This article was downloaded by: [National Chiao Tung University BI3Z 5B AZ2]
On: 27 April 2014, At: 20:04

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Journal of Modern Optics

Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/tmop20

Analysis of the focal characteristics
of cylindrical lenses made of
anisotropically dielectric material
based on rigorous electromagnetic
theory

Bizhen Dong 2 , Jiasheng Ye ° , Juan Liu @, Benyuan Gu ? ,
Guozhen Yang # , Maohong Lu © & Shutian Liu ®

% Institute of Physics, Academia Sinica , PO Box 603, Beijing,
100080, China

b Department of Physics , Harbin Institute of Technology ,
Harbin, 150001, China

¢ Institute of Electro-Optical Engineering, National Chiao

Tung University , Hsingchu, Taiwan
Published online: 03 Jul 2009.

To cite this article: Bizhen Dong , Jiasheng Ye , Juan Liu , Benyuan Gu , Guozhen Yang ,
Maohong Lu & Shutian Liu (2003) Analysis of the focal characteristics of cylindrical lenses
made of anisotropically dielectric material based on rigorous electromagnetic theory, Journal
of Modern Optics, 50:8, 1195-1208, DOI: 10.1080/09500340308235195

To link to this article: http://dx.doi.org/10.1080/09500340308235195

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information
(the “Content”) contained in the publications on our platform. However, Taylor

& Francis, our agents, and our licensors make no representations or warranties
whatsoever as to the accuracy, completeness, or suitability for any purpose of the
Content. Any opinions and views expressed in this publication are the opinions and
views of the authors, and are not the views of or endorsed by Taylor & Francis. The
accuracy of the Content should not be relied upon and should be independently
verified with primary sources of information. Taylor and Francis shall not be liable
for any losses, actions, claims, proceedings, demands, costs, expenses, damages,



http://www.tandfonline.com/loi/tmop20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/09500340308235195
http://dx.doi.org/10.1080/09500340308235195

Downloaded by [National Chiao Tung University | at 20:04 27 April 2014

and other liabilities whatsoever or howsoever caused arising directly or indirectly in
connection with, in relation to or arising out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden.
Terms & Conditions of access and use can be found at http://www.tandfonline.com/
page/terms-and-conditions



http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [National Chiao Tung University | at 20:04 27 April 2014

Taylor & Francis
JOURNAL OF MODERN opTIcs, 2003, voL. 50, ~o. 8, 1195-1208 Tayz,;.;,a,.d,cmp

Analysis of the focal characteristics of cylindrical lenses
made of anisotropically dielectric material based on
rigorous electromagnetic theory

BIZHEN DONG#*, JIASHENG YEtt, JUAN LIUt,
BENYUAN GU+, GUOZHEN YANGt, MAOHONG LU§ and
SHUTIAN LIU}

t Institute of Physics, Academia Sinica, PO Box 603, Beijing 100080,
China

I Department of Physics, Harbin Institute of Technology, Harbin,
150001, China

§ Institute of Electro-Optical Engineering, National Chiao Tung
University, Hsingchu, Taiwan

(Received 11 February 2002; revision received 14 June 2002)

Abstract. The focal characteristics of refractive cylindrical lenses made of
anisotropically dielectric material (uniaxial crystal) are analysed based on
rigorous electromagnetic theory and the boundary element method. The
performances of the lenses with different f numbers are appraised for both
incident waves of the TE (transverse electric) and TM (transverse magnetic)
polarizations. Numerical results show that the focal performance of this kind of
lens for the TE polarization and the TM polarization of incident light wave is a
difference, in particular, different focal lengths, owing to the anisotropy of the
material. However, for the conventional isotropic lens, the focal features for
both the TE and TM polarizations are the same. It is anticipated that this new
kind of lens proposed for the first time may serve as a light switching device
with high speed used in the micro-optical communication.

1. Introduction

Diffractive optical elements have been widely used in various applications to
optical interconnections, laser-beam focusing, coupling, feedback, spectral filter-
ing, correlation filtering, wavelength-division multiplexing, signal processing,
optical disk readout, beam array generation, and others [1]. The developments
of modern microlithography and technologies have made it possible to produce
micro-optical elements with small characteristic size comparable to the light
wavelength. Because of their small scale, the light-scattering effect in the micro-
lenses becomes more important than that of the light diffraction, thus, the
conventional scalar diffraction theory is no longer applicable for analysing the
performance of the microlenses. Therefore, the rigorous electromagnetic theory
and various numerical methods have been proposed to reveal the features of the
microlenses in recent years. One of the effective methods for analysing and
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designing microlenses is solving the related integral equations with the use of the
boundary element method (BEM) [2-8].

In previous papers the performance of diffractive cylindrical lenses made of
isotropically dielectric materials with different f numbers for the TE polarization
and the TM polarization has been studied in detail [2, 5, 8]. The results show that
the focal characteristics, for instance, the diffractive efficiency and the focal spot
size on the focal plane are almost similar with each other for TE and TM
polarizations of incident light wave.

In this paper, we study the focal characteristics of the refractive cylindrical
lenses made of anisotropic material (uniaxial crystal) with the use of the rigorous
electromagnetic theory and BEM. The numerical simulations demonstrate that the
focal feature of the TE and TM polarizations of the light wave is a difference, in
particular, different focal length owing to the dielectric anisotropy of the material.
Diffractive efficiency, focal spot size and focal length of this kind of anisotropic
microlens are evaluated for different f number lenses. This paper is organized as
follows: in section 2, the basic equations used in the numerical simulations are
briefly given. In section 3 the numerical results are presented and a comparison of
the focal performance between the isotropically and anisotropically dielectric
lenses is also made. Section 4 gives a brief summary. The simple derivation of
the relevant formulas used in the calculations is given in Appendix A.

2. Basic equations

A two-dimensional (2D) scattering system in a cylindrical microlens lying on
the XY plane is shown in figure 1, in which the boundary I" with a curved interface
divides the 2D space into two semi-infinite regions S; and S;, and region S is

Incident wave with TE or TM polarization

Sl (nl(e(o)))

E-field (TE)

H- and E-fields (TM)

Figure 1.  Schematic diagram of a two-dimensional scattering problem in a refractive
cylindrical microlens system.
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filled by a dielectric material of uniaxial crystal with the optic axis perpendicular to
the XY plane, i.e. parallel to the Z axis. The relevant refractive index is ny(.(s)) for
the TE (TM) polarization of the incident light. Region 2 is filled by an isotropic
dielectric material with refractive index of n;. The unit vector 7 1s normal to the
boundary I' and orients to region Sy. The incident plane wave is either TE (electric
field E. parallel to the Z axis) or TM (magnetic field H, parallel to the Z axis)
polarization. The amplitude of the incident field is set to 1 in arbitrary units. The
plane wave is normally incident upon the boundary I" on region Sy and then goes
through into region .S, along the Y axis direction. To determine the transmitted
electric field or magnetic field distribution in region S, we apply Green’s formula,
the radiation condition and Maxwell’s equations to derive the integral equations in
an isotropic material as follows [2, 5, 6, 9, 10]:

—pi(n) + Jr[qﬁr(f})ﬁ VG (r,rp) — p1Gi(r, r)a - Vor(rp)dl' = —¢™(ry), (1)

$a(r2) + Jr[¢r(f})ﬁ VG2, tp) = p2Go(ra, ¥p)it - Vor(rp)] dI’ = 0, (2)

where ¢ = E, and p; = 1 for the TE polarization, while ¢ = H, and p; = n? for the
TM polarization. ¢ and ¢'™ stand for the total electric field and the incident
electric field, respectively. The subscripts i = 1 and 2 represent the quantities in
region S; and 53, respectively. In Appendix A we will give the brief derivation of
these equations from Maxwell’s equations and boundary conditions, and we will
prove that these integral equations are also valid for anisotropically dielectric
material (uniaxial crystal) in our particular situation, i.e. the optical axis of the
uniaxial crystal is just parallel to the Z axis. The vectors ry, r», and r; denote the
position vectors of points in region Sy, region .S, and the boundary I', respectively.
' corresponds to the boundary line coordinate at the interface. The boundary
conditions on I are given by ¢1 = ¢2 = ¢r and (1/p)i- Vi = (1/p2)7 - V3.

To solve these equations, two unknown quantities, i.e. the fields ¢, and the
corresponding normal derivatives #- V¢r on the boundary, are required to be
evaluated first. Let r; and r, approach a point rp on I', equations (1) and (2) can
then be reduced as follows [2, 5, 6]:

(5= 1)orten = [ forei- 01t
—p1Gi(rr, 7 Vor(rp)] dl = —¢™(rr),  (3)

(z_;) or(rr) + Jr[d)r(f})ﬁ VG (v, ¥ — paGa(tr, tl)it - Veor(rl) I’ =0,  (4)

where 01 represents the internal angle of I' at the point rr. The integral specifies
Cauchy’s principal value of integration. Here Green’s function

Gi(rr,vp) = (—j/HHP (Riler —11) (1=1,2) (5)

is adopted. H(()z) is the zero-order Hankel function of the second kind and k; = »;kg
(i = 1,2), where kg is the wave number of light in free space and ky = 21/)g, where
Ao is the wavelength of the incident light in free space.
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Table 1. The relevant parameters used in equations for both isotropically and
anisotropically dielectric lenses.”

Dielectric materials Polarization Field k; = n;kg bi
Isotropic TE E, ki =nky n=1
ky = myky p=1
™ H, k| =nky pr=m
ky = myky b= ”%
Anisotropic TE E, ki = nyeko pi=1
ky = mky pr=1
™™ H, ki = nyo)ko b1 =i
ky = nyko pr=mj

“Note that m,) and ny, represent the refractive indices for the ordinary and

extraordinary light wave in uniaxial crystal, respectively.

By employing the BEM [2, 5, 6, 10-12] to solve equations (1)—(4), the electric
field E and their normal derivatives 72 - VE on the boundary with p; = 1 for the TE
polarization as well as the magnetic field H and their derivatives - VH on the
boundary with p; = n,2 for the TM polarization can be obtained. To explicitly
demonstrate the difference of the parameters appearing in the equations (1)—(4) for
isotropically and anisotropically dielectric lenses, we prefer to tabulate them in
table 1.

We usually measure only the E field distribution rather than the H field
distribution, therefore, we need to convert the H field into E field for the TM
polarization. According to the electromagnetic theory, the waves relationship
between the E and H fields (see Appendix A for details) is given by

E=—c'(VxH)

WEQ
1
~ 0 0 OH,
a 1 ay
=;% 0 — 0 8H,
0 b 1 - O
\0 0 — 0
&
106H,
. €qs Oy
- 16H, |, (6)
WEQ -
Ep 3x

\ o

where w and &3 denote the circular frequency of the light wave and the permittivity
in vacuum, respectively. For isotropic material we have ¢, =€, =¢ for any
polarization, however, in a uniaxial crystal we have ¢, = €, = £, with g, = ng for
the TM polarization alone. Finally, the total electric field for TM polarization can
be synthesized as
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E(x,y) = (B + 151" (7)

To evaluate the focusing action of the microlens, we define the diffraction
efficiency 7 as

d/2
J It(x2,y2) dxy
—d/2

n="7 : (®)
J Iinc(xlayl)dxl
-R

where d denotes the focal spot size, which is defined as the minimum-to-minimum
width of the main lobe of the intensity profile on the focal plane; 2R denotes the
size of the aperture of the incident light wave. Li,.(x1,y1) and It(x2,y>) indicate
the incident light wave intensity at the aperture and the focused beam intensity on
the focal plane, respectively.

3. Numerical simulations
3.1. For isotropic microlenses

We first consider 2D space filled with two isotropically dielectric materials,
such as glass in region S; and air in region S;. A plane wave with wavelength
A = 0.488 um in free space is normally incident from region .S; upon the curved
interface of the microlens, as shown in figure 1. Assume that the chosen parameters
of the refractive cylindrical lens are: the size of the aperture of the lens is
D = 30 um; the nominal focal lengths of the lenses are selected as 120, 60, and
45 um, i.e. the f number of the lenses is f/4, f/2 and f/1.5. The refractive indices
n1 and ny are chosen as ny = 1.5 for glass and n; = 1.0 for air.

To reveal the performance of the microlens for the TE and TM polarizations,
the intensity profile on the focal plane usually provides an important indication for
the focusing function. We calculate the intensity distributions of the E field for the
TE polarization, and the H and E fields for the TM polarization on both the axial
and lateral directions according to equations (1)—~(4) and (7) with the use of the
BEM. The numerical results, including the focal spot size, the focal length and the
diffraction efficiency, are summarized in table 2 for the f/4, f/2 and f/1.5 lenses.
From the results of table 2, it is clearly seen that the focal spot sizes of the E and
H fields for the TE and TM polarizations are very close to each other for each
individual f number. The focal spot size and the focal length in the E (H) field of

Table 2. Focal spot size, focal length, diffraction efficiency of E and H fields (for the TE or
T'M polarizations) of microlenses made of isotropically dielectric material (region S;)
with different f numbers.

Focal spot size (um) Focal spot size (um) Diffraction efficiency (%)

Lens TE ™ TE ™ TE ™

fi# E field Hfield Efield Efield Hfield Efield Efield Hfield E field

f/4 3.72 3.72 3.74 116.34 116.34 116.16 89.41 89.31 89.25
f/2 1.94 1.92 1.96 56.81 56.81 56.81 85.48 84.94 84.62
f/1.5 147 1.44 1.49 4091 40.82 4091 79.84 78.41 77.86
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Figure 2. Lateral intensity distribution on the focal plane for the f/2 lens with an
isotropically dielectric material.
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Figure 3.  Axial intensity distribution for the f/2 lens with an isotropically dielectric
material.

the TM polarization and the E field of the TE polarization are almost the same for
each individual f/4#. Their diffractive efficiencies only exhibit a small difference.
In order to present a good view, we display the lateral intensity distributions on the
focal planes in figure 2 for the E field (TE) (dot-dashed curve), the H field (TM)
(solid curve) and E field (TM) (dashed curve) distributions in the case of the f/2
lens. It is evident that the spot sizes are very close to each other.

The axial focusing situation of the E field (TE), the H field (TM) and the E field
(TM) remains similar for each f number. Figure 3 displays the axial intensity
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distributions of the E field (TE) (dot-dashed curve), the H field (TM) (solid curve)
and the E field (TM) (dashed curve) for the f/2 lens in region S;. It is clearly seen
from figure 3 that the peaks of the focal intensity for the three fields are almost
located at the same plane.

3.2. For anisotropic microlenses

We now investigate the performance of the microlens when the isotropic
material is replaced by anisotropic material (uniaxial crystal} in region S, as
shown in figure 1. The incident light beam normally impinges onto the surface of
the lens. The optic axis is taken along the Z axis. In particular, we consider the
uniaxial crystal of titanium dioxide (TiO;) with the extraordinary light index,
ny() = 3.06, for the TE polarization and the ordinary light index, n(,) = 2.73, for
the TM polarization when the wavelength of the incident beam is chosen as
0.488 um [13]. The other parameters used are the same as those in the above
isotropic microlens system. The numerical simulations are summarized in table 3.
It is seen from table 3 that the focal spot size of the focal E (H) field for the TM
polarization is quite a bit larger than that of the E field (TE) for all the f numbers
considered. The spot size of the E field (TM) is a little larger than that of the
corresponding H field (TM) for each individual lens.

The focal lengths of the H and E fields of the TM polarization listed in table 3
are identical with each other, however, they are much longer than the focal
length of the E field (TE) for every corresponding f number lens. This means
that the focal E fields for the TE and TM polarizations remarkably shift away
from each other along the direction of the light beam propagation. The shift
distance is decreased with decreasing f number of the lens. For instance, the shift
distances are 20.71, 11.44 and 8.90pum for the f/4, f/2 and f/1.5 lenses,
respectively. However, when accounting for the relative shift quantity of
[frm — fre)/[0.5(frm + fre)], we find that this quantity is increased with f/#;
for instance, their corresponding values are 0.1616, 0.1758 and 0.1854 for the
above-mentioned f/#. The diffractive efficiency of the H (TM) and E fields (TE,
TM) is also shown in table 3, the values are also close to each other for each
individual f number lens. The diffractive efficiency is decreased with decreasing
fl#.

We now display the lateral intensity distributions of the E field (TE) and the
E (H) field (TM) of an anisotropically dielectric lens at the focal plane, fixed f/2, in
figure 4. The dot-dashed curve corresponds to the E field (TE), the solid curve to
the H field (TM) and the dashed curve to the E field (TM). It is evident that the

Table 3. Same as table 2 except that in region S| filled with anisotropically dielectric
material (uniaxial crystal).

Focal spot size (um) Focal spot size (um) Diffraction efficiency (%)

Lens TE ™ TE ™ TE ™

fi# Efield Hfield E field Efield Hfield E field E field Hfield E field

f/4 3.75 4.39 441 11779 138.50 138.50 89.74 89.78 89.78
f/2 1.98 2.31 2.35 59.35 70.79 70.79  87.07 87.54 87.37
f/15 151 1.77 1.82 44,00 5290 5290 85.23 85.61 85.33
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Figure 4. Same as figure 2, but the isotropically dielectric material is replaced by an
anisotropically dielectric material.
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Figure 5. Same as figure 3, but the isotropically dielectric material is replaced by an
anisotropically dielectric material.

focal spot size of the E field (TE) is quite a bit smaller than that of the E (H) field
(TM). We plot the axial intensity distribution (around the focal region) of the
relevant fields to show the shift of the position of the focal plane in figure 5, fixed
f/2. The dot-dashed curve corresponds to the E field (TE), the solid curve to the
H field (TM), and the dashed curve to the E field (TM). It is apparent that the
location of the focal plane for the TE polarization is closer to the surface of the lens
than that for the TM polarization owing to 7y, = 3.06 and n,) = 2.73 in our
particular case. We can evaluate this shift of the focal position through a simple
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argument as follows: according to the simple relationship between the focal length
f and material refractive index n of f = r/(n — 1), for a cylindrical lens in figure 1,
the TE and TM polarized waves focus at frg = r/(n. — 1), frm =7/(n, — 1),
respectively, where r denotes the curvature of the lens with a single curving
surface. This indicates that fry/fre = (ne — 1)/(n, — 1) = 1.19, which agrees well
with the results given in table 3, for instance, frm/frg = 1.176, 1.193 and 1.202 for

f/# =f/4, f/2 and f/1.5, respectively.

4. Summary

The focusing characteristics of both isotropically and anisotropically refractive
cylindrical lenses with different f numbers have been analysed with the use of the
rigorous electromagnetic theory and boundary element method. The expressions
of conversion from the H field into the E field for the TM polarization are given.
The lateral and axial intensity distributions of the E (H) field for the TM
polarization and E field for the TE polarization are calculated. The focusing
performance of the lens, including the focal spot size, the focal length and the
diffraction efficiency are appraised. We also compare the features between the
isotropically and anisotropically dielectric material lenses for the case of a normally
incident light wave. The numerical simulations show that in the case of isotropic
dielectricity the E and H field distributions for the TE and TM polarizations
exhibit almost the same focusing behaviour for different f numbers. However, in
the case of anisotropic dielectricity, we found that the focal spot size of the E field
(T'M) is quite a bit larger than that of the E field (TE). It is noted that the positions
of the focal plane of the E field for the TE and TM polarizations shift remarkably
away from each other. The focal length of the E field (TE) is shorter than that of
the E field (TM). This result can be understood from the simple argument owing
to the difference of the refraction index of the uniaxial crystal for two polarizations.
These interesting features are reported here for the first time. It is expected that
these kinds of elements might serve as ideal light switching devices with high speed
in micro-optical communication.
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Appendix A: Derivation of the boundary integral equations for
anisotropically dielectric lens

In this appendix we present the boundary integral equations appropriate
for anisotropic material. In anisotropic medium, material equations can be
written as

D= 608E,
(A1)
B = pouH,

where £y and & represent the permittivity in vacuum and the dielectric tensor of the
material, respectively. pp and p represent the magnetic permeability in vacuum
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and the medium, respectively. For a harmonic field with angular frequency w, from
Maxwell’s equations, we can derive the wave equation for an anisotropic material

2
V x [V x E(r)] = %e(r)u(r)E(r). (A2)

In the system of principal dielectric axes, the dielectric tensor is diagnolized as
[14]:

g, 0 O
&= 0 & O (A 3)
0 0 e

Especially for a uniaxial crystal g, = €, = ¢,, €, = €., where ¢, and £, represent the
permittivity of the ordinary wave and the extraordinary wave, respectively.

In the two-dimensional cylindrical boundary case as shown in figure 1, for
the TE polarization, the electric field E=E.e;, E,=E, =0 and 9/02=0.
Equation (A 2) is reduced to

V2E + K’E = 0,
where k = (w/c)e!/? = wn./c.

We now introduce Green’s function G;(r,rr) = (1/47)Ho(ki|r — r7|), which
satisfies

V2Gi(r,r}) + B Gi(r,r}) = —6(r —r}). (A4)

By applying the well-known Green’s theorem, we obtain

” Gz(r,r})VzEz(r})dQ=” Ex(r1)V2Gs(r,rl) dQ
Qz 92

OE,(rr) ,\ 0Ga(r,rr)
l ——— ———————— I
+ Jr2 [Gz(l‘, I'r) on, Ez(l‘r) on, dl’,

resS;, (Aj5)

where n; is the outward unit vector of the boundary of region S,. All the quantities

labelled by 2 belong to region S;. From figure 1, we have n = n; = —n;.
Substituting (A 4) and the wave equation into (A 5), we obtain

Gy (v, 1) OE,(rr)

[Ez(r})T G2(r, I'II—-) ——J dl’ = 0, res,. (A 6)

Ex(r) +J N

T,

When r — rp, singularities occur in the above integral [12] and we evaluate
) oG . [ e)

p—0
k(2m—6r) . kp f 1\ 2
A S AL V4 X_A_ZVEIE
J 4 })1_13(1){,0[2 = kp

- <%_ 1)5; (A7)
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. JE 1 oo OE
lim jGB_ dr = 11m {p(21t —0r) [4—] (kp )} an}

p—0
w6 2/ kp OE
== }grol{p[l Jn(l +7)]6n =0, (A8)

where O is the internal angle of the boundary and v is the Eular number with
v =0.577215.
Equation (A 8) is then simplified as

(g_;)Ez(rr) HEZ( )%ﬂl Gz(fr,f})aEZ(r})] d'=0,  (A9)

on

where fr represents Cauchy’s principal value of integration.

In region S;, where the incident wave is originated, the wave equation should
be written as V2E(r) + R%E(r) = —f(r). Here f(r) is the light source term with
" (r) = [£(r)Gi(r,r")dl’, which is the incident field. Following the above steps,
the boundary integral equation of S; can be derived

(g:_t_ I)El(rl") Jr |:E1( )%} Gl(rl"7r1,')?—Eé—(':L) dl’' = _¢inc(rr).

(A10)
For the TM polarization, we first give the wave equation in an anisotropic

material. According to Maxwell’s equation, V x H = (9D/0t) = —iwe(€E, there-
fore, we have

V x (V x H) = —iwey[V x (€E)]. (A11)

From equation (A 3) and Maxwell’s equation, we have E, = 0. The right side of
equation (A 11) is

OE
ea 0 0\ [E. ~e gy
V x (eE) =V x 0 & O E, = ea%%

0 0 e 0 OFE

o~ S

In the case of the TM polarization, the magnetic field H = H,e;, H, = H, = 0 and
(0/0z) = 0. As V-H =0, therefore, V x (V x H) = —V2H is valid, thus, wave
equation (A 11) can be written as

—V?H + iweo <5,,%% —€q 68ny) =0. (A12)

For a uniaxial crystal, ¢, =€, = ¢,, and considering Maxwell’'s equation
V x E = iwpH, we obtain

V?H + *H = 0,

where k = (w/c)el/? = (wny/c).
The correspondmg boundary integral equations for the TM polarization are
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(32 1)Muter) + [ [t ZESEE — o, ey 200 ar = g,

2n on
6 OG,(rr, rf OH,(r;
(ﬁ) Ha(rr) + Jr [Hz(r;) % - Gy(rr, 1)) 55. f)] dl’ = 0.

(A13)

After we calculate the H field distribution, we can easily compute the corre-
sponding E field distribution. From equations (A 3) and V x H = —iwe(¢E, we can
calculate that

1o oo OH, 1 6H,
: e . Ay .| €a Oy
E=—¢'(VxH=—]| 0 — 0 oH, | =— | 106H,]. (A14)
WEeQ WEQ Ep — WEo -
1 Ox £y Ox
0 0 — 0 0

We now turn to discuss the boundary conditions for the TE and TM
polarizations in a uniaxial crystal, used for the ultimate boundary integral
equations. For two dielectric media, the boundary conditions of the field across
the interface are

nx (E1 — Ez) =0
for the electric field,
n-(D;-D;)=0

and
nx(H —-H;)=0

for the magnetic field.
n. (B1 — Bz) =0

Only two of the above four equations are independent. Now we select
n x (E; —E;) =0, and n x (H; — H;) = 0. First, we consider the case of the TE
polarization, i.e. E = E,8;, thus n x (E; — E;) = 0; we get

E, =E; = ¢r. (A15)

On the other hand, we have

n><H=n><[ (VxE)]:-——(:—“[nx(VxE)]

wp
:—w—u[—n-VE+V(n-E)]. (A16)

With n-E =0, equation (A16) can be reduced to nx H= (i/wp)(n - VE) =
(i/wp) (OE/Om).

Therefore, we obtain

[ 1 K 1 OE,
“X(”“”z)“[rmﬁ"(m:an)]'
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As gy = iy = 1, then we have
0k, Ok,
=== =y A17
an — on Yr (A17)
Applying boundary conditions (A 15) and (A17) to the boundary integral
equations (A9) and (A 10), we obtain the final boundary integral equations for
the TE polarization as

(.GL _ 1>¢r(rr) + jr [¢r(,;)w — Gi(rror) 6¢>r(r})] dl’ = —¢™(rp),

2n on on
b oG ! I l 0 r ’
(2_;) or(rr) + Jr [¢r(r})——2—gnLﬁl — Ga(rr,rp) ¢g£‘rr)] dl’ =0.

(A18)

We now consider the TM polarization, that is, H=H,e;, H,=H, =0,
E, =0. As n is perpendicular to H in this case, we then have

H, = H, = ¢r. (A19)

Meanwhile, by using equation (A 14), we have

1 6H,
| i 1 0H. 1 0H
nxE=nx—| 10H, |=——(m—"Z4n—"")es, (A20)
weg | —— WEp ey Ox €q Oy
Ep Ox
0

where n = n,d + n,j, which is the outward unit normal vector of the boundary.
We now define n, = n.(1/e), n, =ny(1/e,), and n’'=nji+njj. Because nx
(E; — E;) = 0, we then get
i oHy i OH;
nx(E -E)=-——+———=
( ! 2) WEQ Bnl’ WEQ Bné
It means that
oH; OH,
A7 = F7 = ¥r. (A21)
on;  On,
As g, = €5 = €, in the uniaxial crystal, therefore, £1n] = £;n; = n. Finally, we
can get the boundary integral equations for the TM polarization as

(gL - 1) or(rr) + Jr [¢r(r}) %':,r;) —e1Gy(rr,vr) 0r(rr)

] dl’' = _¢inc(rl‘),

2n an
b 9G ’ I /O A ’
(ﬁ) orrr) + jr [qsr(rr)% - szcz(r,,,r)%} &0

(A22)

It should be mentioned that in equation (A 22), &) =g, = ng and n, is the index of
ordinary light in the uniaxial crystal.
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To sum up, the boundary integral equations are expressed as

(3= 1)erten)+ | Lorten 2GR - gy o,y 22000 = g

2n on
0 ! aG bl / ! 8 / ’
(‘5:;) or(rr) + J.r [¢r(rr) % — p2Go(rr, re) %} dl’ =0,

(A23)

where p; = 1 and ¢ = E, for the TE polarization; while p; = n,2 and ¢ = H, for the
TM polarization. We should note that in the uniaxial crystal with the optic axis
parallel to the Z axis, #n = n(o) for the TE (TM ) polarization. Furthermore, for the
TM polarization, the boundary condition (A 21) indicates that the derivative of the
magnetic field along the direction of N’ is continuous, rather than n. However, in
the boundary integral equations (A 13), one involves the derivatives to be with
respect to B. Therefore, in the biaxial crystal, owing to ¢, # &3, we cannot easily
find the simple transformation between these two direction derivatives. It leads to
difficulty in solving the boundary integral equations in the biaxial crystal lens
system or in the uniaxial crystal lens system with any orientation of the optic axis,
rather than parallel to the Z axis.
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