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The heavy quark effective theory is invariant under reparameterization. The specific form
of the reparameterization transformation is not unique; and it is closely related to the effective
theory. The theory invariant under Luke and Manohar’s reparameterization transformation
is derived.

PACS numbers: 11.15.Pg

I. INTRODUCTION

The heavy quark effective theory (HQET) [1] is a useful tool in studies of heavy
quark systems. In the infinite limit of the heavy quark mass, Mg — oo, there exists a QCD
heavy flavor-spin symmetry. The relevant degrees of freedom of the HQET are those fields
with scales much lower than Mg. The contributions from the fields with scales greater
than Mg appear to be mass correction terms. Fields with scales higher than two times
Mg can be integrated out by employing the equation of motion (EOM) method [2] or the
functional integration (FI) method [3]. The HQET theories derived from these two methods
are equivalent. For convenience, we denote these theories as EOM-HQET. An investigation
by Das [4] shows that the EOM-HQET Lagrangian contains Hermitian as well as non-
Hermitian mass correction terms. For a Hermitian theory, the non-Hermitian terms need
to be regularized. In the next section, we shall give a detailed discussion of the physics of
the non-Hermitian terms.

The heavy quark momentum can be separated into two parts, the heavy quark ve-
locity part and the residual momentum part. A change of parameterization of the heavy
quark velocity and the residual momentum would lead to the same effective theory. This
implies that the coefficients of the mass correction terms in the HQET Lagrangian can be
fixed by means of reparameterization [5]. There are two versions of the reparameterization
transformation: Luke and Manohar’s and Chen’s [6]. As indicated by Chen, the applica-
tion of Luke and Manohar’s transformation to the EOM-HQET Lagrangian is only valid
for correction terms not higher than the second order. On the other hand, the EOM-HQET
Lagrangian is invariant under Chen’s transformation [6]. However, this does not mean that
Luke and Manohar’s transformation is incorrect. Because there exist field redefinitions for
the effective field, the HQET Lagrangian and the reparameterization transformation are
not unique. As shown in [10], there are an infinite number of equivalent theories. As found
in [7], Luke and Manohar’s transformation is equivalent to Chen’s transformation up to a
field redefinition. This implies that the invariant Lagrangian under Luke and Manohar’s
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transformation should be different from the Lagrangian invariant under Chen’s transfor-
mation. The purpose of this paper is to derive the Lagrangian invariant under Luke and
Manohar’s transformation. The removal of non-Hermitian terms then plays an important
role in our approach.

The remainder of this paper is organized as follows. Section II is devoted to figuring
out the physical meanings of the non-Hermitian terms. In Section III we derive a Her-
mitian HQET Lagrangian from QCD. In Section IV, we show that the derived Hermitian
HQET Lagrangian is invariant under Luke and Manohar’s transformation. The last sec-
tion contains a discussion and conclusions. The mass correction terms up to O(1/M, 22) are
enumerated in the Appendix.

II. THE NON-HERMITIAN TERMS

Because the non-Hermitian terms in the EOM-HQET play an important role in our
derivation, it is better to have a closer look at their physical meaning. We begin with a
simple example: the non-relativistic reduction of the Hamiltonian of an electron interacting
with static electromagnetic fields. The equation of motion for an electron under the static
Coulomb potential reads

.0 Lo

i @7+ eV 1)
where V represents the Coulomb potential, m denotes the electron mass, v is the electron
wave function, (@); = 7% with i = 1,2,3, 8 = 4° and # = —iV. In the non-relativistic

limit E ~ m + $2/2m, it is convenient to recast ¢ into its large and small components, ¢
and x, in the form

()

In this way, Eq. (1) can be rewritten as two coupled equations

0
z—¢ =d-1x+eVo+mo,

ot

0
iSX =GR+ eVy —my (3)

ot

where we have employed the Dirac matrix representation
1 0 07

s=(p U a=(20) ()

As the electron propagates over time, the contribution from the potential term is smeared
out in the weak field limit m > V. To avoid this, one can transform the components ¢ and
x into other ones, ® and X, which are slowly varying functions of time. These two new
components are related to the old ones through the following relations

P = eimt(b , X = eimtX ) (5)
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The equations of motion for ® and X are as follows:

0P
0X
Since eV < 2m, we can expand X in terms of 1/m:
1
X =—23G 70
2m + 70

G-7 7GR

[__

2m 4m?

Q

+o0]0, (7)

and substitute the expanded X into the first equation of (6) to obtain

0P (7 - 7)? e :
_ o o I = 2V15 . D
z—at eVd 4 - 4m2{[V(U 7))+ -7V]g -7}, (8)
where
G -7V]|d - R=7V - -7+id - (RV x ) . (9)

Rewriting (8) as the Hamiltonian gives

—». —\ 2
H= @Tev¢+qﬁ%¢_qﬂ%{w&-ﬁ>2+ G- 7V]G - 71D . (10)

Note that the Darwin term (the last term) in the above Hamiltonian,
e

Op = 4m?

IRV - 7D, (11)

is non-Hermitian:
e

1
Op 4m?

(70T 7V)D #£ Op . (12)
One can add up O}; and Op, and then divide their sum by 2 to obtain the average. By
performing an integration by parts for the average, with the surface terms being neglected,
we can derive a Hermitian Darwin term [8]:

R_ _°€ -\ 2
Of = chf[(n) Vo . (13)
One should note that the above regularization method is only valid for leading order terms.
This is because the regularization for the leading order terms also affects the higher order
terms. Alternatively, one can make use of a renormalized ®, with the expression [8]
(7)
Cyp=(1+ g+ )2, (14)
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to obtain the regularized Darwin term Og. The regularized Darwin term Og is, in fact, the
second spatial variations of V' due to the jittery motion of the electron with the Compton
wavelength d7 ~ 1/m. To see this connection, we may expand the potential V (¥4 §7) with
respect to V(r):

< V(F+6r) >=< V(r) > +# < (®)*V >, (15)
where the operator with a bracket means that the integration of the operator is convoluted
with the electron wave functions. The integration of the first order of variation of the op-
erator vanishes, since the electron wave functions are assumed to be spherically symmetric.

The above example exhibits the physics of the non-Hermitian terms. The non-
Hermitian terms in the EOM-HQET Lagrangian are similar. The equation of motion for
the heavy quark field v is

(i) — Mq)y =0, (16)

where Mg denotes the heavy quark mass and i) is the covariant derivative dp = i) — gA*T“.
At energies much lower than Mg, v is no longer a good variable for describing the relevant
physics. One needs to employ a field redefinition Q(z) = exp (iMgv - z)1(z) to remove the
large phase factor Mgv from the wave function. The variable v represents the heavy quark
velocity. Rewriting (16) in terms of Q(z) yields

(1-7)

5 )@=0. (17)

(1D —2Mq

By imposing the condition v? = 1, one can separate @ into its large and small components,
h and H:

Q:l—;ﬁQ—f—l;ﬁQEh—i—H. (18)

Substituting (18) into (17) and multiplying (1 — ¢)/2 from the left of (17) yields

1

" 2Mq +iD; (PL)k, 1)

with Dy =v-D and P, =) —$D). Using (18) and (19) leads to

1

Q=[1+ mi@ﬂh : (20)

Substituting (20) into (17) and expanding it up to O(l/M%) one then arrives at

; 1 2 1 Lo Ans
ZD”h = [_%[_Di + 50 . G] — %[Zaaﬁv)\Ga DL
. . 1
+2D||Ua5Ga6 — ZD”DE_ + UQGQBDBL] + O(W)]h s (21)

Q
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where Y#y¥ = g" +ic" and [iD",iD"] = —iG"" have been used. Note that the Darwin
term (the last term in the second line of (21)) is non-Hermitian. Following a procedure
similar to that employed in the previous QED calculation, we can regularize the Darwin
term by using the renormalized large components h':

1 .
h,:(l—FWﬂDi—i—...)h. (22)
Q

The equation of motion for A’ takes the form

2 1

. 1
1 1
+ = lioaga{ D}, G} + va[Df, G*) + O . (23)
8]\/[Q ]\/_fQ

The Darwin term in the second line of (23) corresponds to the relativistic effects of Zitterbe-
wegung from the jittery motion of the heavy quarks with Compton wavelength Ag ~ 1/Mg.
This implies that the large component h still contains frequency modes with scales being
larger than Mg. These frequency modes should be integrated out for the low energy effec-
tive theory. In summary, we see that the mass corrections receive two kinds of contributions:
the first kind comes from frequency modes with scales higher than 2M ¢, while the second
kind is from the frequency modes with scales between Mg and 2M¢g. Only both kinds of
contribution together can result in a Hermitian theory. The result of integrating out the
frequency modes with scales higher than Mg leads to the renormalized heavy quark field
(22). This means that the renormalized field A’ contains only the frequency modes with
scales less than Mg and is responsible for the low energy physics. A systematic method,
which can derive a Hermitian Lagrangian as well as the relevant effective field, is very useful
in theory and phenomenology. To develop this method is the main purpose of this paper.

To reveal the eligibility of the unrenormalized large components h, we discuss two
examples in the following. The first example we encounter is the spin sum of the large
component h in the free theory, in which the heavy quark is a free particle. From the
definition (20), the spin sum has the expression

— 1+ — 1+
SR = S emem L (21)
A A
where A denotes the spin indices of the summed spinors. The spin sum over @ is equal to

— 1+9 f

A)=—+ — 2

>R = 5"+ g (25)
A

where £ means the residual momentum whose magnitude is much smaller than M¢g. Sub-

stituting (25) into (24) yields

aoy - L #
D RA) = - ). (26)
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It is noted that the spin sum of the effective HQET spinor h, is equal to

= 1+
;hv()‘)hv()‘) =5 (27)

This example shows that the propagator of h differs from that of h,,

] 1
Sy = 17

- 2
v ou-k+ie 207 (28)

by a factor (1 , which is just twice the inverse of the renormalization factor defined

K,Q
o 4M%)
in (22). For the second example, we would like to take the matrix representation of the
heavy quark spinor. Let ug denote a free full heavy quark spinor with energy Eg, mass

Mg, and spatial momentum k. ug can be expressed in terms of its rest frame spinor as

Eq+M o
e o
G-k (@) |~

-k
V2Mq(Mg+EqQ) ¢

uQ = (29)

where

¢<”:<(1)> , ¢<2>:<(1)>, (30)

denote the rest frame spinors. In the static approximation, we can expand Eg to

2 at
Eg=\/MZ + k2~ Mg — : (31)
Q 2Mg

where k2 = —§2 and k. = (0, E) have been used. Under this approximation, the full spinor
ug becomes
2 @ )
1
wg=1-45( 0 ). (32
4MC% ( QMQL—'%L ¢( :

From (32), we can identify the large components h and small components H of ug

h = 1- %3_2¢7
4MQ

ke,
2Mq — k1

(33)

Spinors ¢ and uq are well normalized, ot = ugug = 1, while the large components h have
an incorrect normalization hh =1 — (f, /2Mg)? as pointed out in [9].



VOL. 41 TSUNG-WEN YEH 349

Finally, we emphasize that, from the equations of motion for @ (17), we can directly
derive the relation between h and H as

H=| Jh, (34)

1 .
2Mq —ip P
and the on-shell condition for @ is

1)) 2
[Z'D” + ;Z]lDw)Q

jQ=0. (35)

III. CONSTRUCTION OF AN EFFECTIVE THEORY

ITI-1. Derivation of the Effective Field
One can match QCD to HQET at the scale of the heavy quark mass, Mg, by requiring
that the 1PI Green’s functions of the two theories describe the same physics. The simplest
way to achieve this is to set the external quarks to be on shell [7]. In momentum space, the
LSZ reduction formula for a heavy quark fermion is expressed as
S(Pg,...) = ! @(PQ/MQ)M . /dweiPQ"T < O0|T[(z)...]|0 > |F5:M5

V2o 2Mo
VZQ

0w+ kM) (X — A7) .

oMy
[z <OT1@@)- 10 > Lo (36)

where Q(z) = exp (iMqu - )y (z) and ¥(x) denotes the heavy quark field. In this paper, we
would like to develop the projection operator method to derive the matching between the
effective spinors @) and h,,. The field Q) denotes that the heavy quark carries the momentum
FPg, with expression Pg = Mguv + k, while the field h, represents the heavy quark carrying
momentum k with respect to a constant moving frame with velocity v. Both spinors are
equivalent variables for low energy physics. However, in the limit Mg — oo, or at an energy
scale much lower than Mg, h, is a more appropriate variable.

Using the projection operator approach, we specify the state of @ by means of a
positive energy projection operator

ar= ) +2]@Q (37)

which is defined to select the spinor @ which has the momentum just equal to Mgv + k,
ATQ=Q. (38)

Equation (38) is equivalent to the equation of motion [i) — Mg(1 — ¢)]Q(z) = 0. Being a
projection operator, AT obeys the identity

(AF)? = AT, (39)
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which implies the on-shell condition:

kQ
2Mg

[k” + ]Q =0, (40)

with k| = v - k. The inverse operator of AT is the negative energy projection operator

Afz(l_ﬁ)_ k , (41)
2 2Mg

defined by the identity
AT+A =1 (42)

In order to derive h,, which respects the physics in the limit Mg — oo, we define the
relevant projectors for h,

IEP At (43)

+
Ay
2 Mg—oo

Note that operators A" (A, ) are the infinite mass limit of the energy projection operators
AT (A7), AT satisfy the identities

(A)? = A7 (44)
Via 1 = A} + A, , we recast @ to be

Q=AQ+AQ=h+H. (45)

From (38) and (45) we arrive at

and
1
Q=[——1h. (47)
1 - %

In the literature, people always stop at this point to identify h as h,. As pointed out in
the last Section, h is not identical to h,. It is natural to assume that h, is the infinite
mass limit Mg — oo of h and the two spinors are proportional to each other. The first
assumption comes from the definition for the effective spinor, h, = limps,—00@ , and the
second one is based on the fact that both h and h, are projected out by A;". In this way,
we argue that h = [1 + w]h,, with the ansatz @ = w and pw = w. To derive w, we note the
identities

AT =)"QQ, (48)
AF =) by, (49)



VOL. 41 TSUNG-WEN YEH 351

where summations over the spin indices of the spinors are implied. Equations (48) and
(49) hold, if and only if, QQ = h,h, = 1. Equation (49) is due to the definition: the limit
Mg — oo of (48). Substituting (47) and h = [1 4+ w]h, into (48) and using (49), we obtain
the equation for w:

RS BT ¥

2
2 1- — .
it =00 T g (50)
With the help of the on-shell condition (40), (50) is recast as
1+
249 i 2—5)=0. 51
@ + 20+ (5D 51)
The above equation is easily solved leading to the solution
w=-1+v1+T, (52)
1+ .
where T' = —(%)2(716) We then obtain
Foo 149
= 1 _— —_— 2 —_— .

The relation between h and h, is consistent with that relation between h and A’ found in
the last Section.
Combining (47) and (53) leads to

1+ f/(2Mo)
T F/2Mg) "

Note that (54) is just the Lorentz transformation between two spinors with relative velocity
k/Mg. The transformation operator A(w = v + k/Mg,v) is identical to the Lorentz boost
in the spinor representation [5]:

Q= v = AMw = v+ Ek/Mg,v)h, . (54)

. 1y
A(w,v) = —2(1 ) (55)

In the presence of interactions, the Lorentz boost interpretation for (54) is no longer correct.
The reverse transformation from h, into () can be derived in a similar way. The result is

hy = M/ﬁQ . (56)

Transforming (54) into coordinate space by the replacements § — i results in the
relation

Q) = || T ). (57)
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The field Q(x) is consistent with the field derived by Luke and Manohar [5]:

Uy, (z) =Alv+iD/Mg,v)h,(x) . (58)

By employing (54) and (57), we arrive at the matching between @ and h, at the scale equal
to Mg,

S(k,...) = _—ih_v(v)(i - d).../dmeik'x(OIT[hU(x)...]O>]U_k_ 2 (59)

VZg 2Mg 2 g
which is different from (41) in [10] by a factor of \/Z(k) = /(1 — }62/(4Mé) This is
because the effective field AX© employed in [10] is the unrenormalized large components

hEO = h = \/ Z(k)hs,.
By matching QCD and HQET at 2PI and quark-gluon-quark interaction Green func-
tions, we can derive the HQET Lagrangian:

L = 6P - Mo}y
= QU - 2MgA;)Q
e [TERICMG) ) TN
= A T i) P T MR T gy N o

Note that the HQET Lagrangian is Hermitian. This fact can be verified by explicitly
performing the operations of Hermitian conjugation and integration by parts. We only
show the particle part of the Lagrangian. The antiparticle part of the Lagrangian can be
derived in a similar way.

IV. THE VELOCITY REPARAMETERIZATION TRANSFORMATION

IV-1. Field Transformation

The heavy quark momentum P is independent of which parameterization is em-
ployed, Py = Mgu +k or Py = Mouv' + k', where v, v/, k and k" denote different variables,
vEY and k£E. Tt was found that the HQET Lagrangian should be invariant under the
reparameterization v — v’ and k — k’. We show the following theorem: If v and v’ are
related to each other as v/ = v + dv, with (v/)? =v? =1 and v - dv + (0v)?/2 = 0, then h,,
is related to h, as

1+ 59/2
By = 4 /mAjhv (61)
hta) = eeso LT A (o) (62)

and
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Furthermore, if Mgov =k — k', Q(Pg = Mqv' + k') equals Q(Pg = Mgv + k), then
Q(Pg = Mqv' + K)(x) = M Q(Py = Mqu + k)(z) . (63)

The proof of this theorem is straightforward. Since v’ = v+dv and (v')? = v? = 1, velocities
v" and v have corresponding energy projectors (1 + #’)/2 and (1 + ¢)/2, which will project
effective fields h,s and h,, respectively. By replacing 0v with k/Mg in the transformation
(54), we thus derive the transformation from h,s to h,. The proof of the equality between
Q(Pg = Mgv' + k') and Q(Pg = Mgv + k) is also trivial by noting that

1+ 0p)2
hy = mAjhv, (64)

Q(Pg = Mgu +k) = %Ajhv , (65)
Q(Pg = Mgv' +k) = %%Z;Ajhv/ : (66)

and Mqodv = k — k'. It leads to the following identity

Q(Pg = Mgv' + k') = ,/%Ajhv,
1+k'/(2MQ)\/1+5¢/2A+h
1—f/2Mg) | 1—ap/2 """

ey .
=\ T §j@ag)
= Q(Pg = Mgu+k). (67)

Il
Q

The proof is completed.

The most important property of this transformation is the association of successive
transformations. If we denote the transformation from h,, into hy—y 5, by hy = L(v,v")hy,
then we have L(v,v") = L(v',v")L(v,v"). We show this explicitly below. The successive
transformations v — v’ = v + dvy followed by v/ — v" = v/ + dvg = v + vy + vy, would
have the effective field transformations

. 1+5¢1/21+¢

hv_>hv/_,/1_(%/2 L, (68)
1+ 6p/21+ ¢

hv’_’hv” = 1_(;%2/2 9 hv’ (69)

T Gh o
- \/ TGk o2 2 (70)

and
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IV-2. Reparameterization Invariance

We now show that the reparameterization invariance is trivial and manifest for the
Lagrangian (60). Using the previous theorem, it is also straightforward to prove that the
effective Lagrangian in terms of @) is invariant under the transformations v — v’ = v + dv,

Mgév =k — K, and Q(Mqov' + F')(x) = exp (iMgdv - ) Q(Mgu + k)(z):
L = Q(Pg = Mqu+ k)(ilp — 2MqA;)Q(Pg = Mqu + k)
= Q(Pg = Mqu' + K)(ip — 2MoA,)Q(Po = Mov' + /) . (71)

It is also trivial to prove the invariance of the effective Lagrangian in terms of h, under the
same transformation:

L = = Mqgv' + K')(ip — 2MgA;) = Mqv' + k)

= TyA} Hg;gﬁz ip — 2MoA>) ,/Hg; A+h
- oy g T P 2Met)
1+7‘lp/ 2MQ ZMQ51)1' 1+5¢/2A+h
1= p/(2Mg) \ T—ag/2"

L D/@Mg) oy [1HD/(Mg)

1—d/(2Mg) ORI T =/ (2Mg)
= Q(Py = Mqu + k) (i) — 2MqA; )Q(Py = Mqu + k), (72)

where we has used

itigve | LD/ MQ) irrgs \/1+6¢/2 _ 1+ i/M) )
1= /(20 1=3p2 | T=/C2Mg)

V. DISCUSSIONS AND CONCLUSIONS

For comparison, we discuss different versions of the reparameterization transformation
for EOM-HQET theories. The reparameterization transformation proposed by Luke and
Manohar [5] for a spinor h, is defined as follows

ho(x) — RS o (@) = MOV T ALy (0 @) Apag (v, @) " hy () (74)

The transformation operator Ay (v, ) has the form

App(v',a) = %7 (75)
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with
o= = : (76)
2iv-D D2
\/ 1+5 — a2
Note that v,v’ and 4 are unit vectors. They all satisfy v? = (v')? = 42 = 1. It should
be noted that Luke and Manohar’s transformation (74) is equivalent to the transformation
(62). This implies that our reparameterization transformation, shown in last section, is

identical to Luke and Manohar’s transformation. Chen’s version of the reparameterization
transformation is defined as

orso (@) = eMOVTAC (0 0)hy () (77)
where the operator Agp (v, v) is
1L+9+6p 1 .
A ") = 1 . 78
The above transformations are proposed for the Lagrangian
— 1
L=hJiv-D4+iD), ——iD,h, .
[tV +Z’Dl2MQ—|—iU-Dl’Dl] v (79)

As shown in [7], the differences between Luke and Manohar’s transformation and Chen’s
transformation is at least of order O(1/M, 22) However, as we showed in the previous sec-
tions, the Lagrangian which is invariant under Luke and Manohar’s transformation should
be the Lagrangian defined in (60).

In summary, we have regularized the non-Hermitian terms in EOM-HQET [1-3] to
all orders in O(1/Mg). We have shown that the large components of the heavy quark field
should be renormalized with respect to the low energy physics. In terms of the renormal-
ized large components, the Lagrangian (60) is Hermitian and invariant under Luke and
Manohar’s transformation. We have only considered the tree level cases. It is interesting
to see whether the same method can be applied to the higher order in s cases.
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APPENDIX A: MASS EXPANSION LAGRANGIAN

We discuss the mass expansion of the HQET Lagrangian defined in (60). The HQET
Lagrangian L is expanded into mass correction terms in the form

L= Z 2MQ (A1)
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where the first leading terms L™ n = 0,1,2,3 are enumerated as follows:

LO = h,iDyh, (A2)
LM = p, -—Dﬁ -D*+ %aaﬁaaﬁ hy | (A3)
L® = p, _—2iD|:|5 + %(ua[pg,Gaﬁ] +¢aaﬁUA{Dﬁ,Gm})} Ry (A4)
L® = h, -DQ(DQ + D) + %GQ - %U-Gpﬁ —{D?% 05 -G}

+Oug <D,\{D5, GV 4 D%, G Dy — z’GMGf)

Scadron, M. D. Advanced Quantum Theory. New York:Springer-Verlag, 1979.

—%75%6@6:&5@0] h . (AB)
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