√
6T 3

LT + 33T 1
T = 0.

Note thatT̃ 5
T L,L in Eq. (4.23)is identical toT̃ 5

T P,P in Eq. (4.21)in the high-energy limit.
Finally, type I and type II singlet zero-norm states give, in the high-energy limit,

74T 8→6
LLLL + 24T 6

LLT T + 124
√

6T 6
LLL + 24

√
6T 4

LT T − 8
√

6T̃ 4
LT,T

(4.25)+ 324T̃ 4
(LL) + 87T 4

LL = 0,

342T 8→6
LLLL + 136T 6

LLTT + 13

2
T 4

T T T T + 548
√

6T 6
LLL + 123

√
6T 4

LT T + 8
√

6T̃ 4
LT,T

(4.26)+ 1204T̃ 4
(LL) + 489T 4

LL = 0.

This completes the calculation of high-energy Ward identities. It is easy to count the hi
energy amplitudes for each tensor. ForTµνλγ , one hasTLLLL,TLLLT ,TLLT T ,TLT T T and
TT T T T . For Tµνλ, one hasTLLL,TLLT ,TLT T andTT T T . For T̃µν,λ, one hasT̃LL,T and
T̃LT,T . ForTµν , one hasTLL,TLT andTT T . For T̃µν, one hasT̃LL,T̃(LT ),T̃[LT ] and T̃T T .
For Tµ, one hasTL andTT . It is very important to note that in theE4 order, one gets on
more amplitudeT̃ 4

LP,P , and in theE3 order, one gets another amplitudeT̃ 3
PP,T described

afterEq. (4.21). It can be checked byEqs. (4.12)–(4.26)that all the amplitudes of orde
E8 E7 E6 andE5 are zero. So the real leading order amplitudes correspond toE4, which
appear inEqs. (4.12), (4.15), (4.18), (4.20), (4.23), (4.25) and (4.26). Note that there ar
two equations for (4.20). We thus end up with 8 equations and 9 amplitudes. A calcula
by Gauss elimination shows that

T 4
T T T T :T 4

T T LL :T 4
LLLL :T 4

T T L :T 4
LLL : T̃ 4

LT,T : T̃ 4
LP,P :T 4

LL : T̃ 4
LL

(4.27)= 16 :
4

3
:
1

3
:−4

√
6

9
:−

√
6

9
:−2

√
6

3
: 0 :

2

3
: 0.

Note that these proportionality constants areagain, as conjecturedby Gross, independen
of the scattering angleφCM and the loop orderχ of string perturbation theory. They a
also independent of particles chosen for vertexv1,3,4. The subleading order amplitud
corresponding toE3 appear inEqs. (4.13), (4.14), (4.16), (4.19), (4.21) and (4.2.
Note that there are two equations for (4.21). One has 7 equations with 9 amplitud
T 3

T T T L,T 3
T LLL,T 3

T LL,T 3
T T T , T̃ 3

T L,L, T̃ 3
PP,T ,T 3

LT , T̃ 3
(LT ) and T̃ 3

[LT ]. Presumably, they ar
not proportional to each other or the proportional coefficients do depend on the scatteri
angleφCM. Our calculation here is again purely algebraicwithout any integration and

is independent of saddle point calculation in[3,4,10]. It is important to note that our
result inEq. (4.27)is gauge invariant. On the other hand, the result obtained in[10] with
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T 4
T T T T ∝ T̃ 4

LT,T ∝ T 4
LL, andT 4

T T LL = T 4
LLLL = T 4

T T L = T 4
LLL = T̃ 4

LP,P = T̃ 4
LL = 0 in the

leading order energy is, on the contrary,not gauge invariant. In fact, with only three no
zero amplitudes, it would be very difficult to satisfy all 8 equations. The situation gets
worse if one goes to higher mass level where number of zero-norm states, or con
equations, increases much faster than that of positive-norm states[5]. To further justify our
result, we give a sample calculation in the following.

Since the proportionality constants inEq. (4.27)are independent of particles chosen
vertexv1,3,4, for simplicity, we will choose them to be tachyons. For the string-tree l
χ = 1, with one tensorv2 and three tachyonsv1,3,4, all scattering amplitudes for mass lev
M2 = 6 were explicitly calculated in[14]. They are

T µναβ =
∫ 4∏

i=1

dxi

〈
eik1X∂Xµ∂Xν∂Xα∂Xβeik2Xeik3Xeik4X

〉

= �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[(
s2

4
− s

)(
s2

4
− 1

)
k
µ
3 kν

3kα
3k

β

3

− t

(
t2

4
− 1

)
(s + 2)k

(µ
1 kν

1kα
1k

β)

3 + 3st

2

(
s

2
+ 1

)(
t

2
+ 1

)
k
(µ
1 kν

1kα
3k

β)

3

(4.28)

− s

(
s2

4
− 1

)
(t + 2)k

(µ
1 kν

3kα
3k

β)

3 +
(

t2

4
− t

)(
t2

4
− 1

)
k
µ
1 kν

1kα
1k

β

1

]
,

T µνλ =
∫ 4∏

i=1

dxi

〈
eik1X∂Xµ∂Xν∂2Xλeik2Xeik3Xeik4X

〉

= �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[
−

(
s2

4
− s

)(
s2

4
− 1

)
k
µ
3 kν

3kλ
3

+ t

(
t2

4
− 1

)(
s

2
+ 1

)
kλ

1k
(µ
1 k

ν)
3

− st

4

(
s

2
+ 1

)(
t

2
+ 1

)(
k
µ
1 kν

1kλ
3 + k

µ
3 kν

3kλ
1

)

(4.29)+ s

(
s2

4
− 1

)(
t

2
+ 1

)
kλ

3k
(µ
1 k

ν)
3 −

(
t2

4
− t

)(
t2

4
− 1

)
k
µ
1 kν

1kλ
1

]
,

T µν =
∫ 4∏

i=1

dxi

〈
eik1X∂2Xµ∂2Xνeik2Xeik3Xeik4X

〉

= �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[(
s2

4
− s

)(
s2

4
− 1

)
k
µ
3 kν

3

st
(

s
)(

t
) (

t2 )(
t2 ) ]
(4.30)+
2 2

+ 1
2

+ 1 k
(µ
1 k

ν)
3 +

4
− t

4
− 1 k

µ
1 kν

1 ,
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T̃ µν = 1

2

∫ 4∏
i=1

dxi

〈
eik1X∂Xµ∂3Xνeik2Xeik3Xeik4X

〉

= �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[(
s2

4
− s

)(
s2

4
− 1

)
k
µ
3 kν

3

− s

2

(
s2

4
− 1

)(
t

2
+ 1

)
k
µ
1 kν

3 − t

2

(
t2

4
− 1

)(
s

2
+ 1

)
k
µ
3 kν

1

(4.31)+
(

t2

4
− t

)(
t2

4
− 1

)
k
µ
1 kν

1

]
,

T µ = 1

6

∫ 4∏
i=1

dxi

〈
eik1X∂4Xµeik2Xeik3Xeik4X

〉

= �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[
−

(
s2

4
− s

)(
s2

4
− 1

)
k
µ
3

(4.32)−
(

t2

4
− t

)(
t2

4
− 1

)
k
µ
1

]
.

We can now explicitly calculate all amplitudes inEq. (4.27). After a lengthy algebra
we have justifiedEq. (4.27)with T 4

T T T T = 16E12sin4 φCM exp(−α′ s ln s+t ln t+u lnu
2 ) in

the high-energy limit. We have also checked thatT 8
LLLL = T 6

LLLL = T 6
LLL = T 6

T T LL =
T̃ 6

LP,P = T̃ 6
LL,P = 0 andT̃ 4

LP,P = T̃ 4
LL,P as claimed above. The calculation ofTLLLL, for

example, gives

TLLLL = �(− s
2 − 1)�(− t

2 − 1)

�(u
2 + 2)

[(
s2

4
− s

)(
s2

4
− 1

)
(eLk3)

4

− s

(
s2

4
− 1

)
(t + 2)(eLk3)

3(eLk1)

+ 3st

2

(
s

2
+ 1

)(
t

2
+ 1

)
(eLk3)

2(eLk1)
2

(4.33)

− t

(
t2

4
− 1

)
(s + 2)(eLk3)(eLk1)

3 +
(

t2

4
− t

)(
t2

4
− 1

)
(eLk1)

4
]
.

By usingEqs. (3.6), (3.9), (3.11) and (3.12)and after a lengthy algebra, we find that t
contributions of ordersE16 andE14 of TLLLL are zero. The leading orderE12 term gives
1
3 sin4 φCM exp(−α′ s ln s+t ln t+u lnu

2 ) as expected fromEq. (4.27). Similar calculations apply
to other 8 amplitudes. Finally, byEqs. (3.1), (3.7), (3.10) and (4.28), it is easy to deduce i
general that

(4.34)T T T ...
n = [

(−2)nE3n sinn φCM
]
T ,

wheren is the number ofT and T =exp(−α′ s ln s+t ln t+u lnu
2 ) is the high energy fou
tachyons amplitude. As a result, all high-energy string scattering amplitudes can be
expressed in terms of those of tachyons.
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5. A comparison with saddle point calculation

To compare our results with Ref.[10], we briefly review the works in[3,4,10]. In
Ref. [10], it was shown that the high-energy, fixed angle scattering amplitudes of ori
open strings can be obtained from those of closed strings calculated by Gross and
[3] by using the reflection principle. First, fromEq. (2.3), one notes that the high-ener
limit α′ → ∞ is equivalent to the semi-classical limit of first-quantized string theory. In
limit, the closed stringG-loop scattering amplitudes is dominated by a saddle point in
moduli space�m. For the oriented open string amplitudes, the saddle point configur
can be constructed from an associated configuration of the closed string via refl
principle. It was also found that the Euler numberχ of the oriented open string sadd
is alwaysχ = 1 − G, whereG is the genus of the associated closed string saddle.
the integral inEq. (2.3)is dominated in theα′ → ∞ limit by an associatedG-loop closed
string saddle point inXµ, �̂mi andξ̂i . The closed string classical trajectory atG-loop order
was found to behave at the saddle point as[3]

(5.1)X
µ
c1(z) = i

1+ G

4∑
i=1

ki ln |z − ai | + O

(
1

α′

)
,

which leads to theχ th order open string four-tachyon amplitude

(5.2)Tχ ≈ g2−χ
c exp

(
−α′ s ln s + t ln t + u lnu

2(2− χ)

)
.

Eq. (5.2)reproduces the very soft exponential decay e−α′s of the well-known string-tree
χ = 1 amplitude. The exponent ofEq. (5.2)can be thought of as the electrostatic ene
EG of two-dimensional Minkowski chargeski placed atai on a Riemann surface o
genusG. One can use theSL(2,C) invariance of the saddle to fix 3 of the 4 pointsai ,
then the only modulus is the cross ratioλ = (a1−a3)(a2−a4)

(a1−a2)(a3−a4)
, which takes the valueλ =

λ̂ ≈ − t
s

≈ sin2 φCM
2 to extremizeEG if we neglect the mass of the tachyons in the hi

energy limit. For excited string states, it was found that only polarizations in the pla
scattering will contribute to the amplitude at high energy. To leading order in the enerE,
the products ofeT andeL with ∂nX are given by[10]

(5.3)eT · ∂nX ∼ i(−)n
(n − 1)!

λn
E sinφCM, n > 0,

(5.4)eL · ∂nX ∼ i(−)(n−1) (n − 1)!
λn

E2 sin2 φCM

2m2

n−2∑
l=0

λl, n > 1,

(5.5)eL · ∂nX ∼ 0, n = 1,

wherem2 is the mass of the particle. Now, we would like to point out that naive use
Eqs. (5.3)–(5.5)will miss some high-energy amplitudes and will give, for example, a wr

3
resultTLLT = 0 [10] sinceeL · ∂X ∼ 0. This is inconsistent with our resultEq. (2.19)or
Eq. (3.14). The missing terms can be seen as following. We will use theM2 = 4 string-tree
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χ = 1 amplitudeTLLT to illustrate our point. Let us first use the path integral calculati

(5.6)TLLT =
∫ 4∏

i=1

dxi

〈
eik1XeL · ∂XeL · ∂XeT · ∂Xeik2Xeik3Xeik4X

〉
,

which is similar to the calculation of moments of the Gaussian integral

(5.7)

√
a

2π

∞∫
−∞

dx xne− a
2x2+bx = ∂n

∂bn

√
a

2π

∞∫
−∞

dx e− a
2x2+bx .

Forn = 1, the value obtained byEq. (5.7)is

b

a
e

b2
2a = xe− a

2 x2+bx
∣∣
x= b

a

where b
a

is exactly the saddle point of the Gaussian integrand. Forn = 2, however, the
value obtained byEq. (5.7)is

(
b

a

)2

e
b2
2a + 1

a
e

b2
2a = x2e− a

2x2+bx
∣∣
x= b

a
+ 1

a
e

b2
2a .

It is this extra1
a
e

b2
2a term that was missing in the argument of Section 6 of Ref.[10]. Similar

situations happen forn � 3 and even more terms were missed. The argument can be
generalized to�b ∈ R3 in the space of helicity decomposition.Eq. (5.6)corresponds to th
case ofn = 3. It can be checked that some terms with the same energy order asTT T T

survive in the calculation ofEq. (5.6). They will be missing if one misusesEqs. (5.3)–
(5.5). Similar wrong calculations will suppress many other should be nonzero high-e
amplitudes at mass levelM2 = 6 stated afterEq. (4.27). Another way to calculateEq. (5.6)
is to use Wick theorem. Again, naive uses ofEqs. (5.3)–(5.5)will miss some high-energ
amplitudes which correspond to, for example, the contraction ofeik1X with eL ·∂XeL ·∂X.
We stress here thatEqs. (5.1)–(5.5)are still valid as they stand.

6. Conclusion

We have shown that the physical origin of high-energy symmetries and the propo
ality constants inEqs. (2.19) and (4.27)are from zero-norm states in the OCFQ spectr
Other related approaches of high-energy stringy symmetries can be found in[15]. The most
challenging problem remained is the calculation of algebraic structure of these string
metries derived from the complete zero-norm state solutions ofEqs. (2.1) and (2.2)with
arbitrarily high spins. Presumably, it is a complicated 26D generalization ofω∞ of the
simpler toy 2D string model[8]. Our calculation inEqs. (2.19) and (4.27)are, similar to
the toy 2D string, purely algebraic without any integration which signal the powerfu
of zero-norm states and symmetries they imply. The results presented in this paper
served as consistent checks of saddle point calculations[3] and as the realization of high

energy symmetries[4] of string theory. The simple idea of massive gauge invariance of our
calculations correct the inconsistent high-energy calculation in Section 6 of Ref.[10].
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