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In recent years, latent class models have proven useful for analyzing relationships between mea-
sured multiple indicators and covariates of interest. Such models summarize shared features of the mul-
tiple indicators as an underlying categorical variable, and the indicators’ substantive associations with
predictors are built directly and indirectly in unique model parameters. In this paper, we provide a de-
tailed study on the theory and application of building models that allow mediated relationships between
primary predictors and latent class membership, but that also allow direct effects of secondary covariates
on the indicators themselves. Theory for model identification is developed. We detail an Expectation-
Maximization algorithm for parameter estimation, standard error calculation, and convergent properties.
Comparison of the proposed model with models underlying existing latent class modeling software is pro-
vided. A detailed analysis of how visual impairments affect older persons’ functioning requiring distance
vision is used for illustration.

Key words: EM algorithm, finite mixture model, identifiability, multiple discrete indicators, visual func-
tioning.

1. Introduction

In many studies, the conceptually or clinically most meaningful outcome is inaccessible
due to cost, time, and difficulty of measurement. A set of multiple indicators is then measured
in place of this outcome. For example, psychiatric disorders are often assessed by applying stan-
dardized criteria to patients’ report of symptoms (Eaton, Dryman, Sorenson, & McCutcheon,
1989). Biomarkers are used very often as substitutes for observing new cases of cancer in test-
ing treatments for cancer prevention, where event rates are low and a long time may be needed
to obtain cancer cases (Piantadosi, 1997). Functional disability is commonly quantified as self-
reported categorical responses to a series of questions about difficulty performing tasks of routine
living (e.g., Katz et al., 1963), because no obvious single measure of disability exists. Statistical
methods for analyzing these measured indicators should have the capability to model the rela-
tionship between indicators and conceptual outcomes, and to describe the underlying mechanism
of the condition under investigation. The present paper investigates an increasingly widespread
strategy for analyzing data collected in situations where investigators use multiple discrete indi-
cators to measure the conceptually defined outcome.

Particularly in psychosocial research, latent variable models are recognized as an effective
tool for analyzing measured indicators. There are two primary latent variable approaches for situ-
ations where multiple categorical indicators are used: latent trait models and latent class models.
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Latent trait models express the unobservable conceptual outcome as a continuous score and de-
termine the association with risk factors in a single modeling step (Rasch, 1960; Hambleton,
Swaminathan, & Rogers, 1991; Muthén, 1983, 1984; Sammel, Ryan, & Legler, 1997; Legler
& Ryan, 1997). Latent class models differ from latent trait models in that the continuous score
is replaced by a variable identifying several “classes” that define homogeneous groups of indi-
viduals (Green, 1951; Lazarsfeld & Henry, 1968; Goodman, 1974; Haberman, 1974, 1979). An
underlying categorical variable is arguably most robust for summarizing data whose basic struc-
ture is patterns of categorical responses. It also does not require modeling according to a specific
distribution, as does the continuous score. In recent years, latent class modeling has been receiv-
ing increasing attention in both psychosocial (e.g., Neuman et al., 2001; Garrett & Zeger 2000;
Hudziak et al., 1998) and medical research (e.g., Moustaki, 1996; Sullivan, Kessler, & Kendler,
1998; Bandeen-Roche, Huang, Munoz, & Rubin, 1999).

In this paper, we extend the latent class model to allow both the distribution of the under-
lying class variable and the within-class distributions of measured indicators to be functionally
related to individual-level independent variables (henceforth, regression extension of latent class
analysis will be called RLLCA). This idea is not new in and of itself. Quite general regression mod-
els have been developed to describe the relation between covariates and the underlying variable
(Dayton & Macready, 1988; Van der Heijden, Dessens, & Bockenholt, 1996; Bandeen-Roche,
Miglioreti, Zeger, & Rathouz, 1997), or the relation between covariates and the measured indi-
cators themselves (Melton, Liang, & Pulver, 1994). The former seeks to estimate the effects of
independent variables on the conceptual outcome, whereas the latter aims to adjust for charac-
teristics associated with measurement, hence preventing possible misclassification of underlying
variable categories. Models incorporating covariates to predict both the underlying and mea-
sured outcomes date to the mid-1980’s (Clogg and Goodman, 1984, 1985; Formann, 1985, 1992;
Hagenaars, 1993), but these were highly constrained in applying to categorical covariates. Re-
cent methodology and software have very generally incorporated covariates for predicting both
underlying variables and measured indicators (Muthén and Shedden, 1999; Roeder, Lynch, &
Nagin, 1999; LEM: Vermunt, 1996; Mplus: Muthén and Muthén 1998; Latent GOLD: Vermunt
and Magidson, 2000).

Despite this body of modeling research, we believe that at least two important issues remain
unresolved by the prior literature. First, simultaneously regressing the latent class variable and
measured indicators on covariates raises substantial identification questions. The issue is distinct
from identification challenges in models that regress either the latent class variable or their mea-
sured indicators, but not both, on covariates. Second, while maximum likelihood procedures have
been reported and implemented for models that allow simultaneous regressions, their inferential
and convergence properties have not been detailed. It is known that implementing the maximum
likelihood procedure to estimate RILCA parameters is time-consuming, does not result in direct
variance estimation, and carries no guarantee of finding a (global or local) maximum. A detailed
discussion of these issues is extremely valuable.

To address the important issues just identified, this paper: (a) formulates sufficient condi-
tions for model identifiability of RLCA with two types of covariate effects; (b) proposes model-
ing that guarantees identifiability and confers meaningful parameter interpretation; and (¢) details
full maximum likelihood inference and convergence properties of the estimating procedure. Our
model can be viewed as a latent class analogy of “MIMIC” models (Joreskog and Goldberger,
1975), and the developed theorem for model identifiability is the analogy of identification find-
ings for MIMIC models with direct effects (Bollen, 1989, p. 328). To outline the remainder of
the paper: section 2 proposes our model. Sufficient conditions for the identifiability of the pro-
posed model are provided in section 3. In section 4, we develop an EM algorithm for estimating
parameters and calculating their standard errors. We also justify convergent properties of this
estimating procedure. Section 5 provides a comparison of our model with models underlying ex-
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isting latent class software. In section 6, visual functioning data are used to illustrate the model.
We also offer a comparison of our results with a published analysis obtained by a closely related
model. Discussion is provided in section 7.

2. Regression Extension of Latent Class Models

Latent class analysis (I.LCA) aims to classify subjects based on their responses to a set of
categorical items. To introduce the methodology, let Y; = (¥Yi1, ..., Y; )T denote a set of M
observable polytomous indicators for the ith individual in a study sample of N persons. Y,
m = 1,..., M can take values {1, ..., Ky}, where K,;, > 2. The basic model postulates an
underlying categorical latent variable S; = 1, ..., J for individual i; within any category of the
latent variable, the measured indicators are assumed to be independent of one another. Therefore,
the distribution for Y; can be expressed as

J M Ky
Pr(Yit = yi, - Yiu = ya) = ) _(Pr(Si = ) [ ] [[Pr¥im = k1Si = HP™), (1)
j=1 m=1k=1

where v = 1if vy = k; O otherwise. The LCA model assumes that
Pr(Yim = k|Si = j) = pmrj, Pr(S; = j) =nj, 2)

i=1,....NNnm=1,..M;k =1,....Ky; j = 1,...,J. Thus, the model treats class
membership probabilities, 1, and item response probabilities conditional on class membership,
DPmkj, as homogeneous over individuals. Heuristically, n; is the population prevalence of class j,
and pyx; is the probability of an individual in class j being at level £ of ¥;,. Goodman (1974)
provided an excellent overview of the LCA model, including a maximum likelihood strategy for
estimating model parameters, conditions to determine local model identifiability, a strategy to
test overall model fit, and the use of constraints to identify models.

The present goal is to extend latent class analysis to allow both the probabilities of latent
class membership and the distribution of observed responses given latent class membership to
be functionally related to concomitant variables, while preserving model identifiability. By al-
lowing covariate effects on latent class probabilities, we can summarize the effect of risk factors
on the underlying mechanism. In the case of incorporating covariates into conditional probabil-
ities, we can adjust for characteristics that determine responses other than underlying classes,
hence hopefully improving the accuracy of classifying individuals. For example, in evaluating
functional disability, some data have suggested that women tend to rate tasks as “difficult” more
readily than men independently of ability (Bandeen-Roche, Huang, Munoz, & Rubin, 1999).
Without adjusting for a gender effect, the model might well classify some men and women with
identical underlying functioning differently (men as “able”, women as “disabled”).

Let (x;, z;) be the concomitant covariates of the ith person, where x; = (1, xj1, ..., X; p)T
are primary covariates hypothesized to be associated with latent class membership, S;, and
z; = (Zi1,...,Ziy) With z;;,, = (1,Zim1,...,ZimL)T, m =1,..., M, are secondary covariates

used to build direct effects on measured indicators. The covariates may include any combination
of continuous and discrete measures, and two sets of covariates may be mutually exclusive or
overlap. When common covariates are used to predict both underlying and measured variables,
our following proposed model can still be identifiable (see section 3 for details).

The regression extension of LCA may then be stated as follows:

J

M Kn
Pr(Yi = yi.....Yiu = yulxi.zi) = Y _ {1, B) [ | ]_[p,yn",i’}(ymﬂrzﬁnam) 3)
=1 m=1k=1
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with 7;(x! B) and pug; (Ymj + 21, @) defined as in the generalized linear framework (McCul-
lagh and Nelder, 1989). Various link functions (e.g., probit, ordinal) could be used easily. We
specifically propose to use the generalized logit link function (Agresti, 1984):

|:77j(XiTﬁ)

=Po; +P1jxi1r+---+PBpijxip fori=1,....,N;j=1,...,J -1, 4)
nf(xiTﬁ)} s ™

and

log Pmikj (Ymj + Zl?;nam)
PmK;(Ymj +Zi7;nam)

fori=1,...,. Nnm=1,.... M;k=1,...,(Kpn—1);j=1,...,J. (5

i| = Ymkj + mkZim1 + - -+ + LLmkZimL

Three assumptions complete the model (3):

1. Class membership probabilities are associated with x; only:
Pr(S; = jlxi, zi) = Pr(Si = jIxi). (6)
2. Conditioning on class membership, responses are only associated with z;:
Pr(Yi1 = y1, ..., Yin = ymlSi, X4, ) = Pr(Yi1 = y1, ..., Yim = ym 1S, 2). (1)

3. The multiple measurements are independent given class membership and z;:

M
Pr(Yiy = yi..... Yiu = ym|Si. 2) = [ | Prim = ymlSi. 2im). (8)

m=1

Some key features of the proposed regression extension of latent class model (3) are: First, by
incorporating covariates (x;, z;) into class prevalences and conditional probabilities, we relax
the homogeneous probability assumption (2) in the sense that the probabilities vary with some
individual characteristics. Second, there are several useful sub-models of the proposed model.
By fixing ymk; in (5) at positive or negative infinity, we can fit a constrained RLCA with the
corresponding conditional probabilities being 1 or 0. If the regression coefficients in (4) or (5) are
set as 0, our proposed model (3) reduces to models studied by Melton, Liang, and Pulver (1994),
Dayton and Macready (1988) or an ordinary latent class analysis. Third, we allow unrestricted
intercepts and level- and item-specific covariate coefficients in the conditional probability model
(5), but we do not allow the coefficients to vary across latent classes. This constraint is logical if
the primary purpose of modeling conditional probabilities is to prevent possible misclassification
by adjusting for characteristics associated with item measurements. As we now discuss, it is also
necessary to unambiguously distinguish covariate effects on measured responses from covariate
effects on class membership itself.

3. Identifiability

In some statistical models, different parameterizations determine identical distributions.
This is referred to as nonidentifiability. Before estimation of RLCA (3) can be meaningfully
attempted, model identifiability must be verified.

The latent class analysis literature has focused on checking “local” identifiability (McHugh
1956; Goodman 1974; Formann 1992). By definition, a distribution Fy is locally identifiable at
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the parameter ¢y if there exists some neighborhood y of ¢ such that
Fy(y; ¢po) = Fy(y; d) forall yelUy < b =d¢y forall ¢ eyxyC®,

where @ denotes the parameter space of the model and Uy denotes the support of Y. McHugh
{1956) proposed sufficient conditions for the local identifiability of the LCA model with dichoto-
mous observed variables and Goodman (1974) extended the conditions to polytomous variables.
We here modify them for models with prefixed parameters (constrained model) and propose a
condition equivalent to the full column rank of the Jacobian matrix (for proof, see Appendix A):

Proposition 1. For j=1,..., J,let;bea ((H;?le K —1)x 1 vector with Ath element
M
Yﬁfi} = PI(Y? = yklsl = }) = H pm}’hm}’
m=1
where vy, = (Vnt, ..., vasmr) is the Ath possible among ((Hnﬁle K — 1) distinct response

patterns, excluding a reference pattern. C is the number of pre-fixed conditional probabilities
Pmij = 0 or 1. Suppose that

@ ey Kn) = 12 Ty (K = D)+ T = 1= C;
(1) pmk; > 0and n; > O for all free parameters (i.e., parameters that are not prefixed); and
(iii) ¥, ..., Yy are linearly independent.

Then, the constrained latent class analysis model (1, 2) is locally identifiable at free parameters
of {(pmrj, nj); Ym, k, j}.

The LCA is constrained by fixing specific conditional probabilities. The proposition aims to
determine whether the unknown (i.e., free) parameters in a constrained model are identifiable.
Condition (i) states that the number of unique model parameters cannot exceed the number of
independent pieces of observed information. Condition (ii) is to ensure that the probability of
each possible response pattern is positive, which is (iii) in Theorem 1 of McHugh (1956). Con-
dition (iii) is equivalent to requiring that the Jacobian of the LLCA model has full column rank
and has the meaning that the probability distributions for possible response patterns are linearly
independent across latent classes.

For RLCA models, the Jacobian grows to an unreasonably large row-dimension in continu-
ous covariate applications. In the following, we develop a method for checking the identifiability
of the RLLCA model (3) by separating out the covariate effects and then applying Proposition 1
to each subject.

Theorem 1. For j=1,...,J,letT;bea ((ﬂﬁle Kin) — 1) x 1 vector with Ath element

M { e Yauypmi

Thi = 7 A

m=1

}; ymkj =0,

with ¥, = (Yat, ..., Yapr) as defined in Proposition 1 and ym; as in (5). C is the number of
Ymk;’$ that tend to £00. Suppose that

() Ty Kn) =12 TN (K = 1)+ T — 1= C;
(ii") free model parameters Yinkj»> %gmk» Bpj» and covariate values X;p, Zjmg are all finite;
(iii") 74, ..., 7s are linearly independent; and
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(iv’) the design matrix of the primary predictors

T
X—(X],...,XN) =
XN1 e+ XNP

and the design matrices of the items’ predictors

1 Ztm1 -+ ZimL
T . ) .
Ly = (Zim, ..., ZNm) = : : : m=1,.... M,
1 zZym1i -+ ZnmL

have full column rank.

Then, the constrained regression extension of latent class model (3, 4, 5) is locally identifiable at
free parameters Of {(Vimk;, gmk. Bp;j): ¥Ym, k, j, p, q}.

For proof, see Appendix A. Conditions (i), (ii"), and (iii") provide sufficient conditions for the
local identifiability of all LCA’s that result by applying (3) to a population whose members have
identical covariate values. Condition (iv") requires covariates not to be perfectly collinear. Model
(3) formulates each subject’s probability components as a combination of an LCA model plus
variations across individual characteristics (x;, z;). By requiring that (i")—(iii’) and (iv") hold, the
LCA model, and the parameters that determine how the model varies with individual characteris-
tics, are both locally identifiable; hence, their combination is also locally identifiable. Notice that
condition (iv’) only requires individual X and Z,, to have full column rank, not jointly to have full
rank. Therefore, in the case where common covariates are used to predict both underlying and
measured variables, model (3) can still be identifiable as long as the above conditions are met.
The Jacobian matrix of the RILCA (3) can be partitioned into sub-matrices where each sub-matrix
is represented as either a combination of X and the Jacobian of LCA (1) with respect to latent
prevalences, or as Z,, and the Jacobian of LCA (1) with respect to the mth item’s conditional
probabilities. If the LCA model is identifiable, then only full column rank for each individual X
and Z,, is needed to obtain an identifiable RLCA (3).

Importantly, model identifiability may fail if covariate effects on the conditional probabili-
ties are not constrained to be equal across classes. To illustrate this, consider a two-class RLCA
with five two-level measured indicators and “gender” associated with both the class membership
and measured indicators themselves (ie., J =2, M =5, K1 =---=Ks5 =2, P =L =1).
Under the RLLCA model with unconstrained covariate effects on the conditional probabilities,

T
log |:pm1j (Ymj +2;,0m;)

= Y + am;(gender)y, Vi, m, j, 9)
Pm2j(Ymj + zl?;namj):| mj mj im

where (gender);,, = 1 if female (F), 0 if male (M). Suppose that yy,1 # ym2 form =1,..., 5,50
that for males, the conditional probabilities of responding positively differ across the two classes,
for all five items (i.e., ppi1M) # pmioM), m = 1,...,5). Suppose further that ¢y = 0
and o2 = Ym1 — ¥mo form = 2,...,5, so that for females, the conditional probabilities
of responding positively are identical across the two classes, for all items except the first (i.e.,
Pm11(F) = pmin(F) = pn F), m = 2, ..., 5). Then, the likelihood of measured item responses
is

5
L) = [T 1m0 [TUpmuM) (1~ ppyy))'~n]

iemale m=1
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5
+ (1= (M) [][(pmyxhdnﬁm<1-pmlﬂmanl—wm]}

me=1

5
< T] &mewwhm®WW}

iefemale =2

where
0; = i E (P11 = pry(EN' 4 (1 — g (E)Pr2@)¥1 (1 — praE)' %1, (10)

Notice that (10) imposes two restrictions on parameters (i.e., for v;; = 1 or 0), and there are three
parameters that we need to consider (i.e., o1, ¢12 and the gender coefficient in 51). Because the
number of restrictions is less than the number of parameters of interest, equation (10), thus the
RLCA model with the conditional probability regression (9), is not locally identifiable at @11, ¢12
and the gender coefficient in ny. This example can be generalized to the J-class model with M
dichotomous items, where females have the same conditional probabilities in latent classes, say,
1 and 2 for the last M1(< M) items. The sort of nonidentifiability that we have highlighted can
occur in practice. Our identifiability finding in class-independent covariate effects on conditional
probabilities is particularly important for complex examples (many predictors) and provides pro-
tection for this general case.

Another way of evaluating the local model identifiability of LCA models is to examine
whether or not the Fisher information matrix (i.e., the negative expected matrix of the second-
order partial derivatives of the log likelihood) possesses eigenvalues greater than 0. Formann
(1985, 1992) showed that this approach is equivalent to examining the rank of the Jacobian
matrix. Under the RLCA model (3), the Fisher information matrix can be expressed as

. T
E[_DilogL]:ERagodg)L) (9102L> ] ZZ[M <87Tzh)<8an(;h> } an

where logl. = va:l log Pr(Y;|x;, z;) is the log likelihood function, D(Zb is the Hessian operator
with respect t0 @ = (Ywj, @, B), and 7y, = Pr(Y; = yu; ¢) is the probability that ith subject
has yj, response pattern. Notice that the Fisher information matrix (11) is equal to DY GD, where
D is the Jacobian matrix of RLCA model (3) with elements described in Appendix (A.7), (A.8)
and (A.9), and G is a diagonal matrix with elements equal to (1/7;3). Therefore, if D is of full
column rank, the Fisher information matrix (11) has all eigenvalues greater than 0 (Graybill,
1969, p. 318). Theorem 1 (iii’) and the Fisher information matrix provide equivalent information
for identifiability. A standard practice for checking identifiability is using multiple sets of initial
values for parameter estimation. Different sets of initial values that yield the same likelihood
maximum should result in the same final parameter estimates. If not, the model is not identifiable.

Complications often arise from applying Proposition 1, Theorem 1, and the Fisher informa-
tion matrix to a given analysis. Ideally, one would want to determine those regions of the param-
eter space in which a given model is locally identifiable. Because this is typically computation-
ally difficult, these methods are often evaluated with respect to estimated parameters to establish
local model identifiability at estimated values (Goodman, 1974). When using the Fisher informa-
tion matrix, there is one more complication. Since the observed Fisher information, —D? logL,
is typically used to estimate the standard errors of maximum likelihood estimators (Efron and
Hinkley, 1978; Louis, 1982), the Fisher information (11) is not always obtained and the observed
Fisher information is used for empirical checking. Empirical identifiability checking through the
observed Fisher information might cause errors because we use the “single” observation in place
of the averaged effect. It needs to be implemented cautiously.
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4. Estimation
4.1. Parameter Estimation

We use maximum likelihood (ML) to estimate the parameters in (3) for a fixed number of
classes, J. The problem of selecting J empirically is beyond the scope of this paper; rather we
proceed as if the number of classes can be selected based on prior knowledge and the scien-
tific objective. Viewing the class membership S; as unobservable, the RLCA model (3) becomes
a typical incomplete-data problem. The Expectation-Maximization (EM) algorithm (Dempster,
Laird, & Rubin, 1977) is an iterative approach to computing ML estimates when a model can
be formulated in terms of quantities that may be viewed as missing data. The EM algorithm
maximizes the likelihood by iterating between imputation of missing data from a model param-
eterized at the most recent estimates and maximization of the “complete-data” likelihood (joint
with respect to observable and missing data). Formally, imputation is carried out through an E
(expectation) step that calculates the expected complete-data likelihood given observed data, and
an M (maximization) step that maximizes the likelihood calculated from the E-step.

Let §;; indicate whether subject / belongs to latent class j, Yimk indicate whether subject
i’s mth measurement belongs to level &, and @ = (ymj, &, B) be the parameter in (3). If S;;
were directly observable, the complete-data log likelihood of (3) would be

N J

l0gLe(p: Y. 8) =Y Y {Sijllogn; (x! B}

i=1 j=1
N M
F YD (S Yimk 108 Pk (Vg + i 0m)1}- (12)

We introduce a new function

0(d|d") =EllogLe(d; Y, 9)IY =y, ¢, x, 71, (13)

which is the expected log likelihood function conditional on the observed data y, x, z and provi-
sional estimates ¢’. Then, the EM algorithm taking ¢#) to ¢+ is:

E-step: Compute Q(¢|dpP)).
M-step: Find ¢ which maximizes Q(¢|dp(P)).

Since there is no closed form solution for above maximization process, we use the one itera-
tion Newton—Raphson method (Lange, 1995) to approximate the maximum values in the M-step
(Appendix B). This single step approximation has been shown to have a convergence rate that is
almost identical to the EM algorithm rate and hence saves time over repeatedly performing New-
ton’s method. The E- and M-steps are alternated repeatedly until the difference in log likelihood
logL{(¢; Y) = vazl log Pr(Y;|x;, z;) between ¢<P+1> and d)(l’) is arbitrarily small (McLachlan
and Krishnan, 1996).

To ensure reasonable convergence properties in practice, values to initialize the EM proce-
dure for estimating latent class model parameters must be chosen with some care. One reasonable
set of initial estimates for the y,; and ey, may be obtained by fitting M separate polytomous
logistic regressions for (Yi1, Zi1), ..., (Yim, Zipr). To obtain initial estimates for B, we first fit
an LCA whose initial parameters are determined by dividing subjects into J groups according
to the most common response patterns in the population. Then, we randomly assign each person
itoaclass C; € {1,...,J} with posterior probabilities of class membership {éil, cy éi]} of
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the fitted LCA, where 6; ;= E(S;;1Y, (2)). The coefficient estimates in the polytomous logistic
regression of C; versus x; then give reasonable initial estimates of 3.

4.2. Variance Estimation

Since the EM algorithm is a method for ML estimation in incomplete-data problems, the ob-
served Fisher information matrix based on the incomplete-data likelihood L(¢p; Y) can be used
to estimate standard errors of the parameter estimates conditioning on the number of classes.
However, analytically evaluating the second-order derivatives of the incomplete-data log likeli-
hood may be difficult, or at least tedious. Here, we consider methods that calculate the observed
Fisher information of incomplete data within the EM framework. Louis (1982) showed that the
observed information matrix of incomplete data can be computed in terms of the conditional
moments of the first- and second-order partial derivatives of the complete-data log likelihood
function introduced within the EM framework. We therefore implement Louis’ approach for cal-
culating the variance-covariance matrix of the parameter estimates. Details of variance estimation
can be found in Appendix B.

4.3. Convergence of the Estimating Procedure

Implementing the EM algorithm to estimate parameters in finite-mixture models is typically
time-consuming. In this section, we aim to investigate the convergence properties of the EM
sequence under the proposed RLCA (3).

Let ® = {(yYmj, @m. B); j = 1,..., Jym = 1,..., M} be the parameter space of model
(3). We assume that it is a finite subset of r-dimensional Fuclidean space R”, where r is the
number of parameters in (3). Consider settings in which the incomplete-data log likelihood,
log L(¢p; Y), is bounded above for all ¢ in ®@, and Q(d|¢’) is continuous in both ¢, ¢’ € .
Then, it has been shown (Wu, 1983) that, for any EM sequence {d)(f’)}pzo, logL(¢?); Y) con-
verges to log L* = log L(¢p*; Y) for some stationary point ¢*, i.e., a point ¢p* € ® such that
D(Ib log L{¢p; Y)|p=¢+ = 0, where D(lb is the gradient operator with respect to ¢. In our RLCA
model (3), it is easy to verify that logL.(¢p; Y) < O for all ¢ € ® and that Q in (13) satisfies
the continuity condition for all ¢, ¢’ € ®. Therefore, any EM sequence of parameter estimates
of RLLCA (3) ends in a stationary point under the stopping criterion of log L(¢p; Y) convergence.
Since the purpose of the EM algorithm is to provide iterative computation of the maximum like-
lihood estimates of log L.(¢p; Y), convergence of log I.(¢b; Y) to stationary values is all we need.
We therefore use the convergence of the incomplete-data log likelihood as a stopping criterion in
section 4.2. The same criterion is also suggested by McLachlan and Krishnan (1996, pp. 22-23).

There is no guarantee that log LL* is a (global or local) maximum of log L{¢; Y) over ®.
To decide whether the stationary value log L* is a local maximum, we can examine the observed
Fisher information of the incomplete data, I{¢*) = —D(zb log L{¢p; Y)|gp=g+, where be is the
Hessian operator with respect to ¢. If I(¢*) is positive definite, then log I.* corresponds to a
local maximum of logL.(¢; Y). If I(¢*) is positive semi-definite, there is a probable lack of
local identifiability or a boundary solution for yx; at ¢* (Formann, 1992). The parameters
involved in the lack of local identifiability can be empirically identified from their extremely
large asymptotic standard errors (Formann, 1992). The estimators ﬁmkj, which are the boundary
solutions, tend to £0c0; as a consequence, one or more conditional probabilities tend to 1 or 0.
Constraining conditional response probabilities appropriately can solve both identifiability and
boundary problems. If I(¢*) is indefinite or negative (semi-) definite, the solution corresponds
to a saddle point or a (local) minimum of the incomplete data likelihood.

To establish global maxima, Wu (1983) proved that if the incomplete data likelihood
log L(¢; Y) is unimodal, then {(b(f’)}pzo converges to the unique MLE of log I.(¢b; Y). The uni-
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modality condition on log L.(¢; Y) generally does not hold in LCA and RLCA models. Rather,
the log likelihood log L.(¢p; Y) often has several (local or global) maxima and stationary values,
and the convergence to either type of value depends on the choice of starting point. We there-
fore recommend that several EM iterations be performed using different sets of starting points
representative of the parameter space. If there appear to be multiple maxima, known scientific
theory of the investigated questions may guide the choice between solutions with similar likeli-
hoods. To obtain unimodality, one can also adjust the number of classes to prevent partitioning
ambiguously major response patterns into distinct classes, or impose theoretically reasonable
constraints on @.

5. Latent Class Modeling Software

A computer module to implement the proposed latent class model (3) is created using
statistical package S-PLUS (Statistical Sciences, Inc., 1995) and programming language C.
The module needs to be operated under the S-PLUS environment. It provides initial val-
ues for the estimation, parameter and variance estimates, model identifiability checking us-
ing both the proposed method (section 3) and the observed Fisher information matrix, the
number of latent classes selection (Huang, 2004: in press), and graphical displays for model
diagnosis.

Several computer programs are also available for estimating various types of latent class
models. A web page created by John Uebersax (http://ourworld.compuserve.com/homepages/
jsuebersax/index.htm) provides much useful information about currently available programs,
which we will not repeat. Instead we will explicitly compare our model with the models un-
derlying these existing statistical programs to help the reader to position the role of our proposed
model as a latent variable modeling tool. We will describe eight existing programs for estimating
latent class models. They fall into three categories, which we will detail in ascending order of
capability.

The two programs in the first category are LLCA, a program for located latent class analysis
(Uebersax, 1993) and WINMIRA, which can estimate latent class models, Rasch models, and
Rasch mixture models (Rost, 1990, 1991). LL.CA requires ordinal observed variables, while
WINMIRA can analyze any kind of categorical measured variable. Neither of the programs in
this first category is able to model covariate effects or perform identifiability checking. Both
calculate Akaike’s and Bayesian Information Criteria (AIC and BIC) (Akaike, 1987; Schwartz,
1978).

The second category of software includes MLLSA, LCAP, and LCAG, which formulate the
latent class model in terms of loglinear modeling and use the modified LISREL approach to in-
clude categorical covariates (Clogg and Goodman, 1984; McCutcheon, 1987; Hagenaars, 1993).
All three programs analyze the effect of categorical covariates on latent class and observed vari-
ables. MLLSA evaluates the Jacobian matrix at estimated parameters for checking identifiability,
but does not calculate the AIC or BIC, while LCAP does not do identifiability checking but does
provide the information criteria.

The third and most powerful category of software is made up of LEM, Latent GOLD, and
Mplus. These programs are very flexible in the specification of model structure and can model
latent class models, latent trait models, and a mixture of continuous and categorical observed-
variables. For Mplus, categorical data must be scaled ordinally. All three programs model the
effect of categorical or continuous covariates on latent class and observed variables. The pro-
grams in this category use the observed Fisher information matrix to do identifiability checking
and all provide the AIC and BIC.
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6. Example

To illustrate our model, we use data from the Salisbury Eye Evaluation project (SEE), a
population-based, prospective study (N = 2520) of how vision affects older adults’ functioning
ability (West et al., 1997). Several studies have demonstrated that people aged more than 65 years
report difficulty in performing their daily activities, and visual impairment is associated with
difficulty in these activities (Rubin et al., 2001; Jette and Branch, 1985). The analysis reported
here aims to describe the associations between ability in activities requiring distance vision and
various visual impairment.

Several studies have analyzed the SEE data, using different statistical methods (Rubin et al.,
2001; Huang et al., 2002). Particularly relevant here, Bandeen-Roche et al. (1999) fit a regression
extension of latent class model that did not allow direct effects of covariates on item responses
(henceforth, B-R). This paper fits a model (3) for self-reported visual disability that includes
direct covariate effects on item responses. In the following analysis, we highlight the comparison
of our model via the B-R model, which provides a unique opportunity to look at what insight
gains from our approach.

6.1. Data

In the SEE project, vision-related disability was assessed using the Activities of Daily Vision
Scale (ADVS), a standardized instrument that has been described elsewhere (Mangione et al.,
1992; Valbuena et al., 1999). Disability related to distance vision was determined via self-reports
of difficulty in five tasks comprising the “far vision” subscale of the ADVS: reading street signs
at night (signs-night), reading street signs in daylight (signs-day), walking down steps during
daylight (steps-day), walking down steps in dim light (steps-dim), and watching TV (watch TV).
Here, we measured difficulty as a binary indicator (1 = having difficulty; 2 = no difficulty) on
signs-day, steps-day, steps-dim and watch TV, and as a three-level categorical indicator (1 =
extreme or moderate difficulty; 2 = a little difficulty; 3 = no difficulty) on signs-night. The
frequency distributions of far vision subscale items of the whole study population are shown in
Figure 1 (N = 2520); all are severely skewed, with most participants reporting no difficulty.

The variables we used to measure visual impairment have been described elsewhere (Rubin
etal., 1997). In brief, these include: (a) visual acuity, which measures the ability to resolve images
clearly; (b) contrast sensitivity of better eye, which measures the ability to distinguish shading;
(c) glare sensitivity, which measures the ability to cope with glare in distinguishing shading;
(d) stereoacuity, which measures depth perception; and (e) central visual field, which measures
range of peripheral vision as well as the presence of blind spots. In this analysis, all the measures
were re-scaled so that a higher score indicated worse vision.

6.2. Model Fitting, Model Identifiability, and Diagnosis

Because there was no one adequate measure of ability in far vision functioning, the SEE
project used five self-reported visual disability measurements as quantities that imperfectly de-
termined this unobserved, theoretical object. Analyzing these data posed two challenges: First,
five measurements were designed to jointly describe far vision functioning. These measurements
needed to be combined appropriately to derive summary statements about far vision functioning.
Second, a self-reported questionnaire was used to quantify visual disability. This method was
advantageous because the questionnaire was easy to administer; however, a potential drawback
was that individual variation in defining levels of difficulty may yield a response with substantial
error.
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FIGURE 1.
Frequency distributions of far vision difficulty items: SEE project.

To overcome these challenges, we proposed to use the regression extension of latent class
model (3) for self-reported visual disability. We modeled latent class memberships as depend-
ing on visual impairment and the number of reported comorbid diseases. Comorbidities included
arthritis, broken hip, cardiovascular disease, hypertension, diabetes, emphysema, asthma, Parkin-
son’s disease, cancer, and stroke. This would help us obtain the effect of visual impairment on
the underlying far vision functioning. The following personal characteristics were identified or
hypothesized as extraneous influences (other than the underlying far vision functioning) that
could affect individual’s reporting in the questionnaire: age at clinic exam, cognitive status as-
sessed with the MMSE score (Folstein, Folstein, & McHugh, 1975), years of education, gender,
race, and General Health Questionnaire (GHQ) depression subscale score (Goldberg, 1972). We
modeled reporting of the measured indicators themselves as varying with these personal charac-
teristics and hopefully could yield a more accurate latent class. It is arguable that age, MMSE,
and GHQ score seem good predictors of the underlying latent class. Further analyses that al-
low these variables to affect both class membership and measured indicators themselves will be
performed to judge the possibility.

The B-R model did not allow direct covariate effects on measured variables, but included
all personal characteristics, vision and disease variables in predicting latent class memberships.
Bandeen-Roche et al. (1999) justified that four classes were adequate to describe the SEE far
vision data in their model, although they opted for a five-class solution for hypothesis-based
reasons. For the proposed RLCA (3), AIC’s under three, four, and five latent classes are 6153.87,
6061.47, and 6064.29, respectively; BIC’s are 6521.28, 6499.11, and 6572.18, respectively.
Based on above model selection and B-R’s results, our analysis assumed four classes.

In our analysis, LCA and RLCA (3) models were fit to the sub-sample of participants who
rated each far vision item and also had no missing covariates (N = 1641). To check the local
identifiability of the two models at estimated values, we first saw that the number of unique
parameters in the saturated LCA (= 47) is greater than the number of unique model parameters in
LCA (= 27-3). Conditions (ii) and (ii") in Proposition 1 and Theorem 1 are clearly satisfied. The
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FIGURE 2.

Observed and fitted task difficulty prevalences, by gender and visual acuity: SEE project. In each plot, the solid line
represents the predicted curve based on the RLCA model (3), the dashed line represents the observed curve, and dotted
lines are 95% confidence bands of the observed curve.

matrices Jf = [Jn, ce Jn] and ¥ = [71, ..., 77] both have full column ranks: The eigenvalues
of (JITJI) are 0.283, 0.122, 0.07, 0.031; and the eigenvalues of (%T%) are 0.236, 0.16, 0.055,
0.031. Also, all the design matrices have full column ranks. Therefore, the RLCA (3) are locally
identifiable at the corresponding estimates.

To compare the fit of our chosen RLCA model with the fit of the B-R analysis, we repro-
duced Figure 4 of Bandeen-Roche et al. (1999) for our analysis (Figure 2). The resulting display
plots the proportions reporting difficulty in each of the five self-reported vision activities and
those predicted by the RLCA model (3) as a function of gender and visual impairment. The
observed (dashed line) and predicted (solid line) proportions agreed closely for most items. Al-
though our RLCA model under-predicted the proportions reporting difficulty in watching TV
among men with substantial acuity loss, it has greatly improved upon the under-prediction that
resulted in the B-R fit.

0.3. Analysis Results

Table 1 displays the estimated LCA conditional probabilities pyx; and latent prevalences
7);. Class 1 was an able group who rarely reported any difficulty; class 2 appeared to represent a
group who frequently reported difficulties reading signs in both daylight and at night but rarely
reported other difficulties; class 3 was a group who frequently reported problems reading signs
at night and difficulties in descending steps, but less often reported difficulty reading signs in
daylight or watching TV; and class 4 was a severely far vision disabled population. The estimated
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TABLE 1.
Estimated conditional probabilities and latent prevalences from LCA (1, 2) and RLCA (3) for far vision difficulty: SEE
project

Class 1 Class 2 Class 3 Class 4
Self-Reported (none) (signs) (steps) (severe)
Difficulty Level LCA RICA ILCA RLCA LCA RLCA LCA RLCA
signs-night extreme diff. 0.030 0.012 0508 0424  0.168 0.260 1* 1*
a little diff. 0.197 0.166 0474 0519 0606 0517 0* 0*
no diff. 0773 0822 0018 0.056 0226 0223 0O* O*
signs-day have diff. 0.007 0.002 0648 0496 0240 0.293 1* 1*
no diff. 0993 0998 0352 0504 0760 0707 0% o*
steps-day have diff. 0.001  0.002  0.001 0.001 0.596 0743 0780 0.860
no diff. 0999 0998 0999 0999 0404 0.257 0220 0.140
steps-dim have diff. 0.021  0.021 0.276 0235 0836 0.830 0912 0877
no diff. 0979 0979 0724 07965 0164 0.170 0.088 0.123
watch TV have diff. 0.011 0.007 0.184 0.136  0.171 0.158 0.573 0.808
no diff. 0989 0993 0816 0864 0829 0.842 0427 0.192
latent prevalence 0.736  0.700 0.120 0.177 0.095  0.090 0.049 0.033

*Values equal to 1 or O were pre-set to uniquely identify the model.

latent prevalences show that 73% of participants rarely reported any difficulty (class 1), roughly
10% of participants were in each class 2 and 3, and only 5% of participants reported severe far
vision difficulty (class 4).

The likelihood ratio test (LRT) comparing RI.CA (3) with LCA indicated that the addition
of covariates significantly improved the model fit (LRT = 448.122, df = 54). Table 1 displays
the RLCA conditional probabilities evaluated at the sample means of the incorporated covariates
ﬁ;‘lkj = Dukj (VYmj + i,{l&m), Ty = % Zf\;l Zim, and the sample averages of the RLCA preva-

lences f;j = % vazl nj (xiTﬁ)‘ Here, we evaluated the conditional probabilities at the sample
averages of covariates to reflect the underlying latent structure adjusting for possible confound-
ing. As expected, the latent class prevalence estimates were quite similar across approaches. LCA
and RLCA estimates of conditional probabilities were similar in class 1; they were different but
“nested” in classes 2, 3, and 4. RLCA analysis estimated a more modest percentage of reporting
difficulty in reading signs in daylight for class 2 members, a higher percentage of reporting dif-
ficulty in walking down steps during daylight for class 3 members, and a higher percentage of
reporting difficulty in watching TV for class 4 members. The difference in conditional probabil-
ities comparing LCA and RLCA suggests differential reporting by personal characteristics.

The B-R analysis fit a five-class model. Its class compositions (Table 4 of Bandeen-Roche
et al., 1999) had a basic structure similar to the class compositions of LCA, with a new class
that included participants who had difficulty in reading signs at night but rarely reported other
difficulties and were originally classified into class 1 or 2 under the LCA model.

Table 2 contains the association estimation between latent class membership and risk fac-
tors. The odds ratios are obtained by exponential transformation of regression coefficients in
equation (4) [i.e., exp(Bp;)]. Summarizing, we derived several important findings: (a) Differ-
ent impairments independently predicted far vision disability. (b) Visual acuity was not signif-
icantly associated with steps disability but stereoacuity was only significantly associated with
steps disability. This is consistent with our previous findings and the theory underlying the vi-
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TABLE 2.
Latent prevalence regression from RLCA (3) for the relationship between underlying visual ability and risk factors: SEE
project

Disease and

Vision Variables Comparison OR*' 95% CI
number of comorbid signs vs. none 1.064 0.986, 1.148
diseases (1 disease) steps vs. none 1.153 1.047,1.269
severe vs. none 1422 1.197, 1.690
visual acuity signs vs. none 3.055 2.335,3.997
(0.3 logMAR) steps vs. none 1.063 0.715, 1.580
severe vs. none 4.534 2.921, 7.039
contrast sensitivity signs vs. none 1.302 1.005, 1.687
(6 letters) steps vs. none 1.597 1.135,2.246
severe vs. none 1.855 1.132, 3.040
glare sensitivity signs vs. none 1.696 1.279, 2.248
(6 letters) steps vs. none 1.645 1.116,2.426
severe vs. none 2.130 1.142,3.972
stereoacuity signs vs. none 1.010 0.935,1.091
(0.3 log arcsec) steps vs. none 1.110 1.003, 1.228
severe vs. none 1.173 0.976,1.411
visual field signs vs. none 1.162 1.034, 1.305
(\/5 letters) steps vs. none 1.183 1.016, 1.378
severe vs. none 1.620 1.255, 2.090

*Values in bold are significantly different from 1 at the 0.05 level.
TInterpretation = odds ratios with unit identified in parentheses, and “odds” specific to the two classes under comparison
category.

sion measures (Bandeen-Roche et al., 1999; Rubin et al., 2001; Valbuena et al., 1999). (¢) In the
B-R analysis, various visual impairments were shown to be significantly associated with signs
or steps disabilities (Bandeen-Roche et al., 1999, Table 5). However, none of the impairments
were significantly associated with the severe visual disability, because of large variances of es-
timators. RLCA (3) showed not only significant associations with signs or steps disabilities, but
also a significant association with the severe disability. A more “accurate” (“consistent”) under-
lying disability was created after adjusting for characteristics that determine responses other than
underlying classes.

The direct relationships between self-reported difficulty and confounding variables (i.e.,
exponential transformation of agme’s in the equation (5)) are shown in Table 3. Results can be
summarized as:

1. People who had higher GHQ depression scores were more likely to report difficulty in each
far vision activity.

2. Women and highly educated people were more likely to report difficulty in performing each
far vision activity except watching TV.

3. Less cognitively intact people (lower MMSE scores) were less likely to report difficulty read-
ing signs.

4. Older persons were more likely to report steps and reading signs at night difficulty.

5. Race was not significantly associated with differential-reporting.
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TABLE 3.

Conditional probability regression from RLCA (3) for the direct relationship between self-reported far vision difficulty
and confounding variables: SEE project

Confounding Self-Reported
Variables Difficulty Difficulty Level OR*T 95% C1
age signs-night extreme diff. vs no diff. 1.058 1.015, 1.102
a little diff. vs no diff. 1.020 0.992, 1.049
signs-day have diff. vs no diff. 1.006 0.966, 1.047
steps-day have diff. vs no diff. 1.142 1.070, 1.220
steps-dim have diff. vs no diff. 1.072 1.033,1.113
watch TV have diff. vs no diff. 0.987 0.941, 1.035
MMSE score signs-night extreme diff. vs no diff. 1.117 1.014, 1.232
a little diff. vs no diff. 1.101 1.031, 1.175
signs-day have diff. vs no diff. 1.109 1.007, 1.220
steps-day have diff. vs no diff. 1.015 0.890, 1.159
steps-dim have diff. vs no diff. 0.996 0.915, 1.085
watch TV have diff. vs no diff. 0.944 0.853, 1.044
years of education signs-night extreme diff. vs no diff. 1.139 1.065, 1.218
a little diff. vs no diff. 1.047 1.001, 1.094
signs-day have diff. vs no diff. 1.096 1.026, 1.171
steps-day have diff. vs no diff. 1.101 1.000, 1.213
steps-dim have diff. vs no diff. 1.086 1.021, 1.155
watch TV have diff. vs no diff. 1.031 0.958, 1.111
female signs-night extreme diff. vs no diff. 5.344 3.520,8.112
a little diff. vs no diff. 3450 2.614, 4.554
signs-day have diff. vs no diff. 4.054 2.716, 6.051
steps-day have diff. vs no diff. 8.401 4.477,15.763
steps-dim have diff. vs no diff. 4.055 2.738, 6.005
watch TV have diff. vs no diff. 1.154 0.731, 1.821
African-American signs-night extreme diff. vs no diff. 0.972 0.587, 1.609
a little diff. vs no diff. 1.376 0.999, 1.880
signs-day have diff. vs no diff. 0.818 0.500, 1.336
steps-day have diff. vs no diff. 0.927 0.456, 1.887
steps-dim have diff. vs no diff. 0.752 0.476, 1.187
watch TV have diff. vs no diff. 1.700 0.990, 2.919
GHQ score signs-night extreme diff. vs no diff. 1.891 1.492,2.397
a little diff. vs no diff. 1.322 1.089, 1.605
signs-day have diff. vs no diff. 2.217 1.709, 2.875
steps-day have diff. vs no diff. 2.439 1.851,3.213
steps-dim have diff. vs no diff. 2.012 1.647,2.458
watch TV have diff. vs no diff. 1.622 1.322, 1.989

*Values in bold are significantly different from 1 at the 0.05 level.
TInterpretation = odds ratios with unit equal to one, and “odds” specific two levels under difficulty level category.

It is worth noticing that age and MMSE scores were highly associated with steps and signs
variables, respectively. A further analysis showed that participants who were not classified as
having steps disability based on RLCA (3) but were classified as having steps disability based on
LCA were older than the general study population (mean ages: 74.9 versus 72.9, p-value = 0.01);
participants who were not classified as the able group based on RLCA (3) but were classified
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as the able group based on LCA had lower MMSE scores than the general study population
(mean MMSE scores: 26.5 versus 27.5, p-value < 0.001). An LCA model that did not adjust for
confounding characteristics might group older people into the steps disability class and group
people with low MMSE score into the able class too frequently. This plausibly underlies the
different response patterns for classes 2 and 3 from the LCA and RLCA model.

The models reported so far only allowed age effects on conditional probabilities. A model
allowing age to affect both conditional probabilities and class membership probabilities showed
no significant improvement of the model fit (ILRT comparing the model with age in conditional
probabilities only versus the model with age in both conditional probabilities and class mem-
bership probabilities = 2.493, df = 3). This result has an important implication: Age is not sig-
nificantly associated with far vision disability once visual impairments were taken into account.
Similar analyses for MMSE and GHQ score were also performed. No statistically significant
improvement was found.

7. Discussion

Latent class analysis provides a probabilistic model that links observations to idealized con-
cepts that cannot be directly measured. It is thereby able to account for association among the
observed items. This paper has studied a regression extension that incorporates two sets of covari-
ates: risk factors that are hypothesized to influence the underlying latent classes, and covariates
that may influence observed items directly, hence possibly causing misclassification of the class
membership. We provided theoretical justification and systematic methods for model identifia-
bility and parameter estimation.

In the example provided in the section 6, five measured indicators can be divided into three
categories: SIGN activities (reading street signs at night and reading street signs in daylight),
STEP activities (walking down steps during daylight and walking down steps in dim light), and
watching TV. In contrast with the proposed latent class (I.C) model with one latent variable
containing four classes, an LC model with three dichotomous latent variables might be more
appropriate. In fact, an unconstrained LC model with three dichotomous latent variables can be
reparameterized as a single-latent-variable LC model with 2° = 8 classes (Magidson and Ver-
munt, 2001). Based on prior knowledge and reasonable model assumptions, we can fix some
parameters in an LC model with several latent variables to increase the model’s degree of free-
dom, while maintaining the capability of a single-latent-variable model with eight classes. As
discussed in Hagenaars (1993) and Magidson and Vermunt (2001), constrained L.C models with
several latent variables might provide a more parsimonious model, fit the data better, and give
results that are easier to interpret than the corresponding single-latent-variable model. An ex-
tension of the proposed LC model (3) allowing several latent variables and covariates effects on
them will greatly increase the flexibility of modeling and provide a useful alternative of describ-
ing the underlying structure.

Proposition 1 and Theorem 1 demonstrate that local identifiability for regression extension
of latent class models is determined by the response distribution within each class. The more
similar the pyx;’s (Of yuu;°s) for different classes, the weaker the local identifiability. This is due
to approaching violation of conditions (iii) and (iii"). This fact has the important consequence of
limiting the number of classes that can be fit: If the number is too large, one risks creating classes
with similar response distributions. Moreover, this explains why it is desirable to constrain direct
covariate effects on indicators to be equal across classes; the alternative allows the pui;’s to
telescope toward one another for certain covariate values.

Incorporating covariates can sometimes make an otherwise nonidentified LCA model iden-
tified. For example, Goodman (1974) analyzed the data of Table 1 in his paper using a three-class
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LCA model with four dichotomous indicators. He showed that this was not identifiable because
the 15 x 14 Jacobian matrix had rank 13. Consider an RLCA model that includes covariate “gen-
der” in predicting both latent prevalences and conditional probabilities of the above LCA model.
Notice that this RLCA model has 2 x (2% — 1) distinct response patterns and 20 unknown param-
eters. If half the participants who have the same response pattern are females and the other half
are males, the Jacobian matrix of the RLCA model has rank 19. However, if females are more
likely to give negative answers in items 2 and 3 than males, the Jacobian matrix of the RLCA
model then has full column rank. The former gender covariate results in nondifferential condi-
tional probabilities between females and males, while the latter implies differential measurement
conditions. Detailed characterization of covariate structures that improve model identifiability is
useful in building identifiable RL.CA models.

The number of classes is usually pre-selected in practice, either theoretically or empiri-
cally. When prior scientific knowledge does not provide an appropriate choice of the number
of classes, choosing the number of classes becomes an analytic challenge. Standard practice
is to fix the number at the lowest number of classes that yields acceptable fit based on ei-
ther the likelihood ratio goodness of fit test (Goodman, 1974; Formann, 1992), AIC, or BIC.
One common feature of the above methods is that they all must fit the model repeatedly un-
der different numbers of classes. Huang (2004: in press) has proposed a new selection process
that was motivated by an analogous method used in factor analysis and does not require re-
peated fitting. Summarizing, his proposed method calculates the sample correlation matrix of
residuals from fitting Y; on z;, then sets the number of classes equal to one plus the number
of eigenvalues of the sample correlation matrix of residuals that are greater than or equal to
one.

Missing item responses are common in medical studies that generate multiple responses.
The standard practice of restricting analysis to persons with complete data may bias findings. If
data are missing at random (i.e., the missing mechanism solely depends on subject’s observed
data; Little and Rubin, 1987), the proposed RLCA can be easily modified to describe all complete
and incomplete item responses without additional modeling (Weiner, 1998: unpublished master
thesis, Department of Biostatistics, the Johns Hopkins University). When outcomes are subject
to nonignorable missing (i.e., the nonresponse is related to values of the missing variables), one
needs to construct a model that correctly represents the missing mechanism. Baker and Laird
(1988) developed a regression model for categorical responses when missing data are nonignor-
able. Under the assumption that only outcomes are missing, they used two different regressions to
describe the model: A marginal regression for outcomes on covariates, and a nonresponse regres-
sion for missing indicators on outcomes and covariates. This formula may provide a workable
approach for RLCA modeling (3) when missingness is not random.

Many statisticians are skeptical of latent variable models despite a long tradition of appli-
cation in the social sciences. A predominant concern is that potential nonidentifiability of latent
variable models is a well-known problem. Without identifiability, standard inferences are mean-
ingless. In this paper, we have focused on providing a locally identifiable regression extension
of latent class model. To reach global identifiability, appropriate constraints that incorporate sci-
entific knowledge and theory are needed. A second concern is that latent variable model-based
scientific findings are likely to be driven by the stafistical assumptions rather than by the data.
We acknowledge this danger, but we maintain that it can be minimized by diagnosing whether
and how our models fit or may fail to appropriately describe a given dataset. In summary, regres-
sion extension of latent class models give well-summarized inferences on theory underlying the
choice of multiple indicators and their relationships with covariates of interest in a single step.
When model assumptions are at odds with the observed data, a great deal can be learned from
identifying the aspects of one’s theory that are not borne out in analysis.
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Appendix A: Proofs

For simplicity, we assume there are no prefixed conditional probabilities and Ky = - -+ =
Ky = K (i.e., the levels of items are all the same) in the following proofs. For the constrained
model, the proofs are based on free parameters only. Extension to allow the levels being different
is straightforward.

Proof of Proposition 1. Let ¢ denote true parameters of a given LCA. As discussed in the
paper, we only need to show that (iii) is equivalent to having full column rank of the Jacobian of
an LCA model. Let A be the LCA’s differential matrix w.r.t. ¢p. Then A can be partitioned into
sub-matrices

A=T[A1]-- A2 Bl Bug-ni |- IBais| - Bug-1y71,

m=1;j=1 m=M;j=J

where A ; is the (K M _ 1) x 1 vector of the partial derivative of the likelihood function w.r.t. 7 j
with the Zth element equal to
dPr(Y = yp)

o, = Ynj — Yns. (A1)

B is the (K M _ 1) x 1 vector of the partial derivative of the likelihood function w.r.t. Dmkj
with the Zth element equal to

aPr(Y =
( ¥a) I <yhmk _ yth)’ (A2)
dDmk;j Pmkj  PmKj

where Ve = 1 i ypy = K 0if vy #k,m=1,... M, k=1,..., K.
To prove A is of full column rank, we need to show

J-1 M K-1
PR IEDIDIDS {bmk,-n,. [(M _ M.)#%]} 0
j=1 m=1k=1 j=1 Dmkj  PmKj

S a; =0V by =0Vm, k, j, (A3)

where ¥, is the (K™ — 1) x 1 vector of all possible yp.x over i, and # denotes elementwise
multiplication. The left-hand side of (A.3) can be written as

J J
D (W#Plal = ) (Pjallig;. (A4)
j=1 j=1

Here,P; = [1,Py;, Py, ..., Pyjlisa (KM —1)x (M (K —1)+1) matrix with 1 as a (KM —1)x 1
vector of 1 and

Py [( ymi  ¥mK ) < Ym(K-1)  YmkK )} m=1,...., M.
DPmij DPmK;j Pm(K-1)j DPmK;j
Notice that P; can be expressed as a simple matrix with elements (1/pu;)’s. If the response pat-
tern of (vp1, Yoo, -,y is (L, L, oo, D, (L, L, o0002), .. (L L, .. KD, o (KK, .. KD,
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then
T — 0 e 0 0 0
Py DPumij
1 1
1 — 0 0 0 0
Piyj Pum2j
P, = '
1 -1 -1 -1
T 0 e 0 -
Piij PMK; PMKj PMKj
-1 -1 -1 1
1 0 0 e — =
L PiKkj  P1Kj Pikj PM(K-1); 4
B m=1 m=M T
ay = |aj. bujnj. ... bug-vjnj. - baangs - bug-pgny | . j=1...,(J =D,
and
71 m==1 m=M T
*
ay = | — Zaj, buvimi, o byg—vang, - bamung, o bu—nyang
j=1
If ¥, ..., Py are linearly independent, then (A4) =0 < (Pla’l‘) = ... = (P]a’}) = 0. Since
Pmkj > 0 for all m, k, j plus the structure of the matrix, P; j = 1,..., J has full column rank.
Slnce)’]]>0VJ’(P13T):...:(P‘[a:';)=0<\’:$a>f:...:aj:o{:}alz...:a]_l:
biin = -+ = byxk—1yy = 0. Therefore, if (iii) holds, A is of full column rank. Conversely,
suppose A has full column rank, (P,a’“f) moeeeo= (P Ja*;) = 0. Thus, ¥, ...,y are linearly
independent.
Proof of Theorem 1. We first utilize the following two propositions.
Proposition 2. For an LCA model with
o o T 0 eXD(V,gkj + Ol?meiml +-F Cf?;meimL)
pmk} = pmk} (Ym; + Zimaﬂ’i> = K1 [ 0 0
1+2 50 exp(ymsj + Uy Zim1 o A Ay ZimL)
and

eXp(ﬁgj + ﬁ%xil +o 4 ﬁ?)jxip)
L+ 75 exp (B, + BOxin + -+ + Boxip)

0y =n;0 B°) =

for some fixed ¥, e, and B°, the model is locally identifiable at (p°, n°) if the following
assumptions hold:

(a) KM > JM(K — D)+ J;

(b) all %, B, xs and zs are finite; and

(©) 1-?, ey 1-(} with yuk; in 7; evaluated at ymokj are linearly independent, where 7; is defined as
in Theorem 1.
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Proof of Proposition 2. Since assumptions (i) and (ii) in Proposition 1 are true under the
above model, we only need to show that (¢) implies (iii) in Proposition 1. Let 41;.) bea(K¥—1)x1
vector with iith element

‘ff;g} Pr(Y; = yp|Si = j, ) = H pmy,,mj

m=1

0 0 - 0 .
ﬁ exp(ymykmj + 1??2}7} Liml + T + Oglm)is ZmﬁL}
=1 1+ Zs 1 exp(yms; + O[lms“lml toet OleSszL>

Therefore,
J J J
R PR S *
Yoajl =06 (wHhal =0e | Y all | #LF =0,
j=1 j=1 j=1
where
Hex @ Zimi A+l ZimL)
P Imy1m iml Lmy1y imL
m=1
*
7; = ;
[Tew@) Ziml + -+ o ZimL)
lmy(KM«-l)m iml Lmy(KM—l)m imL
L. m=1 .
and
g — f—/[[ 1+Z =1 eXp()/mS])
t= .
m=1 CXP()/,,W -+ almvvzzml +oe At agmszimL)
Since 79, ..., 7 are independent, af = --- =4a% =0 = a; = --- = a; = 0. Hence the proof.

Proposition 3. Suppose a given latent class analysis model is locally identifiable at (p, 1).
Then, it is locally identifiable in the transformed parameters (€, w), where e = (€111s - -
€YK-1)1s -+ EM1I, -, €EM(K-1)7) is defined as png = expleme; /11 + >5 exp(éms;)]
and o = (o, ..., C{)J_]_) as n; = exp(w;)/[1 + Zl:l exp{op].

Proof of Proposition 3. Since a given latent class analysis model is locally identifiable at
1§ 51N

J—1 M K-1 J Yk VmK
m m
Stasy =+ 3 50 Y fomen [ (225 - 25 Y T}
=1 m=1k=1 j=1 Pmkj  PmKj
To prove this latent class analysis model is also locally identifiable at (€, w), we need to show

7-1 8PrYl._ M K-1 J 8PrYl—
Z|: ( yh)]+ZZZ[dmkj ( Yh):| 0

=1 me==1 k=1 j=1
< ( =OV];dmkj =0Vm,k, j. (A6)
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Notice that
dPr(Y; = yn) J ‘
% =1j | ¥nj — Z(ﬂlwl) vj,

@i =t

and
aPr(Y; =) .
GALALTEl (LA 70 [Yume — Purj]l Y, k, j.

I€mij

Therefore, the left-hand side of (A.6) can be expressed as

jZ: {[Cﬂi) - (2 Clm) ’71} [w; — 4,,]}

2L Ao . K_ld . . . . Ymk Ymk iy -0
+ZZ 1 Umkj Pmkj — Z msjPmsj | Pmkj | 1) - - ;i =

m=1 k=1 j=I s=1 Pmkj  DPmKj

By (A.5), we can get

J-1
cjr;j——<2clm>nj:0 forj=1,...,J -1
fe=1

K~1
desjpm}-)pmkj:o form=1,....M;k=1,... . K—1;j=1,...,J,

sl

Amkj Pmkj ~ (

which imply ¢; = 0V j; dui; = 0¥Ym, k, j. Hence the proof.

Proof of Theorem 1. Let D be the differential for the RLCA model (3). Then D can be
partitioned into sub-matrices

D=[Di| - Dy_ilEiul - [Eyk—ni |- |Esasl - Earg—1y7 |

m=l1;j=1 m=M;j=J
Ful - Fug—n |- | Farnl - Fare—n) |-
[y —_————
m=1 m=M

Here, D is the (K™ — 1)N) x (P + 1) dimensional matrix of partial derivatives of Pr(Y; =
yulxi, zi) wrt. B; = (Boj, Bij. ..., Bpj) with the (KM — 1)(i — 1) + I)th element in the
(p + ith column equal to

oPr(Y; = yuixi, 7;)
Bpj

7
= Xipnij[¥inj — Z(mz’lﬁihz)], (A7)
=1

where n;; = n;(x! B), Yinj = Pr(Y; = yu|Si = j, 2:). Engj is the (KM —1)N) x 1 dimensional
matrix of partial derivatives of Pr(Y; = yn|X;, z;) W.L.L. ymg; with the (K M _ i -1+t
element equal to
IPr(Y; = yulx;, %)
0 Vimkj

= 0ijVini[Ynmk — Dimkj 1, (A8)
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where pimkj = Pmij(¥Ymj + zﬁnam). F,ux is the (KM — 1)N) x L dimensional matrix of partial
derivatives of Pr(Y; = yp|xX;, Z;) WAL &pj = (Q1mk, - - -, ALk ) With the ((KM —1(—1)+h)th
element equal to

aPr(Y; = yulxi, %)

7
= Zimp Z[ni;‘ Ying Yumk ~ Pimkj)] [ - (A9)
aolpmk

j=1

Each D; can be decomposed into D; = d j#XD . Here, X? is the Kronecker product of X
and (K M_ )N x 1 dimensional vector of ones—that is, the design matrix for latent prevalences
with each row repeated (K — 1) times. The (K M _ 1)(i — 1)+ h)th element of d ; is defined
by (A.7) setting the leading x;p equal to one, which is equivalent to the partial derivative of
Pr(Y; = yplx;, z;) wrl. o, where n;; = exp(a)ij)/[l B Z;‘;:“_ll explwir].

Each Egy; can be decomposed into a (K Mo DN x 1 dimensional vector of ones—
1 v _qyy—and a vector ey such that Epj = emkj#1 g u_pyy. The (KM _1)(i— D+h)thele-
ment of eg; is defined by (A.8), which is equivalent to the partial derivative of Pr(Y; = yplx;, %)
WAL €k, Where Dimp; = eXp(€imi;) /11 + Zﬁiﬁll exp{(€ims; )]

Each F,,;; can be decomposed into ¥y = fmk#Z,f;. Here, Z,’; is the Kronecker product of
Z and (KM — 1)N x 1 dimensional vector of ones—that is, the design matrix for the conditional
probabilities of the mth item excluding 1y with each row repeated (K M _ 1) times. The (K™ —
D(i — 1) + h)th element of £, is defined by (A.9) setting the leading z;mp equal to one, which

is equivalent to
Z <3Pr(Yi = YalX;, Zi))
o 3Ymk;

Therefore, £, = ZJ]-ZI emkj, m=1,..., M, k= 1,..., K — 1, which are the exclusively
linear combination of vectors emg; .
The RLLCA model (3) will be locally identifiable if Du = 0 < w = 0. Since f; =
J
ijl enk; Ym, k, Du can be expressed as
Du = XPup#d; + -+ XPus_ptd;
+ Qgu_pyvii#ens + -+ Qgu_pyyvmk -n#emE 17

+ Z Wit + -+ Wk 1) #uk -1

J—1 M K-1 J
= D IXPup#d 1+ Y > Y St e .
= m=1 k=1 j=1
where u = [uf, e, u?_l, Vills -« UMK =1}/ W’{], cey WA,{/I(le)]T with u; being a (P +

1) x 1 vector; vayg; a constant; and wu a L x 1 vector, Zg = [1<KM_1)N, Zg], and Zmy; =
[vmk;, wgk]T‘ From Proposition 2, 3, and assumption (ii'), the d is(j=1,...,J —1)and
emrjs(j=1,..../, m=1,.... M, k=1,..., K -~ 1) are linearly independent. Du = 0 if
and only if (XPu;) = 0V and (ZGzyy;) = 0 Ym, k, j. Moreover, since X? and Z$ are of full
column rank (assumption (iv')),

Du=0&u; =0V, vmgj =0Vm, k, j, and Wy =0Vm, k & u=0.

Thus, the model is locally identifiable.
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Appendix B: EM Estimation of Parameters and Variances
M-step calculation

From equation (12), the parameter space of ¢ separates into (M + 1) subsets: § =
Bo,-...Bp) with B, = Bp1,.-., Bpy-1), p = O,....,P;and, for m = 1,..., M,
®n = (Ymls s YmJ> @ims -+ CL) With Ymj = (Vmljs - VmKu—1)j) and @gm =
{gmis - - Qgm(Ku—1)» J = 1,....J, ¢ = 1,..., L. Thus, maximization of an EM algo-
rithm can be implemented separately for each subset, saving substantial computing time. The
M-step can be written as: Find 3, which maximizes

N 7
Qp(BldP) =" "10;(dP)llogn; (x] BT},

i=1 j=1
and find w,;,, m = 1, ..., M,which maximizes
N J Ku
Qo (@l Py =" "> 101 (D)) yimi[102 Pk (Ymj + 2y 00m)1},
i=1 j=1k=1

where
0;;(d'P)) = B(Si;|Yi = yi, ¢, xi, 1)
ni B [T, TR, ppiet (v + 2l )
Km .
Zz 1ﬂl(XTﬁ<P>)nm Ve o€ (p)"'zlm“(p))

is the posterior probability of class membership evaluated at (b(f’). The maximizing process
is carried out using the one iteration Newton—-Raphson method. The first and second deriva-
tives used in Newton’s methods for deriving maximum parameter estimates of Q B(ﬁ|¢(l’ )y and
Q ooy (@ | D1P)) are as follows:

w — i{x,pw(ﬁ)
iplY;

3Bp; = nij 1k
Qg (Bl
 BpoBu _Z{X'memfmﬂ nitl}:
30w, @nl®T) S
Eo— Z{Q [Vomie — Pimts 1)

300, (W] d® N o J .
Qm(—mld)) = Z Z{Zimqé;gf)[)’imk = Pimkj’ 1}

Botqu i=1 j'le

2 ®
3" Qo (@uld') Z{Q

i Pimej [8ks — Pimsrr1}s

ank]/ansl/
392 Qo (€O (p)) !
8;’ ka’z(l) Z Z szqznnr()l]/ pzmk}/mks Pimsj’1};
gmk 90rms

i=1j'=
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0” Quoy (m|0P)) _

Vi 0trms

N
— Z{Zimrei(f:)pimkj/[sks = Pimsj’1},
i=1

where Qi(f) =0;;( @), nij = 0 XIB), Pimkj = Pmkj (Ymj + 2L @), 851 = 1(j = D), xio = 1,
andi=1,...,.Nyom=1,..., M;k,s=1,...,(Kp—1yj,l=1,...,J=-1j,'=1,...,J;

p,u=0,1,...,P;q,r=1,...,L

Variance estimation

Let D(lb and be be the gradient and Hessian operators with respect to ¢, and define

I($:Y) = —D2 logL(¢;Y)

as the observed Fisher information matrix of the incomplete-data likelihood with respect to the
elements ¢. For the complete-data likelihood L., we let

le(¢: Y. 8) = —Dg logLe(¢p: Y. S).
Louis (1982) showed that
1(d: Y) = To(: Y) — Var{Sc(é: Y, S)|Y},

where Zo(¢: Y) = E{le(¢: Y. 8)[Y}|_g. Sc(@: Y. 8) = D} logLe(: Y. S)| ;5. and ¢ is
the MLE of ¢.

Therefore, the observed information matrix can be computed in terms of the conditional
moments of the first- and second-order partial derivatives of the complete-data log likelihood
function introduced within the EM framework. The estimator for the variance-covariance matrix
of the parameter estimates is the inverse of the observed information matrix, evaluated at the
parameter estimates. It is easy to see that IC(d) Y) has the same formula as the second derivatives
of Q(¢|¢) The elements of Var{S. (d) Y, S)|Y} can be shown as follows:

dlogl. dlogL.

N
Cov : Y=Y (xipxiabij[8;0 — Oul);
8,3}7]' 3Bur ;{ ipXiubijlo; i1}
_—~ [dlogl, dlogl, N . . A A
Cov Y= Z{[yimk = Dimkj WYivs — Divsr 10181 — Oir'1};

Vmijr OVusy

——~ [dlogL. dlogL ul S oA .

Cov Z ‘lyi = Z ZimgZivr Z Zpimkj/piusl/Qij/[Sj/l/ — Ol ¢
dotgmi dtrys =1 i=1r=1

—— [dlogL. dlogL ul . S A .

Cov = Y= - Z Zimg[Yivs — Divsi’] Z[pimkj/Qij/(Sj/l/ =0l
8aqu 8Vvsl/ i=1 j/=1

Cov dlogl. dlogL. v i{ [ 5 1018 ol

ov B = Xi i — Pinei’ |65 i — 6}
8,3pj 3 oer 2 iplYivs — Pivsi’/1Vijl19]1 il
N

——~ [alogL, alogL,

Covi——, —— Y =— Z XipZivr prsl/elj [Sjl/ - Qzl/]
9Bpj Ay ys =
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where

_— (9logLe dlogL
Cov |08 f08c
] 5

dlogLc.(d;Y,S) dlogLlc(d;Y,S
Y — COV Og C((ba k] )’ Og C((ba k] ) Y | Y
a- - o=d

0i; = 0i; (), Pimkj = Pmkj Grmj + 25, é0m), 81 = 1(j = 1), xi0 = 1,

andi =1,.... Nymv=1,.... M;k,s =1,...,Kp —1); j, I =1,....J =1, j,I' =
L,....J;pu=0,1,...,P;q,r=1,..., L.
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