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Applying a modified plane-wave expansion method to the calculations of transmittivity and
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We propose a modified plane-wave expansion method to calculate transmittivity and reflectivity of a semi-
infinite photonic crysta(PC) with interface. This method is based on an expanded completeness basis, includ-
ing both the propagation and evanescence modes. We use this approach to deal with two kinds of problems:
one is to determine the normal direction of the largest attenuation strength for a semi-infinite PC in the gap
frequencies; the other is to calculate the transmittivity and reflectivity of a PC slab. To demonstrate the
extensive utilization of our approach, we revisit the same system as studied by K. $BkydaRev. B52,
8992(1995] and find that our results are in good agreement with ones obtained by Sakoda'’s paper.
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Since Yablonovitch and Johi—3] proposed the concept 1 5
of the photonic crystals$PC’s), the studies of the properties VX D) VX H (1) = ml(r) o ™H (). (1)
of the PC’s and their fabrications have attracted great inter-
est. PC’s are of artificial materials having the periodicalAs «(r) and u(r) are periodical modulation functions in the

modulation of dielectric function in space and there existPC’s, we can then expand them and the magnetic field in
photonic band gaplPBG) structures for electromagnetic terms of Fourier series a$1w(r)=2e‘(k+G)"Hk,G; e(r)

(EM) waves. Many novel features of PC’s have been pre- _ .. e G ,
dicted and a lot of potential applications are suggepted). 'zele €G! and,u(r)-ze'ef,u@. Here{G} denotes the recip-
Most of the studies focus on the PBG structures with the usgepcal lattice vector. Equatiofl) can then be rewritten as
of the conventional plane-wave expanded metti@d/EM)

[7.8]. Subgeque_ntly, various calculatlpn methods are pre— ' (k + G) x fél-ef(k +G') X Hegr = 02>, po-gHyor
sented to investigate physical properties, such as the trans- 5, G’
mission, reflection, and the penetration depth of the incident

EM waves through the finite-sized PC[8-12.

MOt'V,aIEd by these works, we nowlpresent a dlfferen_tm two-dimensional2D) systems, the electromagnetic wave
calculation method to ease the calculations of the transmli

(2

. : ; R quation(2) can be decoupled to two separate equations for
sion, reflection, and wave penetration depth for finite-sizeqy,o ¢ polarization(TE) (in-pane electric fieldandH polar-
PC’s with interfaces or surface. Our approach is a natur,

generalization of the original PWEM and it is based on an ation (TM) (in-plane magnetic fiejimodes:

expanded basis, including both the propagation modes and . ) .

the evanescence modes in the PC’s. Our approach possesses > €66/ (K+G) - (k+G')Hye =@ > ke-cHee

several advantages: First, it makes it easier to flexibly track G’ G’

and analyze the properties of the PC’s; second, in our (3

method the frequency is initially given and regarded as a

known variable, rather than an argument, thus the value dfor the TM modes.

frequency can be always set to be positive real even for the Apparently, Eg.(3) belongs to a standard eigenvalue

complex systems with real(imaginary, or complex equation when the permittivity and permeability are real and

frequency-dependent permittivity or permeability; third, thefrequency independent. In an infinite extended periodic sys-

resonant feature of transmittivity generated from the finitetem, the frequencies of the propagating modes for a given

size of the PC’s can be easily analyzed. We numericallyeal k can be obtained straightforwardly. However, in a PC

demonstrate that our approach has a more powerful and e§lab or semi-infinite PC, the calculations of the transmission

ficient method to track the above-addressed problems, conand reflection of the EM waves are not simple. Various cal-

pared to the conventional PWEM. culation methods such as the Layer-Korringa-Kohn-Rostoker
In an isotropic medium with spatial modulated permittiv- (LKKR) method [8,9,11, the transfer matrix method

ity e(r) and permeabilityu(r), according to Maxwell equa- [12-15, and the scattering matrix methftb—18 have been

tions, the magnetic fielth (r) satisfies proposed.
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We propose an alternative method to calculate the transvanescent modes because it belongs to a search for the real
mitted and reflected wave fields for a PC slab. This metho@igenfrequency solution but with a complex numbekofn

still relies upon Eq(3), but we employ an alternative view
angle to deal with this equation, different from the standar

eigenequation method. To clearly look at the central point of,
this method, we revisit the standard eigenequation method i

some detail. At the beginning, thg andk, are initially cho-

sen in the first Brillouin zone as the known parameters, an
the eigenfrequencw can thus be determined through solv-

(general, the complew is the result of Eq(3) whenk is an

rbitrary complex number. However, the complexs unac-
eptable or unavailable. Consequently, one natural and im-
Bortant guestion arises: Can we have a new solving method

automatically obtain the evanescence modes of(BQ.
he answer is positive. For different goals, there are two

ing a standard eigenequation. For the infinitely extended sysdnds of the calculated schemes: One is that from initially
tem, there exist only propagation modes, however, for a P€hoosing the unit vectorial direction ¢ and a given fre-
slab or semi-infinite system, there exists at least one intel@uency, one then searches for the solution to @. the
face. At interfaces, the periodicity of structure is broken andsecond scheme is when initially givép and frequency, one
the evanescent modes are generated. Using the conventiofiién searches for the solution to Eg). We now discuss

eigenequation method E(R) it is quite difficult to find the

0

| (
GG—G"[wzlu‘G”—G’ - Gé],-,_G,G” . G,] - EG—G”[EE;}/—G’I’% . (G” + G,)]

whereHg, I, andk denote the abbreviation bt 6, Os.6rs

them in detail. For the first scheme, we reform ER). as

. )

HG/
kHGI

HG/
kHe:

(4)

On the other hand, Eq5) can be used to deal with the

scheme, Eq(3) can be rewritten in another form as

0 I
GG_G//[(L)Z/.LGH_G/ - 6(_3];;_(3/(6” + ky)A/) ) (G, + kyy)] ﬁ
Hg/
o el )
kXHG/

where § denotes the unit vector of thg direction andP
:_EG_GN[E(;],',_G,(G;+G;()]. It is worth pointing out an impor-
tant fact that in these equations, we have extended the ori
nal basis of{Hg/} to an expanded basis ¢tHg ,kHg/)}.
The matrix on the left side of Eq4) no longer presets Her-
mitianity now. Therefore Eq4) belongs to the pseudoeigen-
value problem with complex number & The eigenfunc-

He'

5

tions of the expanded basis contain the propagation ang
evanescence modes both. The modes having the corkplex
correspond to oscillatory decay or growing modes. All these
modes can be automatically obtained by using this approac
It is noted that there exists a simple transform between thes

two equations: Ik andG in Eq. (4) are taken on a rotation
operator@, ie., rotatingl2 to be parallel to thec direction,
Ok=%, and we definéG=0G, then Eq.(4) will transform
to Eq.(5) except for the replacement &f by G andk,=0. In

this sense, Eq4) can be referred to as a master equationsion modes, their wave vectors should Ihgf:(k!gr,ky+G
Through solving this master equation, the penetration depthnd

of the incident waves along directidncan be easily evalu-
ated.

normal of the interface ank. Here we define tam
=k,/ V(w/c)z—k;‘;. Employing a matching technique, the rela-

tionship between thel fields in region | and region Il can be

established,
( — (Xoy|Hpp (XaylHn, ><<H'm|f|H'o>)
— (Xoyl€ T HE) (oYl XaHy / \(HIE[HE)

(Xoy|HY)

= 6
(<xOy| € 1o,Hp) ©

)

wheref andt represent the reflection and transmission op-

gé'rators.HLq(H'rL) corresponds to theith reflected(transmit-

ted) mode in region K(I1), andHy, to the incident fieldsee
Fig. 1).

Theoretically, as long as we obtain overall eigenvectors of
the system, the transmission and reflection spectra can then
e determined fully. However, for a semi-infinite PC, we
only need the special modes with the parallel wave vector

ﬁpmponenﬂ(y identical to that of incident light wave owing

tg the conservation of thk, in either sides of interface. We
now assume that the wave vector of the incident lighk is
:(k!('i,ky), according to the Bloch theory, the magnetic field
in region Il can be expressed ds(r)==gHgexdi(k"™!
+G) -r], whereG denotes the reciprocal vector. By using the
matching technique, for the reflection modes and transmis-
)
Kirans= (Ky''+ Gy, K, +Gy), where kff
—\(w/c)?-(k,+G,)?, andk"s are obtained from solving
Eq. (5). Hence, in thek space, Eq(6) can be expressed as
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FIG. 2. Calculated frequency dispersion spectrum of a 2D PC
FIG. 1. Schematic view of the system used in this paper. Thehy Eq. (2). The sample is composed of a square lattice of GaAs
system is composed of a semi-infinite F€ferred to as Region)ll  dielectric circular cylinders withr=0.15 and e/ ,=11.43 in air.
positioned at thexy plane, embedded in a vacuumeferred to as  The solid and dashed curves represent the TE and TM modes, re-
Region I). The gray, dotted, and black arrows indicate the direc-spectively. The inset shows the unit cell of the PC.
tions of the wave vectors for the incident, reflected, and transmitted
waves, respectively. The superscrifts, andt denote the incident, 1-€., the counterpart of surface plasmons propagating along
reflective, and transmitted fields, respectively. the surface of a metal.

It is worth emphasizing that there exists more interesting

- Ll matter among these three equations, E8)s{5): they can be
A<<Hm|r|H|o>> _ _ Gy,O_ intertransformed with each other. For instance, the second
<H:1I'1|f|HIO> kg' leél o) line of matrices on the left-hand side of Eg4) and(5) just

e is identical to Eq(3) when fixed{G}. Thus any eigenfunc-
where tion derived from one of these three equations will satisfy the
other two equations. It leads to two useful conclusidiis:
— R 2 |-|”t the contours of redk obtained by these three equations ex-
. hibit the same patternsij) the choice of the set diG} does
A= L E kllt e | not require any change when employing these three equa-
— K soeG _o(Kmx+ GOHE . g ) :
G 6.0 tions to track different problems. For instance, whe.n seeing
what happens near the band gap, we first need to find where
€ is the dielectric constant of vacuum aktg , is themth  the band edges are located by solving &).and then sub-
mode obtained from the solution to E(F). Regarding the stitute a frequencyy, near the band edges into E¢é) and
eigenvectors in region(for instance, in vacuuimthey are of ~ (5), the penetration depth of the incident wave into the inter-
plane waves, only depending @j, so their Fourier compo- face of sample can then be computed by &q. Similarly,
nents are abbreviated &FG m instead ofHg . To evaluate the transmittivity can be calculated if we first solve Eg)
the transmission and reflection coefficients, we have to firsgd then substitute the obtained quantities into (Ey.
decide the direction of the Poynting vector of every mode. We now turn to demonstrate the utilizations of our ap-
Whenk is real, it can either be obtained fromy=V,w or proach via some gxamples Figure 2 displays the calculated
from frequency dispersion spectrum of the 2D PC by &). The
sample is composed of a square lattice of GaAs dielectric
- circular cylinders withr=0.1% and e/ £,2=11.43 in air. The
vg= | R —;H VHdr solid and dashed curves represent the TE and TM modes,
cell respectively. The inset shows the unit cell of the PC.

For another application example, we investigate the guid-
=3 Re{ “Hy gect L (k+G)H G,} (8) ance rule to decide the favorable normal direction of the
GG’ incident light waves at interface of a semi-infinite PC sample

for supporting the function of the most isolating of the light
However, whenk is complex, from the physical consider- wave fields in the sample. We solve Ed) at a given fre-
ation, the right-forward propagation mode should correspondjuency of 0.427c/a) around the mid gap of the TE modes
to Im(k,) > 0. When the group velocity ardg of each mode (see Fig. 2 Figure 3 displays the distribution of possilie
are known, the transmittancg and reflectanceR can be for this given frequency. The solid square frames indicate the
calculated from them and the accuracy is estimated from thérst Brillouin zone boundaries and all data available should
derivation degree oR+T from unity. Sometimes, it is pos- be located at interior of this zoné) and(b) correspond to
sible that dgA| approaches zero, if so, it demands that Eq.the TM modegH polarization); (c) and(d) correspond to the
(7) has nonzero solutions in the absence of the incident lighTE modes(E polarization). (a) and (c) display the equifre-
field. This kind of wave fields corresponds to surface statesjuency contours for the TM and TE modes, respectively,
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(@) k. (27z/a) (b) k(27 /a)
TE(real) TE(complex)
= -0.2
- 0 0.2
= 2r/a
&° 0 Bz - o
— *t FIG. 4. Contour of minimum value of imaginary partlodbf the
= TE modes for each given incident angledenoted byk;(6). k,(0°)
andk;(45°) are 0.1459 and 0.3006, respectively. The real pak of
= i ts is shown by spots in Fig.(@).
k (2m/a . . .

© A2zle) for every given incident anglé, denoted a¥(#6), is shown

in Fig. 4. The penetration depths, defined by/R,(6), are
w=0.42mc/a). The parameters of this system are the same as thos%‘854Q:. anld %?272 alt th?h"lmdﬁnt an?t!e of 0 an? 4‘? ’
of Fig. 2. The solid square frames indicate the first Brillouin zone%%ip?fjnlsetﬁeeéz :‘?L?rlif fivz I\gy:rg anéz%r?ti)agﬁfﬁ:igr?t?yg
boundaries and all the data available should be located at interior %Iock the incident light waves witl=0.42c/a) and TE

this zone(a) and(b) correspond to the TM modéb! polarization; |arizati h h th | i d of
(c) and(d) correspond to the TE modé€EB polarization. (a) and(c) p_o arization through the sample at all, instead of seven or
eight layers needed for the 0°-cut sample.

display the equifrequency contours for the TM and TE modes, re

spectively, wherk of propagating waves takes pure real number. 1h€ second example is that fixég and frequency, one
Similarly, (b) and (d) show the contours of Rk} for the TM and ~ Searches for thé, satisfied Eq(5), and then computes the

TE evanescent modes with complex The spots in(b) and (d)  transmittivity. For providing a better comparison, we con-

correspond to the situations with the smallestkinor longest pen- ~ Sider a similar sample discussed in R&}. The sample is a

etration depth. 16-layer PC slab; the PC consists of a square lattice of air
circular rods with a radius of 0.430&7a is the lattice con-

whenk of propagating waves takes pure real number. SimiStan in the dielectric PbO materidle=2.72,). The trans-

larly, (b) and(d) show the contours of Rk} for the TM and mission spectrum of fthis_sample can be calcu_lated by Egs.
TE evanescent modes with complexThe spots inb) and ~ (®) @nd(7), as shown in Fig. 5, for two polarization&) for

At ; TE and(b) for TM modes. The curves with dots are drawn
(d) correspond to the situations with the smallesfka®)] or X
longest penetration depth. It is clearly seen from Fi) 3 by data excerpted from R¢gB]. The solid and dashed curves

that there are not any real number solutionkahside the F:qrrt_espond to our resulfsur sample corre'sponds to a semi-
first Brillouin zone due to the fact that the given frequency'nf'n'te_ PC, rather than a PC shator two different marners
w=0.42mcla) is located at the mid gap of the TE modes. of cutting plane as making the surface of the seml-lnflmte PC
However, wherk is allowed to expand outside or far away sample: The solid curve that corresponds to the cutting plane

from the first Brillouin zone, thus the solution of the real is the same as that in Ref9], whereas the dashed curve

numberk for this same frequency can be found. Such Solu_corresponds to another manner of cutting plane which just
asses through the central line of hole rods at the surface

tions are missed owing to the finite number of the basis use Lyer. The inset shows a magnified plot@j in part for a
in the calculations. To find the interfacial direction in which ‘&Y e N¢ 9 plo ( pa
learer view of(a). The frequency regime now is settled

the penetration depth has the largest value, we first fix om 0.72 to 0.85, indicated by-.

directionk and use Eq(4) to find a wave vector ok that Our sample is semi-infinite in space therefore our results
corresponds to the gmalle|$m(k)| value, denoted ak(6),  gre significantly different from those obtained by Sok¢gla

and it decides the primal decay trend for a propagating wavgne main difference is summarized below.

alongk. The second step is to scan the incident angl® of (i) It is clearly seen that the solid and dashed curves al-
from 0° to 45°(if the considered system has a symmetrymost exhibit smooth varying behavior except for some parts
lower than the present discussed sample, the scanning rangear the gap regime and at some special frequencies, for
of the angle should be extended from 0° to 18@°find an  instance, atv=0.74 and 0.85 in the TE mode. However, the
angle 6,, corresponding to the maximuky(6). The contour  solid curves with dots correspond to the Sakoda’s results in
of minimum value of imaginary part df of the TE modes Ref.[9], they exhibit strongly oscillatory behavior owing to

FIG. 3. Distribution of possiblé values for a given frequency
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TE mode AT 1 1 0.0238
- - - w= = 7 = U. y
T v 1T 32\ee, 3217173
{f Yy PV A
ons il
! where w=w(a/2m7c). We find that the average spacing of
u two consecutive peaks in Fig. 5 is 0.0222 over the range of
-2 : CEZ B - if =[0.5,0.7 therefore we can safely conclude that the os-
08 0 (Lﬁog cillations in Fig. 5 come definitely from the effect of finite
TM mode thickness of the sample.

(i) In the vicinity of @=0.74, the transmittivity is ex-
pected to be ascended rapidly with the increase b&cause
this frequency approaches the expanded band edge. How-
ever, the realistic situation exhibits different varying behav-
ior; see the inset of Fig.(8). The transmittivity at the begin-
ning ascended quickly and subsequently it drops rapidly to
zero. This phenomenon can be interpreted by the fact that
§ there are two propagation modes with near zero group veloc-
(b) o(27c/a) ity (vg=0), consequently, they make small contribution to

, o __ the transmittivity.

FIG. 5. Transmittance spectrum of a semi-infinite PC in air for (i) It is clearly seen from the inset of Fig(d that the
two polarization states of the incident ligltg) for TE and(b) for valley of transmittivity near»=0.85 disappears when the
™ modes. The related parameters of the sample have been dgy - .6 i ocated at the central line of hole rods of the first
scribed in the text. The curves with dots are drawn by the dat‘?ayer different from the solid curve, corresponding to the
excerpted from Ref9]. The solid and dashed curves correspond tosurfa,ce cut along the middle pIane’ between two adjacent
our results for two different manners of cutting plane to form the . . ! . .

ole rod layers. This result implies that it is possible to block

semi-infinite PC sample: the solid curve to the cutting plane bein he incid ligh di f ies b
the same as that in RéB] and shown in Fig. 2, whereas the dashed '€ Incldent light waves at some discrete frequencies by ap-

curve to another cutting manner of the surface of our sample, theropriately choosing the cutting plane to serve as the surface
surface is cut through the central line of hole rods of the first layerOf the semi-infinite PC sample even the frequencies of the

The inset displays a magnified plot @ in part, whose frequency incident light waves fall out off the photonic band gaps.
regime is indicated by a-. (iv) Itis observed from Fig. @) that there should exist a

forbidden band fore=0.75 to 0.78; see the solid curve.

However, the curve with dots never does show this merit.
the finite thickness of his sample. This oscillation structureAccording to our calculations, the attenuation rate of the in-
can be interpreted by a rough argument with the use of théident fields for a 16-layer PC slab sample is about 0.0733,
average dielectric constant, given Bys (€)ce. In the low yvhich agrees with the resullt shown in the dots curve. Th!s
frequency regime, the most important contribution ¢g  infers an important conclusion that evanescence modes in-
comes from the terms af, (i.e., ) in the series expansion. deed offer the contribution to the transmittivity in a finite

Thus a 16-layer PC slab can be treated as a single dielectriBickness PC slab. -
plate with an effective uniform dielectric constard We now conclude that the evanescence modes play a criti-

=1.7173, and a width of 16, surrounded by air. This is a cal role and they should be taken into account in the studies
typical 1D problem and the fields in both sides of this plate®f the properties of a semi-infinite PC in air. The proposed
are connected by a transfer matrix as method also can support important information that in the
supercell calculation method how large the spacing between
two defect layers is appropriate when treating them as the
gkiea g isolated defect layers, neglecting their coupling effect.
AN

Finally, we would indicate the deficiency of the proposed
method. The proposed method may not be sufficiently effi-
cient because we obtain all the solutions in the whiole
space, including both inside and outside the first Brillouin
zone(FBZ). However, only the solutions inside the FBZ are
where M, represents a 2 2 matrix with defM,|#0, de-  available because the solutions outside the FBZ only provide
pendent on the optical impedance contrast and the incidemépeated information to be redundant. For example, if we use
angle.k=w\eu, is the effective wave numbep, is per-  N? bases, there are onlyN2available eigenfunctions, but for
meability in free space. It is evident that the middle propa-the 2D system, it does not cause a big problem. The ex-
gating matrix equals kwhen kl16a=nw, wheren is an  amples shown in Figs. 3-5 are calculated on an AMD
integer number, so does the total transfer matrix. ThisLBOOMP computer, usingiATLAB code, and employing the
manifests that the frequency spacing between two neighaumber of bases to be ¥919. Plotting Figs. 3 and 4 it takes
boring peaks is about 10 min and plotting Fig. 5 takes about 9 h with the use

0 e—ik16a
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of 300 segments in the frequency regime. On the contrary, dk,
this method possesses several dominant advantages. First, D(w) = Voo 9
the frequency is first given in the calculations, thus our shell| <

method can powerfully deal with the systems involving the

materials with frequency-dependeqar complex number, They are especially useful when we aim at evaluating the

ie., the dissipated systorpermeability and permittivity in density of states in some small frequency regimes. The stud-

bit f Th ting ti fth terin d Iies of the properties of the finite size specimens and the
arbitrary form. 1he€ computing imes ot the computern dea 'Samples with line defects are progressing smoothly now.
ing with these different systems is almost the same. Second,

using this method can easily analyze the properties of peri- We are indebted to Professor B. Y. Gu for instructing us
odically structural samples with interfaces or surface, and thabout the investigation of Andreev reflectigh9], which
computational time is independent of the number of layers irprovides us a chance to apply the idea of the expanded basis
the samples. Thus, even if the number of layers is very largep the derivation of Eq(4), and also thank him for critically
the benefit of the time saving in the computations remaingeading and improving this manuscript. We acknowledge Dr.
unchanged. Third, the equifrequency contours are easily dé?. G. Luan who let us find the possibility of more potential
termined by Eqgs(4) and(5); these contours can be used in applications of our method. We also thank Professor A. J.
several different purposes. For instance, as a realizing todtreeman for helpful suggestions in improving our manu-
for studying the phenomena of negative refraction, by usingcript. This work was supported by the National Science
Eq.(8), we can calculate the density of photonic stdd®)  Council of the Republic of China under Grant No. NSC91-
as 2112-M-009-047.
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