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ABSTRACT

We consider identifying the minimum effective dose (MED) in a one-
way layout, where the MED is defined to be the lowest dose level that

is more effective than the zero-dose control. Proposed herein are two
rank-based nonparametric step-down closed testing procedures that
do not make order assumptions on the dose-response relationship.
The corresponding p-value for the estimated MED is computed. A

numerical example is given to illustrate the proposed tests. Finally,
the results of a Monte Carlo study of the relative error rate and
power performances are reported.
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1. INTRODUCTION

To investigate the effect of a compound in a drug development study,
a dose–response experiment is often conducted in a one-way layout in
which several increasing dose levels of the compound, including a zero-
dose to serve as a control, are administered to separate groups of subjects.
One major concern in this case is to identify the lowest dose level with a
mean exceeds that of the zero-dose control, which is commonly referred
as the minimum effective dose (MED, see Ruberg, 1989).

When the responses are assumed to be normally distributed,
Williams (1971, 1972) proposed one of the first dose-finding procedures.
His test is a step-down closed testing procedure based on the isotonic
regression of the sample means for a monotonic dose-response relation-
ship. Ruberg (1989) considered single-step multiple testing procedures
based on different contrasts of sample means for identifying the MED.
Tamhane et al. (1996) further investigated some stepwise closed testing
procedures based on a variety of contrasts of sample means for the
dose-finding problem. Finally, they suggested using pairwise and Helmert
contrasts incorporated into the proposed step-down testing scheme.

When the normal assumption is not tenable, many nonparametric
procedures have been proposed for this MED identification problem.
Shirley (1977) considered multiple test based on the isotonic regression
of the Kruskal–Wallis rank averages (Kruskal and Wallis, 1952) for a
monotonic dose–response relationship. Her procedure is a nonparametric
analogue of Williams’ test (Williams, 1971,1972). Williams (1986) further
provided a modification of Shirley’s test (Shirley, 1977). Chen and Wolfe
(1993) suggested multiple testing procedures based on the rank-based
isotonic regression estimators for umbrella pattern of dose–response
relationship. Chen (1999) further proposed a step-down closed testing
procedure based on the two-sample Mann–Whitney statistic (Mann and
Whitney, 1947) for identifying the MED. Note that the procedures based
on contrasts are more convenient to compute than those based on iso-
tonic regressions; moreover, it is known that in some settings step-down
procedures are more powerful than either their step-up or single-step
counterparts for simultaneous testing problems. Therefore, in this paper
we introduce the nonparametric procedures based on two different
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contrasts of the Kruskal–Wallis rank averages incorporated with the
step-down closed testing scheme. We then compute the associated p-value
of the identified MED, which is defined to be the smallest level of
significance at which the dose level would be declared as the MED.

Section 2 proposes two rank-based nonparametric step-down closed
testing procedures for identifying the MED. It is seen that one of the
proposed rank-based procedure is identical to Chen’s test (Chen, 1999)
based on Mann–Whitney count statistic. Section 3 gives a numerical
example to illustrate the tests. Section 4 presents the results of a Monte
Carlo simulation study of the relative error rate and power performances
of the competing tests. Finally, Sec. 5 contains some conclusions.

2. THE PROPOSED PROCEDURES

Denote a set of increasing dose levels by 0; 1; . . . ; k, where 0 corre-
sponds to the zero-dose level (or placebo control). Consider a one-way
layout setting and let Xij denote the jth observation on the ith dose level,
i ¼ 0; 1; . . . ; k; j ¼ 1; . . . ; ni. We assume that all observations Xij are
mutually independent, each with a continuous distribution function
Fi; i ¼ 0; 1; . . . ; k; j ¼ 1; . . . ; ni. Henceforward, for the sake of conveni-
ence, we restrict to the case of equal sample size, that is,
n0 ¼ n1 ¼ � � � ¼ nk ¼ n; the numerical example and the simulation study
are confined to this case. In the final section, we discuss how to extend the
procedures to the case of unequal sample size. In this paper, we wish to
identify the MED, which is defined as MED ¼ minfi : Fi < F0g, i.e., the
smallest i such that the response in the ith population is stochastically
larger than that in the control. This problem is often formulated as a
sequence of hypotheses testing problems as follows:

H0i : F0 ¼ F1 ¼ � � � ¼ Fi�1 ¼ Fi vs:

H1i : F0 ¼ F1 ¼ � � � ¼ Fi�1 > Fi; i ¼ 1; . . . ; k: ð2:1Þ
If i� is the smallest i for which H0i is rejected, then the i�th dose is

identified to be the MED, that is, MbEED¼ i�.
As noted in Tamhane et al. (1996), the family of hypotheses

H ¼ fH0i : 1 � i � kg is closed under intersection in the sense that
H0i 2 H and H0i0 2 H imply that H0i \ H0i0 2 H. Hence, a a-level closed
procedure that includes separate a-level tests of individual H0i, applied in
a step-down manner can be employed in finding the MED. Moreover, the
closed testing scheme strongly controls the familywise error rate (FWE),
which is defined as FWE¼Pfat least one true H0i is rejectedg. Therefore,
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we consider using two sets of contrasts of Kruskal–Wallis rank averages
incorporated into the step-down testing scheme for identifying the MED.

When the dose levels 0� i are under study, let R
ðiÞ
sj be the Kruskal–

Wallis rank of Xsj in the combined iþ 1 samples, and let R
ðiÞ
s ¼ Pn

j¼1 R
ðiÞ
sj

denote the sum of ranks of the sth dose level, i ¼ 1; . . . ; k;
s ¼ 0; 1; . . . ; i; and j ¼ 1; . . . ; n. Contrasts based on R

ðiÞ
s ; s ¼ 0; 1; . . . ; i,

can be used for testing H0i against H1i of (2.1). We consider the following
two types of contrasts:

(I) Pairwise Contrasts. The pairwise-type statistic comparing the ith
dose level with the control is defined by Pi ¼ R

ðiÞ
i � R

ðiÞ
0 ; i ¼ 1; . . . ; k. Let

JPi ¼ Pi

. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðPiÞ

p
; i ¼ 1; . . . ; k; ð2:2Þ

where VarðPiÞ ¼ nNiðNi þ 1Þ=6, with Ni ¼ ðiþ 1Þn, is the null (H0i)
variance of Pi. Note that, if there are ties among the Ni observations,
then Var (Pi) is modified by replacing the term Niþ 1 with Ni þ 1�Pg

j¼1 tjðt2j � 1Þ=½NiðNi � 1Þ�, where g is the number of tied groups and
tj is the size of the tied group j. Moreover, due to the facts that JPi has
limiting standard normal distribution under H0i and the correlation
between JPi and JPi0 approaches 1=2, the results of Theorem A13 of
Hettmansperger (1984) imply that, under the complete null hypothesis
H0k; ðJP1; . . . ; JPkÞ has asymptotic multivariate normal distribution with
zero mean vector and correlation matrix R, where

R ¼
1 1=2

. .
.

1=2 1

2
64

3
75:

(II) Helmert Contrasts. The Helmert-type statistic comparing the
ith dose level with the combined all lower dose levels (including the

control) is defined by Hi ¼ iR
ðiÞ
i � ðRðiÞ

0 þ � � � þ R
ðiÞ
i�1Þ; i ¼ 1; . . . ; k. Define

JHi ¼ Hi

. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðHiÞ

p
; i ¼ 1; . . . ; k; ð2:3Þ

where VarðHiÞ ¼ iN2
i ðNi þ 1Þ=12 is the null (H0i) variance of Hi. The

modification of Var (Hi) for ties is the same as in (I). It can be shown
that the test based on JHi is identical to Chen’s test (Chen, 1999), a
Helmert-type Mann–Whitney statistic. Therefore, the asymptotic null
(H0k) distribution of ðJH1; . . . ; JHkÞ is multivariate normal with zero
mean vector and identity correlation matrix.
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We now describe how to incorporate the proposed procedures JPi or
JHi into the step-down closed testing scheme suggested by Tamhane et al.
(1996). First, we let ðZ1; . . . ;ZkÞ be asymptotic multivariate normal with
zero mean vector and common correlation r. (Here Zi refers to JPi and
JHi when r¼ 1=2 and 0, respectively.) Let Za

i;r denote the upper ath
percentile of the distribution of ZðiÞ ¼ maxðZ1; . . . ;ZiÞ; i ¼ 1; . . . ; k.
To identify the MED at level a, we first let k1¼ k and find Zðk1Þ ¼
maxðZ1; . . . ;Zk1Þ. Define dðk1Þ to be the antirank of Zðk1Þ; i.e.,
Zðk1Þ ¼ Zdðk1Þ. Then, if Zðk1Þ > Za

k1;r, we reject H0i for i ¼ dðk1Þ; . . . ; k1,
and go to the second step with k2¼d(k1)� 1; otherwise, stop testing
and accept all the null hypotheses. In general, at the jth step, let kj¼
d(kj�1)� 1. If ZðkjÞ or ZdðkjÞ > Za

kj ;r, then reject H0i for i ¼ dðkjÞ; . . . ; kj;
otherwise, stop testing. When the testing stops at, say, the mth step,
then identify the MED as d(km�1) or kmþ 1.

Next we show how to obtain the p-value of the identifiedMED, which
is the smallest significance level at which the dose level would be declared
as the MED (Wright, 1992). In general, at the jth step for testing H0kj , let
zðkjÞ be the observed value of ZðkjÞ, first compute the null ðH0kjÞ probability

p0ðkjÞ ¼ PfZðkjÞ � zðkjÞg
¼ Pfat least one Zt � zðkjÞ; t ¼ 1; . . . ; kjg; j ¼ 1; 2; . . .

Note that p0(kj) can be computed by using the PROBMC function of
SAS for r ¼ 0:5, or by 1� ½FðzðkjÞÞ�kj for r¼ 0, where F(�) is the distribu-
tion function of a standard normal variable. The adjusted p-value is then
defined to be

pðkjÞ ¼ maxfp0ðkjÞ;p0ðkj�1Þ; . . . ;p0ðk1Þg; j ¼ 1; 2; . . . ð2:4Þ

Then, the MED can be identified at the significance level a based on
the adjusted p-vlaues. That is, at the jth step, if p(kj)< a, then reject H0i

for i ¼ dðkjÞ; . . . ; kj. If the testing stops at, say, the mth step, then the
identified MED is kmþ 1 and the p-value of this conclusion is p(km�1),
which provides a measure of the strength of evidence for the rejection
of H0km�1

: F0 ¼ F1 ¼ � � � ¼ Fkm�1
.

3. EXAMPLE

We consider the data set in Table 1, which corresponds to the third
replication of the Ames test (Ames et al., 1975) as reported in Simpson

Nonparametric Multiple Test Procedures 1025
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and Margolin (1986). These data, also analyzed in Chen and Wolfe (1993)
and Chen (1999), contain five dose levels and a zero-dose control. There
are three observations in each dose level. The observations represent the
numbers of visible revertant colonies observed on plates containing
Salmonella bacteria of strain TA98 and exposed to different doses of
Acid Red 114.

The values of the contrasts, along with their corresponding tie-
adjusted variances, and the statistics computed by using formulas (2.2)
and (2.3) are shown in Table 2. Table 2 also contains the critical values
Z0:05
i;r , which are taken from Hochberg and Tamhane (1987). We wish

to identify the MED at a¼ 0.05 level.

(I) Procedure JP. At the first step, k1¼ 5 and z(5)¼ z3¼ 2.727 (with
adjusted p-value ¼ pð5Þ ¼ p0ð5Þ � 0:0138Þ. Since zð5Þ > Z0:05

5;r¼0:5 ¼ 2:23
(or pð5Þ < 0:05Þ, we go to the second step with k2 ¼ 3� 1 ¼ 2. Note that
zð2Þ ¼ z2 ¼ 2:320 ðwith p0ð2Þ � 0:0190 and hence pð2Þ � max f0:0138;
0:0190g ¼ 0:0190Þ and zð2Þ > Z0:05

2;r¼0:5 ¼ 1:92 ðor pð2Þ < 0:05Þ, so we go
to the third step with k3 ¼ 3� 2 ¼ 1. Now zð1Þ ¼ z1 ¼ 0:886 (with
p0ð1Þ ¼ 0:1867 and so pð1Þ � maxf0:0138; 0:0190; 0:1867g ¼ 0:1867Þ,
since zð1Þ < Z0:05 ¼ 1:645 ðor pð1Þ > 0:05Þ and hence we stop testing.

Table 1. Revertant colonies for acid red 114, TA98, hamster
liver activation.

Dose (mg=mL)

0 100 333 1000 3333 10000

23 27 28 41 28 16
22 23 37 37 21 19

14 21 35 43 30 13

Table 2. Calculation of the proposed statistics and critical values.

Pairwise Helmert

i Pi Var (Pi) JPi Z0:05
i;r¼0:5 Hi Var (Hi) JHi Z0:05

i;r¼0

1 4.0 20.40 0.886 1.645 4 20.40 0.886 1.645

2 15.5 44.63 2.320 1.92 27 133.88 2.334 1.95
3 24.0 77.45 2.727 1.06 52 464.73 2.412 2.12
4 10.5 119.14 0.962 2.16 �15 1191.43 �0.435 2.23

5 �9.5 170.29 �0.728 2.23 �123 2554.41 �2.434 2.32
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Therefore, we estimate that the MED is the second dose level at
a¼ 0.05, where the corresponding p-value of this conclusion is
pð2Þ � 0:0190.

(II) Procedure JH. At the first step, k1¼ 5 and z(5)¼ z3¼ 2.412 (with
adjusted p-value¼p(5)¼p0(5)� 0.0394). Since zð5Þ > Z0:05

5;r¼0:5 ¼ 2:32 (or
pð5Þ < 0:05Þ, we go to the second step with k2 ¼ 3� 1 ¼ 2. Note that
zð2Þ ¼ z2 ¼ 2:334 ðwith p0ð2Þ � 0:0197 and hence pð2Þ � maxf0:0394;
0:0197g ¼ 0:0394Þ and zð2Þ > Z0:05

2;r¼0:5 ¼ 1:95 ðor pð2Þ < 0:05Þ, so we go
to the third step with k3 ¼ 2� 1 ¼ 1. Now zð1Þ ¼ z1 ¼ 0:886 (with
p0ð1Þ ¼ 0:1867 and so pð1Þ � maxf0:0394; 0:0197; 0:1867g ¼ 0:1867Þ,
since zð1Þ < Z0:05 ¼ 1:645 ðor pð1Þ > 0:05Þ and hence we stop testing.
Thus, MED is also estimated with the second dose level at a¼ 0.05, where
the corresponding p-value of this conclusion is pð2Þ � 0:0394. These
results for the proposed JP and JH tests are summarized in Table 3.

For these data, at the a¼ 0.05 level, both the proposed procedures JP
and JH estimate the second dose level as the MED, which agree with the
finding of Chen’s test (Chen, 1999); however, Chen and Wolfe’s test
(Chen and Wolfe, 1993) with an estimation of the umbrella peak fails
to identify the second dose level. In fact, they conclude that the third dose
level is the only one that is more effective than the zero-dose control.

4. SIMULATION STUDY

We conducted a Monte Carlo study to compare the relative level and
power performances of the proposed procedures JP and JH with the
parametric analogues TP and TH suggested by Tamhane et al. (1996).
In the study, the number of dose levels k considered, excluding control,
was 4 and 5. The common sample size n was assumed to be 5 in each

Table 3. Testing results of the procedures.

Procedure Step (j) kj ZðkjÞ dðkjÞ Z0:05
kj ;r p0ðkjÞ pðkjÞ

JP 1 5 2.727 3 2.23 0.0138 0.0138
2 2 2.320 2 1.92 0.0190 0.0190

3 1 0.886 1 1.645 0.1867 0.1867

JH 1 5 2.412 3 2.32 0.0394 0.0394

2 2 2.334 2 1.95 0.0197 0.0394
3 1 0.886 1 1.645 0.1867 0.1867

Nonparametric Multiple Test Procedures 1027
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dose level. Using a¼ 0.05, the critical constants for TP and TH were also
taken from Hochberg and Tamhane (1987).

Some alternative configurations, both monotone, including step and
linear responses, and nonmonotone (umbrella pattern) cases were consid-
ered. The complete null configuration was also included in the simulation
study. In this case, none of the doses are effective compared to control, so
that the true MED is defined to be kþ 1. In each of these settings, the
independent random variables with distributions N(mi, 5), Cauchy(mi, 1),
and Exp(mi) were generated using the RANNOR, RANCAU, and
RANEXP functions in SAS, respectively. Here m0 is zero for normal
and Cauchy models, and one for exponential model. The study was repli-
cated 10,000 times for each of the configurations. Tables 4 and 5 present
the estimates of the FWE and power of the four tests for k¼ 4 and 5,
respectively. For the complete null configuration, the estimates of the
power are not listed in the tables since the main purpose of including this
case in the study is to verify control of the error rate for small sample
sizes. For configurations with true MED¼ 1 in which no type I error is
involved, the entry of estimated FWE¼ 0.0000 is omitted for all proce-
dures. The respective average powers for true MED¼ 1, true MED> 1,
and for all cases are also included in the tables.

First, the estimates of the FWE reveal that the proposed procedures
JP and JH have excellent control of the FWE under all configurations
(Since they are all less than 0:05þ 1:96½ð0:05Þð0:95Þ=10000�1=2 ¼
0:0543); while the existing procedures TP and TH fail to do so for expo-
nential model, in which they are too liberal under the complete null
hypothesis, and, on the other hand, too conservative under the partial
null configurations.

Next, from the estimates of the power, we observe the general result
that the pairwise-type tests are better than the Helmert-type tests when
true MED¼ 1, otherwise the result is reversed. Moreover, as expected,
the parametric procedures TP and TH outperform the proposed nonpara-
metric procedures JP and JH in the normal model. However, these new
tests JP and JH are found to be quite competitive for true MED¼ 1
and MED> 1, respectively. Furthermore, they both perform uniformly
better for heavy-tailed Cauchy distribution. They remain to be the best
tests in the exponential model when true MED are lower doses, e.g., true
MED¼ 1 or 2. It may seem that their performances in power degrade
somehow for higher doses of true MED. For example, tests TH and JH
have better power for true MED¼ k� 1, while TH and TP become the
best tests when true MED¼ k. However, it should be noted that the
parametric procedures TP and TH fail to control the FWE strongly in
the case of exponential model.
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CONCLUSIONS

In this paper we propose two nonparametric procedures JP and JH
for identifying MED in a one-way layout setting with general dose–
response relationship. It is noted that both procedures control the
FWE very well under all configurations considered, while the parametric
analogues TP and TH fail to control the Type I error rate strongly for
exponential distribution. Moreover, when the normality assumption is
violated, we observe that the proposed nonparametric procedures JP
and JH are better than the parametric analogues TP and TH except for
exponential distribution with high doses of true MED. However, from
the considerations of both error rate control and power performance,
the tests JP and JH are recommended over tests TP and TH at identifying
the MED for nonnormal data. On average, the powers for JP and JH
tests are about 100–400% of the powers for TP and TH. In the normal
model, TP and TH perform better than JP and JH as expected. However,
JP and JH are quite competitive and they achieve averagely about
70–90% of the power for TP and TH. Finally, we note that this study
has restricted to the equal sample size case, and its conclusions need to
be generalized to the unequal sample size case, in which the limiting cor-
relations are unequal for pairwise contrasts. However, this can be easily
solved since the required critical constants and p-values can be obtained
approximately by replacing all correlations with their average.
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