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Abstract
The energy distribution of electrons quasi-elastically backscattered from
solids has been investigated. Monte Carlo (MC) simulations were performed
for the study of the recoil energy shift and the broadening of this distribution
for backscattered electrons from Si and Au. In these simulations, electron
interaction cross sections were obtained from calculations based on the
dielectric response theory for inelastic interactions, including volume and
surface excitations, and elastic interactions. The depth-dependent electron
inelastic mean free path for volume excitations and the probability of
surface excitations were calculated using the dielectric functions derived
from optical data. The relativistic partial-wave expansion method was
applied to calculate the elastic scattering cross section for a potential of the
atom in the solid. The Rutherford-type recoil energy was included in the
MC simulations by either considering or neglecting the thermal effect of
atomic vibrations. Such an effect was applied using the single scattering
model. The intensity of electrons quasi-elastically backscattered from Si
and Au was simulated for incident electrons of an energy distribution.
The adjustment for the spectrometer energy resolution was allowed.
An analytic expression for the intensity of backscattered electrons by a
single scattering was derived explicitly. A comparison of simulated results
with experimental data was made and discussed.

1. Introduction

It is important to analyse the elastic peaks in the spectra
of electrons backscattered from solid surfaces for many
applications of surface sensitive electron spectroscopies [1, 2].
Significant information can be extracted from these analyses.
In the case of elastic peak electron spectroscopy (EPES),
for instance, electron inelastic mean free paths in solids can
be determined [3–8]. In the analyses of elastic peaks, not
only the angular distribution, but also the energy distribution
characterizes the features of the spectra of backscattered
electrons. The energy distribution results from the Rutherford-
type recoil energy losses by electrons in the elastic interactions

3 Author to whom any correspondence should be addressed.

with atomic nuclei [9]. Such losses are very small but
not negligible [10], so they are referred to as quasi-elastic
recoil losses. The small energy shift and the energy
broadening of quasi-elastically backscattered electrons have
been observed experimentally using electron spectrometers for
solids especially composed of low atomic numbered elements
[9–12].

The aim of this work was to study the energy distribution of
electrons quasi-elastically backscattered from solid surfaces.
Quantitative analyses of experimental data on the elastic
peaks were made by Boersch et al [9] based on the single
scattering model. This model considered only a single
elastic interaction in the interpretation of quasi-elastic recoil
losses. Therefore, the model did not produce correctly the
energy broadening and the peak shape of the elastic peak
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spectrum. Since quasi-elastically backscattered electrons
were contributed by single and plural elastic interactions
[13], Monte Carlo (MC) simulations [13–22] were applied
in this work to compute the energy distribution of electrons
quasi-elastically backscattered from Si and Au surfaces.
In these simulations, electron interaction cross sections were
obtained from calculations based on the dielectric response
theory for inelastic interactions, including volume and surface
excitations, and elastic interactions. The depth-dependent
electron inelastic mean free path for volume excitations
[16, 23] and the probability of surface excitations [24] were
calculated using the dielectric functions derived from optical
data [25]. The relativistic partial-wave expansion method [22]
was applied to calculate the elastic scattering cross section for
a potential of the atom in the solid. This method was better
than the Mott formula for elastic scattering cross sections since
the Mott theory was valid only for low-Z materials [26] and
considered no screening effect due to atomic electrons in the
solid. The Rutherford-type recoil energy [9] was included in
the MC simulations by either considering or neglecting the
thermal effect of atomic vibrations. The intensity of electrons
quasi-elastically backscattered from Si and Au was simulated
by the consideration of the spectrometer energy resolution
and the energy distribution of the primary electrons [27–29].
A comparison of simulated results with experimental data was
made and discussed.

2. Theory

Electrons impinging on a solid cause elastic and inelastic
interactions when they travel across the surface and inside
the solid. Elastic interactions lead, primarily, to angular
deflections that alter the directions of electron movements.
Inelastic interactions, on the other hand, are mainly responsible
for the energy loss of electrons. Inelastic interactions
are comprised of volume and surface excitations. Volume
excitations, including volume plasmon generations and
interband transitions [25], occur predominantly as electrons
travel deep inside the solid. Surface excitations [24], on the
contrary, are most probable as electrons move close to the
surface.

2.1. Elastic and inelastic cross sections

The differential elastic cross section per atom is given by the
partial-wave expansion method as

dσe

d�
=

∣∣∣∣ 1

2iK

∞∑
�=0

[(� + 1)(e2iδ+
� − 1) + �(e2iδ−
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2

+
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2iK
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� (cos θ)
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2

, (1)

where K is the wavenumber of the electron, θ is the scattering
angle, � is the solid angle, δ� is the phase shift, � is the
quantum number of the orbital angular momentum, δ±

� are
the corresponding phase shifts for spin up and spin down,
and P� and P 1

� are the Legendre and the associated first-
order Legendre polynomials, respectively. To determine the
phase shifts, a finite difference technique may be applied to

solve the Dirac equations using the Hartree–Fock–Wigner–
Seitz potential for the atom in the solid. The elastic mean free
path of electrons is given by

λe = (Nσe)
−1, (2)

where N is the atomic density of the solid, σe is the total elastic
cross section obtained from

σe =
∫

dσe

d�
d�, (3)

and d� = sin θ dθ dφ is the differential solid angle.
The inelastic inverse mean free paths of injected (from

vacuum to solid) and ejected (from solid to vacuum) electrons
are given by

[λv→s
i (E, z)]−1 = µv→s

i (E, z) =
∫ E

0
µv→s

i (E, ω, z) dω (4)

and

[λs→v
i (E, z)]−1 = µs→v

i (E, z) =
∫ E

0
µs→v

i (E, ω, z) dω, (5)

where E, ω, and z are, respectively, the energy, energy
loss, and depth of electrons. Note that these differential
and total inelastic inverse mean free paths depend on the
depth of electrons in the solid. When electrons travel inside
the solid but near the surface, surface excitations dominate
the contribution to the inelastic inverse mean free path.
On the contrary, volume excitations dominate this contribution
as electrons move deep inside the solid. The sum of surface and
volume inelastic inverse mean free paths is, however, roughly
depth-independent at any depths [24] due to the approximate
compensation of volume and surface excitations at any depths.
As electrons travel outside the solid but close to the surface,
the inelastic inverse mean free path is only contributed by
surface excitations. To characterize the probability of surface
excitations, one generally uses the surface excitation parameter
defined by

P v→s
s (E) =

∫ 0

−∞
dz

∫ E

0
µv→s

i (E, ω, z) dω (6)

for electrons moving from vacuum to a semi-infinite solid at
z > 0, and

P s→v
s (E) =

∫ 0

−∞
dz

∫ E

0
µs→v

i (E, ω, z) dω, (7)

for electrons moving from solid to vacuum.
Models for calculating the elastic cross sections, inelastic

inverse mean free paths for volume excitations and inelastic
surface excitation parameters have been developed previously.
A detailed description of these models is given elsewhere [24].
In this work, the elastic cross sections were determined using
the partial-wave expansion method with the Hartree–Fock–
Wigner–Seitz potential for the atom in the solid. The inverse
mean free paths for volume excitations and the surface
excitation parameters were established using the extended
Drude dielectric function derived from optical data.
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2.2. Monte Carlo simulations

The energy distribution of quasi-elastically backscattered
electrons was studied using MC simulations. In these
simulations, uniformly distributed random numbers were
generated to determine the azimuthal and polar scattering
angles and the pathlength between successive scatterings
according to the differential and total elastic cross sections.
Electrons were traced from their impinging points to the
emerging points by recording all trajectories and energies in
elastic scatterings. Each electron trajectory was recorded by
the determination of the azimuthal and polar scattering angles
and the pathlength between successive scatterings.

The probability density function of an electron scattered
into the differential solid angle d� after elastic scattering is
determined by

P�(θ, φ) d� = sin θ

σe

dσe

d�
dθ dφ, (8)

where θ and φ are the polar and azimuthal scattering angles,
respectively. It is assumed that the probability of elastic
scattering is cylindrically symmetric with respect to the
azimuthal angle. Applying the Poisson stochastic process, the
probability density function of an electron with step pathlength
	si between the ith and (i + 1)th scatterings is given by [30]

P(	si) = 1

λe
exp

(
−	si

λe

)
, (9)

where 	si = (zi+1 − zi)/ cos 
i , 
i is the angle between
the surface normal (inward direction) and the electron velocity
after the ith scattering, and zi and zi+1 are the depths of the
electron at the ith and (i + 1)th scatterings. Here 
i is related
to 
i−1 by

cos 
i = cos 
i−1 cos θi − sin 
i−1 sin θi cos φi. (10)

When an elastic interaction occurs, the electron loses
its energy by an amount equal to the Rutherford-type recoil
energy. Thus the energy of electron after the ith scattering is
given by

Ei(θi) =
(

1 − 4m

M
sin2 θi

2

)
Ei−1(θi−1), (11)

where m and M are the mass of the electron and the atom,
respectively. Note that equation (11) is valid for atoms at rest.
To consider the thermal effect of atoms, the energy distribution
of quasi-elastically backscattered electrons may be calculated
by applying the single scattering model [31]. This model
assumes a Maxwell–Boltzmann thermal velocity distribution
of atoms. It also assumes that the recoil energy loss follows
a Gaussian distribution with a maximum at the most probable
value on the recoil energy loss for atoms at rest.

MC simulations trace electrons until either they are
backscattered into the vacuum within acceptance angles or
until their paths in the solid become so large that their
intensity can be neglected. The intensity of quasi-elastically
backscattered electrons is the average of the contributions from
all (n) sampled trajectories, i.e. I (E) = (1/n)

∑n
j=1 	Ij (E).

	Ij (E) may be obtained by tracing all step paths and recording
recoil losses for the j th trajectory in elastic scatterings.

In determining 	Ij (E), however, the probability of an electron
in any step pathlength without inelastic interaction should be
considered. The probability density function without inelastic
interaction in the step pathlength 	si is given by

Pi = exp

(
− 1

cos 
i

∫ zi+1

zi

dz

λi(Ei, z)

)
, (12)

where λi(Ei, z) is the depth-dependent electron inelastic mean
free path. It is noted that λi(Ei, z) is different for injected
and ejected electrons [16]. In addition, the probability density
function without surface excitation for an electron crossing
the surface is given by e−Ps(α,E), where α is the angle between
surface normal in the outward direction and electron velocity
[20]. Here, the surface excitation parameter may be calculated
from [24] as

Ps(α, E) = 1

cos α

∫ 0

−∞

dz

λi(E, z)
. (13)

In the case of quasi-elastically backscattered electrons
contributed by a single elastic scattering, for instance, the
energy distribution may be written as

I1(E) dE = M

2mE0
e−Ps(αI,E0)

∫ φA

−φA

∫ ∞

0
e−Ps(αR,E)

×P�(θ1, φ1)FI(z1)FR(z1, αR) dz1 dφ1 dE, (14)

where E0 is the incident electron energy, αI is the incident
angle, αR is the escape angle, φA is given by

φA =




cos−1

(
cos β + cos αI cos θ1

sin αI sin θ1

)
,

for π − αI − β � θ1 � π − αI + β

when β � αI,

for π − αI − β � θ1 � π + αI − β

when β > αI,

π, for π + αI − β < θ1 � π when β > αI,

(15)

and β is the largest acceptance angle of escape electrons,
i.e. 0 � αR � β. The probability density function of
an injected electron reaching the depth z1, at which elastic
scattering occurs, without any inelastic interaction is given by

FI(z1) = 1

λe
exp

(
− z1

λe cos αI

)

× exp

(
−

∫ z1

0

dz′

λI
i (E0, z′) cos αI

)
, (16)

where λI
i (E0, z

′) is the injected electron inelastic mean free
path at depth z′. The probability density function of a reflected
or ejected electron at depth z1 to reach the surface without any
inelastic interaction is given by

FR(z1, αR) = exp

(
− z1

λe cos αR

)

× exp

(
−

∫ z1

0

dz′

λR
i (E, z′) cos αR

)
, (17)

where λR
i (E, z′) is the ejected electron inelastic mean free path

at depth z′. From equation (10), αR is related to θ1 by

cos(π − αR) = cos αI cos θ1 − sin αI sin θ1 cos φ1, (18)

since 
1 = π − αR. Therefore, the energy distribution
of quasi-elastically backscattered electrons contributed by a
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single elastic scattering can be calculated using equations (11)
and (14)–(18).

The quasi-elastic reflection coefficient may be defined
as the integral of I (E) for a range of electron energies
according to

η(Ea, Eb) =
∫ Eb

Ea

I (E) dE. (19)

2.3. Adjustments to measured spectra

There are two experimental factors that affect the energy
spectrum of quasi-elastically backscattered electrons measured
by a spectrometer. One of them is the energy distribution of
the electron beam produced by an electron gun. The other is
the energy resolution of the analyser of a spectrometer. To
accommodate the consideration of these factors, it is assumed
that both the energy distribution and the energy resolution are
Gaussian functions. Let G(µ; µ0, σ ) be the Gaussian function
of a variable µ with the mean value µ0 and the standard
deviationσ . Considering the energy distribution of the electron
beam, the intensity of quasi-elastically backscattered electrons
may be obtained from

h(E) =
∫ ∞

−∞
I (E + ω − E0)G(ω; E0, σg) dω, (20)

where E0 is the mean energy of incident electrons and σg

is the standard deviation of the energy distribution. Further
considering the energy resolution, the resulting intensity
becomes

H(E) =
∫ ∞

−∞
h(E′)G(E; E′, σr) dE′, (21)

where σr is the standard deviation of the energy resolution
function. Substituting Gaussian functions into equations (20)
and (21), one obtains the quasi-elastic spectra of backscattered
electrons to be comparable of measured data.

3. Results and discussion

The MC method described above was applied to simulate the
energy distribution of electrons quasi-elastically backscattered
from Si and Au solids. The number of trajectories
required in the simulations was around 108–109 in order to
produce accurate results. The large number of trajectories
was necessary because of the sharply peaked probability
distribution toward small scattering angles. Although
large-angle scattering events were seldom, any non-uniform
sampling of them produced fluctuations in the energy spectra
of quasi-elastically backscattered electrons. Figure 1 shows
the results on simulated intensity (solid curves) of electrons
elastically backscattered from Si for normally incident
electrons of 5000 eV. Individual contributions from one, two,
three, and all elastic scatterings are plotted separately. It is
seen that this contribution decreases as the number of elastic
scatterings increases. It is also seen that the elastic peak
exhibits an energy shift (different from the incident energy)
and an energy broadening.

Corresponding results calculated using equation (14) for
a single scattering are plotted as dots. A comparison indicates

Figure 1. A plot of the MC simulation results on the intensity of
electrons quasi-elastically backscattered from Si for normally
incident electrons of 5000 eV. Individual contributions from one,
two, three, and all elastic scatterings are plotted separately.
Corresponding results calculated using equation (14) for a single
scattering are also plotted (•) for comparison.

Figure 2. A plot of the MC simulation results on the intensity of
electrons quasi-elastically backscattered from Au for normally
incident electrons of 5000 eV. Individual contributions from one,
two, three, and all elastic scatterings are plotted separately.
Corresponding results calculated using equation (14) for a single
scattering are also plotted (•) for comparison.

excellent agreement between data of MC simulations and
equation (14). A similar plot of the energy distribution
of electrons elastically backscattered from Au is shown in
figure 2. It reveals that both the energy shift of the elastic
peak and the recoil broadening of the peak energy are smaller
for Au than for Si. This is due to the smaller energy loss for
heavier atoms according to equation (11). The exact shape of
the elastic peak depends on the elastic scattering cross sections
of the solid studied.

Since incident electron energies are practically distributed
with a Gaussian function around their mean value, the energy
spectrum of the elastic peak depends on the full-width at half-
maximum (FWHM) of the Gaussian function. Figure 3 plots
the elastic peak for normally incident electrons of 5000 eV
mean energy and two values of FWHM, 0.3 eV (solid curve)
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Figure 3. A plot of the MC simulation results on the intensity of
electrons quasi-elastically backscattered from Si for normally
incident electrons of 5000 eV mean energy and 0.3 eV (——) and
0.5 eV (- - - -) FWHM.

Figure 4. A plot of the MC simulation results on the intensity of
electrons quasi-elastically backscattered from Au for normally
incident electrons of 5000 eV mean energy and 0.3 eV FWHM.
Spectrometer resolutions are 0 eV (——), 0.3 eV (- - - -) and
0.5 eV (· · · · · ·).

and 0.5 eV (dashed curve), in Si. The elastic peak is
approximately a Gaussian function with an increased width.
Such a width increase arises from the recoil broadening shown
in figure 1. Therefore, the FWHM of the elastic peak is larger
than that of the incident electron energy distribution.

Figure 4 shows the elastic peak in Au for two spectrometer
resolutions, 0.3 eV (dashed curve) and 0.5 eV (dotted curve),
with the same Gaussian energy distribution of 0.3 eV FWHM
for incident electrons of 5000 eV mean energy. For
comparison, the results considering no spectrometer resolution
(solid curve) are also included. It is seen that the larger
the FWHM of the spectrometer function the larger is the
FWHM of the elastic peak. The FWHM of the calculated
elastic peak is in good agreement with the prediction using

	Et =
√

	E2
r + 	E2

g + 	E2
s [27, 28], where 	Et , 	Er, 	Eg

and 	Es are, respectively, the FWHM of the resulting elastic
peak, the recoil energy loss, the energy spectrum of incident
electrons, and the spectrometer resolution function. In the

Figure 5. A plot of the MC simulation results on the intensity of
electrons quasi-elastically backscattered from Si for normally
incident electrons of 5000 eV mean energy and 0.4 eV FWHM. Here
electrons are incident at an angle 50˚; acceptance angles are between
0˚ and 3˚; the spectrometer resolution is 0.28 eV. The thermal effect
of atoms is neglected (— · —) and considered (——) by applying
the single scattering model [31] with an FWHM of 	ET = 0.3 eV at
the room temperature. For a comparison, the experimental data
(- - - -) [31] are also included.

case of normally incident electrons of 5000 eV in Si and Au,
	Er is 0.18 eV and 0.0048 eV, respectively, which is small
compared with 	Eg and 	Es applied in this work. Therefore,
the resulting elastic peaks are approximately Gaussian
distributions with widths mainly determined by 	Eg and 	Es.

Figure 5 shows the results of calculated elastic peaks in Si
with (solid curve) and without (chain curve) the consideration
of the thermal effect of atoms. Here electrons of 5000 eV
mean energy and 	Eg = 0.4 eV were incident at an angle of
50˚ with respect to the surface normal. The quasi-elastically
backscattered electrons were collected with acceptance angles
between 0˚ and 3˚. For such a narrow range of acceptance
angles, 	Er is very close to zero. The energy resolution of the
spectrometer, 	Es, was set to 0.28 eV. The thermal effect was
considered by applying the single scattering model [31] that
assumed a Maxwell–Boltzmann distribution on the thermal
velocity of atoms. The model also assumed that the recoil
energy loss followed a Gaussian distribution with a maximum
at the most probable value on the recoil energy loss for atoms
at rest and with an FWHM of 	ET. Here the thermal effect
was determined for the case of study by adopting a FWHM
of 	ET = 0.3 eV at the room temperature. It reveals in
figure 5 that the elastic peak without the thermal effect shows
a Gaussian distribution with a maximum at 4999.69 eV and
an FWHM of 0.5 eV. The elastic peak with the thermal effect
indicates a Gaussian distribution with a maximum at the same
energy and a FWHM of 0.58 eV, in good agreement with

the prediction using 	E =
√

	E2
T + 	E2

g + 	E2
s . For a

comparison, the experimental data (dashed curve) [31] are
also included in this figure. The minor deviation of the peak
position between calculated results and experimental data is
due to the fact that the recoil energy loss should be centred at
the most probable value of this loss for vibrating atoms rather
than for atoms at rest. Also, the thermal effect due to multiple
elastic scatterings shifts the peak position and widens the peak.
Both phenomena were not considered in the model.
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4. Conclusions

MC simulations of the intensity distribution of electrons quasi-
elastically backscattered from Si and Au have been performed
by the consideration of the recoil effect in elastic scatterings.
This effect resulted in a small energy shift and a certain
broadening of the intensity distribution. In addition, the energy
spectrum of incident electrons, the spectrometer resolution,
and the thermal motion of recoil atoms all affected the shape
and the FWHM of the distribution. Although these latter
factors reduced and widened the distribution, they had no effect
on the total intensity that depended on the interaction cross
sections.

In this work, the intensity of electrons quasi-elastically
backscattered from Si and Au was simulated for incident
electrons of an energy distribution. The adjustment for the
spectrometer energy resolution was allowed. Comparison of
experimental data with MC simulated results with the inclusion
of the thermal vibration effect of recoil atoms showed that
both the peak position and the peak width of quasi-elastically
backscattered electrons agreed quite well. The minor deviation
in the peak position was due to the assumption that the recoil
energy loss followed a Gaussian distribution with a maximum
at the most probable value on the recoil energy loss for atoms
at rest. In fact, the recoil energy loss should be centred at the
most probable value of this loss for vibrating atoms rather than
for atoms at rest. Also, the thermal effect due to multiple
elastic scatterings could shift the peak position and widen
the peak. Both phenomena are currently under study for the
dependence of experimental geometry on the quasi-elastically
backscattered spectra.
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