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SUMMARY

In this paper, the problem of state feedback mixed H»/H, control with regional pole constraints is studied.
The constraint region is represented by several algebraic inequalities. This constrained optimization
problem cannot be solved via the LMI approach. Based on the barrier method, we instead solve an
auxiliary minimization problem to get an approximate solution. We shall show that the obtained minimal
solution of the auxiliary minimization problem can be arbitrarily close to the infimal solution of the
original problem. An example is provided to illustrate the benefits of the approach. Copyright © 2003
John Wiley & Sons, Ltd.

KEY WORDS: mixed H,/H., control; regional pole placement; barrier method; Lagrange multiplier
method

1. INTRODUCTION

The mixed H,/H,, control problem has attracted much attention in recent years (see References
[1-7]). The mixed H,/H, control theory offers a way of combining the design criteria of
quadratic performance and disturbance attenuation. But such a controller design method
cannot guarantee that the closed-loop systems have good transient responses. The systems’
transient responses are determined mainly by the locations of the systems’ poles. In References
[8-12,24], the optimal regional pole placement problem, which involves determining a feedback
controller that minimizes a cost functional subject to the requirement that the closed-loop poles
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lie within a specified region, has been studied. In Reference [13], Yedavalli and Liu studied the
state feedback H,., control problem with single regional pole constraint via the Lagrange
multiplier method. Recently, Wang and Bernstein [14] provided an approach to achieve mixed
H,/H,, control with an wo-shifted pole constraint via output feedback. Bambang et al. [15]
considered the mixed H,/H, control with pole placement in a circular region. In Reference [15],
a generalized Riccati equation is employed in order to satisfy H,, -norm and poles’ constraints
as well as to obtain an upper bound on the H, cost to be minimized. These approaches have the
disadvantage that they only minimize an ‘upper bound’ of the actual cost but not the actual
cost. The obtained solution may be far from the actual solution. Yaz et al. [16] presented an
approach to find the controller for a discrete system which simultaneously meets the following
three criteria: pole placement in a specified disk, assignment of an upper bound to the H, cost
and satisfaction of an H,, disturbance bound. More recently, Bambang et al. [17] provided a
unified treatment for pole placement in the mixed H,/H, optimization problem. The cost
function they minimized is also an upper bound of the actual cost. Moreover, the existence of
the minimum point of the chosen auxiliary cost cannot be guaranteed. In fact, its infimal
solution may lie on the boundary of the admissible solution set and may not be a stationary
point. In this case, the infimal solution does not satisfy the obtained necessary conditions in
Reference [17]. Chilali and Gahinet [18] used the linear matrix inequality (LMI) approach to
solve the mixed H,/H, problem with regional pole constraint. The constraint region must be
convex in LMI approach. Moreover, for tractability in the LMI framework, a single matrix that
enforces several constraints must be found. This will lead to the result that the obtained solution
may not be the global minimal solution, may not even be the local minimal solution, of the
original constraint optimization problem. Furthermore, even in the case that the original
constraint optimization problem is solvable, the LMI approach may fail and no solution may be
found thus.

In this paper, we consider the regional pole constraints mixed H,/H, state feedback control
problem. The constraint region is represented by several algebraic inequalities. It may be non-
convex and may not be representable in the form of LMI region. In some special cases, it may
contain several disjoint subregions. This problem is difficult to solve and its analytic solution has
not been presented yet. Based on the barrier method [23], in this paper we instead solve an
auxiliary minimization problem to get an approximate solution of the original optimization
problem. The cost function of the auxiliary optimization problem is the sum of the cost function
of the original problem and a weighted ‘barrier function’. We shall show that if the weighting
factor of the barrier function approaches zero, then the optimal solution of the auxiliary
minimization problem will approach the infimal solution of the original optimization problem.
The necessary conditions for local optimum of the auxiliary problem are derived. Furthermore,
a solution algorithm is provided. The advantages of the presented approach are: (1) it is simple,
(2) the existence of the minimum point of the auxiliary minimization problem is guaranteed, (3)
the auxiliary minimization problem can be solved via some unconstrained search techniques and
(4) the obtained solution can be arbitrarily close to the infimal solution of the original
problem.

In what follows, Re(A) and Im(A) denote the real part and the imaginary part, respectively, of
a complex number A, o(M) is the spectrum of the matrix M, M >0 (M <0) means that the
matrix M is positive (negative) definite, ||G(s)||~ (|/G(5)||») denotes infinity-norm (2-norm) of
the transfer function G(s), ® denotes Kronecker product, vec(M) = [mle;...mZ]T, where m; is
the ith column of the matrix M, and vec'(-) is the inverse operator of vec(-).

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152
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2. PROBLEM FORMULATION AND PRELIMINARIES

Consider a linear time-invariant continuous system

x(1) = AX(1) + Biwi(2) + Bawa(7) + Bsu(?)
z,(1) = Cix(7) + Dyu() (D
25(1) = Cox(2) + Dau(r)
where w; € R™ and w, € R™ denote the exogenous inputs, x € R" is the state, u e R is the

control, and z; € R™ and z, € R"2 denote the controlled outputs. All matrices are assumed to be
of appropriate dimensions. Define

fila,b)=>" Z:y,h,af"b”«o} i=1,2,...c
fi hi

Q, = {(a +1ib)

,,,,,

The design objective is to determine the state feedback controller
u(?) = Fx(?) 2)
to achieve the infimum of ||7%,w,(F)l|5, i.e.

il%f J(F) = || Toow, (F)||>

subject to the following constraints:

(D) 1T, (F)l o <7
(2) o(A + B3F) < Q.
This problem is referred as the Q. problem. O

Let I'y={FeR™"|A+B;Fisstable}, I'q = {FeR""|o(A+B3F) = Q;}, Ta=_,. .Ta,
Io(y) = {F € R""||Tyw,(F)ll, <7}, and T = TqTx(y). Let Ac=A+BsF, Cic=C;+D/F,
and CzC = Cz + D2F

Assumption 1
Suppose all the eigenvalues of A, which are outside Q, are Bs-controllable, i.e.

rank[JZ1 — ABs]=n forall e ag(A)and ¢ Q

Assumption 1 guarantees that the set I'g is non-empty. From (1) and (2), it is known that the
closed-loop system transfer function from w; to z, is given by

Tyw, (F) = (C; + DiF)(sI — A — B;F) 'B;
and the closed-loop system transfer function from w, to z, is given by

Tyw,(F) = (C; + DoF)(sI — A — B3F)'B,

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152
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Let L, be the positive semidefinite solution of the equation

A7L, + LA, + C3,Co =0 3)
It can be shown that
\/Tr(BIL,By), ifFeTl,
T 2w, ()]l = 4)
00, otherwise

Lemma 1
Suppose A. is stable. Then the following statements are equivalent:

W) 1T ®llc<y. o
(2) For any given matrix Q,, = Q. > 0, there exists a positive definite solution P,, = P to

1 A A 1 A
(Ac+ y—zBlBlTPOO)TPQO +Po(A+ y—zBlBlTPoc) +FF+Q.=0 )
where P, = PL > 0 is the stabilizing solution of

1
AP+ P A+ C.C + FPOCBlBITPOO =0 (6)

Proof

According to the Bounded Real Lemma (see Reference [19]), it is known that (6) has a
stabilizing solution P, = PIC > 0. Since the matrix FTF +QOO is positive definite and the
matrix A, + 1/7° BIBITPOO is stable, from the Lyapunov stability theorem, the unique solution
P of (5) is positive definite. O

Moreover, we have the following result.

Lemma 2
Tr(P~) approaches infinity as F approaches the boundary of I'y(y).

Proof

As F approaches the boundary of I'y(y), there exists at least one ecigenvalue A€
(A + BsF + (1/7%) BiB{P) that will approach the imaginary axis. Suppose v is the normalized
eigenvector corresponding to A. Premultiplying and postmultiplying (5) by v* and v, respectively,
and after some manipulations, we obtain

. *FTF 4 Q
V*POCV — _V ( + Qw)v
2Re(7)

Since v¥(F'F + Q. )v > 0 and Re(4) — 0, it follows that v¥P..v — co. Note that P, is positive
definite. This leads to the conclusion that Tr(P,,) — oo. This completes the proof. O

Suppose 4 = a +ib. Then Q; can be represented equivalently by
Q; = {4 € Clgi(1) <0}

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152
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where gi(2) = fi(a,b)|,_ (A+/1)/2b D)2 = > Z Cpg A 4. Note that Cpigi = Cq,p: (s€€ Reference
[20]). Now define ¢;(x, f) = i  Cpigi o B

Lemma 3 (Bambang et al. [1 ])
Suppose that for all o; € Q; (j=1,..., n), the following conditions are satisfied.

(1) @i(oj,00) #0  for all jk=1.2,....n,
e Hermitian matrix W; = |—¢; '(o;, )|, , is non-negative definite.
(2) The Hermiti ix ¥ ,1(,')77](71' ive defini

Then o(A,) = € if, and only if, for any given positive definite Hermitian matrix Q, the
unique solution P of the following equation

S5 e (AN PAY + Q=0 ©)

Di qi

is positive definite. ]

A class of regions that satisfies conditions (1) and (2) of Lemma 3 include, among the many
possibile, hyperbolic, circular, elliptic, parabolic, etc. More examples and details can be found in
References [17] and [21], and references therein. The regions discussed in the following are all
assumed to belong to this class of regions.

Remark 1

In order to get a real solution F, the region ©Q must be symmetric with respect to the real axis
of the complex plane. However, each individual Q; is not required to be symmetric with respect
to the real axis. This class of regions may be non-convex, may even contain several disjoint
subregions. It should be noted that the LMI regions discussed in the literature (see e.g.
Reference [18]) are restricted to be convex.

Let A. = A+ B3;F in (9) and suppose P;, i=1, ..., ¢, are the positive definite solutions of (9). It
is known that P; is a function of F. Then we have the following theorem.

Lemma 4
Tr(P;) approaches infinity as F approaches the boundary of I'g,,

Proof B

As F approaches the boundary of I'q,, then 37, > ¢4, /”"A% — 0 for some Z € o(A + BF).
Let v be the normalized eigenvector corresponding to A. Premultiplying and postmultiplying (9)
by v* and v, respectively, and after some manipulations, we obtain

V*Pl‘V — _V*in

gi(4)
Since v¥Q,v > 0 and y;(1) — 07, it follows that v*P;v — co. Note that P; is positive definite, this
implies 7r(P;) approaches infinity as F approaches the boundary of I'g,. O

3. THE MAIN RESULTS

The Q>4 problem is a constrained optimization problem. The infimal solution of the O,
problem may lie on the boundary of I' and may not be a stationary point. Thus far, no analytic

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152
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solution to this problem has been derived. In this section, we instead solve an auxiliary problem,
denoted by the problem Qs.paux to obtain an approximate solution of the problem Q»n,. The
cost function of the problem Qj.paux is defined as

J(F ~Jp(p,F), if Fel
Jaux(y,F):{ (B B, Fe (10)

00, otherwise

where w >0 is the weighting factor and J,(F) is defined by

To(, F) = L Tr(Poo) + Y wiTr(P)

i=1

where I, >0andw; >0,i=1, ..., ¢, are the weighting factors, and P.and Pi=1,....c,
are the solutions of matrix equations (5) and (9).
The problem Qsopaux s to find the feedback matrix F to minimize the cost function (10).

Lemma 5
Ju(F) approaches infinity as F approaches the boundary of T'.

Proof
This lemma can be proved directly from Lemmas 2 and 4. O
Now we shall show that the cost function J,,,(F) has a minimum point in the interior of the
set I' if D, has full column rank.

Lemma 6
Suppose D; has full column rank. If the admissible set I" is non-empty, then the cost function
Jaux(F) has a minimum point in the interior of the set I'.

Proof
Define a level set

FZ(FO) = {F € F|Jaux(F) < Jaux(FO)a for FO € F}

The set I'y(Fy) is bounded since if D, has full column rank, then J(F) — oo as ||F|| — oo.
Moreover, since J,u(F) is continuous in the set I' and unbounded on the boundary of I', I'/(Fy)
is closed. As a result, the level set I';(F) is compact. From the Weiestrass theorem [10], there is a
Fopi € I'i(Fp) such that

Jaux(Fopt) < Jaux(F), for all F € I'(Fo)
This implies
Jax(Fopt) < Jaux(F), forallF e Tg
and completes the proof. U

Since the minimum point of the auxiliary cost function J,.(F) lies in the interior of the
admissible solution set, it must be a stationary point. The Lagrange multiplier method can be

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152
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employed to derive the necessary conditions for local optimum of the Qipaux problem to
satisfy.

Theorem 1
The optimal solution F of the Q2. paux problem must satisfy

Fyraa(,F) =2D]DyFL, + DD F(Ly, + LL) + 2FL, +2) "FS;

i=1

+ 2B L,Ly + 2D; oLy + By P LY + Bi P Lo + D]C|LL + D[ C Ly

C
+2BIP Lo+ )
i—1

i—1
Z Z piai lpz: BI(AH P, ALS (A !k

pi i k=0

gi—1
+ZBl(Ai‘)kP,-Affsl(Ai,‘)*“‘k]] =0 (1
k=0

where L,, L,, P, Lm,lswﬁw,Pi,i =1, ...,c,andS;, i =1,..., ¢, satisfy the following matrix
equations:

AL, + LA +C,Co =0 (12)
ALy + L AT + L(Tr(BTL,By)) '/ xB,BT = 0 (13)
2
AP +P AT+ ClC+ V—ZPOCBIBITPOO =0 (14)
1 T 1 T T 1o 5 T
Loo(Ac + y—zBlBl P.)+ (A, + V—ZB]BI P.)'L + V—ZLOOPOOBlBI =0 (15)
1 T TH D 1 T T A
(Ac+y—2B1B1 P.) Pw+Pw(Ac+y—2B1Bl P.)+FF+Q, =0 (16)
1 . . 1
(A, + V—zBllslTPm)Loo +Loo(A + y—zBlB,TPOC)T +w-ly - T=0 (17)
> Gu AN PAY +FTF Q=0 =12, (18)
DPi qi
SN AIS(AN +wew I=0 i=1,2,..c (19)
Pi qi

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152
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Proof
Define the Hamiltonian H,,, by

H,, = (Tr(BgLUBz))l/Z—ﬁ—w- (Zx Tr (IA’OO) + Tr (Z W,P,))
=1

+ Tr(Ly (AL, + LA, + C,Ca.))
!
+r(L <APX+P AT 4 T Cic+ P BIB[P >)

( ((A +=BIB[P) P + Po(Ac + 1B 1BTP,) + FTF + QOO>)
Npi Ngi
+ Tr (Z Si[ > Z o (AHYIPAL + FTF Q,) )
=0 ¢;=0

where Lz,Lgo,I:OO, Si(i =1,2,...,¢) are the Lagrange multipliers. Then the necessary conditions
for local optimum are 0H,, /0Ly = 0, 0H,, /0L, = 0, 0H /0L = 0, 0H /0P~ = 0, 0H /0
Lo =0, 0H /0P = 0, 0H yy /0S; = 0, 0H y, /OP; = 0, and 0H,,, /0F = 0. After some algebraic
manipulations, results of (11)—(19) can be derived. O

For a fixed weighting factor w, suppose the optimal solution of problem Qs paux 18 Fop(w).
Suppose the infimal solution of the 0>, problem is F,. Then we have the following result.

Proposition 1
]imw—>0+ J(Fopt(w)) - J(F*)

Proof
For any £>0, define the set I'; by

I, = {Fel|J(F)— J(Fs) <le}

This set is non-empty since J(F) is continuous in T'. Set w, = &¢/2J,(F"), for some F* € T',. Note
that J(F) is continuous over the set I', and J(F) > 0 is bounded for any F € I', so w, > 0. If choose
w such that 0<w<w,, then w - Jb(F")<%8. Moreover,

Jaux(F) = J(Fy) = J(F) + w - Jp(F) — J(Fy) <e
That is, for any ¢ > 0, we can find w satisfying 0 <w<w, such that
mingperJaunx(F) — J(Fy) < Jax(FY) — J(Fy) <e
It should be noted that J,x(Fopi(w)) is decreasing as w is decreasing. So

lin’1w—>04r Jaux(Fopt(W)) - J(F*)

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152
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Since Jaux(Fopi(w)) > J(Fopi(w)) = J(Fy), for all w>0, it can be concluded that
lim,y 0+ J(Fopt(w)) = J(Fs)
This completes the proof. O

This proposition shows that the minimum solution of the problem Q. paux Will converge to
the infimal solution of the Q14 problem if w — 0+.

The coupling equations (13)—(21) are not easy to solve. Based on steepest descent method,
solution algorithms are provided in Appendix A. It should be noted that the problem Qsapaux
may have several local optimal solutions, and the solution obtained via the proposed algorithms
may not be the global optimal solution. However, in the following example we will see that the
proposed approach is useful.

4. AN ILLUSTRATIVE EXAMPLE

Consider the following system:

1 0 1 1 1/2 1 0 1
x()=10 2 O|x®)+ |1 O |wi(®)+ | 0 [wa®)+ |1 0 [u@)
0 1 3 1 1 -1 1 3/5
[2/3 1/3 —1/3 0
z)(1) = EERIRE x(1) + l]u(t)
[0 1 1 0
Z2(r)=_1 LR 1]u(z)

Suppose the constraint region Q (shown in Figure 1) is defined by

Q= {(x +iy)|x>-50,x> +>>9, 10x + * <0}

The objective is to find u(¢) =Fx(¢) to achieve the infimun of ||77,w,(F)||, under the constraints
(D) IT5,w,(F)ll <1, and (2) o(A + B3F) = Q.

It should be noted that the region Q is not convex. It is not a LMI region.

For comparison, we consider seven cases. In case 1, we consider the H, optimal control
problem without constraints (1) and (2). In case 2, we consider the H, optimal control problem
under constraint (1) and without constraint (2). In case 3, we consider the H, optimal control
problem under constraint (2) and without constraint (1). In cases 4-7, we consider the H,
optimal control problem under both constraints (1) and (2) with different weighting factors. Let
the matrix Q; (=1, 2, and 3) in Equation (10) and the matrix Qx in Equation (5) be identity
matrices. Without loss of generality, let the weighting factor w=1 in cases 2—7. By applying the
algorithms shown in Appendix A, the final results are shown in Table I, and the locations of the
resultant closed-loop poles are shown in Figure 2.

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152
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or The constraint region Q

Imaginary Part

_25 1 1 1 1 1
-50 -40 -30 -20 -10
Real Part

s T

Figure 1. The constraint region Q.

For case 1, we can see that the resultant ||77,w,(Fop)ll, =3.9572 is the smallest value among all
the seven cases. However, some of the resultant closed-loop poles are outside the region Q and
the resultant ||77,w, (Fop)ll is larger than 1 since we did not put these constraints into the design
procedure. In case 2, we only put the H,,-norm constraint into the controller design procedure.
Letting /, = 1. It should be noted that the constraint of || 7w, (Fopt)ll <1 is satisfied. However,
some of the closed-loop poles are outside the region Q. In case 3, we only put the poles’
constraint into the design procedure. It can be verified that all the closed-loop poles lie in the
desired region Q. However, the resultant ||77,w, (Fopi)ll is larger than 1. In cases 4-7, both the
pole constraint and the H,, -norm constraint are considered. From Table I, we can see that for
these four cases, all the pole constraint and H, -norm constraint are satisfied. In general, if both
the weighting factors /,, and w; are decreasing, the resultant value of || 7,,w, (Fopy)||, Will decrease.
Note that the weighting factors in the Case 7 are nearly zero, we can expect that the infimum of
[|T%,w, (Fopt)ll>, under the constraints that || 75,w, (Fopt)ll« <1 and all the closed-loop poles lying in
the region Q, is about 6.1988.

5. CONCLUSIONS

A new method for the regional pole constraint mixed H,/H, state feedback control problem is
provided. The considered constrained region, which is represented by several inequalities, may
be non-convex. In some special case, it may contain several disjoint subregions. The solution of
the considered problem is approximately obtained via solving an auxiliarily optimization
problem. We have proved that the obtained solution can be arbitrarily close to the infimal
solution of the original constrained optimization problem. Moreover, solution algorithms are
provided. Furthermore, an illustrative example is included to demonstrate the presented

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152
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10

2t The constraint region Q

+
a x [e) + il i
;( '

Imaginary Part
=)
<

_10 1 1 1 1 1 1 1
-16 -14 -12 -10 -8 -6 -4 -2 0 2
Real Part
Figure 2. The locations of the resultant closed-loop poles of the example (+: case 1, x: case 2, O: case 3,
@: casc 4, V: case 5, []: case 6, #: case 7).

approach. Although we only consider the state feedback case, in fact, the output feedback case
can be solved without any difficult via the same procedure.

APPENDIX A

Here we provide a solution algorithm for the Qsqpaux problem. Note that the Fypuq(y.F) defined
in (13) is the gradient of J,,(F) with respect to F under the constraints of (4)—(6) and (9) (see
chapter 1 of [22]). If F, is a minimal solution, then Fy,q(y,Fop) =0. Based on the steepest
descent method, a solution algorithm is proposed below. Suppose €>0 is a specified small
number. The algorithm will stop if || Feraa(F)|| <e.

Algorithm 1
Find the optimal solution F, of the auxiliary minimization problem.
(1) Choose a F(0) e I'. Set k=0.
(2) Solving (12)—(19), by substituting F by F(k), yield L,(k), Lo(k), Po(k), Lao(k), Po(k),
L. (k). Pi(k), Si(k).
(3) Find Fyrad(y, F(K)).
(4) If ||Fgrad(ya F(k))H <é, then Fopt:F(k)a end.
else find (k) >0 via line search techniques such that F(k + 1) = F(k) — 6(k) - Fyraa(y, F(k))
shall minimize J(F(k+ 1)). Let k=k+1, go to (2).
The step (1) in the Algorithm 1 is not a trivial task. In the following, we will provide an
algorithm to find a FeT.

Copyright © 2003 John Wiley & Sons, Ltd. Optim. Control Appl. Meth. 2003; 24:139—152



NEW METHOD FOR H,/H,, CONTROL 151

Algorithm 2

Find F such that FeT.

(1) Choose any F(0) € T'g.
If [|(C; + D F(0))(sI — A — B;F(0)) 'By||,, <7, then let F=F(0), end.
else choose 7(0) > ||(C; + DF(0))(sI — A — B;F(0))"'B; [l and set k=1, go to (2).

(2) Solving (12)—(19), by substituting F by F(k) and y by j(k), yield L,(k), Ly(k), Py (k),
Lo (k), Poo(k), Lo (k), Pi(k). Si(k).

(3) Find Fyraa(7(k), F(k)).

(4) Find 6(k)>0, via line search technique, such that F(k 4 1) = F(k) — 6(k) - Fgraa(y, F(k))
shall minimize Juux((k), F(k + 1)).

(5) Let § = (K)[(Ci + Dy F(k + 1)(s1 — A — BsF(k + 1)) "By
If f(k)<y, then F =F(k + 1) eI, end
else set y(k 4+ 1) = (k) — n(y(k) — y(k)), for 0O<n<1, and let k=k+ 1, go to (2).
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