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Abstract. The focal characteristics of refractive cylindrical lenses made of 
anisotropically dielectric material (uniaxial crystal) are analysed based on 
rigorous electromagnetic theory and the boundary element method. The 
performances of the lenses with different f numbers are appraised for both 
incident waves of the T E  (transverse electric) and TM (transverse magnetic) 
polarizations. Numerical results show that the focal performance of this kind of 
lens for the TE polarization and the T M  polarization of incident light wave is a 
difference, in particular, different focal lengths, owing to the anisotropy of the 
material. However, for the conventional isotropic lens, the focal features for 
both the TE and T M  polarizations are the same. It is anticipated that this new 
kind of lens proposed for the first time may serve as a light switching device 
with high speed used in the micro-optical communication. 

1. Introduction 
Diffractive optical elements have been widely used in various applications to 

optical interconnections, laser-beam focusing, coupling, feedback, spectral filter- 
ing, correlation filtering, wavelength-division multiplexing, signal processing, 
optical disk readout, beam array generation, and others [l]. T h e  developments 
of modern microlithography and technologies have made it possible to produce 
micro-optical elements with small characteristic size comparable to the light 
wavelength. Because of their small scale, the light-scattering effect in the micro- 
lenses becomes more important than that of the light diffraction, thus, the 
conventional scalar diffraction theory is no longer applicable for analysing the 
performance of the microlenses. Therefore, the rigorous electromagnetic theory 
and various numerical methods have been proposed to reveal the features of the 
microlenses in recent years. One of the effective methods for analysing and 
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1196 B. Dong et al. 

designing microlenses is solving the related integral equations with the use of the 
boundary element method (BEM) [2-81. 

In previous papers the performance of diffractive cylindrical lenses made of 
isotropically dielectric materials with different f numbers for the T E  polarization 
and the T M  polarization has been studied in detail [2, 5, 81. The results show that 
the focal characteristics, for instance, the diffractive efficiency and the focal spot 
size on the focal plane are almost similar with each other for T E  and T M  
polarizations of incident light wave. 

In this paper, we study the focal characteristics of the refractive cylindrical 
lenses made of anisotropic material (uniaxial crystal) with the use of the rigorous 
electromagnetic theory and BEM. The numerical simulations demonstrate that the 
focal feature of the T E  and T M  polarizations of the light wave is a difference, in 
particular, different focal length owing to the dielectric anisotropy of the material. 
Diffractive efficiency, focal spot size and focal length of this kind of anisotropic 
microlens are evaluated for different f number lenses. This paper is organized as 
follows: in section 2, the basic equations used in the numerical simulations are 
briefly given. In section 3 the numerical results are presented and a comparison of 
the focal performance between the isotropically and anisotropically dielectric 
lenses is also made. Section 4 gives a brief summary. The  simple derivation of 
the relevant formulas used in the calculations is given in Appendix A. 

2. Basic equations 
A two-dimensional (2D) scattering system in a cylindrical microlens lying on 

the X Y  plane is shown in figure 1, in which the boundary r with a curved interface 
divides the 2D space into two semi-infinite regions S1 and Sz, and region S1 is 

Incident wave with TE or TM polarizaHon 

H- and E-fields (TM) 

Figure 1. Schematic diagram of a two-dimensional scattering problem in a refractive 
cylindrical microlens system. 
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Analysis of the focal characteristics of cylindrical lenses 1197 

filled by a dielectric material of uniaxial crystal with the optic axis perpendicular to 
the X Y  plane, i.e. parallel to the 2 axis. The  relevant refractive index is nl(e(o))  for 
the T E  (TM)  polarization of the incident light. Region 2 is filled by an isotropic 
dielectric material with refractive index of n2. The unit vector ii is normal to the 
boundary r and orients to region S1 . The  incident plane wave is either T E  (electric 
field E, parallel to the 2 axis) or T M  (magnetic field Hz parallel to the 2 axis) 
polarization. The amplitude of the incident field is set to 1 in arbitrary units. The  
plane wave is normally incident upon the boundary r on region S1 and then goes 
through into region S2 along the Y axis direction. T o  determine the transmitted 
electric field or magnetic field distribution in region S 2 ,  we apply Green’s formula, 
the radiation condition and Maxwell’s equations to derive the integral equations in 
an isotropic material as follows [2, 5, 6, 9, 101: 

[4r(rf - )h .V~i(r i ,r f - )  - p i G i ( r i , r ~ ) i i . ~ ~ r ( r f - ) I d l ’  = -@‘c(ri), ( 1 )  

where 4 = E, and p ,  = 1 for the T E  polarization, while q5 = H, and p ;  = n’ for the 
T M  polarization. and q5inc stand for the total electric field and the incident 
electric field, respectively. The subscripts i = 1 and 2 represent the quantities in 
region S1 and S 2 ,  respectively. In Appendix A we will give the brief derivation of 
these equations from Maxwell’s equations and boundary conditions, and we will 
prove that these integral equations are also valid for anisotropically dielectric 
material (uniaxial crystal) in our particular situation, i.e. the optical axis of the 
uniaxial crystal is just parallel to the 2 axis. The  vectors r l ,  r2, and r; denote the 
position vectors of points in region S1 , region S 2  and the boundary r, respectively. 
I’ corresponds to the boundary line coordinate at the interface. The  boundary 
conditions on r are given by 41 = 42 = 4r and (l/pl)ri * 041 = (1/p2)ii. V42. 

T o  solve these equations, two unknown quantities, i.e. the fields 4,- and the 
corresponding normal derivatives i i .  V4r on the boundary, are required to be 
evaluated first. Let rl  and r2 approach a point rr on r ,  equations (1) and (2) can 
then be reduced as follows [2, 5, 61: 

-plGl (rr, r;)ii. V4r(rf-)] dl’ = -4nc(rr), (3 )  

where Or represents the internal angle of r at the point rr. The  integral specifies 
Cauchy’s principal value of integration. Here Green’s function 

Gi(rr, rf-) = (-j/4)Hf)(kilrr - rf-1) (i = 1 , 2 )  (5) 

is adopted. Hf’ is the zero-order Hankel function of the second kind and ki = niko 
( i  = 1 , 2 ) ,  where ko is the wave number of light in free space and ko = 27r/X0, where 
XO is the wavelength of the incident light in free space. 
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1198 B. Dong et al. 

Table 1. The relevant parameters used in equations for both isotropically and 
anisotropically dielectric lenses." 

Dielectric materials Polarization Field ki = niko Pi 

Isotropic 

Anisotropic 

PI = 1 

Pl = nl 

PI = 1 
P2 = 1 
P1 = nl(0) 

P2 = n2 

P2 = l 2  

P2 = n: 

2 

2 

~ ~ ~~ ~~ ~ 

'Note that nl(,) and n1+.) represent the refractive indices for the ordinary and 
extraordinary light wave in uniaxial crystal, respectively. 

By employing the BEM [2, 5 ,  6, 1&12] to solve equations (1)-(4), the electric 
field E and their normal derivatives iz. VE on the boundary with pi  = 1 for the T E  
polarization as well as the magnetic field H and their derivatives ~. VH on the 
boundary with pi = n' for the T M  polarization can be obtained. To explicitly 
demonstrate the difference of the parameters appearing in the equations (1 )-(4) for 
isotropically and anisotropically dielectric lenses, we prefer to tabulate them in 
table 1. 

We usually measure only the E field distribution rather than the H field 
distribution, therefore, we need to convert the H field into E field for the T M  
polarization. According to the electromagnetic theory, the waves relationship 
between the E and H fields (see Appendix A for details) is given by 

1 E = -E-'(V x H) 
WEn 

E b  

1 
\ o  O E, 

where w and En denote the circular frequency of the light wave and the permittivity 
in vacuum, respectively. For isotropic material we have E, = &b = & for any 
polarization, however, in a uniaxial crystal we have E, = Eb = E, with E, = nx for 
the T M  polarization alone. Finally, the total electric field for T M  polarization can 
be synthesized as 
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Analysis of the focal characteristics of cylindrical lenses 1199 

(7) 
2 112 

J%Y) = ( I & 1 2 +  lJ%l ) * 

T o  evaluate the focusing action of the microlens, we define the diffraction 
efficiency 7 as 

4 2  J I f ( X 2 , Y 2 )  dX2 

= J R ~ ( X l 1 Y l ) d X ,  
(8) 

-d/2 

where d denotes the focal spot size, which is defined as the minimum-to-minimum 
width of the main lobe of the intensity profile on the focal plane; 2R denotes the 
size of the aperture of the incident light wave. Zinc(xlryl) and Zf(x*,y2) indicate 
the incident light wave intensity at the aperture and the focused beam intensity on 
the focal plane, respectively. 

3. Numerical simulations 
3, l .  For isotropic microlenses 

We first consider 2D space filled with two isotropically dielectric materials, 
such as glass in region S1 and air in region S2. A plane wave with wavelength 
A = 0.488pm in free space is normally incident from region SI upon the curved 
interface of the microlens, as shown in figure 1 .  Assume that the chosen parameters 
of the refractive cylindrical lens are: the size of the aperture of the lens is 
D = 30pm; the nominal focal lengths of the lenses are selected as 120, 60, and 
45 pm, i.e. the f number of the lenses isf/4, f / 2  and f l l . 5 .  The  refractive indices 
nl and n2 are chosen as n1 = 1.5 for glass and n2 = 1.0 for air. 

T o  reveal the performance of the microlens for the T E  and T M  polarizations, 
the intensity profile on the focal plane usually provides an important indication for 
the focusing function. We calculate the intensity distributions of the E field for the 
T E  polarization, and the H and E fields for the T M  polarization on both the axial 
and lateral directions according to equations (1)-(4) and (7) with the use of the 
BEM. The  numerical results, including the focal spot size, the focal length and the 
diffraction efficiency, are summarized in table 2 for the f/4, f / 2  and f 11.5 lenses. 
From the results of table 2, it is clearly seen that the focal spot sizes of the E and 
H fields for the T E  and T M  polarizations are very close to each other for each 
individual f number. The  focal spot size and the focal length in the E (H) field of 

Table 2. Focal spot size, focal length, diffraction efficiency of E and H fields (for the TE or 
T M  polarizations) of microlenses made of isotropically dielectric material (region S, ) 
with different f numbers. 

Focal spot size (pm) Focal spot size (pm) Diffraction efficiency (%) 

Lens TE T M  T E  T M  T E  T M  

f/# E field H field E field E field H field E field E field H field E field 
-- 

f / 4  3.72 3.72 3.74 116.34 116.34 116.16 89.41 89.31 89.25 
f / 2  1.94 1.92 1.96 56.81 56.81 56.81 85.48 84.94 84.62 
f l l . 5  1.47 1.44 1.49 40.91 40.82 40.91 79.84 78.41 77.86 
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1200 B. Dong et al. 

60.0 

* 
v) 
C 
Q) 40.0 
C 
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.I 

w 
I 

.I 8 
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20.0 

b z 

0.0 
-2.0 -1 .o 0.0 1 .o 2.0 

X ( P d  

Figure 2. Lateral intensity distribution on the focal plane for the f / 2  lens with an 
isotropically dielectric material. 

Figure 3. Axial intensity distribution for the f / 2  lens with an isotropically dielectric 
material. 

the T M  polarization and the E field of the T E  polarization are almost the same for 
each individual f/#. Their diffractive efficiencies only exhibit a small difference. 
In order to present a good view, we display the lateral intensity distributions on the 
focal planes in figure 2 for the E field (TE) (dot-dashed curve), the H field (TM) 
(solid curve) and E field (TM) (dashed curve) distributions in the case of the f /2  
lens. It is evident that the spot sizes are very close to each other. 

The  axial focusing situation of the E field (TE), the H field (TM) and the E field 
(TM) remains similar for each f number. Figure 3 displays the axial intensity 
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Analysis of the focal characteristics of cylindrical lenses 1201 

distributions of the E field (TE) (dot-dashed curve), the H field (TM) (solid curve) 
and the E field (TM) (dashed curve) for the f / 2  lens in region S2. It is clearly seen 
from figure 3 that the peaks of the focal intensity for the three fields are almost 
located at the same plane. 

3.2.  For anisotropic microlenses 
We now investigate the performance of the microlens when the isotropic 

material is replaced by anisotropic material (uniaxial crystal) in region S1, as 
shown in figure 1 .  The incident light beam normally impinges onto the surface of 
the lens. The  optic axis is taken along the 2 axis. In particular, we consider the 
uniaxial crystal of titanium dioxide (TiOz) with the extraordinary light index, 
nl( , )  = 3.06,  for the T E  polarization and the ordinary light index, nl(,) = 2.73, for 
the T M  polarization when the wavelength of the incident beam is chosen as 
0.488pm [ 1 3 ] .  The other parameters used are the same as those in the above 
isotropic microlens system. The numerical simulations are summarized in table 3 .  
I t  is seen from table 3 that the focal spot size of the focal E (H) field for the T M  
polarization is quite a bit larger than that of the E field (TE) for all the f numbers 
considered. The spot size of the E field (TM) is a little larger than that of the 
corresponding H field (TM) for each individual lens. 

The focal lengths of the H and E fields of the T M  polarization listed in table 3 
are identical with each other, however, they are much longer than the focal 
length of the E field (TE) for every corresponding f number lens. This means 
that the focal E fields for the T E  and T M  polarizations remarkably shift away 
from each other along the direction of the light beam propagation. The shift 
distance is decreased with decreasing f number of the lens. For instance, the shift 
distances are 20.71, 11.44 and 8.90pm for the f/4, f / 2  and f / 1 . 5  lenses, 
respectively. However, when accounting for the relative shift quantity of 
[fTR1 - f T E ] / [ O . 5 (  f T M  f fTE)] ,  we find that this quantity is increased with f / # ;  
for instance, their corresponding values are 0.1616,  0.1758 and 0.1854 for the 
above-mentioned f /#. The diffractive efficiency of the H (TM) and E fields (TE,  
T M )  is also shown in table 3 ,  the values are also close to each other for each 
individual f number lens. The diffractive efficiency is decreased with decreasing 

We now display the lateral intensity distributions of the E field (TE) and the 
E (H) field (TM) of an anisotropically dielectric lens at the focal plane, fixed f / 2 ,  in 
figure 4. The  dot-dashed curve corresponds to the E field (TE), the solid curve to 
the H field (TM) and the dashed curve to the E field (TM). It is evident that the 

f/#. 

Table 3. Same as table 2 except that in region S ,  filled with anisotropically dielectric 
material (uniaxial crystal). 

Focal spot size (pm) Focal spot size (pn) Diffraction efficiency (YO) 

Lens TE TM TE TM TE TM 

f/# E field H field E field E field H field E field E field H field E field 
-- 

f/4 3.75 4.39 4.41 117.79 138.50 138.50 89.74 89.78 89.78 
f/2 1.98 2.31 2.35 59.35 70.79 70.79 87.07 87.54 87.37 
fll.5 1.51 1.77 1.82 44.00 52.90 52.90 85.23 85.61 85.33 
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1202 B. Dong et al. 
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Figure 4. Same as figure 2, but the isotropically dielectric material is replaced by an 
anisotropically dielectric material. 

60.0 I 

C 
I 

.I 

0.0 -20.0 -40.0 -60.0 -80.0 
Axial distance Y(pm) 

Figure 5 .  Same as figure 3, but the isotropically dielectric material is replaced by an 
anisotropically dielectric material. 

focal spot size of the E field (TE) is quite a bit smaller than that of the E (H) field 
(TM). We plot the axial intensity distribution (around the focal region) of the 
relevant fields to show the shift of the position of the focal plane in figure 5 ,  fixed 
f/2. The  dot-dashed curve corresponds to the E field (TE), the solid curve to the 
H field (TM), and the dashed curve to the E field (TM). It is apparent that the 
location of the focal plane for the T E  polarization is closer to the surface of the lens 
than that for the T M  polarization owing to nl(,) = 3.06 and nl(,,) = 2.73 in our 
particular case. We can evaluate this shift of the focal position through a simple 
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Analysis of the focal characteristics of cylindrical lenses 1203 

argument as follows: according to the simple relationship between the focal length 
f and material refractive index n off = r / ( n  - l ) ,  for a cylindrical lens in figure 1,  
the T E  and T M  polarized waves focus at fTE  = r / (ne  - I), f T M  = r / ( n o  - I ) ,  
respectively, where r denotes the curvature of the lens with a single curving 
surface. This indicates that fTM/fTE = (n,  - l ) / ( n o  - 1 )  = 1.19, which agrees well 
with the results given in table 3, for instance, fTM/fTE = 1.176, 1.193 and 1.202 for 
f /#  = f/4, f/2 and f l l .5 ,  respectively. 

4. Summary 
The focusing characteristics of both isotropically and anisotropically refractive 

cylindrical lenses with different f numbers have been analysed with the use of the 
rigorous electromagnetic theory and boundary element method. The  expressions 
of conversion from the H field into the E field for the T M  polarization are given. 
The lateral and axial intensity distributions of the E (H) field for the T M  
polarization and E field for the T E  polarization are calculated. The  focusing 
performance of the lens, including the focal spot size, the focal length and the 
diffraction efficiency are appraised. We also compare the features between the 
isotropically and anisotropically dielectric material lenses for the case of a normally 
incident light wave. The  numerical simulations show that in the case of isotropic 
dielectricity the E and H field distributions for the T E  and TM polarizations 
exhibit almost the same focusing behaviour for different f numbers. However, in 
the case of anisotropic dielectricity, we found that the focal spot size of the E field 
(TM)  is quite a bit larger than that of the E field (TE). It is noted that the positions 
of the focal plane of the E field for the T E  and T M  polarizations shift remarkably 
away from each other. The  focal length of the E field (TE) is shorter than that of 
the E field (TM).  This result can be understood from the simple argument owing 
to the difference of the refraction index of the uniaxial crystal for two polarizations. 
These interesting features are reported here for the first time. I t  is expected that 
these kinds of elements might serve as ideal light switching devices with high speed 
in micro-optical communication. 
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This work was supported by the Major State Basic Research Development 
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G1999033104 in China. 

Appendix A: Derivation of the boundary integral equations for 
anisotropically dielectric lens 

In this appendix we present the boundary integral equations appropriate 
for anisotropic material. In anisotropic medium, material equations can be 
written as 

where EO and e represent the permittivity in vacuum and the dielectric tensor of the 
material, respectively. po and p represent the magnetic permeability in vacuum 
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1204 B. Dong et al. 

and the medium, respectively. For a harmonic field with angular frequency w,  from 
Maxwell's equations, we can derive the wave equation for an anisotropic material 

(A 2) 
W' 

c2 
V x [V x E(r)] = -a(r)p(r)E(r). 

In the system of principal dielectric axes, the dielectric tensor is diagnolized as 
[14]: 

€ =  (: E", :) (A 3) 
0 0 E, 

Especially for a uniaxial crystal E, = &b = E,, E, = E,, where E, and E, represent the 
permittivity of the ordinary wave and the extraordinary wave, respectively. 

In the two-dimensional cylindrical boundary case as shown in figure 1, for 
the TE polarization, the electric field E = E,e3, Ex = E,, = 0 and d f az  = 0. 
Equation (A2) is reduced to 

V2E + k2E = 0,  

where k = (w/c)Ed/2 = wn,/c. 

satisfies 
We now introduce Green's function Gi(r,rk) = (1/4j)Ho(k;lr - rkl), which 

V2G;(r, r;) + k2Gi(r, rf.) = -6(r - rf.). (A 4) 

By applying the well-known Green's theorem, we obtain 

where n2 is the outward unit vector of the boundary of region 232.  All the quantities 
labelled by 2 belong to region S2. From figure 1, we have n = n2 = -nl . 

Substituting (A 4) and the wave equation into (A S), we obtain 

When r -+ rr ,  singularities occur in the above integral [12] and we evaluate 
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Analysis of the focal characteristics of cylindrical lenses 1205 

where Or is the internal angle of the boundary and y is the Eular number with 
y = 0.577 215. 

Equation (A8) is then simplified as 

where sr represents Cauchy’s principal value of integration. 
In region St, where the incident wave is originated, the wave equation should 

be written as V2E(r) + k2E(r) = -f(r). Here f (r)  is the light source term with 
4inc(r) = f (r)Gl (r, r’) dl’, which is the incident field. Following the above steps, 
the boundary integral equation of S1 can be derived 

For the T M  polarization, we first give the wave equation in an anisotropic 
material. According to Maxwell’s equation, V x H = ( a D / a t )  = -iwEOEE, there- 
fore, we have 

V x (V x H) = -iw&o[V x (EE)]. (‘411) 

From equation (A3)  and Maxwell’s equation, we have E, = 0. T h e  right side of 
equation (A 1 1 )  is 

In the case of the TM polarization, the magnetic field H = Hze3, H ,  = H,, = 0 and 
(a/&) = 0. As V .  H = 0, therefore, V x (V x H) = -V2H is valid, thus, wave 
equation (A 11) can be written as 

For a uniaxial crystal, = €6 = E,,, and considering Maxwell’s equation 
V x E = iwpH, we obtain 

V2H + k2H = 0, 

where k = ( W / C ) E ; / ~  = ( ~ n , , / c ) .  
The corresponding boundary integral equations for the T M  polarization are 
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1206 B .  Dong et al. 

After we calculate the H field distribution, we can easily compute the corre- 
sponding E field distribution. From equations (A 3)  and V x H = -iw&&, we can 
calculate that 

1 

Eb 

1 l o  0 - 

. (A14) 

We now turn to discuss the boundary conditions for the T E  and T M  
polarizations in a uniaxial crystal, used for the ultimate boundary integral 
equations. For two dielectric media, the boundary conditions of the field across 
the interface are 

for the electric field, 1 n x (El - E2) = 0 

n . (D1 - D2) = 0 

and 

for the magnetic field. 
n x (H1 - H2) = 0 

n (B, - B2) = 0 

Only two of the above four equations are independent. Now we select 
n x (El - E2) = 0,  and n x (HI - H2) = 0. First, we consider the case of the T E  
polarization, i.e. E = EZe3,  thus n x (El - E2) = 0; we get 

El = E2 = +r. (A 15) 
On the other hand, we have 

(A 16) 
i 

WP 
= -- [-n . VE + V(n . E)]. 

With n .  E = 0,  equation (A 16) can be reduced to n x H = (i/wp)(n VE) = 
(i/wP)(=/an). 

Therefore, we obtain 

n x (Hl - H2) = i -- [.k 2 (w;2 Z)] * 
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Analysis of the focal characteristics of cylindrical lenses 1207 

As p1 = p2 = 1, then we have 

Applying boundary conditions (A 15) and (A 17) to the boundary integral 
equations (A 9) and (A lo), we obtain the final boundary integral equations for 
the T E  polarization as 

(A 18) 

We now consider the T M  polarization, that is, H = Hze3,  H,  = Hy = 0,  
E, = 0. As n is perpendicular to H in this case, we then have 

Hi = H2 = 4r.  (A 19) 

Meanwhile, by using equation (A 14), we have 

1 aH, -- 

” )  8 3 ,  (A 20) 
1 a H ,  

WE0 

where n = n,i + nyj,  which is the outward unit normal vector of the boundary. 
We now define n: = n,(l/Eh), ni = ny(l/Ea), and n’ = n:i + nij. Because n x 
(El - E2) = 0, we then get 

i dH1 i aH2 nx(E,-E2)=---+--=0. 
 WE^ an; WE,, an: 

I t  means that 

As E, = Eb = E,, in the uniaxial crystal, therefore, Eln: = = n. Finally, we 
can get the boundary integral equations for the T M  polarization as 

(A 22) 

It should be mentioned that in equation (A 22), €1 = E, = n: and no is the index of 
ordinary light in the uniaxial crystal. 

D
ow

nl
oa

de
d 

by
 [

N
at

io
na

l C
hi

ao
 T

un
g 

U
ni

ve
rs

ity
 ]

 a
t 2

0:
04

 2
7 

A
pr

il 
20

14
 



1208 Analysis of the focal characteristics of cylindrical lenses 

To sum up, the boundary integral equations are expressed as 

where p ;  = 1 and $ = E, for the T E  polarization; while pi = n’ and 4 = H ,  for the 
T M  polarization. We should note that in the uniaxial crystal with the optic axis 
parallel to the 2 axis, n = ne(,,) for the T E  ( T M  ) polarization. Furthermore, for the 
T M  polarization, the boundary condition (A 21) indicates that the derivative of the 
magnetic field along the direction of n‘ is continuous, rather than n. However, in 
the boundary integral equations (A 13), one involves the derivatives to be with 
respect to n. Therefore, in the biaxial crystal, owing to E, # &b,  we cannot easily 
find the simple transformation between these two direction derivatives. It leads to 
difficulty in solving the boundary integral equations in the biaxial crystal lens 
system or in the uniaxial crystal lens system with any orientation of the optic axis, 
rather than parallel to the 2 axis. 
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