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Investigation on the Suitability of Two-Dimensional
Depth-Averaged Models for Bend-Flow Simulation

T. Y. Hsieh1 and J. C. Yang, M.ASCE2

Abstract: A numerical experiment is carried out to study the suitability of two-dimensional~2D! depth-averaged modeling for bend
flow simulation, in which the geometry of the studied channel is rectangular. Two commonly used 2D depth-averaged mo
bend-flow simulation are considered in this study of which the bend-flow model includes the dispersion stress terms by incorpor
assumption of secondary-current velocity profile, and the conventional model neglects the dispersion stress terms. The maximu
discrepancy of the longitudinal velocity, obtained from the comparison of these two models, is used as a criterion to judg
applicability for bend-flow simulation. The analysis of simulation results indicated that the maximum relative difference in longit
velocity is mainly related to the relative strength of the secondary current and the relative length of the channel. Empirical r
between the maximum relative difference in the longitudinal velocity, the relative strength of the secondary current, and the relativ
of the channel for both the channel-bend region and the straight region following the bend have been established. The propose
provide a guideline for model users to determine the proper approach to simulate the bend-flow problem by either using the con
model or the bend-flow model. Experimental data have been adopted herein to demonstrate the applicability and to verify the ac
the proposed relations.

DOI: 10.1061/~ASCE!0733-9429~2003!129:8~597!

CE Database subject headings: Channel bend; Two-dimensional models; Secondary flow; Flow simulation.
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Conventional models have been widely used by many
searchers. Molls and Chaudhry~1995! proposed the concept o
the integrated effective stresses, which consists of the lam
viscosity stresses and the turbulent stresses, to simulate the
perimental bend-flow data reported by Rozovskii~1961!. Ye and
McCorquodale~1997! proposed a fractional two-step implici
model to simulate the experimental bend-flow data reported
Chang~1971!. Both simulated results showed good agreemen
compared with the experimental data.

However, the use of the conventional models for bend-fl
simulation have been criticized by a number of investigat
~Flokstra 1977; Finnie et al. 1999; Lien et al. 1999a!. Flokstra
~1977! indicated the need of dispersion stress terms for bend-fl
problem. Finnie et al.~1999! later followed Flokstra’s concept to
solve a transport equation for streamwise vorticity and incor
rated the so-called associated acceleration terms, i.e., dispe
stress terms, to the depth-averaged equations. The inclusio
these acceleration terms results in improved predictions of de
averaged velocity in bend-flow simulation. Lien et al.~1999a!
further showed that the simulated results without considering
dispersion stress terms are consistent with the potential theor
which the velocity distribution is skewed inward and away fro
the sidewalls and approaches to the free-vortex distribution.

de Vriend ~1977!, Odgaard~1989!, and Yen and Ho~1990!
have developed steady bend-flow models to avoid the poss
numerical instability and requiring a great amount of computat
time. But all of them disregarded the convective influence of
secondary current on the main flow, the de Vriend’s so-cal
secondary convection terms on the main flow. Kalkwijk and
Vriend ~1980! developed a steady bend-flow model to simula
the experimental bend-flow data conducted by de Vriend a
Koch ~1977!, in which the convective influence of the seconda
current on the main flow is considered. However, they did n

s
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Introduction

Flow pattern in curved channels is three-dimensional~3D! and
many 3D numerical models have been developed~Leschziner and
Rodi 1979; Sinha et al. 1998; Wu et al. 2000; Meselhe a
Sotiropoulos 2000! to simulate the complicated spiral flow mo
tion in river bends. However, hydraulic engineers in pract
often adopt two-dimensional~2D! depth-averaged models be
cause of their simplicity in implementation and application. T
2D depth-averaged models can be classified into two types:
conventional model and the bend-flow model. The major diff
ence between the two is the treatment of dispersion stress term
the momentum equations. Integrals along the vertical direction
velocity deviations from the depth-averaged values represent
dispersion stress terms. The conventional model assumes tha
tical velocity is uniform and the secondary-current effect is
nored. On the other hand, the bend-flow model takes into acco
the influence of the dispersion stress terms arisen from the i
gration of the products of the discrepancy between the mean
the adopted secondary-current velocity distribution.
RNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2003 / 597

3.129:597-612.



rtica
be-

tres

er-

f the
tion

ore
l.’s
ess
the
sed

for
n a
cu-
tha
nd-
is.
and

re
n-

ility
ex-

l for

ped

e;
in

rva-
rdi-

se

e
sses
nt

ations.

the
it

n be
on-D

ow
nl

oa
de

d 
fr

om
 a

sc
el

ib
ra

ry
.o

rg
 b

y 
N

at
io

na
l C

hi
ao

 T
un

g 
U

ni
ve

rs
ity

 o
n 

04
/3

0/
14

. C
op

yr
ig

ht
 A

SC
E

. F
or

 p
er

so
na

l u
se

 o
nl

y;
 a

ll 
ri

gh
ts

 r
es

er
ve

d.
consider one of the dispersion stress terms induced by the ve
velocity discrepancy in the transverse direction, which might
come the dominant stress in the sharply curved channel~Lien
et al. 1999a!. Nagata et al.~1997! and Finnie et al.~1999! devel-
oped unsteady bend-flow models by ignoring the dispersion s
terms in the transverse direction. Lien et al.~1999a! proposed an
unsteady 2D bend-flow model to capture all the effect of disp
sion stress terms in the bend-flow simulation.

In the aforementioned studies, there are two categories o
2D depth-averaged model for bend-flow simulation. The inten
of this paper is to establish a guideline for users to select a m
appropriate 2D model for bend-flow problems. Lien et a
~1999a! concept considering all of the effects of dispersion str
terms in the governing equations is adopted in developing
bend-flow model. The two-step split-operator approach propo
by Lien et al.~1999b! is used to solve the governing equations
both models. The suitability of 2D depth-averaged models i
bend-flow simulation will be analyzed by comparing the cal
lated velocity and depth from the models. The parameters
influence the suitability of 2D depth-averaged models for a be
flow simulation will be identified through dimensional analys
The relationships between the maximum relative difference
key parameters will be established for both the channel-bend
gion and outlet straight region following the bend. The relatio
ships can provide some guidelines for determining the suitab
of 2D depth-averaged models for bend-flow simulation. The
perimental data from de Vriend and Koch~1977! is adopted
herein for assessing the accuracy and applicability of a mode
simulating bend-flow behavior.

Hydrodynamic Model

Mathematical Formulation

The following assumptions are made in the model develo
herein:~1! incompressible Newtonian fluid;~2! hydrostatic pres-
sure distribution;~3! negligible wind shear at the water surfac
~4! negligible Coriolis acceleration. The governing equations
3D form are integrated over the depth to obtain the 2D conse
tive depth-averaged equations in orthogonal curvilinear coo
nates as follows: Continuity equation

h1h2

]d

]t
1

]

]j
~h2u% d!1

]

]h
~h1v% d!50 (1)

Momentum equations

]u%

]t
1

u%

h1

]u%

]j
1
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h2

]u%

]h
1

1
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]h
u% v% 2

1
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]j
v% 2

52
g

h1

]

]j
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1
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]

]j
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1
1

rh1h2d

]

]h
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1
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]h
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in which

T115E
zb

zs

@t112ru822r~ ū2u% !2#dz

T225E
zb

zs

@t222rv822r~ v̄2v% !2#dz

(4)

T125T215E
zb

zs

@t122ru8v82r~ ū2u% !~ v̄2v% !#dz

wherej andh5orthogonal curvilinear coordinates in streamwi
axis and transverse axis, respectively;h1 and h25metric coeffi-
cients inj andh directions, respectively;u andv5velocity com-
ponents inj and h directions, respectively;r5fluid density;g
5gravitational acceleration;t5the time; d5depth; zb5bed el-

evation;zs5water surface elevation; overbar ()̄5time average;

double overbar (%)5depth average; prime (8)5fluctuating com-
ponent; and subscriptss and b5the dependent variables at th
water surface and channel bed, respectively. The effective stre
(T11,T12,T22) consist of laminar viscous stresses, turbule
stresses, and dispersion stresses due to depth-averaged oper

Closure Model—Quantifying Stress Terms

To solve Eqs.~1!–~3! as a closed system, the stress terms on
right-hand side of Eqs.~2! and~3! have to be expressed as explic
functions of the depth-averaged velocity and the depth.

The bottom shear stressestb1 ,tb2 are modeled according to
the following formulas~Rastogi and Rodi 1978!

tb1
5Cfru% ~u% 21v% 2!1/2, tb2

5Cfrv% ~u% 21v% 2!1/2 (5)

whereCf5g/c25friction factor; andc5Chezy factor.
The laminar viscous stresses and turbulent stresses ca

quantified in accordance with the Boussinesq eddy-viscosity c
cept, which can be expressed as

t11

r
2u8252nF 1

h1

]ū

]j
1

v̄
h1h2

]h1

]h G
t22

r
2v8252nF 1

h2

] v̄
]h

1
ū

h1h2

]h2

]j G
t12

r
2u8v852nFh2

h1

]

]j S v̄
h2

D1
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h2

]

]h S ū

h1
D G (6)
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where n5n l1n t ; n l5 laminar kinematic viscosity; n t

5turbulent kinematic viscosity5ku* d/6 ~Falcon 1979!; u*
5(tb /r)1/25shear velocity; andk5von Karman’s constant
~about 0.4!.

The dispersion stresses are evaluated explicitly, using assu
shape functions for the velocity profile. However, it is almo
impossible to have a global analytical velocity profile which
suitable for any kind of bend-flow field. In general, the vertic
velocity distribution used in the bend-flow model is under t
assumptions of single secondary eddy and developed flow. A
as the modeling development is concerned, many researcher~de
Vriend and Geldof 1983; Odgaard 1989; Lien et al. 1999a! have
pointed out that the use of the velocity profile with these assu
tions should be appropriate.

The velocity profiles in the streamwise and transverse dir
tions proposed by de Vriend~1977! are adopted in the bend-flow
model:

ū5u% F11
Ag

kc
1

Ag

kc
ln zG5u% f m~z! (7)

v̄5v% f m~z!1
u% d

k2r F2F1~z!1
Ag

kc
F2~z!22S 12

Ag

kc D f m~z!G
(8)

in which

F1~z!5E
0

1 ln z

z21
dz, F2~z!5E

0

1 ln2 z

z21
dz (9)

wherez5(z2zb)/d5dimensionless distance from the bed; a
r 5radius of curvature.

The use of the de Vriend’s~1977! profile requires the follow-
ing assumptions:~1! the depth is small compared with the widt
~shallow channel!; ~2! the width is small compared with the ra
dius of curvature~not too sharply curved channel!; ~3! single
secondary eddy only; and~4! developed flow.

Numerical Methodology

The two-step split-operator algorithm proposed by Lien et
~1999b! is used in the present study. The first step~dispersion
process! is to compute the provisional velocity in the momentu
equation without considering the pressure gradient and bed
tion. The second step~propagation process! is to correct the pro-
visional velocity by considering the effect of the pressure grad
and bed friction. The framework of the algorithm can be e
pressed as following:

First step: dispersion process⇒u% n11/2, v% n11/2

Second step: propagation process⇒dn11, u% n11, v% n11

where the superscriptn11 refers to the time level (n11)Dt; and
the superscriptn11/2 denotes the intermediate step betweenn
andn11.

The dispersion step includes convection and diffusion ter
In order to catch the flow direction, a simple hybrid scheme
used for convection terms. Diffusion terms are discretized us
the concept of control volume. Coupled with convection and d
fusion terms, the ADI scheme is adopted to solve the discret
tion equations. The propagation step includes pressure, gra
and bottom shear stresses terms, and none of velocity gra
appears in this step. The propagation step can be discretized
a simple algebraic equation while the unknown can be sol
JOU
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nt
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directly. Similar to the diffusion terms, the continuity equation
discretized by using the concept of control volume and solved
the ADI scheme.

Boundary Conditions

Three types of boundaries, namely, the inlet, outlet, and s
walls are considered. Discharge hydrograph per unit width ca
specified along the inlet section. Water surface elevation ca
specified along the outlet section. At the solid boundaries, the
of the wall is applied outside the viscous sublayer and transi
layer. The wall shear stress is used as the wall boundary cond
and is substituted into the momentum equation in the wall reg
to solve for the velocity component parallel to the wall.

Dimensional Analysis

By comparing the results of velocity and depth from the be
flow model and the conventional model, one can determine
applicability of the model for a bend-flow simulation. To condu
the model comparison study, the maximum relative differen
Max(DC/Cb), is used as an index to distinguish the applica
constraints of models; in whichC could stand foru% , or v% , or d at
each grid point except the wall region in which the wall sh
stress is used;DC represents the difference ofC between models
Cb denotes the result from the bend-flow model which is u
herein as the reference for comparison; and Max represent
maximum value for the case compared.

In order to seek the physically meaningful parameters rela
to the maximum relative differences in velocity and depth
tween the bend-flow model and the conventional model, the
mensional analysis is performed. Major factors that influence
characteristics of the flow in a curved channel can be categor
into three groups~Yen 1965! which include the fluid properties
the hydraulic characteristics of the channel, and the sedim
properties. The fluid properties include fluid densityr and viscos-
ity m. The hydraulic characteristics of the channel includes m
velocity U andV, mean flow depthH, channel widthB, channel
length L, centerline radius of curvaturer c , channel slopeS0 ,
gravitational accelerationg, and the parameters which descri
the shape of the cross section. In the present study, the rectan
cross section with single bend was considered. The flow is c
water, and the movable bed is replaced by a surface of spe
roughness. The functional relationship can be described as

MaxU* ,MaxV* ,MaxH* 5 f 1~r,m,g,L,U,V,H,B,r c ,S0 ,c!
(10)

in which MaxU* 5Max(uDu% u/u% b)5maximum relative difference
in longitudinal velocity; MaxV* 5Max(uDv% u/v% b)5maximum
relative difference in transverse velocity; MaxH*
5Max(uDdu/db)5maximum relative difference in depth;Du%
5difference in longitudinal velocity between models;Dv%
5difference in transverse velocity between models;Dd
5difference in depth between models;u% b5 longitudinal velocity
from the bend-flow model;v% b5transverse velocity from the
bend-flow model; db5depth from the bend-flow model;c
5R1/6/n; n5Manning’s roughness coefficient; andR
5hydraulic radius.

The use of orthogonal curvilinear coordinates system will
move the effects ofDv% andV. Hence, for the rest of ten indepe
dent variables, one can obtain seven independent dimensio
parameters, according to Vaschy-Buckingham’s theorem, as
lows:
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Table 1. Simulated Data

Case No. Unit discharge~m3/s/m! Width ~m! Bend radius~m! Slope (31023) Chezy factor~m1/2/s!

1–67 0.0167–0.6667 3,6,9,12,15 50 1.0 30
68–133 0.0167–0.6667 6,15 25,75,100,125,150 1.0 30
134–212 0.0042–0.8001 6 50 0.1, 0.5, 2.5, 5.0, 7.5, 10.0 30
213–289 0.0050–0.6667 6 50 1.0 10,20,40,50,60,7
n

b

q

r

ratio
less

lly,
The

as a
each
s the

riable
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d
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gth

the
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analyzed. Therefore, in the present study, the depth–width
and the width–radius ratio for all cases are restricted to be
than 0.1. Manning’sn varied between 0.01 and 0.1. Specifica
data sets were generated under the following conditions:
depth–width ratio varied between 4.531023 and 9.4131022;
depth–radius ratio varied between 4.531024 and 4.231022; and
the friction factor varied between 2.031023 and 9.8131022.

The channel considered has rectangular geometry and h
90° single bend. The bend is connected to a 10 m long inlet r
and a 10 m long outlet reach with the same cross section a
bend to avoid the boundary effect.

In generating the test case, each data set has only one va
varied while the rest of variables are fixed. All data sets gener
can be categorized into four groups as shown in Table 1.

The number of cases designed is 289 in total. The data
covered a wide range of possible flow conditions satisfying
assumptions of de Vriend’s profile.R varied between 2.743103

and 5.273105; F between 0.088 and 0.942;SI between 0.004 an
0.409. The relative length of the bendub (ub5Lb /(2pr c); Lb

5the bend length measured from the bend entrance along
channel centerline! varied between 0 and 0.25. The relative len
of the outlet straight channeluos (uos5Los/(2pr c); Los5the out-
let straight channel length measured from the bend exit along
channel centerline! varied between 0 and 0.0637.
Table 2. Regression Coefficients of MaxU* versus Dimensionless Parameters in Channel-bend Region

Factor ln(SI) ln~R! ln(Cf) ln~F! ln(ub) ln(S0) ln(H/B) R2

Coefficient 1.77 0.115 6.29 12.4 0.341 26.16 1.20 93.8%
R5rUH/m, F5U/AgH, u5L/~2pr c!
(11)

SI5UH/~u* r c!5H/~r cACf !, H/B, S0 , Cf5g/c2

in which R5Reynolds number;F5Froude number;u5relative
length of channel;SI5relative strength of secondary current;
H/B5depth–width ratio;S05channel slope;Cf5friction factor;
andu* 5ACfU5shear velocity.

Based on the dimensionless parameters, a general functio
relation may be expressed as

MaxU* ,MaxH* 5 f 2~R,F,u,SI,H/B,S0 ,Cf ! (12)

The MaxU* and MaxH* will be used as criteria to judge
whether a given bend has significant momentum exchange due
secondary current, and whether the bend-flow problem can
solved properly by a 2D depth-averaged model.

Case Setup

To investigate the effects of the dimensionless parameters in E
~12! on MaxU* and MaxH* , a number of hypothetical cases in
compliance with the assumptions of de Vriend’s~1977! profile,
namely, shallow depth and not too sharply curved channels, we
Fig. 1. Variation of MaxH* and MaxU* for simulated cases
3.129:597-612.
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Table 3. Regression Coefficients of MaxU* versus Dimensionless
Parameters in Channel-bend Region

Factor ln(SI) ln~R! ln(Cf) ln(ub) ln(S0) R2

Coefficient 2.16 0.21 0.30 0.34 0.06 90.4%

Note: F andH/B ignored.
JOU

J. Hydraul. Eng. 200
In each case, the steady unit discharge was specified alon
inlet section as the upstream boundary condition; the nor
depth of flow was specified at the outlet section as the do
stream boundary condition. The grid sizes selected are
enough to ensure that the simulated results are grid indepen
With regard to the convergence of the model, the following c
Fig. 2. MaxU* as function ofSI for variousub
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Table 4. Regression Functions of MaxU* versusSI for Variousub

ub Regression functions R2

0.0278 MaxU* 510.581SI211.3102SI20.0012 0.890

0.0556 MaxU* 50.2329SI216.9466SI20.133 0.855

0.0833 MaxU* 525.6052SI219.2925SI20.1908 0.900

0.1111 MaxU* 527.5538SI2110.067SI20.212 0.927

0.1389 MaxU* 527.979SI2110.314SI20.2191 0.937

0.1667 MaxU* 528.3139SI2110.44SI20.2222 0.941

0.1944 MaxU* 528.5011SI2110.511SI20.2242 0.943

0.2222 MaxU* 528.6154SI2110.552SI20.2246 0.944

0.25 MaxU* 528.9197SI2110.629SI20.2192 0.943
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Therefore, the suitability of both models for bend-flow simulatio
can be distinguished through the analysis of the relative ma
mum difference, i.e., Eq.~12!, for regions 2 and 3. The analyse
for these two regions will be given, respectively, in the followin

Flow in Channel Bends

The MaxU* and MaxH* of each case in the entire channel-be
region are shown in Fig. 1. From Fig. 1, one can observe that
values of MaxH* are smaller than 6% and always much smal
than MaxU* for all of the cases simulated. This is because t
superelevation water surface mainly reflects on the centrip
acceleration, (u% 2/h1h2) (]h1 /]h), i.e., the fifth term on the left-
hand side of the transverse momentum equation. Hence, the v
tion in MaxH* in region II can be ignored, and one only needs
focus on the variation in MaxU* .

Justification on Dimensionless Parameters

To test the correlation between MaxU* and the dimensionless
parameters included in Eq.~12!, the functional relationship of
MaxU* and these dimensionless parameters using a log–
scale is established as ln(MaxU* )5C01S i 51Ci ln(Di) with C0

5constant;Di5dimensionless parameter; andCi5coefficient as-
sociated withDi . The coefficients obtained by the regressio
analysis that are statistically significant are listed in Table 2. T
results indicate thatF has significant effect on MaxU* . As far as
shallow water flow model is concerned,F should be one of the
most important parameters and has equal weight of the effec
the models. In other words, the difference of results simula
between models due to theF effect cannot apparently be distin
guished. In addition, the main purpose of this study aims at
vestigating the velocity redistribution in a channel bend, rath
than the gravitational force effect on the free surface flow. Hen
the effect ofF can be removed hereafter. Yen~1965! found that
the general features of secondary flow in a bend are indepen
of H/B as long asH/B!1 in which the influence from the bank
Fig. 3. Plot of regression functions of MaxU* versusSI for variousub
teria should be satisfied:

max@~C i , j
n112C i , j

n !/C i , j
n #<1.031025 (13)

whereC could stand foru% , or v% , or d at each grid point.

Parametric Analyses

As pointed out by Nouh and Townsend~1979!, the secondary
current associated with the flow in a channel bend is generated
the entrance to the bend, reaches its maximum strength within
bend section, and has a negligible effect after a limited distan
along the straight channel after exiting the bend. Hence, the flo
in a single bend can be classified into three regions, namely,~1!
inlet straight region before the entrance to the bend;~2! channel-
bend region; and~3! outlet straight region following the bend.

In the straight portions of the channel in which the radius o
curvature tends to be infinity, the dispersion stress terms can
neglected. Therefore, in region 1, both the conventional and t
bend-flow models should give the same results. Nevertheless,
secondary-current effect will be activated due to the bend curv
ture in region 2, and will last for a certain distance in region 3
3.129:597-612.
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Fig. 4. Contours of MaxU* as a function ofSI andub (MaxU* –SI–ub relation!
a

e

n

l

the
or sidewalls can be neglected. Rozovskii~1961! also indicated
that the wall effect could be neglected in the bends with sm
H/B values. In the present study,H/B for all the study cases are
between 4.531023 and 9.4131022 which are much smaller than
1. Therefore, the effect ofH/B can be ignored. Table 3 shows th
regression results, in which one can observe thatSI has the most

Table 5. Regression Functions ofub versusSI for Various MaxU*

MaxU* Regression functions R2

0.1 ub50.0023SI20.8299 0.268
0.2 ub50.0034SI20.8852 0.288
0.3 ub50.0046SI20.8674 0.297
0.4 ub50.0048SI20.9463 0.350
0.5 ub50.0057SI20.9732 0.332
Fig. 5. Influence ofSI on ue
JOU

J. Hydraul. Eng. 20
ll
significant effect on MaxU* and ub has the least, and theR2

value is reduced from 0.938 to 0.904.

Effects of SI and ub on MaxU*

Fig. 2 shows that for variousub , MaxU* taken from the corre-
spondingub cross section is closely correlated toSI and its value
increases asSI increases. A set of regression functions for MaxU*
andSIunder variousub are presented in Table 4. Those regressio
functions with highR2 values in Table 4 can be used to determine
the MaxU* values at variousub with knownSI value. By judging
the value of MaxU* , users can, therefore, select the proper mode
for the bend-flow simulation.

Fig. 3 shows MaxU* as a function ofSI for variousub . From
Fig. 3, one can observe that MaxU* increases withub for a fixed
SI. The physical meaning behind the dependence ofub lies in the
fact that secondary current in a channel bend is generated at
RNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2003 / 603
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Fig. 6. MaxU* as function ofSI for variousuos
ds
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bend entrance and the influence of secondary current nee
rather long distance to establish~de Vriend 1981!. Therefore, the
longitudinal velocity redistribution in the bend region also need
rather long distance to reach its stable distribution. From Fig. 3
clearly shows that near the entrance to the bend the chang
MaxU* grows much more rapidly than that away from the e
604 / JOURNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2003
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trance to the bend for a fixedSI. Eventually, the change in
MaxU* gradually stabilizes asub increases andub50.25 ~i.e.,
90° bend! seems to be a limiting case. Whenub is greater than
0.25, the MaxU* –SI relation remains almost identical. Further
more, from Fig. 3, one can also observe that MaxU* almost
equals to zero whenSI is less than 0.02. In other words, signifi
3.129:597-612.
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Table 6. Regression Functions of MaxU* versusSI for Variousuos

uos Regression functions R2

0.003 183 MaxU* 56.6758SI216.9976SI20.1417 0.887

0.006 366 MaxU* 52.4937SI216.971SI20.1443 0.881

0.009 549 MaxU* 513.933SI215.0865SI20.1017 0.9

0.012 732 MaxU* 53.2772SI216.0276SI20.1324 0.891

0.015 915 MaxU* 516.488SI213.9524SI20.0855 0.911

0.019 099 MaxU* 57.2926SI214.6431SI20.1008 0.899

0.022 282 MaxU* 517.363SI213.2171SI20.0796 0.926

0.025 464 MaxU* 57.4424SI214.1564SI20.102 0.909

0.028 648 MaxU* 519.113SI212.4235SI20.0559 0.931

0.031 831 MaxU* 58.0995SI213.6358SI20.0802 0.904
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conventional model, therefore, may be appropriate for the ben
flow problem. As the condition falls in region III, the secondary-
current effect in a given bend can no longer be ignored. Then, th
bend-flow model should be the better choice.

Flow in Straight Portion Following Bend

Justification on Dimensionless Parameters

Again, as pointed out by Nouh and Townsend~1979!, the residual
effect of secondary current in the straight channel following a
bend continues to influence the flow field for a significant dis
tance downstream from the bend exit. The longitudinal velocity in
a straight reach beyond a bend needs a rather long distance
reach its straight channel distribution, which is uniform along the
channel width~Rozovskii 1961; de Vriend 1978!. Hence, the rate
of decay of the secondary current existing in the straight chann
portion needs a bend to be considered. Nouh and Townse
~1979! assumed that the effective length of the straight chann
following the bend (Le), within which the decay process takes
place, is equivalent to the length measured from the bend exit
a point downstream where residual secondary-current intensity
to be 10% of the initial intensity measured at the bend exit. Base
on this criterion, Nouh and Townsend~1979! simply neglected the
transverse pressure gradient and gave an expression thatLe

should depend on bottom roughness and water depth. Struiksm
et al. ~1985! proposed that if there is no secondary flow,Le

should depend on bottom roughness and water depth. Kalkwi
and Booij ~1986! assumed that the mean velocity and radius o
curvature are constant along a streamline and gave an express
that Le should depend on bottom roughness and water depth.
Vriend ~1981! deduced that the velocity profile in the transverse
direction at the bend exit should depend on the radius of curvatu
and gave an expression thatLe depends on Reynolds number and
water depth. However, de Vriend ignored the parameter of th
radius of curvature after the bend exit.

Since velocity in the vertical direction cannot be simulated by
2D depth-averaged models, the present analyses cannot expr
the decay of the secondary current in the straight channel portio
Fig. 7. Plot of regression functions of MaxU* versusSI for variousuos
cant momentum exchange due to secondary current would
occur whileSI is less than 0.02.

Establishment of MaxU* – SI – ub Relation

One conclusion that can be drawn from the aforementioned an
sis is that MaxU* is mainly dependent ofSI and ub . The rela-
tionship for some fixed MaxU* , say 10, 20, 30, 40, and 50%, a
a function ofSI andub (MaxU* –SI–ub relation! can be estab-
lished as shown in Fig. 4. One can observe from Fig. 4 thatSI is
inversely proportional toub for a fixed MaxU* . The regression
functions associated with the curves in Fig. 4 are presented
Table 5. This plot delineates the suitable application range ofSI
andub for MaxU* between the two models in channel bend an
can be very useful for model selection.

The MaxU* –SI–ub relation shown in Fig. 4 may be classi
fied into three regions, which are: Region I represents that
bend is too short to cause significant momentum exchange du
secondary current; region II represents that the secondary cur
is too weak to cause significant momentum exchange; and reg
III represents that the significant momentum exchange is cau
by secondary current. Based on the acceptable MaxU* required
by the users, one can easily demarcate the border between re
I ~or II! and III. Near region I or II, the momentum exchang
caused by the secondary current is not significant so that
RNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2003 / 605
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Fig. 8. Contours of MaxU* as function ofSI anduos (MaxU* –SI–uos relation!
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ciate with high MaxU* . Fig. 6 shows that for variousuos,
MaxU* taken from the correspondinguos cross section has a
close increasing relation withSI. The regression functions o
MaxU* andSI for variousuos presented in Table 6 show highR2

values which indicate that Fig. 6~or Table 6! can be used as a
guideline to justify whether or not the bend-flow model is need
to reflect the proper flow condition at the entrance to the strai
portion following a bend.

The relationships between MaxU* andSI for three values of
uos are shown in Fig. 7 from which one can observe that MaxU*
decreases asuos increases for a fixedSI. This can be interpreted a
that the residual effect of secondary current continues to influe
the flow field after the bend exit section and this effect need
rather long distance to scatter. Furthermore, from Fig. 7, one
find that MaxU* almost equals zero whenSI is less than 0.02.
This implies that significant residual effect of secondary curr
in the straight portions following a bend would not take pla
while SI is less than 0.02.

Establishment of MaxU* – SI – uos Relation

From the aforementioned analyses, it is clear that MaxU* in-
creases asSI increases oruos decreases. The relationship for som
fixed MaxU* as a function ofSI anduos (MaxU* –SI–uos rela-
tion! can be established as in Fig. 8. The regression functi
corresponding to the curve in Fig. 8 are presented in Table 7.
MaxU* –SI–uos relation shown in Fig. 8 indicates that for
given small value ofSI ~say less than about 0.1!, MaxU* might
drop dramatically asuos grows initially for a short range. While
uos keeps increasing, the rate of decay of MaxU* decreases and
eventually, may remain at a constant value. This means that
secondary current effect will influence the flow field significant
for a short distance following the bend exit but may stay a min
effect for very long and never dissipate at all. AsSI increases the
decay rate of MaxU* will slow down and the influence of sec
ondary current will last longer. For sure, for very smallSI ap-
proaching null, the secondary-current effect becomes very w
and negligible.

Similar to Fig. 4, the MaxU* –SI–uos relation shown in Fig. 8
can be classified into three regions, which are: Region I repres
Table 7. Regression Functions ofuos versusSI for Various MaxU*

MaxU* Regression functions R2

0.1 uos5861.95SI3.6739 0.499

0.2 uos5181.72SI3.4248 0.669

0.3 uos5298.17SI3.9289 0.566

0.4 uos544.556SI3.4009 0.616

0.5 uos57.6412SI2.8168 0.601
following a bend. Eventually, the longitudinal velocity afterLe

would gradually reach the same distribution in straight chann
Hence, a newlyLe is adopted herein which is equivalent to th
length measured from the bend exit to a cross section downstre
where Max(uu% b2u% m

b u/u% m
b ),0.1 in which u% m

b 5averaged cross-
sectional longitudinal velocity of the bend-flow model; andu% b

5 longitudinal velocity from the bend-flow model at each gri
point in the specified cross section. Fig. 5 presents the simula
results of the dimensionless effective length of straight chan
following the bend (ue5Le /(2pr c)) as a function ofSI. It shows
that ue is closely related to and increases withSI.

The regression analysis is performed to examine the corre
tion between MaxU* and the dimensionless parameters include
in Eq. ~12! using a log–log scale. The results of the regressi
analysis in the straight portion following the bend are similar
those in the channel-bend region. The key parameters relate
MaxU* in the straight portion following the bend would also b
the same parameters as those in the channel-bend region, inc
ing SI anduos.

Effects of SI and uos on MaxU*

In the straight channel portion following a bend, both the conve
tional and bend-flow models have the same governing equatio
The difference between the two will be caused by the flow co
dition at the bend exit which is the intersection between the e
of the bend and the following straight channel. As can be o
served from Fig. 2, the discrepancy of the flow condition betwe
the models at the bend exit, which isub50.25, mainly depends
on SI. It would be expected that larger values ofSI would asso-
3.129:597-612.
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Table 8. Channel Dimensions and Flow Conditions for de Vriend and Koch’s Experiments

Experimenter
Discharge
Q ~m3/s!

Mean depth
H ~m!

Mean velocity
U ~m/s!

Channel width
B ~m!

Bend radius
r c ~m! H/B d/r c

Chezy factor
c ~m1/2/s! Slope F R (3104) SI

de Vriend and
Koch I ~1977!

0.305 0.25 0.2 6 50 0.0417 0.005 50 0.0003 0.13 4.6 0.07

de Vriend and
Koch II ~1977!

0.61 0.25 0.4 6 50 0.0417 0.005 70 0.0003 0.26 9.2 0.111
o
a
d
d

n

t
e

d

d

o
n

a
f

and
ight
f
m

ri-
/s,

-
en-

f 50
ge,
sur-

the
he
n in
I
the
d

ture
n-

JOU

J. Hydraul. Eng. 200
t
t

.

n
d

curvature of 50 m. The channel cross section was rectangular,
the width was 6 m. The channel bed was horizontal in the stra
part and had a slope of 331024 in the curved part. Two series o
measurements were carried out, one with a discharge 0.3053/s
~case I!, and the other one with a discharge of 0.610 m3/s ~case
II !. The Chezy factors were 50 m1/2/s and 70 m1/2/s, respectively.
In addition, the mean flow depth was 0.25 m for both expe
ments; yielding mean velocities of about 0.2 m/s and 0.4 m
respectively.SI were 0.0798 and 0.1117, respectively.

The mesh of 113335 was used in the simulation. The simu
lation reach covered a 23 m long straight channel before the
trance of the bend and a 90° bend with a radius of curvature o
m. The upstream boundary condition was the inflow dischar
the downstream boundary condition was the measured water
face elevation and no-slip boundary was used at the banks.

Results and Discussions

For this experiment, no data have been measured along
straight portion following a bend. Hence, only the results for t
channel-bend region are demonstrated and verified. As show
Fig. 9, one can clearly demarcate the border between region~or
II ! and III when 50% error, for instance, is considered as
acceptable MaxU* . Theub value at the border can be determine
from the knownSI value, which areub50.067 and 0.048 for
cases I and II, respectively. Hence, for a channel-bend curva
less than theseub values, results computed from both the conve
Fig. 9. Use of MaxU* –SI–ub relation for de Vriend and Koch’s experimental data
that the length of the straight channel following a bend is long
enough that the secondary-current effect at the bend exit is n
important; region II represents that the secondary-current effect
the bend exit is too weak to cause significant residual effect; an
region III represents that the secondary-current effect at the ben
exit is important. Again, similar to the consequence abstracted i
Fig. 4, based on the acceptable MaxU* required by the users, one
can easily demarcate the border between region I~or II! and III.
Near region I or II, the residual effect of secondary current is no
obvious. Therefore, the conventional model may also solve th
bend-flow problem properly. As the condition falls in region III,
the residual effect of secondary current can no longer be ignore
Then, the bend-flow model should be the better one.

Application and Verification of Max U* – SI – u
Relation

The experimental data conducted by de Vriend and Koch~1977!
is adopted herein to demonstrate how to use the propose
MaxU* –SI–u relation shown in Figs. 4 and 8 and the regression
functions shown in Figs. 3 and 7. Through the comparison with
the model simulation and measured results, the proposed relati
has been verified. Data regarding the channel dimensions a
flow conditions are summarized in Table 8.

Description of Data Simulated

In de Vriend and Koch’s experiment, the channel consisted of
39 m long straight section followed by a 90° bend with a radius o
RNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2003 / 607
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Fig. 10. Use of the regression functions in channel-bend region for de Vriend and Koch’s experimental data. Case I~ !; case II~——!.
On
,

-
in
7°

0,
tional and bend-flow models will be considered acceptable.
the other hand, for the region with greaterub , the bend-flow
model should be used.

As shown in Fig. 10, the MaxU* values at variousub can be
obtained from the knownSI value. The MaxU* values are greater
than 50% for all cases except case I withub50.0278 and 0.0556
608 / JOURNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2003
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and case II withub50.0278. At the bend exit, that isub50.25,
the MaxU* values of cases I and II reach about 57% and 86%
respectively. The results imply that even with 50% error toler
ance, the conventional model can only be suitable for a certa
short range of channel bend, that is, about less than 24° and 1
of the bend for cases I and II, respectively. From Figs. 9 and 1
3.129:597-612.
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Fig. 11. Velocity ratio u/UM across dimensionless channel width for the simulation of case I of de Vriend and Koch’s experiment. Me
~s!; bend-flow model~—!; and conventional model~¯!.
en

b
tio

he

al
th
one may conclude that for the cases of de Vriend’s experim
the bend-flow model should be a better choice.

In order to verify the proposed MaxU* –SI–u relation, nu-
merical simulations for the experimental data were performed
both models. Figs. 11 and 12 show the variation of velocity ra
u/UM across the dimensionless channel width@(r 2r i)/B# ob-
JOU

J. Hydraul. Eng. 20
t,

y
s

tained from the bend-flow model, the conventional model, and t
measured data for cases I and II, respectively, in whichu
5depth-averaged longitudinal velocity;UM5cross section aver-
aged longitudinal velocity; andr i5radius of curvature of the
inner bank. From Figs. 11 and 12, it is clear that the longitudin
velocity distributions at the bend entrance are identical for bo
RNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2003 / 609
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Fig. 12. Velocity ratio u/UM across dimensionless channel width for the simulation of case II of de Vriend and Koch’s experiment. Mea
~s!; bend-flow model~—!; and conventional model~¯!.
im
en

the
n

gitu
rre
on
on

and
l is
d-
.
e

models. After the bend entrance, one can observe that the s
lation results by the bend-flow model have fairly good agreem
with measured data in which the longitudinal velocity near
outer bank increases along the bend and becomes greater tha
near the inner bank due to the transverse convection of lon
dinal momentum along the bend caused by the secondary cu
On the other hand, the results simulated by the conventi
model are consistent with the potential theory in which the l
610 / JOURNAL OF HYDRAULIC ENGINEERING © ASCE / AUGUST 2003
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gitudinal velocity is inversely proportional to the radius of the
curvature. The inaccuracy of longitudinal velocity distribution
with measured data is generated at the entrance to the bend
increases along the channel bend when the conventional mode
adopted. Figs. 11 and 12 clearly illustrate the need of the ben
flow model for simulating the de Vriend and Koch’s experiments
This result is consistent with the analysis previously made on th
basis of the proposed MaxU* –SI–u relation.
03.129:597-612.
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Conclusions

A numerical experiment on the suitability of 2D depth-averag
models for bend-flow simulation is presented in this paper. T
commonly used 2D depth-averaged models, i.e., a bend-
model and a conventional model, were considered. The app
bility of each model has been analyzed by examining the m
mum relative differences of longitudinal velocity MaxU* . The
regression analysis shows that MaxU* mainly depends on the
relative strength of secondary currentSI and the relative length o
channel (ub or uos); and the effect ofSI is much more evident
The momentum exchange due to secondary current in the cha
bend and its residual effect in the straight channel portion follo
ing a bend would not be significant whenSI is less than 0.02
A useful relation MaxU* –SI–ub given in Fig. 4 and
MaxU* –SI–uos given in Fig. 8, has been established whi
serves as a guideline for model users to distinguish whethe
bend-flow model is needed or not to capture the second
current effect along the channel-bend region and to reflect
proper flow condition at the entrance to the straight portion
lowing a bend. The verification of the functional relation pr
posed has been carried out with the use of the experimental
conducted by de Vriend and Koch~1977! and it shows very con-
vincing results.
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Notation

The following symbols are used in this paper:
B 5 channel width;

Cf5g/c2 5 friction factor;
Ci 5 regression coefficient associated withDi ;
C0 5 constant;

c 5 Chezy factor;
Di 5 dimensionless parameter;
d 5 water depth;
F 5 Froude number;
g 5 gravitational acceleration;
H 5 mean flow depth;

h1 andh2 5 metric coefficients inj andh directions,
respectively;

k 5 von Karman’s constant;
L 5 channel length;

Lb 5 bend length;
Le 5 effective length of straight channel

following bend;
Los 5 outlet straight channel length;

MaxH* 5 maximum relative difference in depth;
MaxU* 5 maximum relative difference in

longitudinal velocity;
MaxV* 5 maximum relative difference in

transverse velocity;
n 5 Manning’s roughness coefficient;
R 5 Reynolds number;
JOU
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r 5 radius of curvature;
r c 5 centerline radius of curvature;
SI 5 relative strength of secondary current;
S0 5 channel slope;

Ti , j 5 integrated effective stress;
t 5 time;

U 5 j components of mean velocity;
u 5 j components of velocity;

u* 5 shear velocity;
V 5 h components of mean velocity;
v 5 h components of velocity;
zb 5 bed elevation;
zs 5 water surface elevation;
D 5 difference between conventional model and

bend-flow model;
z5(z2zb)/d

5 dimensionless distance from bed;
u 5 relative length of channel;

ub 5 relative length of bend;
ue 5 dimensionless effective length of straight

channel following bend;
uos 5 relative length of outlet straight channel;
n l 5 laminar kinematic viscosity;
n t 5 turbulent kinematic viscosity;
m 5 viscosity;

j andh 5 orthogonal curvilinear coordinates in
streamwise axis and transverse axis,
respectively;

r 5 fluid density;
tb1 , tb2 5 ith direction components of free-surface and

bed-shear stress, respectively; and
t i , j 5 shear stress acting on face perpendicular to

i-axis and acting in direction ofj-axis.

Superscripts
b 5 dependent variables from bend-flow model;

n11 5 unknown variables at time level (n11);
n11/2 5 provisional variables between steps;

~2! 5 time average;
~5! 5 depth average; and
(8) 5 fluctuating component.

Subscripts
b 5 dependent variables at channel bed; and
s 5 dependent variables at water surface.
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