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1. Introduction

The dynamical properties of one-dimensional
subshifts of finite type (Markov shifts) are well un-
derstood. However, not much is known for a general
theory of higher dimensional subshifts. For instance,
the spatial entropy of subshifts of finite type is
known to be the logarithm of the largest eigen-
value of its corresponding transition matrix. On
the other hand, very little is known on the spa-
tial entropy of higher dimensional subshifts. Even
the “trivially” looking problem of the spatial en-
tropy of two-dimensional golden mean H = V =

1

10
For the difficulties associated with higher dimen-
sional Markov shifts, we refer to [Schmidt, 1990].
The two-dimensional golden mean problem cor-
responds to fill Z? lattice with {1,2} with the
following rules

remains open (see e.g. [Schmidt, 1990]).

* 2 1,

where * indicates no restriction on what 1 can be
adjacent to. Such a pattern can also be generated
by cellular neural networks (CNNs) (see e.g. [Chua

& Yang, 1988a, 1988b; Juang & Lin, 2000] and
the work cited therein). More specifically, consider
CNNs of the form

dwij
o7 =Ty + 2
+ > arif(@ikg), (L)) €Z,
[kI<1,[l]<1

I‘Z‘,j(O) = l‘?,j .

Here the nonlinearity f is a piecewise-linear func-
tion of the form

fla) =5 (o +1] [z ~ 1)).

The numbers agy, k| < 1, |I| < 1, k,l € Z are
arranged in a 3 x 3 matrix form, which is called a
space-invariant A-template

a-11 Qg1 411

A=]a_10 appo aip
a—1,-1 Qop-—1 Q1,1
Now, set
0 a O
A=|a ac ac
0 ac O
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By choosing z, a and € approximately, say (z,a) €
[5,1]., where ae < 0 (see Theorem 3.5 of [Juang
& Lin, 2000]), we see, via Lemma 4.1 of [Juang &
Lin, 2000}, that any positively saturated cell, de-
noted by 1, can be adjacent to either positively
saturated cell or negatively saturated cell, denoted
by 2. Moreover, any negatively saturated cell must
be adjacent to at least four positively saturated
cells. These mosaic patterns are exactly generated
by two-dimensional golden mean. It is easy to see
that the entropy h of such problem satisfies the
inequality

1+5
2 )

but the precise value of h is still not known (see
e.g. [Markely & Paul, 1981a, 1981b]). In this pa-
per, we will give a nontrivial lower bound of h. We
also note that most of the discussion of higher di-
mensional Markov shifts is restricted to examples
of special nature (see e.g. [Baxter, 1982; Kaste-
leyn, 1961; Lieb, 1967; Schmidt, 1990; Temperley &
Lieb, 1971]). We conclude this introductory section
by summarizing the organization of this paper. In
Sec. 2, we recall some needed notations, definitions
and known results. In Sec. 3, we define a class of
Markov measures associated with a transition ma-
trix A. Such class of the measures is then used to
compute the measure theoretic entropy of the shift
map oa. In Sec. 4, we combine the results from
Secs. 2 and 3 to get a nontrivial lower bound of the
spatial entropy of two-dimensional gold mean.

1
§1og2<h<log

2. Preliminaries

To make the paper self-contained, we recall some
definitions and results. Let N be a positive integer
with N > 2, let S = {1,2,...,N}. Denote by Z¢
the integer lattice on R? where d > 1 is a positive
integer representing the lattice dimension. The set
of all functions u : Z¢ — S is denoted by SZ*. For
a € 74, we write u(a) as u,. The kth shift operator
on SZ% is defined by

(Uku)a - Uoz-l—ek 9

where a € Z% and e, = (0,...,0,1,0,...,0) is the
usual unit vector in the direction of the kth coordi-
nate. For convenience we also write Xy = SZ%. We
define a metric d on X as follows.

du,v) = 3 S 1)

kezd 3l

where
0, ifi=j,
50 1) —
«={\ izs
and |k| = max{ky, ka,...,kq} for k =
(k1, ko, ... kq) € Z%. The space ¥y with the shift

operators, (Xn;01,...,04), is called the symbol
space on N symbols, or the full N-shift space.

Definition 2.1. An N x N matrix A = (a;;) is said
to be a transition matrix if

(i) ajj =0o0r 1forall 1 <i,j <N,
(ii) > ;a5 >1forall1<j <N,
(iif) > ;a;; > 1forall1<i < N.

Definition 2.2. Given d transition matrices, Ay =
(GZ)NXN, k=1,...,d, let

k
U/ouua-‘—ek

2A17---7Ad = {u € EN‘G

=1, forallaeZ? 1<k<d}.

which determines all the admissible transitions be-
tween symbols 1,...,N. Each element in YA, . a,
is called a pattern. The shift operators o1,...,04
restricted on XA, .. A, are called the subshifts of
finite type for matrices A1,...,Ay.

We shall write YA, A, as Y4 provided no
confusion arises. It is clear that X, is closed with
respect to the metric defined in (1) and translation
invariant, that is,

o k(Zd) = Ed
for all 1 < k < d. To measure the complexity of
>4, we compute the growth rate of the number of

patterns on a parallelepiped of size N1 X Ng X - -+ Ny
on the lattice as Ny,..., Ny go to infinity.

Definition 2.3. The spatial entropy h(Xy) is
defined by

log I'n;,..N,(Za) @)

Ni,Ny---Ny =
Here I'n, .. n,(X4) is the number of distinct pat-
terns that one observes among the elements of 34 by
restricting one’s observation to a parallelepiped of
size N1 X NoX- - - Ny on the lattice. The limit in (2) is
well-defined and exists (see e.g. [Chow et al., 1996]).
Moreover, if ¥, is replaced by U where Y C X and
satisfies

o' (U) = o U) == oyt UU) =U
for some (py,pa2,...,pq) € Z%, the well-definedness

and existence of the limit in (2) remain true (see
e.g. [Juang et al., 2002]).

1., Ng—00
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Theorem 2.1 (see e.g. Theorem VIII-1.9 of
[Robinson, 1993]). For d =1, let A be a transition
matriz on N symbols, so A is N x N. Then

h(Xa) =log A
where \1 is the dominant eigenvalue of A.

Definition 2.4. Let f : X — X be a continuous
map on the space X with metric d. For n a pos-
itive integer and € > 0, a set S C X is called
(n,e)-separated for f provided for every pair of dis-
tinct points x,y € S, there is at least one k£ with
0 < k < n such that d(f*(x), fE(y)) > e.

The number of different orbits of length n (as
measured by ¢) is defined by

r(n,e, f) = max{#(5)|S C X is a (n,¢)
—separated set for f},

where #(S) is the number (cardinality) of elements
in S. To measure the growth rate of r(n,e, f) as n
increases, we define
h(e, f) = limsup M.
n—o0 n

If r(n,e, f) = €"7, then h(e, f) = 7. Thus, h(e, f)
means the “exponent” of the manner in which
r(n,e, f) grows with respect to n. Finally, we con-
sider the way that h(e, f) varies as £ goes to zero,
and define the topological entropy of f as

h(f) = lim h(e, f).

We note that for 0 < &1 < &2, r(n,e9, f) >
r(n,e2, f), so h(e, f) increases as € decreases and,
hence, the limit defining h(f) exists. If f is C!
on a compact space, then it has been proven that
h(f) < oo (see e.g. [Bowen, 1971, 1988]).

The following theorem shows that h(ca) =
h(XA).

Theorem 2.2 (see e.g. Theorem VIIL.1.9 of
[Robinson, 1993]). Let o : ¥y — Xy be the full
shift of N symbols (either one side of two). Assume
X C Xy s a closed invariant subset. Let T',, be the
number of words of length n in X, i.e.

Fn = #{(80, N ,Sn_1)|8j = ﬂj‘j,
for 0<j<n for somex e X}.
Then
log T’
h(o|x) = limsup %8 “n
n—00 n
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We also need to recall two recursive formu-
las, which was derived in [Juang et al., 2000] for
computing the spatial entropy of two-dimensional
golden mean. In the following, we first introduce
some notations and concepts.

Given a transition matrix A = (a;;)nxn- A
word w = (wg,w1,...,wi_1) of length k is called
admissible (allowable) if a,, ,., = 1 for j =

1,2,...,k—1. Let A be a transition matrix. The set
of admissible words of length m whose first symbol
is wq is to be denoted by w(wg, m; A). Set

w(m; A) = set of all admissible words of length m

= U w(wg, m; A).

1<wo<n

To save notation, the transition matrices A1 and Ao
introduced in Definition 2.2 will be denoted by H =
(hij)nxn and 'V = (v; j)NxN, respectively, called
horizontal and vertical transition matrices. Then
Card(w(m; H)) = >0 (H™);; = Np,. Here
H° = identity matrix. Using these N,, symbols, we
may define a transition matrix Tl(ff) = (tET)) of size
Ny X Ny, as follows. We begin with giving a lex-
icographic order for elements in w(m;H). Specifi-
cally, let s = (s152+ -+ 55) and p = (p1p2- - pm) €
w(m; H), and suppose that j is the smallest index
for which s; # p;, then we define

if S5 < Dpj. (3)

With such ordering, the sets w(m;H) and
{1,2,3,..., Ny, } can have an association that is one
to one, onto and order preserving.

s<p

Definition 2.5. If s and p in w(m;H) are associ-
ated with positive integers k£ and [, where 1 < k,
[ < N,, respectively, then we define the (k,1)-entry
or (s, p)-entry of TI({m\), as

)

m
s;p = Uy = Usi,pr " Usapz " " Vsim,pm ‘= | | Us;,pi s
=1

(4)

ie. t,(:r;) = 1 provided that for all 1 < i < m,

the words <;Z> are admissible with respect to
1

V. Otherwise, t,(:;) = 0. For convenience, we shall

use tg?;’,) to denote t,(;';). We shall call T, I({m\), the m-
transition matrices with respect to the horizontal
and vertical transition matrices H and V, or for
short, the m-transition matrix. If we start out with
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a lexicographic order for elements in w(m;V), we

shall obtain the so-called m-transition matrix T\(,ml){

with respect to V and H.

The relationship between m-transition matrix
TI({m\), and h(Xy,v) is given in the following.

Proposition 2.1 (Proposition 2.1 of [Juang et al.,
2000]). Let TI({m\), be the m-transition matriz with

respect to H and V. Let p(TI({m\),) be the mazimal
(m) (m)

eigenvalue of TI({m\), = (ts,p ), where tsy are given
in (4). Then
(m)
log p(T;
=) = i EOTEY) 6

m—oo m

where Y9 = Y V.

The following recursive formula for construct-

ing TISIm\), can also be found in [Juang et al., 2000].

Note first that TISIm\), can be written as the following
block structure

T = (1), 1<ij<n, (6)

where TZET) is a matrix of size Card(w(i,m;H))x
Card(w(j,m;H)). Let 1 < k < Card(w(i,m; H))
and 1 < | < Card(w(j,m;H)). Via the lexi-
cographic order defined in (3), there exist s €
w(i,m;H) and p € w(j,m;H) whose associated
numbers are k and [, respectively. Then the (k,[)-
entry, or simply (s, p)-entry, of the matrix Ti(gl) is

1 provided that for all 1 < r < m, <ZT> is an ad-
T

missible word of size two with respect to vertical
transition matrix V. Otherwise, the entry is zero.
We are now ready to state the following result.

Theorem 2.3. Let TI({TJI) and TI({T\)/' be,
respectively, (m + 1)- and m-transition matriz with
respect to horizontal and vertical transition matrices
H = (hi;) and V = (v; ;). Let (i) = {g e N:1 <
q < n,hiq = 1} and Card(a(i)) = «;. Moreover,
we set a(i) = {i1,12,...,1q; } with the following or-
der iy <ig < -+ <ig,,. Then TISIm\), can be defined
recursively as follows:

Ty =V,
(7a)
and T = (T )nsn, 1<k I<n.

Here the block matrices T]E,Tlnﬂ) are of following
form
(m) (m) (m)
T Tovts o Ty,
(m) m) . pm)
T]g’rl”"‘l) = Uk Tk?’ll Tk?’lz ) Tkz:,lal 7
(m) (m) (m)
Tk%yll Tk%;lz Tkak,lal

(7b)

where k; € a(k), I; € afl), TIETH) and Tlgzll)q,
1 < v < ap and 1 < q < o4 are defined as
in (6).

We next recall some basic definitions and well-
known results from ergodic theory. Let (X, B, m) be
a measure space. Here BB denotes the o-algebra of all
measurable sets in X and m denotes the measure
on X. Let f : X — X be a measurable function.
f is said to be measure preserving with respect to
the measure m if m(S) = m(f~1(9)) for all S € B.
Here m is called an invariant measure for f.

Definition 2.6. Let f be measure preserving on
(X,B,m). A set S € B is called f-invariant if
f7YS) = S. f is said to be ergodic if every f-

invariant set has measure 0 or full measure.

We are now ready to state a well-known theo-
rem in ergodic theory.

Theorem 2.4 (Birkhoff Ergodic Theorem (see
e.g. [Mane, 1983]). Let f be measure preserving on
(X,B,m) and g be in L*(X).

(1) There exists an integrable function g* such that
1 n—1

Im S (e =g
k=0

for almost every point x € X.
(2) For allk € N,

g (@) =g* (@) ae.
(3) If m(X) =1, then

/ngm=/Xg*dm- (9)

Here the left side of (8) is called the ergodic av-
erage. In the following corollary we see that under
the condition of ergodicity, the ergodic average is
equal to the “Riemann sum” of [ ¥ gdm.
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Theorem 2.5 (see e.g. [Mane, 1983]). If f is er-
godic and m(X) =1,

1 n—1
lim — Fa)= [ gd e. 10
=S (@) = [ gim ae. (0)

k=0

The next part of our preliminaries is about the
measure theoretic entropy.

Definition 2.7. Let (X, B, m) be a measure space
and P be a partition of X, the entropy of partition
P is defined to be

H(P) =- Z m(P) log m(P).
Pep

Let f : X — X be measure preserving. The entropy
of f with respect to P is defined by

n—1
(f,P)=lim —H | \/ f(P)]. (1)
3=0

Here the notation \/?:_& ~J(P) denotes the parti-
tion whose elements are of the form AgN--- NA,_1
for A; € f79(P), i = 0,...,n — 1, satisfying
m(Ag N --- N A,_1) # 0. The measure theoretic
entropy of f is then given by
hn(f) = sup

P: partition

h(f,P).

Proposition 2.2 (Proposition IV.3.2 of [Mane,
1983]). The limit in (11) is well defined and exists.

Let A be an nxn transition matriz. P = (p;;) €
My (R) is said to be a stochastic matriz associated
with A if
1. pij =0 if and only if aj; =0 for 1 <i,j <n.

2. ngijglforalllﬁi,jﬁn.
3. Zj Dij = 1.

Clearly, there exists a left eigenvector q =

(q1,...,qn)7 satisfying the following:
a’P=q", (12a)
and
n
da=1. (12b)
i=1

We define a Markov measure p1 = pup ¢ associ-
ated with (P, q) by

IU'(C(ZOa ila v 7”{?)) = QigPig,i1 " Pij_1,ip > (13)
where C(io,i1,...,i) = {(Jjo,J1,--.) € Taljo =
00, .- -,k = ix} is called a cylinder.
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Proposition 2.3 (see e.g. Theorem I1-10.1 of
[Mane, 1983]). u = pp,q s an invariant measure
of the Markov shift o a.

Theorem 2.6. Let A be an n X n transition ma-
triz and pp g = p be the invariant Markov measure
defined by (P,q) associated with A. Then

(i) (see e.g. p.221 of [Mane, 1983]) hu(oa) =
- Zij qipij log pij.

(i) [Parry, 1964) If oa is topological mixing, then
for any invariant measure p’,

hy(oa) < log Ay

where A1 is the dominant eigenvalue of A.
Moreover, there is a unique measure such that
the equality attains.

It has been shown in Theorem 2.1 that
htop(oa) = log A;. Theorem 2.6 states that for
topological mixing Markov shifts, the topological
entropy is the maximal of measure theoretic en-
tropy. This is also true for a general class of maps
[Misiurewicz, 1976].

3. Shift Map and Entropy

Let A be an n X n transition matrix, and let P be
a set of vectors satisfying the following

P = {x: (z1,22,...,2,)7 :

x; > 0 for all ¢ and Zazl = 1}. (14)

i=1
Given x € P, we set

Ax);
S; = ( X) s
T

where (Ax); is the ith-component of vector Ax.
Since diag(sy’, ..., s, )Ax = x, there exists a left

eigenvector y satisfying the following.

yldiag(s; ..., s, )A =yT

’ren

(15a)

and

T

y'x=1. (15b)

We note that if, in addition, A is symmetric, then

r  xIA

y = xTAx "’
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Now, if we set

P, = (diag Ax)"'A diagx,

where diag Ax = diag((Ax)y,...,
diag x is also defined similarly, and

xT A(diag x)
xT Ax

(16a)
(Ax),) and

qr =y’ diag x <=
(16b)

Clearly, Py is a stochastic matrix associated with
A and qyx is the left eigenvector of P satisfying
(12). We are now ready to state the main result of
this section.

Theorem 3.1. Let A be an n X n transition ma-
triz which s irreducible. Let x € P, and Py and
ax! are defined as in (16a) and (16b), respectively.
Let pp, g, = px be the Markov measure given as in

(13). Then
(1)

hu, =y log diag(s1,s2,...,8,)x. (17a)
|

~ €T
Pe=( —1—a;
© <<Ax>z-“ﬂ

= (diag Ax) ™! <aij log <

if A is symmetric).

If, in addition, A is symmetric, then

xT' A log diag(s1, 52, ...,5,)X
hy, = T Ax . (17b)
(2)
hy, <log A for any x € P. (18)

Here X is the mazimal eigenvalue of A. The
equality can be achieved by choosing x to be the
left eigenvector of A associated to eigenvalue A
with Y x; = 1.

Proof. We first prove (17). Let P = (p;;), and so
(pij) = (agy;aij)- Set P = (pij log pij), and e =
1,...,n)7T, 1t follows from (16a), (16b) and Theo-
rem 2 6(i) that

h“‘P,q(JA) = _qTf)e
—y7T(diag x)Pe. (19)

Now,

N
log | —2— a;;
08 ((Axn >)

.
i di IR ()
(Ax); >> o (21, 7)o

= (diag Ax)~"! <aij log <(A7;)i aij>)nmx. (20)

Moreover, we have that

- < (l"g A, >>

—(aij 10g aij)nxn + (aij 10g(AX)i)nxn

—(aij log $j)n><n- (21)

Since either a;; = 0 or a;; = 1, we see that
ai; log a;; = 0. We also note that

(aij log(AX)i)nxn = log(diag Ax)A
and
(aij log j)nxn = A log diagx.
Substituting (21) into (20), we get that
—Pe = (diag Ax) ! log(diag Ax)Ax
— (diag Ax) "' A(log diagx)x. (22)

Here log A = (log a;j). To further simplify (19), we
note that

y! diag x(diag Ax)'A = yT (23)
and

y! diag x(diag Ax) ™! log(diag Ax)Ax

=y log(diag Ax)(diag x)(diag Ax) ' Ax

=y log(diag Ax)(diag x)e

= y7 log(diag Ax)x . (24)
)—(24) and (19
= y7 log(diag Ax)x —

It then follows from (22 ) becomes

hup o (0A) y" (log diagx)x
= y7T log(diag(si,...,sn))x.

The inequality in (18) is a direct consequence of
Theorem 2.6(ii). A direct calculation would yield
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the last assertion of the theorem. We thus complete
the proof of the theorem. [ |

4. Two-Dimensional Golden Mean

In this section, we study the two-dimensional golden
mean, that is, the two-dimensional subshifts of finite

type with H=V = <i é) Recall in Sec. 2 that
(m)

T%n {,, (resp. Ty /) represents the m-transition ma-
trices with respect to H and V (resp. V and H).
Since H =V, we see that T\ I){ = T(m) v (=T,

Applying Theorem 2.3, T(m) can be ertten recur-
sively as follows:

0 0
T<1>—<1 1)_ T | T
o) = \agy
and
T T | T
T = | 1l o |1y (25)
(

Let a,, be the size of T(”), then a,, satisfies the fol-
lowing recursive formula.

pi1 = Qp + Gp_1 (26a)

and

ap = 2, a9 = 3. (26b)
Proposition 4.1. For each n > 1, T™ is sym-

metric and irreducible.

Proof. Tt is easy to see that T is symmetric for
all n > 1. We next prove that each T is even-
tually positive. Since T and T? are eventually
positive, we assume that T and T are even-
tually positive for some n. Then there exists m > 0
such that

(T"HY™ > B, and (T >E,_;.

v = (2, | 1)

v =3, |2, ]2

v® =5, |3, |4, 312
v =(8, |5 |6, |6 |4,
v® = (13,8, [ 10, |9, | 6,

On the Spatial Entropy of Two-Dimensional Golden Mean 315

Here E,, = (1)a,xq,- We observe in (25) that
T%H) = T thus the matrix multiplication gives

e o (T
T5,

En—l

(T(n+l) )m+l >

(77 i) e,
>0.

An inductive argument then leads to the assertion
of the proposition. H

Letting e, = (1,...
defined in (17b) becomes

() Jog(diag el T(™)e,,
elTme, '

,1)T € R, then h,,, as

(27a)

huen = Ap =

Moreover, if we let el T =: v(") = (y (")) € R
and s, = > 1" I(T("))Z] be the sum taken over all
entries of T(™), Then

Zv log U

An ==

(27D)

Sn
We remark that s, satisfy the following recursive
formulas:

Sna+1 = 285 + Sp—1 (28a)

and
s1=3, Ss9=17.

Applying Theorem 3.1 and (27), and Proposi-
tion 2.1 we obtain the following lower bound for
h(Xs,v) of two-dimensional golden mean.

(28b)

Theorem 4.1
Qan
Z vi(n) log vgn)
h(Eqv) > limsup =L . (29

n—oo NnSn

The remainder of the section is to compute the sum
of the infinite series as given in (29).

We first observe that
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To derive a recursive formula for v, we first write
v(?) ag
v — (u(n+1),u(n)) )

Here u™*) and u(™ are row vectors whose dimen-
sions are 1 X a,—1 and 1 X a,_a, respectively. For in-
stance, v = (u®, u®), where u® = (8,5,6,6,4)
and u® = (5,3,4). Clearly, ut!) can be recur-
sively defined as

For example,

u® = (u® + @W®, u®) 20
= ((8,5,6,6,4) + (5,3,4,3,2),2(5,3,4))
= (13,8,10,9,6,10,6,8) .

We are ready to state the following useful proposi-
tion.

Proposition 4.2.

— (u(”) + (u(n—l)’ u("_2)), 2u(n—1)) (30) u™ = (an—1, an_gu(l), . ,an_i_lu(i), . ,alu(”_2)) .
with (31)
1 — @ — 3)
w’=1, u¥=2, u?=(32) Proof. Let n = 3, we see that 31 is clearly satis-
fied. Suppose 31 is true for k = 3,...,n. Then
u™ + W w2 = (-1, an_ouM, . an_i—u® L agu™) gu2)
+ (an—Qa an—?)u(l)v s 7an—i—2u(i)7 cee alu(n_3)7 u(n—2))
= (an, an_lu(l), e ,an_iu(i), . ,agu("_3), (1+ al)u(”_2))
= (an, an_lu(l), e ,an_iu(i), . ,agu("_3), agu("_Q)) .
Thus,
= (ap-1, an_ouM. . ap_iqu®, . agu™ Y, alu(”_l)) . N
To investigate ivi(n) log vgn), we define L : )
RY - R -
— R, as Pn=) ani1Li, (33d)
N i=1
L(x) = Zmz log @, n—2
=1 Gn = Pp—1 + Z Pr—i—10t; - (33e)
where x = (z1,...,2x5)". Clearly, for any ¢ € R, we ) =1
have that Applying (32) and (33a), we have that
n—2
N (n)y — o q®
L(ex) = <Z azz) clog ¢+ cL(x) . (32) L(u™) = an—1 log an—1 + Zz_; L(an—i1u™)
i=1
=Dn+qn. (34)

Let u™® = (ugn),ugn), . ,ugz)_l) We set

an—1
=Y u, (33a)
=1
Bn = ay log ay, , (33b)
Lp = L(u®™), (33c)

Proposition 4.3. «y, p, and q, satisfy the follow-
ing recursive formulas

(i) any1 =20p+ap_1,00 =1, 00 =2, (3ba)
(i) Pn+1 = Pn+3Pn-1+Pr-2+2qn—1

+ o2, (35b)
(iil) gn+1 = 2gn + gn—1

+(Bn = Br—1 — Bn—2) - (35¢)
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Proof. Clearly, a; = 1, as = 2, ag = 5. Hence
a3 = 2ag 4+ ap. Assume that a1 = 20 + ap_1
holds for 2 < k <n — 1. Then

Qpy1 = Z Ugn) = ap + 3op—1 + ap—s. (36)
i=1

We have used (30) to justify the last equality in
(36). Using the inductive hypothesis, we get that
n+1 = 20y, + ap—1. The proof of the first assertion
of the proposition is thus complete. To prove (ii),
we see that

Pn+1 — Pn
= (ap—1L1+...+asLlp_3+asLyp_o+ajL,_1)
—(an—2l1 + ... +agLy_3+ a1 L,_2)
—ay, 301+ ...+ ajLy 3+ Ly o+2L, 4
=pn-1+ Lno+2L,
=Pn-1+DPn—2+ -2+ 2(Pn-1 + gn-1)
=3pn—1+Pn—2+2¢-1+ Gn-2-
This proves (ii). To prove (iii), we note that
2qn + qn-1 = 20n-1 + 201 Bn—2 + 2020p—3 + . ..
+ 20201 + Br—2+ 18n—3+ ...

+ an—30
=201+ 30n—2+ a3fBp—3+ ...
+ an-161,
and
In+1 = Pn+ Bn-1+20n—2+a3fpn-3+...
+ a1 .
Hence,

Gn+1 — 2Qn — Qn—1 = (ﬁn - ﬁn—l - ﬁn—2)

as asserted. W

Proposition 4.4. Let A\, be the quantity as given

in (27b), then
. — L(v") _ (Prt1 +Pn) + (Gn+1 + Gn)
Sn Sn

Proof. Tt follows directly from Theorem (17b) and
(34). m

(Pr+1+Pn)+(gn+1+4gn)
nsn ?

To evaluate limsup,,_, .,
we need the following proposition:

Proposition 4.5. Let A = 1+ /2. Then the follow-
ing holds.

On the Spatial Entropy of Two-Dimensional Golden Mean 317

(i) A\, —% and —1 are the characteristic roots of Y.
Here vyp41 = Yn+3Vn-1+Yn—2 withyea =71 =1
and 3 = 0.

(i) There are constants cs, ds, Ca da, Cy, dy, €y
for which

1\"
n — s)\n ds -3 3
S c + ( )\>

1\"
n — oz)\n da -y ’
Q & + < )\>

and
n 1 " n
Tn = A" +d, <_X> +ey(—1)".

Here s, and a, are defined in (28) and (33),
respectively.

The following limit exists.

[o¢]
. qn q1 | g3 ki\ .
nILI%oV_C“<ﬁ+F+Z,4ﬁ>_‘q
1=

where k; = B; — Bi—1 — Bi—2, and ¢, is defined as in
Proposition 4.5 (i1).

Proposition 4.6.

2 1
1 0

() =2 ()= (5)

with initial conditions <Z4>. Note that
3

A" — <an+1 Qn >
On, Qp—1 '
where we assume ag = 0. Using the variation of
constant formula, we then obtain that

n—1
dn n—4 <Q4> n—1—1 <kl>
=A + E A .
<Qn—1> q3 i—d 0

Hence,

Proof. Let A = < > Using (35¢), we get that

n—1

an = (an—SQ4 + an—4Q3) + Z ik .
=4

Applying the ratio tests, we conclude that

2%
=4
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converges. The proof of the proposition is thus
complete. W

Remark 4.1.
Hence the partial sum ¢ := ¢,

We note that k; > 0 for all ¢ > 4.

ki
(#+8+3, %)
converges upward to g*.

Corollary 4.1

(i) Given € > 0, there exists N € N such that
(@F—e)A" < qn < (¢" +)A"
whenever n > N.

(ii) limy—co ;2= = 0 and, hence,

L) e+
Iim ——* = lim ————.
n—oo NSy n—o00 NnSn

(37)

Proposition 4.7.
. Pn ok —1 -2
A o = T AT AT

where cy is defined as in Proposition (4.5) (ii).

1 3 1
Proof. Let g, =2¢n_1+qn2and B={(1 0 0 |.
0 1 O
Tl
We see via the induction that B™ = Yoo -]
Tn—1 -
Then
Pn+1 Pn 9n
Pn =B | pn |+ 0
Pn—1 Pn—2 0

Now we let € > 0 be fixed and N = N(g) > 0 be
given as in Corollary , then for n > NV,

DPn PN n—1 [ Tntl
pot | =B " NMlona |+ | 4 -
Pn—2 pN-2/ =N\,
(38)
where we set y_; = 0. Using (38), we obtain that
n—1
pn=O0\") +¢, Z Al
i=N

It follows from (37) and (38) that, we have
n—1
o Y NTHE = )N AN + O
i=N

n—1
<pn <oy Y NG ) @A AN
i=N
+OO).

»Chua, L. O. & Yang, L.

Hence,

(¢" — 6)67(2)\_1 +172)

< lim 2% < (¢" + o), (A + A72)

— n—oo AT T

Since ¢ is arbitrary, the assertion of the proposition
holds. W

We are ready to state the main result of this
paper.

Theorem 4.1. Let H=V = <} (1)>, then

1
hErv) > ¢ e, (20 + >\_2)C— (A+1)
1

> q}"bcw(Z)\_l + )\_2)
Cs

(A+1) =: hy,.
The second inequality holds for alln > 4.

We remark that the known lower and upper

bounds of h(Xy,v), where H =V = <1 (1)>, are
log 15 (~ 0.481212) and 1 log 2(~ 0.346574), re-
spectively. Our estimate in (39) gives

h(EH7v) > h5000 ~ 0.404089 .
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