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Abstract

Fuzzy control is a model free approach, i.e., it does not require a mathematical model of the system
under control. An observer-based indirect adaptive fuzzy neural tracking control equipped with VSS and
H®° control algorithms is developed for nonlinear SISO systems involving plant uncertainties and external
disturbances. Three important control methods, i.e., adaptive fuzzy neural control scheme, VSS control design
and H°° tracking theory, are combined to solve the robust nonlinear output tracking problem. A modified
algebraic Riccati-like equation must be solved to compensate the effect of the approximation error via adaptive
fuzzy neural system on the H°° control. The overall adaptive scheme guarantees the stability of the resulting
closed-loop system in the sense that all the states and signals are uniformly bounded and arbitrary small
attenuation level of the external disturbance on the tracking error can be achieved. The simulation results
confirm the validity and performance of the advocated design methodology.
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1. Introduction

The fuzzy controllers provide a systematic and efficient framework to incorporate linguistic fuzzy
information from human expert [10,15,21]. Furthermore, fuzzy control is a model free approach,
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i.e., it does not require a mathematical model of the system under control. Hence fuzzy control
has found more extensive applications for a wide variety of industrial systems and consumer prod-
ucts. Control engineers are now facing more and more complex systems, and the mathematical
models of these systems are more and more difficult to obtain. Thus, in control engineering, model
free approaches become more important. There are some model free approaches in conven-
tional control, such as nonlinear adaptive control and PID control. Fuzzy control gives
another model free approach [9,1,5,22,23]. In the meantime, variable structure systems (VSS) con-
trol [6,7] design technique has been developed as a popular robust strategy to treat un-
certain systems with external disturbance, quickly varying parameters and unmodeled
dynamics.

Fuzzy systems are structured numerical estimators. They start from highly formalized insights
about the structure of categories found in the real world and then articulate fuzzy IF-THEN rules
as a kind of expert knowledge. Also, they combine fuzzy sets with fuzzy rules to produce overall
complex nonlinear behavior. We have witnessed a rapid growth in the use of fuzzy system in a
wide variety of consumer products and industrial systems.

The adaptive control for feedback linearizable nonlinear systems is an approach to nonlinear con-
trol design that has attracted a great deal of interest in the nonlinear control community for at
least a quarter of a century. The nonlinear adaptive problem is transformed into a linear adap-
tive control problem by feedback linearization [12,13,19,26,20]. Therefore, the linear adaptive con-
trol methodologies can be applied to acquire the desired performance. More recently, an important
adaptive fuzzy control system has been proposed to incorporate with the expert information sys-
tematically and the stability is guaranteed by universal approximation theorem [2,3,16,17,21,24,25].
An adaptive fuzzy controller is constructed from adaptive fuzzy systems. An adaptive fuzzy sys-
tem is defined as a fuzzy logic system equipped with a training algorithm, where the fuzzy logic
system is constructed from a set of fuzzy IF-THEN rules using fuzzy logic principles, and the
training algorithm adjusts the parameters of the fuzzy logic system based on training data. The
adaptive fuzzy controllers are classified into direct and indirect adaptive fuzzy controller cate-
gories [3,14,25,4]. More specifically, direct adaptive fuzzy controllers use fuzzy logic system as
controllers; therefore, linguistic fuzzy control rules can be directly incorporated into the controllers.
On the other hand, indirect adaptive fuzzy controllers use fuzzy logic systems to model the plant
and construct the controllers assuming that the fuzzy logic systems represent the true plant; there-
fore, fuzzy IF-THEN rules describing the plant can be directly incorporated into the indirect adap-
tive fuzzy controller. In this paper, we develop the observer-based indirect adaptive fuzzy-neural
tracking control for nonlinear SISO systems by using VSS and H® approaches under the con-
straint that only the system output is available for measurement. The proposed design method
attempts to combine the attenuation technique via H tracking design scheme, fuzzy logic uni-
versal approximation theorem and adaptive control algorithm for the robust tracking design of
the nonlinear systems with a large uncertainty or unknown variation in the plant parameters and
structures.

This paper is organized as follows. First, the problem formulation is presented in Section 2. A
brief description of fuzzy-neural networks is then made in Section 3. VSS indirect adaptive H°
tracking control design is given in Section 4. Simulation examples to illustrate the performance of
the proposed method is provided in Section 5. Section 6 gives the conclusions of the advocated
design methodology.
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2. Problem formulation

Consider the nth-order nonlinear dynamical system of the form

X1 = X2
X2 =x3
(1)
Xn = f(x1,x0,.%,) + g(x1,x0, ... x))u+d
y=xi
or equivalently the form
X = foox, x4 gex, L x"Nu+d, y =x, 2)

where f and g are unknown but bounded functions, # € R and y € R are the control input and output
of the system, respectively, and d is the external bounded disturbance. We can rewrite (2) in state
space representation

X =Ax + B[ f(x) + g(x)u + d],

y=Cly, (3)
where
[0 1 0 0 -0 07 0] 1]
001 0--00 0 0
A= |-oooiiiiiii | O B= ||, C=|: 4)
0000 -0 1 0 0
L0000 -0 0] n 0]
and x =[x, x2,...., %, ] =[x, %, ..., xX" " D]T€R" is a state vector where not all x; are assumed to be

available for measurement. Only the system output y is assumed to be measurable. In order for
(2) to be controllable, it is required that g(x)# 0 for x in certain controllability region U, C R”".
Without loss of generality, we assume 0<g(x)<oo for x € U.. The control object is to force the
system output y to follow a given bounded reference signal y,, under the constraint that all signals
involved must be bounded.

To begin with, the reference signal vector Yo the tracking error vector e will be defined as

V.= oy N e R,

=x—y =[eé,....e" VTR,

Zr

)

>
1=>

=%—y =[8¢,....e" VT er,

=T

where x and é denote the estimate of x and e.
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If the functions f(x) and g(x) are known and the system is free of external disturbance d,
then we can choose the controller #* to cancel the nonlinearity and design controller. Specially, let
k, =T[k{,kS,...,kS]T € R" to be chosen such that all roots of the polynomial p(s)=s" + kSs"~' +

- 4 ki are in the open left half-plane and control law of the certainty equivalent controller is
obtained as [17]

()[ F)+ " —klel. (5)

Substituting (5) into (2), we obtain the closed-loop system governed by
e kS 4t kfe = 0,

where the main objective of the control is lim,_,, e(#)=0. However, f(x) and g(x) are unknown,
the ideal controller (5) cannot be implemented and not all system states x can be measured. We
have to design an observer to estimate the state vector x in the following context.

2.1. State observer scheme

Replacing the functions f(x), g(x) and e in (5) by the estimation functions f(x), g(X) and ¢, the
control law (5) is rewritten as

" — kel (6)

( &)
Applying (6) to (3) and after some simple manipulations, we can obtain the error equation
¢=Ae—Bk@+B{f(x) ~ () + (9(x) — §(&)u + d},
ep=Cle, (7)

where e; = y, — y =y, — x; denotes the output tracking error. Therefore, the tracking problem can
be converted into the regulation problem to design a state observer for estimating the state vector e
in (7) in order to regulate e; to zero.
From (7), the following is an observer that estimates the state vector e in (7)
¢=Aé—Bkié+k(e1 — é)),

0, =C'¢, (8)
where k% =[k°, k% ,...,k?] is the state observer gain vector.

The observation errors are defined as ¢ =¢ — ¢ and é; =e; — é,. Subtracting (8) from (7), we can
obtain the output error dynamics

éE=(A—k,CNE+B{f(x)— f&)+ (9(x) — () +d},
| =CTe, (9)

Qe
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where

[ —k® 100---007
—k°,010---00
A=4—-k,C"'=
—k§ 000---01
| k> 000---00

Since (C, A) pair is observable, the observer gain vector k , can be chosen such that the characteristic
polynomial of A is strictly Hurwitz (i.e., the roots of the closed-loop system are in the open left
half-plane) and we know that there exists a positive definite symmetric n x n matrix P which satisfies
the Lyapunov equation

AP +PA = -0, (10)

where Q is an arbitrary n x n positive definite matrix.
Let us rewrite (8) as

¢=A4é+k,C"e, (11)

where 4 = A — Bk is a strictly Hurwitz matrix. Therefore, there exists a positive definite symmetric
n x n matrix P which satisfies the Lyapunov equation

AP+Pi=-0, (12)

where O is an arbitrary n x n positive definite matrix. Let V; = %QTI-A’Q", then by using (11) and (12),
we have

= 16700 + &Pk C"2. (13)

Since Q and k, are determined by the designer, we can choose Q and k ,, such that Vé<0. Hence,
Vs is a bounded function and there exists a constant value V', such that V<V,

3. The Takagi—Sugeno FNN system [23]

Fuzzy logic systems address the imprecision of the input and output variables directly by defining
them with fuzzy numbers (and fuzzy sets) that can be expressed in linguistic terms (e.g., slow,
medium and fast). The basic configuration of the Takagi—Sugeno (T-S) FNN system includes a
fuzzy rule base, which consists of a collection of fuzzy IF-THEN rules in the following form:

RDIF x| is Fll, and ---, and x, is F,f,

THEN y = g4+ gix1 + - + gpx, = 0 [1x"]", (14)
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where F! are fuzzy sets and Q,T:[q(’),q{ ,.-.»,qt] is a vector of the adjustable factors of the con-
sequence part of the fuzzy rule. Also y; is a linguistic variable, and a fuzzy inference engine to
combine the fuzzy IF-THEN rules in the fuzzy rule base into a mapping from an input linguistic vec-
tor xT =[x,x2,...,x,] €R" to an output variable y € R. Let M be the number of the fuzzy IF-THEN
rules. The output of the fuzzy logic systems with central average defuzzifier, product inference and
singleton fuzzifier can be expressed as

ey = Vv X o 05[] 15
) = S5 = SR (15)
=1 =1

where ji1(x;) is the membership function value of the fuzzy variable x; and v’ =[], Hriyy 18 the

truth value of the /th implication. The actual membership functions F/ in Eq. (14) are normally the
bell-shaped functions with parameters to be defined to suit different applications. Eq. (15) can
be rewritten as

y(x) = 0"E(x), (16)

where 0" =[070; - - - 0),] is an adjustable parameter vector and &'(x)=[&'(x), E(x),...,EM(x)] is a
fuzzy basis function vector defined as
o'[1 x']
Z]zwzl vf
When the inputs are fed into the T-S FNN, the truth value v’ of the /th implication is computed.

Applying the common defuzzification strategy, the output of the neural network expressed as (15)
is pumped out. The overall configuration of the T-S FNN is shown in Fig. 1.

)=

(17)

F

1 M It
/e , ¥(Eq. (15))

-0

LayerI TLayer1l LayerIll Layer IV

Premise Consequence

Fig. 1. The configuration of the T-S fuzzy-neural network.
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Based on the universal approximation theorem [2,24], the above fuzzy logic system is capable of
uniformly approximating any well-defined nonlinear function over a compact set U, to any degree of
accuracy. Also it is straightforward to show that a multi-output system can always be approximated
by a group of single-output approximation systems.

4. VSS Adaptive H® tracking control design

To begin with, our task is to use fuzzy neural network to approximate the nonlinear functions
f(x), g(x) and develop the adaptive laws to adjust the parameters of fuzzy neural networks to
attenuate the approximation errors and external disturbance.

First, from (16) the fuzzy systems f (%, Qf) and ¢(%,0,) can be described as

@0, =0,

and
g(£,0,) = &'®0,,

where Qf = [01,....0p]" and 0, = [0,1,...,04]" also &(x) = [&,...,&,]". The universal fuzzy
system f (%, 0,) with input vector X € U; for some compact set Uz € R" is proposed here to approxi-
mate the uncertaln function f(x), where 0 0, is a parameter vector to be tuned. Similar, the universal
fuzzy system g(x,0 ) is defined here to approximate the uncertain functions g(x), where 0, is a
parameter vector to be tuned.

Next, in order for the linearly parameterized fuzzy model is employed in the approximation proce-
dure of the uncertain dynamics, the membership functions x,(x;) and ,uglg(xi) for 1<i<n, 1<I<M
should be specified beforehand in this paper. By universal approximate theorem [2,25], there exist
optimal approximation parameters fo and QZ such f(x) and g(x) can be approximated as close as
possible. By using the adaptive laws, these optimal parameters are artificial quantities required only
for analytical purpose as in much previous adaptive fuzzy research.

In order to guarantee the parameters 0 , and 0, within the given constraint regions €y and
€2y, for all >0, respectively, we use the parameter projection algorithm [3,14,16,17]. All constraint
regions € ~and € are assumed to be convex. First, let us describe the convex hypercube of €y
as

Qor ={0,lap <05 <bg,1 <i<nj
and
‘QQ,- = {Qf|afl- — 5f < Hfi < bfi + (Sf,l <iI < l’l},

where all values as;, by; and 6,>0 are specified by the designer, also define @, =¢B"Pe with
PT = P>0 being the solution of the Riccati-like equation described later. The smooth projection
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algorithm with respect to €y will be given as [7,27]
rl(i;fi if Hfi > bf,' and qbfi > 0,
Q.fi = r (E;'i if 91‘,‘ < ag; and (.bfi <0, (18)
ri¢y; otherwise, 1 <i < n,

where ¢/; is the ith component of @, and r; denotes the adaptive gain, also

z byi— 0
b= (1 + 5}() O i

and

- _ Osi —ayi
bri — (1 * (Sf> ¢rr

Next, the convex hypercube of € , is given by
Qog = {0,lag < 0y < byi,1 < i < n}
and
Quy = {0, lagi — g < Oy < byi+9y, 1 <i<nj,

where all values ay;, b, and 0,>0 are specified by the designer too, also define @, = gBTPgu. The
smooth projection algorithm with respect to QQg will be given as

"2(1391' if 0, > by and ¢, > 0,
0,=19mr (7,;[ if 0, < ay and ¢, < 0, (19)
ra¢g otherwise,1 < i < n,

where ¢,; is the ith component of @, and r, denotes the adaptive gain, also

T bgi — Oy
by = <1+gégg> Dyi

and

- Qgi - agi
e L

The minimum approximation errors are defined as

A

AfE) = fx) - F(£0%)

and

Ag(x) = g(x) — §(£, 0).
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In order to derive the control laws, we need the following assumptions hold for all x € Uz, 0 , € Q,
and 0, € Q.
Al. There exists an upper bound o, >0, such that

‘Af(i)’ < oy
A2. There exists an upper bound 0 <o, <1, such that
AgE)§ (3,0, < %.

A3. There exists a finite constant B; >0, such that

/ d*(1)dt < By, ie., d(t) € L,y[0,00).
0

Theorem 1. For nonlinear SISO system (2), let the assumptions A1-A3 be true. If the VSS
adaptive FNN control is chosen as

1
U= —7Z-—=<
g(x,0,)

where Qf in (18), Qg in (19) with by; — 6, >0 for all 1 <i<my, and the VSS controller us and the
robust H*® controller uy, are
B(X ~

) @1

4

7@ 0+ 5 — KL+ s+ (20)

1

2r
where B(X) =0y + o] — fA()@,Qf) + yE") —k%é|, r is a positive scalar value and P=P" >0 is the
solution of the following Riccati-like equation:

1

1_
ATP+PA+Q+PB(p2—°‘9>BTP=0 (23)
r

then the H* tracking can be achieved for a prescribed attenuation level p.

Proof. Let us reconsider the output error dynamic equation (9) and take into account the minimum
approximation errors, the error dynamic equation (9) can be rewritten as

E=A2+B{-E"0, — &"0u+ Af(R) + Ag(R)u + us + uy +d}, (24)
where éf =0 - Q’}, é g = 0 g Q’;, us is the VSS controller and u;, is the robust H°° controller.
Consider the Lyapunov-like function candidate
~T ~

1 ~r~ 1
T~

V= .
2r; —9=9

N —
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Differentiating (25) with respect to time, and using the control law (20) we obtain
| AP Al x x .
= 514¢+ B(1 + Ag(¥)g '(&,0,))(us +un) — BE O, — BET0 ju+ BAS(2)

1
+BAGE (20,0~ (&0 ) + 3" — kié) + Bd} P + - &'P{A¢
+B(1+ AgE)g (2.0, us + un) = B0, — BE0 u+ BAS(R)

1 <T. 1 <T
+BAGE)] (&0, (&0 )+ 3" - ché)ﬂLBd}ﬂLZQfQﬂrgQgQ

g
1
=58 (AP + PAY +un(1 + Ag(®)§ ' (£,0,))B"Pé + dB'Pé

o 1 +T . o
+u(1+ Ag()§~'(£,0,)B"PE — 0,éB™PE+ — 0,8, — 0,¢B"Péu
RS » o<

ﬂ g+(Af(X)+Ag(X)A_1(x D(—F(E0,)+ 3" —ké)B"Pe (26)

By substituting the robust H>° controller u;, in (22) and completing the square, we get

1 1+ Ag@)g (%0,
e {ATP+PA+PB (,02_ &) (0 )>BTP}5

V=

N\'—‘

7

1 /1 :
-3 < B'Pé - pd) +5 p2d2 +u(1+ AgE)g~ ' (£,0,))B' P2
p

ST, 1o 1 T, ST, 1. 1 <T.
—0,EB Pe + ;Qfo —0,¢B Péu+ gQgQg

+H(ASE) +AgE) & 0,)(— (2.0 ,)+ 3" — kié))B"Pe (27)

2T . ~
In fact, from adaptive law in (16) we can get (1/r1)0,0, —BTféBTPé<O and Hf(t) €0y, for all >0
if 0 (0)€ Qs [7]. Also, from the adaptive law in (19) we obtain (1 /r2)9 9 9 fBTPeu<O and
0,(t)€Q, for all >0 if 0 ,(0) € Qoy. Next, from the assumptions Al A2 and the VSS controller
us in (21), we obtain

u(1+ Ag(£)§ " (£,0,))B"PE+ (Af(R) + Ag()d ™ (£,0,)(— [ (&0 ;) + ¥ — ké))B'Pé

Be(1+Ag(@)g~'(£.0,))

1 — oy

|B'Pé| + B|B"Pé| < 0. (28)

N
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From above results and Eq. (28), let us consider the Riccati-like equation (23), then the Eq. (27)
can be rewritten as

o1 1 14+ Ag@)g (%0 1
V<-8"{AP+PA+PB| — — 92)g (%.8,) B'P } e+ - p*d*
2 p? r 2
1 1 1-ua 1
<-&"{A"P+PA+PB|— — I)YBTP Y&+ = p*d®
28{ + + <p2 p > §+2p
<—l§Qa+1ff. (29)
2- <=2

Integrating both sides of Eq. (29) from t=0 to 7 and after simple manipulations yields
1 T p2 T
WD+L/Mm%m<W®+2/d%NtW<T<w. (30)
0 0

Considering the Lyapunov-like function 7(¢) in (25) and the assumption A3, it yields &'(¢)Pé(t) <
2V(0) + p*B, for all t>0, therefore the compact set U, can be constructed as

2V(0) + p*By

A1) e Us & {f! e < ( Jamin(P)

12
) Ly Q> o}, (1)

where y = [y, ¥, T

This demonstrates all states and signals involved of the closed loop system are bounded. Further-
more, the H° performance can be achieved from Eq. (30), i.e.,

T T
/UWM@W<2W®+&/;&M&,V0<T<m. (32)
From the smooth projection algorithm (19), we know that a, — 6,<0,, <b, + d, for 1<i<n and

all values a4, by, and 6,>0 can be arbitrary chosen by the designer. If a, = min; <;<,(ay — dy)
and b,, = max <;<, (byi + J,), then it can be obtained that a,, Sé@,ﬁg)gbgu from

n n
ag <Y agé <Y (ag —8,)& < §(£,0,)
i=1 i=1

<D (b +0)E <> byl = by, (33)
i=1 i=1

since (%) €(0,1] and } 7| (%) =1. Therefore, g(%,0,) is invertible if a, and J, can be chosen
suitably such that a,, >0. This completes the proof. [

Remark 1. In comparison with previous work [3,8] the VSS adaptive FNN controller developed
above can be implemented, i.e., the fuzzy system g(x, 6 g) can be guaranteed to be invertible and in
turn the indirect control effort in (16) will be well defined.
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Remark 2. The upper bound value o, defined in A2 is supposed to be a state-dependent bound
and can be independently chosen as o, (%) <ég,(X)/a,;, Where ¢,(X) = max |Ag(x)|. It implies that the
maximal perturbation of g(%), i.e. [Ag(%)|, should be less than max |g(%,0 )|

Remark 3. Our advocated design methodology combines three important control techniques, i.e.,
adaptive fuzzy neural network control scheme, VSS control design and H° tracking control theory.
Two adaptive neural systems, i.e. f (£,0 ;) and g(%,0,) equipped with update laws (18) and (19),
are constructed to model the unknown systems f (x) and ¢g(x), respectively. The VSS controller
us is required to effectively eliminate the effect of the approximation errors from the universal
approximation property. The robust H°° controller u, can be applied such that the effect of the
external disturbance on the tracking error can be attenuated to any prescribed level.

To summarize the above analysis, the design algorithm for an observer-based indirect adaptive
fuzzy neural tracking control equipped with VSS and H* control is proposed as follows:

Design procedure

Step 1: Specify the feedback and observer gain vector k£, and k, such that the characteristic
matrices 4 — Bk and 4 — k ,CT are strictly Hurwitz matrices, respectively.

Step 2: Specify a positive definite #n x n matrix Q and solve the Lyapunov equation (10) to obtain
a positive definite symmetric n X n matrix P.

Step 3: Solve the state equation (8) to obtain estimate state vector X =¢ + y -

Step 4: Specify the design parameters, based on the practical constraints.

Step 5: Define the membership function /‘F/@) for i=1,2,...,n and compute the fuzzy basis

functions {(X). Then the fuzzy logic control systems f (£,0 ;) and g(%,0,) can be constructed as

f&0,)="®0,

and
g(£,0,) = E'"®)0,.

Step 6: Obtain the control and apply to the plant, then compute the adaptive laws (18) and (19)
to adjust the parameter vector 0 , and 0 ,.

5. The illustrative examples

In this section, we will apply our observer-based indirect adaptive FNN controller using VSS and
H® for two cases. The first example is to let the inverted pendulum to track a sine-wave trajectory.
The second example is to let the output of mass—spring—damper system to track a sine-wave trajectory
as well.

Example 1. Consider the inverted pendulum system as shown in Fig. 2. Let x; =0 be the angle of
the pendulum with respect to the vertical line.
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=4

x1 X2

mgv sin(x1)

me ‘

Fig. 2. The inverted pendulum system.

The dynamic equations of the inverted pendulum system [3,25,8,20] and [11] are

)51 01 X1 (f d)
= + +gu-+d),
)52 00 X2 1
X1
y=I[1 0] , (34)
X2
where
gy sin x; — (mlx3 cos x| sin x1)/m; + m ;ZST);,
f= ) 5 9= 2

/ 4  m cos”x; / 4  m cos” x;
<3 me +m > (3 me +m )
and g, =9.8 m/s? is the acceleration due to gravity, m. is the mass of the cart, / is the half-
length of the pole, m is the mass of the pole and u is the control input. In this example, we
assume that m. =1 kg, m=0.1 kg, /=0.5 m. The control object is to control the state x; of the
system to track the reference trajectory y,.(¢)=0.5 sin(z). Also the external disturbance d is assumed
0.2 sin(2¢) exp(—0.1¢). The choices of »’s and 4 are to improve the convergence rate of the closed-
loop system controlled by our proposed controller.

According to the design procedure, the design is given in the following steps:

Step 1: The observer and feedback gain vectors are chosen as 52:[89 184], and kTC:[4 4],
respectively.

Step 2: We select QO in (10) as [8 2], then after solving (10), the positive definite symmetric

. . . 09945  —0.50419
2 x 2 matrix P in (10) is [_0.504]8 05956 }

Step 3: Solve (8) to obtain X.
Step 4: We select r; =152.0302, r, =884132, o,=10, 6,=0.1, a;; =13, b,;=1.5 and p=

[0.50.05 0.01]. Also we choose oy =0.1, o, =02, B4=20, and Q in (12) is chosen as [30 2]

and A = [_04 ! 4} in (12). Therefore the positive definite symmetric 2 x 2 matrix P in (12) can be

solved as [ 2]. The H> gain r=0.7p* and the step size is chosen as /=0.001895.
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0.2
x1,p=0.01

rad

0 0.05 0.1 0.15 0.2
t (sec)

Fig. 3. Trajectories of the state x; and the estimated state ;.

Step 5: The following membership functions for %;, i =1,2 are selected as

pen (&) = {1+ exp[10(&; + 0]} ", g (£)) = exp ( —2(% + 0.2)2>,
iy (8) = exp(=28), sy (&) = exp = 268 — 02)?),

ppr(£:) = {1 + exp[10(2; — 0.4)]} .

To cover whole cases, we apply (25) fuzzy rules.

Step 6: Obtain control input and compute the adaptive laws (18), (19).

The trajectories of the state x; and the estimated state x; for three different levels of attenuation,
ie., p = 0.01, 0.05 and 0.5, are shown in Fig. 3 and it shows that the estimated state x; takes
very short time to catch up the system state x;. For different levels of attenuation, the tracking
performances are also very good as shown in Fig. 4, where y . is the reference trajectory.

Also, the generalized velocity 6(¢) trajectories for different levels of attenuation and reference
are shown in Fig. 5. Under the different prescribed attenuation levels, the integral of the error
fOT |e()||? dt are indicated in Fig. 6. Therefore, the simulation result shows that the desired H>
attenuation requirement can be achieved. Furthermore the effects due to plant uncertainties and
external disturbances can be efficiently diminished by proposed observer-based VSS indirect adaptive
FNN H®° tracking controller.

The trajectories of the control input for different prescribed attenuation levels are shown in
Fig. 7(a)—(c), i.e., p=0.01, 0.05 and 0.5.

Example 2. Consider the mass—spring—damper system as described in Fig. 8, with system parameters
as body mass M (kg), spring coefficient K (N/m), friction coefficient B (N/m/s) and applied torque
input # (N). The equation of motion for the system can be expressed as [27]

My =u— fr(x) = fa(x) = felx) +d, (35)
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Fig. 4. The output trajectory for different levels of attenuation and reference trajectory.
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Fig. 5. The velocity trajectory 6(¢) for different levels of attenuation and reference trajectory.

where fx(x) denotes the spring force due to K, fz(x) is the friction force from and fc(x) is the
coulomb friction force.

Let x;=y, x;=x; and x=[x;,x;]", the state space representation of the system can be
described as

X1 =X,

b= 2 (—fk0) — f3() — fe() + 1wt d. (36)

This mass—spring—damper system suffers from plant uncertainties, unmodeled force and external
disturbances. The nominal parameters of the system are given by My=1, Ko=2 and By=2. The
perturbations of the system parameters are given as AM =0.1 sin(y), ¢ K=0.5 and ¢ B=0.5.
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Fig. 6. The integral of the error fOT |le(t)]|* d¢ for different prescribed attenuation levels.
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Fig. 7. The trajectories of the control input for different prescribed attenuation levels.

Also the nonlinear spring force and friction force are assumed to be fx(x)=Koy + AKy® and
f3(x)=Boy + ABjJ*. In addition, suppose there is a coulomb friction force fc(x)=0.0lsgn(7).

Therefore, state space representation can be rewritten as

X1 01 X1 0
| = + (f(x) + g(x)u +dy),
X7 00 Xo 1
X1
y=I[1 0] ;

X2
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Fig. 8. The mass—spring—damper system.

where
f(x) = m (=fx(x) — f(x) — fc(x)),
B 1
g(x) = m
and
d, = 71 d
T Mo+ AM T

By substituting all parameters into Eq. (37) and (38), we get

f(x) (—2x; — 0.5x] — 2x; — 0.5x3 — 0.01sgn(x,)),

~ 1+0.1sin(x)

1

90) = 13 0T sinGay)”

We also have to determine the bounds 7V, gV and g; as follows:

1
|14 0.1 sin(xy)|

|f(x1,x2)| < < > (0.5x7| + 2Jx1| + 2 + 0.01|sgn(x2)|)
<15x (05|x:];| + 2|X1| +2.01)= fU(xl,xz) ~ fU()%l,)%z),

lg(x1,x2)| < 1.5 = g% (x1,30) = gV (1, %2),

lg(x1,x2)| = 0.9 = gL(x1,x2) = gL(X1,%2).

227

(37)

(38)

(39)

(40)

(41)

The control object is to control the state x; of the system to track the reference trajectory y.(¢)=0.5
sin(¢) if only the system output y is measurable. Also the external disturbance d is assumed to



228 T.-C. Lin et al. | Fuzzy Sets and Systems 143 (2004) 211-232

Table 1

Three cases of the initial states

Cases Initial states
Casel x(0)=[0.25 0]"

#0)=[-025 0]

Case 2 x(0)=[0.15 0.15]"
#0)=[-0.15 —0.15]"

Case 3 x(0)=[-0.15 —0.05]"
#0)=[0.15 0.25]"

be 0.2 sin(2¢)exp(—0.1¢). The choices of y’s and % are to improve the convergence rate of the
closed-loop system controlled by our proposed controller.

According to the design procedure, the design is given in the following steps:

Step 1: The observer and feedback gain vectors are chosen as k£:[89 184], and k{:[4 4],
respectively.

Step 2: We select Q in (12) as [{ 0], then after solving (10), the positive definite symmetric

. . . 09945 —0.50419
2 x 2 matrix P in (10) is [70_50418 02956 }

Step 3: Solve (8) to obtain X.
Step 4: We select r; =500, r,=1.0, 6, =10, é,=0.1, a,; =13, b;; =15 and p=0.5. Also we

choose oy =0.1, o, =0.2, B; =20, and O in (12) is chosen as [32 gg] and A= [_04 _14} in (12).

Therefore the positive definite symmetric 2 x 2 matrix P in (12) can be solved as [155 2} The H*®
gain » =0.7p? and the step size is chosen as 4 =0.001667.
Step 5: The following membership functions for X;, i =1,2 are selected as

ppi () = 1/(1 +exp(10(£; +1))), i (%) = exp(=2(%; + 0.5)%),
g (Br) = exp(—282), (1) = exp(—2(%; — 0.5Y7),
pei (%) = 1/(1 4 exp(—=10(x; — 1))).

To cover whole cases, we apply 25 fuzzy rules.

Step 6: Obtain control input and compute the adaptive laws (18) and (19).

According to the initial states, three cases are simulated as shown in Table 1.

The trajectories of the state x; and the estimated state x; for three different initial states are shown
in Fig. 9 and it shows that the estimated state X, takes very short time to catch up the system state
x;. For different initial states, the tracking performances are also very good as shown in Fig. 10,
where y . is the reference trajectory.

Also, the generalized velocity y(¢) and y.(¢) trajectories for three cases are shown in Fig. 11.
Under the different prescribed attenuation levels, the integral of the error fOT lle(t)||? d¢ are indicated
in Fig. 12. Therefore, the simulation result shows that the desired H* attenuation requirement can
be achieved. Furthermore the effects due to plant uncertainties and external disturbances can be effi-
ciently diminished by proposed observer-based VSS indirect adaptive FNN H° tracking controller.
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Fig. 9. The trajectories the states x; (solid line) and X; (dash line) of 3 cases (time: 0-0.483 s).
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Y, Y(rad)

Fig. 10. The output trajectory for three cases and reference trajectory.

The trajectories of the control input of three different initial states are shown in Fig. 13.

6. Conclusions

An indirect adaptive FNN controller with observer design by using VSS and H° control al-
gorithms is developed for nonlinear SISO systems involving plant uncertainties and external distur-
bances, in which only the system output can be measured. Based on the Lyapunov synthesis approach,
the free parameters of the adaptive FNN controller can be tuned on-line by the observer-based output
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Fig. 11. The generalized velocity y(z) and y:(¢) trajectories for three cases.
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Fig. 12. The integral of the error fOT |le(#)||* d¢ for three cases.

feedback control and the adaptive laws. Also the robust nonlinear output tracking requirement can
be achieved by three control design techniques, adaptive fuzzy neural control scheme, VSS control
design and H™ tracking theory. Simulation results show that the overall observer-based adaptive
FNN control scheme guarantees stability of the resulting closed-loop system in the sense that all the
states and signals are uniformly bounded and H°° tracking performance can be achieved.
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Fig. 13. Trajectories of the control input for three cases.
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