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Abstract

CNC machining has been studied from the perspective of either cutting or feeding. However, machining quality is the outcome
of both of these processes. This work investigates the contour errors of a complete CNC machine system. A system model is
developed to cover all groups of functions, including trajectory planning, trajectory tracking, cutting process and machine structure.
Analysis results reveal the limitations of traditional studies. The dependence of contour errors on trajectory curvature, feed-rate,
cutting depth and tracking control is investigated as well. A new model of CNC machining is developed.
 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The quality of a workpiece, in terms of either surface
finish or contour accuracy, is the overall outcome of cut-
ting, feeding and machine structure dynamics. Surface
finish has normally been studied from the perspective of
cutting dynamics while contour accuracy has typically
been studied from the perspective of tracking control,
but both need to be considered from the combined per-
spective of cutting, feeding and machine structure. This
is especially true for milling, because milling is the pri-
mary machining process that produces profiles or con-
tours on workpieces.

Cutting force is the main factor in cutting process
dynamics. Martelloti[1] and Tlusty[2] performed a fun-
damental analysis and modeled cutting force for milling.
Cutting force models for end milling[3,4], face milling
[5,6] and ball end milling[7] have been developed based
upon various tool geometries, work materials, and other
factors. These cutting force models help to predict forces
and determine optimal cutting parameters.

The phenomenon of the excitation of cutting force on
the machine structure is an essential topic for analysis
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in understanding machining quality. Sutherland and
DeVor [8], Montgomery and Altintas[9], Budak and
Altintas [10], and Ismail et al.[11] examined cutting
process dynamics with reference to the combined cutting
force and machine tool spindle.

Surface finish can be predicted by consideration to this
depth. However, one factor has remained unexamined—
the deviation due to feeding.Fig. 1(a)shows a milling
tool in cutting. The consideration of tool (cutting force)
and the machine structure (represented by spindle)
equals to an assumption of perfect feeding.Fig. 1(b)
depicts real circumstances in which feeding (tracking)
errors are also involved in undulating the uncut chip and,
thereby, affecting the cutting dynamics.

The development of tracking techniques has been
accounted for by a large effort in feeding control. Since
the first studies of two-dimensional feedback by Sara-
chik and Ragazzini[12], cross-coupled structures have
been constantly improved and evolved into state-of-the-
art algorithms for feeding control. Koren[13,14] pro-
posed a symmetrical cross-coupled system, which
improved the contour accuracy of a two-axis system.
Kulkarni and Srinivasan[15] presented cross-coupled
compensation for a multi-axis feeding system.

The trend toward high-speed milling has ushered in
high-speed feeding. Chin and Lin[16] proposed pre-
compensated cross-coupling, which provides good per-
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Fig. 1. Cutting with (a) perfect feeding, (b) real feeding.

formance at a high feeding speed. Cutting dynamics,
tracking control and contour accuracy acquire new
aspects of investigation in the era of high-speed cutting.
Erkorkmaz and Altintas [17] and Mei et al. [18] investi-
gated the effects of friction in high-speed feeding and
cutting.

Earlier research on contour accuracy has been
deficient in taking only selected factors into consider-
ation. The purpose of this work is to examine accuracy
of contours, by considering contours as an ensemble of
cutting, feeding and machine structure dynamics.

2. System for CNC machining

Trajectory planning, trajectory tracking, the cutting
process and machine structure dynamics constitute the
four fundamental groups of functions in modern CNC
machining. Conventionally, studies have addressed these
groups, with reference to feeding and cutting. In reality,
however, these are integral parts of a complete CNC
machining system, as depicted in Fig. 2.

In Fig. 2, the trajectory data Vx,Vy,Xf,Yf are outputs of

Fig. 2. The structure of CNC machining.

trajectory planning. Trajectory tracking is shown as a
cross-coupled pre-compensation control. The tracking
results, the actual positions of the workpiece/tool tip,
affect the development of the cutting force, and the cut-
ting force excites the machine structure (mostly rep-
resented by the spindle), which in turn modulates the
congruent point of the workpiece/tool tip.

The functional blocks in Fig. 2 will be discussed to
examine the contour error as an ensemble of cutting,
feeding and machine structural effects.

2.1. Tracking control

Many tracking control schemes have been proposed
to enable manufacturing workpiece with more precision.
Fig. 3 shows the structure of the cross-coupled pre-com-
pensation method (CCPM) [16], in which a velocity pre-
compensation gain Kv is used to generate a far feedback
pre-compensation loop. Cross-coupling compensation
feedback loops are formed with gains KeX and KeY. If
Kv, KeX and KeY are set to zero, then the system reduces
to an uncoupled tracking control system (US). If both
KeX and KeY are set to zero, while the Kv-loop is main-
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Fig. 3. Cross-coupled pre-compensation control (CCPM) for tracking.

Table 1
Four tracking controls deduced from Fig. 3

Kv Kzx Kzy

US 0 0 0
PM Non-zero gain 0 0
CCS 0 Non-zero gain Non-zero gain
CCPM Non-zero gain Non-zero gain Non-zero gain

tained, then the system is the path pre-compensation
control (PM). On the other hand, if the Kv-loop is omit-
ted, while the loops formed with KeX and KeY are main-
tained, then the system becomes a typical cross-coupled
tracking control system (CCS). Table 1 lists different
variations of the structure in Fig. 3.

One feature of CCPM is that it implements specific
trajectory strategy for each target trajectory. For
example, for linear feeding along the path OB in Fig. 4,
the contour error e, which is the shortest distance
between the actual tool position, P, and the target path,

Fig. 4. Linear tracking using CCPM.

shall be found in order to form compensation toward the
path. This velocity compensation

>
Vk (Vk = Kve) tries to

“push” the tool back onto the target path in a forward-
looking sense. After the velocity is modified, the tool
takes on a velocity vector, which is a vector combination
of the required tangential velocity

>
Vt and the modifying

velocity
>

Vk triggered by the contour error. The compo-
nents of the “pre-compensated” velocity are as follows:

Vx � Vtx � Vkx � Vtcosf�Kvesinf, and (1)

Vy � Vty � Vky � Vtsinf � Kvecosf, (2)

where
>

Vt = Vb

>
t and f is the angle between the path and

the inertial coordinate x.
The new reference position (Xf,Yf), the desired pos-

ition, is generated by considering the velocity

Xf(n) � Xf(n�1) � TVx, and (3)

Yf(n) � Yf(n�1) � TVy. (4)

These equations are in fact the path generator rather
than the more passive path interpolator in conventional
CNC trajectory planning. The components of the pos-
ition error are the differences between the components
of the monitored actual position (Xp,Yp) and those of the
desired position (Xf,Yf):

ex(n) � ex(n�1) � [Xf(n)�Xp(n)], and (5)

ey(n) � ey(n�1) � [Yf(n)�Yp(n)]. (6)

CCPM requires different algorithms to calculate the
contour error e for different trajectories. The following
is for a linear trajectory:

e � Xpsinf�Ypcosf (7)

eX � �esinf (8)

eY � ecosf (9)

Fig. 3 reveals that the control signals for the feeding
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drives take care of both the position error and the con-
tour error.

Ux � Kexex � Kexex (10)

Uy � KeyeY � Keyey (11)

A different algorithm is required to calculate the con-
tour error and the velocity compensation for a circular
trajectory. Fig. 5 shows a circular trajectory, in which

the arc AB
�

C is the target contour of machining; P is the
actual tool position, and R is the distance between P and
the origin of the coordinates. The contour error e, which
is the shortest distance between the actual position and
the target trajectory, is calculated from

e � R�Rp � R�(X2
p � Y2

p)
1
2, (12)

ex � e � �Xp

R �, and (13)

ey � e � �Yp

R�. (14)

After velocity pre-compensation, the tool adopts a
velocity vector, which is the vector combination of the
original tangential velocity

>
Vt along the trajectory and

the modifying velocity
>

Vk, which tries to push the tool
back onto the right trajectory:

Vx � Vbx � Vkx � �Vb�Yp

R� � Kve�Xp

R �, and (15)

Vy � Vby � Vky � Vb�Xp

R � � Kve�Yp

R�. (16)

The control signals UX and UY sent to the feeding drives
are the same as those in Eqs. (10) and (11).

Fig. 5. Circular tracking using CCPM.

2.2. Cutting dynamics

The formation of cutting force and the excitation of
the machine structure by the cutting force contribute to
the cutting dynamics.

2.2.1. Formation of cutting force
Tlusty [2] developed a cutting force model by axially

splitting the cutting depth L of the cutting tool into n
sections, generating (n + 1) cutting elements of elemental
height dz, as shown in Fig. 6. Each cutting element was
treated as performing an independent cutting process.
The cutting force was the vector sum of all elemental
cutting forces.

Fig. 6 shows the geometry of the cutting edges. The
cutting force on the cutting edge can be decomposed into
the tangential component dFt and the radial component
dFr:

dFtij(t) � Kt·dz·hij(t) (17)

dFrij(t) � Kr·dFtij(t) (18)

where the specific cutting forces are expressed by,

Kt � KTh�p
a (19)

Kr � KRh�q
a , (20)

and

ha �
c

2p
(21)

The subscript i refers to the cutting edge; j represents
the cutting element. The empirical coefficients KT, KR,
p and q have to do with materials and can be determined
experimentally [3]. The term hij(t) in Eqs. (17) and (18)
are the so-called “uncut chip thickness” , which depend
on the feed per tooth c and the instantaneous angle
between the respective cutting element and the moving
coordinate, y:

hij(t) � c·sinfij(t) (22)

Fig. 6. Tool geometry.
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fij(t) � q(t) � i·fp�(j�1)·dq (23)

q(t) � w·t (24)

where w denotes the rpm of the spindle and dq is the
circumferential angle projected by the cutting edge, as
shown in Fig. 6. The pitch angel fp can be calculated
as fp = 2p /m, where m is the number of cutting edges.
The corresponding arc length is

s � r·dq⇒dq �
tanb

r
·dz (25)

where b is the spiral angle of the tool, and r is the radius
of the tool.

The elemental cutting forces can be transformed into
moving coordinates x–y:

�dFxij(t)

dFyij(t)
� � �cosfij(t) sinfij(t)

�sinfij(t) cosfij(t)
��dFtij(t)

dFrij(t)
� (26)

which can be summed to form the total cutting forces:

Fx(t) � �m�1

i � 0

�n � 1

j � 1

dFxij(t),

Fy(t) � �m�1

i � 0

�n � 1

j � 1

dFyij(t),

(27)

Eqs. (17)–(27) were used to determine the cutting forces
in machining.

2.2.2. Machine structure
A complete dynamic model of cutting process

involves cutting forces and the transfer function of the
machine structure. Two structures importantly contribute
to the cutting dynamics—the spindle system (Fig. 7) and

Fig. 7. Dynamic model for tool/spindle system.

the feeding system (Fig. 8). Since an accurate model of
these non-linear, multi-DOF structural systems is highly
complicated, a simplified approach was adopted. The
spindle and feeding table were modeled by a second
order system in the x- and y-directions.

The tool/spindle system was modeled by the following
second order system:

MtxẌt(t) � CtxẊt(t) � KtxXt(t) � Fx(t)

MtyŸt(t) � CtyẎt(t) � KtyYt(t) � Fy(t)
, (28)

and the feeding table was modeled by another second
order system:

MwxẌw(t) � CwxẊw(t) � KwxXw(t) � Fx(t)

MwyŸw(t) � CwyẎw(t) � KwyYw(t) � Fy(t)
. (29)

where Mt, Ct and Kt represent tool mass, damping and
stiffness, respectively; Xt and Yt are the displacements of
the tool in x- and y-directions, respectively, and F(t) is
the cutting force. Mw, Cw and Kw are table mass, damping
and stiffness, respectively. The parameters in the models
were empirically determined.

3. Experiments

The purposes of the experiments are (1) to calibrate
the cutting force model and (2) to identify the spindle–
tool dynamics and the table transfer function.

3.1. Experiments on cutting dynamics

Fig. 9 shows experiments on cutting dynamics. The
machine tool is a DYNA DM2800 CNC table milling
machine. Workpieces are made of aluminum alloy
Al6061, the cutter is a four-edge high-speed steel milling
tool with a diameter of 10 mm. Cutting forces were mea-
sured by a 260A force cell and recorded by an HP3560A
dynamic analyzer. The table displacements were moni-
tored by optical scales and recorded by an ADC-Card
ENC9266.

Cutting conditions were set as follows; spindle speed
1200 rpm, feed-rate 600 mm/min, axial depth of cut 1
mm, and radial width of cut 5 mm. Fig. 10 shows the
measured and predicted cutting forces in the x- and y-
directions when cutting is performed in the x-direction.
The dotted line (blue) represents the measured cutting
force, and the solid line (red) represents the cutting force
produced by the cutting force model. The cutting force
model is calibrated close to the actual cutting force for-
mation mechanism. Hence, the cutting force model is
useful in further investigation.
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Fig. 8. Feeding system.

Fig. 9. Experimental arrangement for cutting dynamics.

Fig. 10. Comparison of experimental and simulated cutting forces.

3.2. Experiments on structural dynamics

3.2.1. Spindle–tool dynamics
The system parameters of the spindle–tool and the

table transfer function were obtained by performing the

Fig. 11. Experiments on structure characteristics.

Fig. 12. Frequency response of spindle–tool.

experiments presented in Fig. 11. The spindle–tool was
excited by a hammer and the signals from acceler-
ometers were collected and analyzed by an FFT ana-
lyzer. Fig. 12 plots the frequency response, the real part
of which was zero and the imaginary part of which was
maximal at 880 Hz in the x-direction and at 965 Hz in
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Fig. 13. Impulse forces vs. deflection of table.

the y-direction. The system parameters were obtained by
the quadrature method [19]:

Mtx � Mty � 0.12 kg

ztx � zty � 0.013�z � C /2�K /M�
Ktx � 9.12∗105 N/m, Kty � 1.1∗106 N/m,

Htx(s) �
Xtx(s)
Fx(s)

�
8.33

S2 � 22.88S � 774400
(30)

Hty(s) �
Xty(s)
Fy(s)

�
8.33

S2 � 25.1S � 931225
(31)

3.2.2. Table structure
Similarly, the table was excited by a hammer and the

signals were monitored by an optical scale and collected
by an ENC9266. Fig. 13 shows the impulse force of a
hammer and the corresponding deflection of the table
in the x- and y-directions as analyzed by an HP3560A
dynamic analyzer.

The table transfer function was identified by the ARX
model, and in the x- and y-directions, the function was
as follows.

Fig. 14. Comparisons between real and identified table deflection.

Hwx(s) �
450.4S � 65220

S2 � 2155S � 566200
(32)

Hwy(s)
�15.83S�41680

S2 � 1845S � 394300
(33)

The transfer function can be confirmed by applying
the measured excitation force to the identified transfer
function and comparing the output with that measured
directly from the machine, as in Fig. 14.

Applying the empirical cutting forces to the identified
transfer function yields table deflections useful in simul-
ation. Fig. 15 compares the measured table displace-
ments (blue) with the simulated displacements, gener-
ated by applying forces in Fig. 10 to the transfer function
(red). Fig. 14 shows that the simulated table deflections
tend to be conservative, giving reason for caution,
because the real situation might be worse than that pre-
dicted by studies based on the constructed system model.

4. Simulations and discussion

Complete CNC machining, as proposed in Fig. 2, was
simulated with the following complete groups of func-
tions—trajectory planning (Eqs. (1) and (2) for linear
trajectory, Eqs. (15) and (16) for circular trajectory), tra-
jectory tracking (CCPM, Eqs. (10) and (11)), the empiri-
cal cutting force model (Eqs. (17)–(27)), the empirical
spindle–tool structure (Eqs. (30) and (31)), the empirical
table structure (Eqs. (32) and (33)) and for the purpose of
comparison, feeding drive parameters from Koren [14],
tx = 0.04, ty = 0.045, Kc·Kx = 10.3 and Kc·Ky = 10.

The gains used in the controls were determined fol-
lowing the method of Chin and Lin [16] and are listed
in Tables 2 and 3.

Koren [14] addressed tracking technology, and made
the gains variable to cope with various conditions [14],
but without straightforward consideration of all func-
tions of CNC machining, unknown and uncontrolled
error sources remain, as can be observed in Fig. 16,
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Fig. 15. Table displacements during cutting.

Table 2
Gains used in three controls for linear trajectory

Kv Kex Key Kex Key

US 0 0 0 0.04 0.04
CCS 0 0.08 0.08 0.04 0.04
CCPM 0.01 0.08 0.08 0.04 0.04

Table 3
Gains in three controls for circular trajectory

Kv Kex Key Kex Key

US 0 0 0 0.8 0.8
CCS 0 0.2 0.2 0.8 0.8
CCPM 0.4 0.2 0.2 0.1 0.1

Fig. 16. Comparison of circular contour errors between pure tracking and tracking with cutting (a) US, (b) CCS, (c) CCPM (feed: 200 mm/s, S:
4800 rpm, axial depth of cut: 2 mm, radial depth of cut: 5 mm).

which compares contour errors from three different con-
trols when milling a circle of radius 10 mm. The
uncoupled system (US), which performs tracking with-
out cross-coupling compensation, yields the greatest
absolute contour errors, but even if the cross-coupled
(CCS) and the pre-compensated cross-coupled (CCPM)
control can reduce the contour errors by an order of mag-
nitude, the errors between pure tracking and tracking
with cutting are significant (Fig. 16(a)–(c)).

Montgomery and Altintas [9] as well as Budak and
Altintas [10] used cutting conditions to control cutting
dynamics and achieve better surface roughness, but the
approach of pure cutting ignores variation in the curva-
ture of a workpiece profile; it is therefore susceptible to
missing the best control activity. This fact can be under-
stood by drawing the contour errors from Fig. 16 around
a reference circle of radius 0.2 mm, as in Fig. 17.
Clearly, the greatest contour errors occurred near 45°
and 225° around the circle whichever of the three con-
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Fig. 17. Contour error as a function of angular position on a circle
(a) US, (b) CCS, (c) CCPM (feed: 200 mm/s, S: 4800 rpm, axial depth
of cut: 2 mm, radial depth of cut: 5 mm, reference circle = 0.2 mm).

Fig. 18. Contour errors corresponding to Fig. 17(a) but with x- and
y-axes motor dynamics exchanged.

trols were used. The cutting is not abnormal at these two
locations; the errors are associated with trajectory and
tracking, because at 45° and 225°, the trajectory
undergoes the largest directional change and the x-axis
motor has a lower time constant than the y-axis motor
(tx � ty). Different feeding dynamics yield different
results. Exchanging the motor time constants tx and ty
yields the error results in Fig. 18. These trajectory or
tracking bound contour errors can be better handled by
trajectory planning or tracking than by manipulations of
cutting conditions.

Another weakness associated with the pure consider-
ation of cutting is embedded in the cutting force model.
Usually, the cutting width is taken to be constant in most
cutting force models [2,10]. However, in reality, the cut-

Fig. 19. Comparison of pure cutting force and cutting force during
tracking of a circle with a diameter of 20 mm (a) Fx, (b) Fy; (feed:
200 mm/s, S: 4800 rpm, axial depth of cut: 2 mm, radial depth of cut:
5 mm).
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Fig. 20. Not cut: (a) linear 45, (b) R 30 mm, (c) R 10 mm, (d) R 5
mm.

ting width varies because of tracking activity, yielding
a fluctuating “uncut chip” area, and a consequent vari-
ation in the cutting force not accounted for by the cutting
force model. Fig. 19 shows the effect of feeding
(trajectory tracking) on the cutting force. This figure per-
tains to the conditions of Fig. 16 to compare the cutting
force model with and without feeding. The solid line in
Fig. 19 represents the values predicted by the cutting
force model, while the dotted line represents the values
that result from the complete model. Fig. 19 reveals that
the cutting force component Fx clearly differs from that
predicted by the pure force model in the regions 30–90°
and 210–270°, and that the Fy components differ in the
regions 135–225° and 315–360°, because of the overcut
or undercut of the trajectory (Fig. 16).

A series of simulations were performed to examine

Fig. 21. Cut 0.5 mm: (a) linear 45, (b) R 30 mm, (c) R 10 mm, (d)
R 5 mm.

Fig. 22. Cut 1 mm: (a) linear 45, (b) R 30 mm, (c) R 10 mm, (d) R
5 mm.

Fig. 23. Cut 2 mm: (a) linear 45, (b) R 30 mm, (c) R 10 mm, (d) R
5 mm.

the effect of the trajectory’ s curvature, feed-rate, cutting
depth and different control on the complete CNC mach-
ining system, as depicted in Fig. 2.

Fig. 20 presents the “no cut” situation. In Figs. 21–
23, the cutting conditions were as follows:

Cutting depth: 0.5, 1 and 2 mm;
Cutting width: 5 mm;
Trajectory: 45° linear path, circles of radius 30, 10 and
5 mm;
Feed-rate: 10, 30, 50, 100, 150, 200 mm/s;
Spindle speed: 4800 rpm.

Figs. 20–23 show that for straight-path machining, no
difference exists between CCS and CCPM because no
curvature is present to be crunched by CCPM. The con-
tour error index varies roughly linearly with feed-rate at
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Fig. 24. (a) linear 45, (b) R 30 mm, (c) R 10 mm, (d) R 5 mm for
US.

low curvature, but tends to inflect upward at a higher
curvature, and the CCPM better suppresses that tend-
ency.

The cutting load is also observed to magnify the con-
tour errors, as in Figs. 24–26, in which the cutting depth
was considered explicitly to explicate its effect on con-
tour errors for tracking without cross-coupled compen-
sation (US), with cross-coupled compensation (CCS) and
with pre-compensated, cross-coupled compensation
(CCPM), respectively.

The core of generating a cutting force is the “uncut
chip” , whose size is determined by cutting depth and
cutting width, the latter dependent on feed-rate in most
cutting processes. Figs. 24–26 show that the contour
error index increases linearly with feed-rate at no or

Fig. 25. (a) linear 45, (b) R 30 mm, (c) R 10 mm, (d) R 5 mm for
CCS.

Fig. 26. (a) linear 45, (b) R 30 mm, (c) R 10 mm, (d) R 5 mm for
CCPM.

moderate curvature, but parabolically at higher curvature
(for example, at a radius 5 mm). Cutting depth intensifies
the contour error index such that contour errors are larger
at a higher feed-rate.

Notably, the examples presented in this work are
“ light cutting” because of the bench-top CNC milling
machine available to perform the experiments. In heavy-
duty cutting, the effect of cutting can be reasonably con-
sidered to be much larger.

Fig. 27 shows the effect of velocity pre-compensation
provided by CCPM by comparing the absolute contour
error index associated with CCS with that associated
with CCPM. The comparisons verify that CCPM outper-
forms at higher curvature and higher feed-rate. However,
the advantage of CCPM seems to diminish as the cutting

Fig. 27. CCS/iae-CCPM/iae: (a) Not cut, (b) 0.5 mm, (c) 1 mm, (d)
2 mm.
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depth increases, implying that the cutting effect domi-
nates and might eventually nullify the advantages of
CCPM. This interesting phenomenon deserves further
investigation in the future.

Fig. 28 elucidates the influence of cutting and feeding
on the contour errors for a cutting depth of 1 mm and
a spindle speed of 4800 rpm. It is seen that the contour
errors are location phenomena; they become worse at
certain trajectory locations and the cutting magnifies the
errors differently at the different locations, suggesting
that any attempt to improve the contour errors cannot
overlook the trajectory features.

Using the data that generated Figs. 21–23 and the lin-
ear regression analysis function in Microsoft Excel
allowed us to obtain the contributions of feed-rate, depth
of cut and curvature to the contour errors under three
different trajectory controls as follows

For US:

Er � 0.447 � Fd � 14.022 � Ad � 78.31 � Cv

�22.67

For CCS:

Er � 0.129 � Fd � 4.88 � Ad � 16.2 � Cv�5.833

For CCPM:

Er � 0.53 � Fd � 2.28 � Ad � 9.62 � Cv�2.74.

where Er represents the contour error (µm); Fd is the
feed-rate (mm/s), Ad is the depth of cut (mm) and Cv is
the curvature (mm�1).

In three cases, the ratio of coefficients Cv and Ad are
5.58, 3.32 and 4.22 for US, CCS and CCPM, respect-
ively. The weights of the curvature and the depth of cut

Fig. 28. Comparison of cut (red) and no cut (blue) in one spindle
revolution at various feed-rates: (a) 10, (b) 30, (c) 50 and (d) 100 mm/s.

Fig. 29. Contour errors vs. curvature and metal removal per tooth for
US.

on the contour errors are both sufficiently large. Negli-
gence of any of which is inadequate.

To enable graphical representation, a parameter
“metal removal per tooth” is calculated by multiplying
the feed per tooth by the depth of the cut and the width
of cut (M, mm3/tooth). Figs. 29–31 show contour errors,
determined by curvature and metal removal per tooth,for
US, CCS and CCPM, respectively.

Notably, the metal removal per tooth includes contri-
butions from feed-rate and cutting duty. Nevertheless,
Figs. 29–31 indicate the dependency of contour errors
on the curvature and the metal removal per tooth.

Fig. 30. Contour errors vs. curvature and metal removal per tooth for
CCS.
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Fig. 31. Contour errors vs. curvature and metal removal per tooth for
CCPM.

5. Conclusion

Modern CNC machines have two principal systems—
the cutting system and the feeding system. Workpiece
quality, no matter surface finish or contour accuracy, is
the overall outcome of cutting and feeding systems. Pre-
vious studies have tended to approach CNC machining
from the perspective of either cutting or feeding.

This work, however, investigated the contour errors
on the basis of a complete CNC system. A system model
that includes all groups of functions in CNC machining,
namely trajectory planning, trajectory tracking, the cut-
ting process, and the machine structure (spindle–tool
structure and table structure) was established. Empirical
data obtained for a table-top CNC milling machine were
used to build the empirical cutting force model, the
spindle–tool structure model and the table structure
model. Contour errors were examined using this com-
plete system.

The limitations of traditional studies were examined
and discussed. According to our results, the approach
that considers purely cutting suffers from ignoring the
curvature-related features of the workpiece profile and
the existence of tracking errors. Contour errors are local
phenomena, and different errors occur at different
locations on trajectory, so overlooking profile
(trajectory) features makes the efforts of cutting controls
inefficient. Besides, overlooking tracking errors is equiv-
alent to assuming perfect feeding, hence leaving the vari-
ation of cutting forces and its consequences due to this
cause unchecked.

Cutting was also shown to worsen contour errors in
a manner that might eliminate some of the advantages
gained by tracking techniques. This finding may lead to
a re-thinking and re-developing of tracking strategies.

Some feeding and cutting parameters, including cur-
vature, feed-rate, cutting depth and tracking control,
were examined with reference to the proposed complete
CNC machining system. It was found that contour errors
increased with feed-rate, at a rate that escalates with cur-
vature.

The approach proposed in this work represents a new
way of understanding CNC machining.
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