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Abstract. We prove the dispersionless Hirota equations for the dispersionless Toda, disper-
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1. Introduction

Dispersionless integrable hierarchies have been under active research in recent years
(see, e.g., [13, 14, 19-22]). One of the reasons is due to its close relation with the other
area of mathematics and physics, such as topological field theory, string theory, 2D
gravity, matrix models and conformal maps (see, e.g., [1-4, 7, 10, 12, 15, 17, 18, 26]).
The tau functions of the dispersionless integrable hierarchies play an important role
in topological field theories ([8, 9]), for they give solutions to the so-called WDVV
equation. Conversely, in [4], it was proved that the tau functions of the dispersionless
KP (dKP) and dispersionless Toda (dToda) hierarchies satisfy the associativity equa-
tion. One of the main ingredients of the proof of [4] is the dispersionless Hirota equa-
tions satisfied by the dKP and dToda hierarchies. The dispersionless Hirota equation
for the dKP hierarchy was first derived by Takasaki and Takebe [22] as the disper-
sionless limit of the differential Fay identity. Later, the Hirota equation was further
studied by Carroll and Kodama [5]. In connection to conformal mappings which
give rise to solutions of the dToda hierarchy, Wiegmann, Zabrodin et al. derive
the Hirota equations for the dToda hierarchy [12, 15, 25]. In this paper, we point
out that these Hirota equations are closely related to some concepts in classical
complex analysis, namely Faber polynomials and Grunsky coefficients.

In Section 2, we review some concepts from classical complex analysis. We
define some classes of formal power series which appear in dKP, demKP (disper-
sionless coupled modified KP, see [24]) and dToda hierarchies. We generalize the
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definition of the Grunsky coefficients and Faber polynomials to these classes of
formal power series and review their properties. In Section 3, we review the dToda,
demKP and dKP hierarchies and their tau functions. We derive the dispersionless
Hirota equations by establishing the relation between the tau functions and the
Grunsky coefficients. We also prove that the dispersionless Hirota equations for each
of these hierarchies uniquely characterize the tau functions of their solutions. As a
corollary, we show that some solutions of the dToda hierarchy will give rise to solu-
tions of dcmKP hierarchy, which in turn will give rise to solutions of dKP hierarchy.

We omit some details in the exposition below. We refer to our preprint [23] on the
web for further reference.

2. Algebraic Analysis
2.1. SPACES OF FORMAL POWER SERIES

We consider the following classes of formal power series:

T = {g(z)zbz+bo+5+~--=bz+anz‘";b¢0},
z n=0

zz{gei,bzl}, zoz{gexbo:o}.

¥ can be considered as the completion™ of the space of analytic functions that fix
the point co and univalent in a small neighbourhood of co. ¥ and X are subspaces
of ¥ consist of formal power series satisfying certain normalization conditions. By
post-composing & € X with the linear map z > (1 / b)z, we get a function g in X. Fur-
ther post-composition with the linear map z+> z — by, we get a function gy in Z;. As
their counterpart, we consider another three classes of formal power series:

00
5= i-f(z) —aztaf t oz £ =) aia # 0},
n=1

S = {fe S,a = 1}, So = {fe S,a2:O}.

S can be considered as the completion of the space of analytic functions fixing the
point 0 and univalent in a neighbourhood of 0. S and S, are subspaces of S consist
of formal power series subjecting to additional normalization conditions. By post-
composing fe S with the linear map z— (1/ay)z, we get a function f'€ S. Further

*The completion is with respect to the filtration

Sy = {g(z) —bz+ > b b # 0}
n=N

on X.
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post-composition with the Mobius transformation z+ z/(1 + a,z), we get a function
fo € Sp. Observe that the map

1
80 =
)
z
is a bijection between S and i, S and Z, Sy and X, respectively.

2.2. GENERALIZED FABER POLYNOMIALS AND GRUNSKY COEFFICIENTS

We review and generalize some concepts from classical complex analysis. For details,
see [11, 16].

One of the important problems in classical complex analysis is the determination
of the upper bound satisfied by the coefficients «,’s in order that /€ S is univalent
on the unit disc. A lot of effort has been devoted to the proof of the famous
Bieberbach conjecture (1916): If f € S is univalent on the unit disc, then |a,| < n™.
In the early attempts of the proof, one of the important tools is the Grunsky’s
inequality and its generalization. In 1939, Grunsky found a sequence of inequalities
that should be satisfied by the so called Grunsky coefficients in order that g € X is
univalent on {z| |z| > 1}. Surprisingly, we found this Grunsky coefficients appear
everywhere in dispersionless limit of integrable hierarchies (especially in association
with tau functions) without being realized its connection to complex analysis. This is
the purpose of this paper to point out this connection and, thus, give simplified
proofs of some of the facts related to dispersionless integrable hierarchies.

First, we introduce the Faber polynomials. For g€ ¥ that is analytic in a
neighbourhood of co and w € C, consider the function log (g(z) — w)/bz. It defines
an analytic function for large |z| and vanishes at co. Hence it has an expansion at
oo which can be written as

g(z2)—w D, (W),
log==— —ZTZ . (2.1)

n=1

@, is called the nth Faber polynomial of g. Differentiate (2.1) with respect to z and
define ®y(w) = 1, we have

gé’)(i) - Z@ (=", (2.2)

From this, we can deduce the recursion formula

n+1(m) =

RS by
"l ) - p 2 ook ®l) = (4 D,

which implies that ®,(w) is a polynomial of degree n.

*This conjecture was completely proved by de Branges in 1984 [6].
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Next we introduce the Grunsky coefficients. If g € ¥ is univalent in a neighbour-
hood U of oo, the function log (g(z) — g({))/(z — {) is analytic in the neighbourhood
Ux U of (00, 00). Its expansion about (0o, 00) has the form

loggg(Z) :g(g) = logb - i i bmnz_mé/_n' (23)

z m=1 n=1

b’s are known as Grunsky coefficients of g. They are symmetric, i.e. b, = byp.
Putting w = g({) into (2.1) and compare with (2.3), we have

D, (g ="+nY byl (24)

m=1
There is a characterization of the Faber polynomials which plays an important
role in our discussion later. Let z = G(w) = w/b+ > 7 c,w™" be the inverse func-
tion of w = g(z) in the neighbourhood U where g is univalent. From (2.2), we have

g'(2)z" G(C)"
D, (w dz = Res
() zoog()—% '—OOC—
Using the expansion about { = oo,
n 1 oo
GO = Y canl™ and ——— =" Wi
m;m (C—=w) kX:(;

we obtain immediately ®,(w) = >0 _ ¢, mw™. Namely, ®,(w) is the polynomial part

of G(w)", which we denote by (G(w)")-,, i.e.
D, (w) = (G(w)") > (2.5)

In general, if A =)",2 _ A,w" is a formal power series, and S a subset of integers,
we define (4)g =, g Aaw".

The Grunsky coefficients are generalized to a pair of functions f and g as follows.
Let f€ S be univalent in a neighbourhood ¥V of 0 and g € £ be univalent in a
neighbourhood U of co. We say that (f, g) are disjoint relative to (U, V) if the sets
f (V) and g(U) are disjoint. In this case, the functions

CT (SR O R O SN OR (8

z—¢ z z—{
are analytic in Ux U, Ux V and V'x V respectively. Hence, we can write down their
series expansion about (0o, 00), (00, 0) and (0, 0) respectively:

log &) &) g(z) g(C) Z Z Doz ", (2.6)

m=1 n=

g(z) f(C) Z me e 2.7)

m=1 n=0
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1 f(Z) f(C) _ i Zb—m nZ n (28)

7= m=0 n=0

Obviously, when m,n are both positive or both negative, b,,, = b,,,. Hence, for
m =0, n>0, we define b_,,, = b, _,,. Letting { =0 in (2.7) and (2.8), we obtain

z z e
e DU e S ey 9)
In particular, by = —loga;. We define the generalized Faber polynomials ¥,(w)
for f by
w=f(2) . f0) K,
log === = log u- > pa il (2.10)

n=1
To see the relations of W, with the Grunsky coefficients, we define the function
greXby

z ap

1
gr(2) :.@ = 7 +

z

Using the second equation in (2.9), equations (2.7), (2.8) and (2.10) can be rewritten
in terms of gy

log( g(Z)gf(C)> =22 ez (2.11)

m=1 n=1

8@ =g _ S -
logS D =88 _ 404 bz, 2.12
e gay — mEIH; , { (2.12)
1 00
log &2 ©) =i _ —loga; — ) Fal) o, (2.13)
z n

n=1

Hence, b_,, _,’s are Grunsky coefficients of g, and ¥, (w) is a polynomial of degree n
in 1/w. If we denote by z = Gy(w) the inverse of w = g/(z), and by z = F(w) the
inverse of w = f(z), equation (2.5) implies that

¥,w) = (Grw™)") o = (FOW) ™) <o (2.14)

Now we derive the counterparts of (2.4). First, compare (2.13) to (2.1) and (2.4),
we get

W) =" 40 Y bl 2.15)
m=1
Next, we put w = f({) into (2.1) and compare with (2.7). We obtain

D,(f(0) = nzbn ml" (2.16)

m=
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Finally, putting w = g({) into (2.10), compare with (2.7) and using equations in (2.9),
we have

an(g(C)) = _nb—n,() +n Z bm,—nzim- (217)

For the convenience of next section, we gather again the formulas (2.9), and the
formulas of the Faber polynomials in terms of the Grunsky coefficients (2.4),
(2.15), (2.16), (2.17).

g(Z) Z bm 0Z 7 logf(—ZZ) = — i bﬂn,Ozm

m=0

(Dn(g(o) - én +n Z bnmé’_m> (Dn(f(C)) = nbn.,O +n Z bnﬁmC"ﬂ (2 1 8)
m=1

m=1
Wa@) = —nbno+n) bl RSOV =C"HnY by nl”
m=1 m=1

The analysis above can be extended formally to the whole space = and S. All the
Taylor (Laurent) expansions are considered as formal power series expansions. All
the identities hold formally.

3. Dispersionless Hierarchies and Tau Functions

We quickly review dispersionless Toda (dToda), dispersionless coupled modified KP
(demKP) and dispersionless KP (dKP) hierarchies and their tau functions. For
details, see [20-22, 24]. For each of these dispersionless hierarchies, we give a new
derivation of the dispersionless Hirota equation satisfied by the tau function, using
the algebraic analysis we discussed in the previous section. We also prove that the
dispersionless Hirota equations uniquely characterize the tau functions.

3.1. DISPERSIONLESS TODA HIERARCHY

The fundamental quantities in dToda hierarchy are two formal power series in p:
L) =p+ Y unp™, L) =do(p™" + ) i (0)p".
n=0 n=0

Here u,(t) and u,(t) are functions of the independent variables ¢,,n € 7, which we
denote collectively by 7. The Lax representation is™

oL " oL Fn
87,, ={(£ )>Oa£}T7 o1, =1{(£ )<0VC}T7
oL oL

= (L") >0, L)1, R (Ve PPl P 3.1)

oty ot_,

*Here it is understood that p is a variable and does not depend on 1.
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Here {-, -} is the Poisson bracket for dToda hierarchy
gt =208 O 08
ET=P 00 Lo ap
There exists a tau function t4roq, Which generates the coefficients of £ and L.
More precisely, we have the following identities:

1 *F .,
Inglegﬁ_Z%atoaz

m=1

i

] P o A R o 8 W
(£ )20 =L _Z%ﬁtnatmﬁ _8t06tn_m:1%5l_maln ’

m=1

lo —lo £~+82.7:_ > l 82f ~m
&p =708 o A=mor_,01

(3.2)

)

~—n > 1 62.7: —m
(£ o=~ ZEatmar_n £

m=1
s PF & PF s,
=L+ todt_, Z%az_maz_”[’ '

m=1

Here F = log tq1oda is called the free energy. Now we identify p with w, £ with z, then
the first equation defines a function w = g(z) € . L( p) corresponds to z = G(w), the
inverse of g. The third equation defines a function w = -f(z) € Sand Z( p) corresponds
to z = F(w), the inverse of f. Under these identifications, we see that the Faber poly-
nomials ®,(w)’s are identified with (£"(w))5,, and ¥,(w)’s are identified with
(ZZ*”(W)) <o- Now compare (3.2) with (2.18), we find that the Grunsky coefficients
by of the pair (g = w(L),f = w(lz)) are related to the tau function or free energy by

boo = - 2T _1 o7 _1eF
00 — 813 ) n,O_natoatna 7}1,0—”8[081‘_”7 = 1,
1 *F 1 F

- = = .

b mn Ot,,0t,’ bem-n mnOt_,0t_,’ mm = 1, (3-3)
2

b—mnzbn—m:_L O s n,m>1

’ ' mn Ot_,t,

From (3.2), we can express fand g in terms of the tau function or free energy:

1 #F _,
g(z):zexp(—zaatoa[ z ),

m=1

PF X1 PF
f(Z)—zeXp(a—[%—Zgal_matoz )

m=1




82 LEE-PENG TEO

As before, we define g/(z) = f(z~")™", then

82].' S 1 62]: —m
gf(Z) = zexp (_ 8—13 + n; EaLmQZ‘O : ) .

Hence rewriting the definition of the generalized Grunsky coefficients in terms of the
tau function or free energy, we obtain the Hirota equation for dispersionless Toda
hierarchy. Namely, from (2.6), (2.11), (2.12), we have

= (z1 — zp) exp (m;i:l %%21—’”25”) ’

b= ZILZ <8<‘9210 + Z nla 6?08];, - ”;il ;;1 Ot_mOto _m>
= exp (mil %% zl’”zz"> ,

Z) exp (g} %% Z1m> — 23€xXp (ﬂi %%22’”)

00 2
:(zl—zz)exp<2 ] 87}—2 Mzy ) (3.4)

mn 0t_,,0t_,

We should understand these identities as defining a sequence of relations satisfied by
the second derivatives of F by comparing the coefficients of z;z;" on both sides.
Conversely, the tau function is uniquely characterized by these Hirota equations.

PROPOSITION 3.1. If F =logt is a function of t,, n € 7. that satisfies the Hirota
equations (3.4), then 7 is a tau function of a solution of the dToda hierarchy. More
explicitly, if we define L( p) and Z( p) by formally inverting the functions p(L) and f)(Z',)
defined by

> 1 PF
logp(L) =log L — —
gp(L) = log }Zlmatoﬁtm

PF X1 OPF 4,
o ;%az_mato £
then (L, Z:) satisfies the Lax equations (3.1) for dToda hierarchy.

Proof. In the first part of the proof, we trace the reasoning above backward. We
define the function g € X and f'€ S by

£,

log f)(Z) log L4—>

(3.5)

— z — z
—motdt, z  0f = mdt_p,dt

00 2 2 © 1 2
logéﬂz_zl PFE 0g! @ _OF rPFE

z
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The generalized Grunsky coefficients of the pair (f,g) are defined by Equations
(2.6), (2.7), (2.8). We also define g¢(z) = 1/f(z7"), then
gr(2) PF K1 PF
1 =—— —_
%8 o2 2 mdts”

m=1
In terms of g and g, the Hirota equations (3.4) read as

g —gl) _ 1 PF

log _—
Z1 — 2p S mn ot,,0t,

lo (1 ! ) L PF
L S i . ’
£ gz1)gr(z2)) Lz mndt, 01, 7

logg_f(zl) gf(ZZ) o _a F Z 1 o°F —m_—n

-z a8 mn dt_p,dt_,

myn=1

Comparing with (2.6), (2.9), (2.11), (2.12), we find the Grunsky coefficients in terms
of F are given by the equations in (3.3). Hence if we define £( p) to be the inverse func-
tion of w = g(z), and ZZ( p) to be the inverse function of w = f(z) by replacing w with p,
then the identities satisfied by the Faber polynomials of fand g (2.18) say that

00 1 82.7: 82f IS5 1 82]: ~
L — [ _ LM = — — L"
(L0 Z m Ot,0t,, Otyot,, Z mot_p,ot, "’

m=1 m=1

-, =1 PF L, A, PF &1 PF 4,
& )<°__Zn761mat,n£ . azoaz,n_m:ﬁaz,maz,f'

m=1
Now from (3.5) and (3.6), we have
1 9p(L) 0L

P(L) Ot, L fixed - Oty ‘Lﬁxed’

1 on(L) AL
p(L) Ot_, lcfixed Oty cfixed’
= (3.7)
LoD a(ﬁ")zo‘
ﬁ(Z) Oty |Lfixed B Oty |Lfixed’
L@ﬁ(ﬁ) AL
fJ(Z) Ot_, |Lfixed o Oty L fixed
On the other hand, since p o £ is the identity function in p, by chain rule, we have
op(L)oL op(L) B
oL ot ‘pﬁxed T o ‘ﬁfixed =0, (3.8)
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and similarly for L. Here 7 is any of the independent variables. Hence

OL_ _OLONL) LA
ot,  Op Ot, Icfixed 8p Oty Icfixed
OL (D(L")zy  OL")5yOL
=—p— = _— | ={L" L
ap( a[() oL ato {( )20) }T7
which is the first one of the Lax equations (3.1). The other equations are derived in
the same way from (3.7). [

There are two variants of the dToda hierarchy that we would like to discuss here.
Let (£, Z) be a solution of the dToda hierarchy and ¢ = 9F /Jty. We make a Miura-
type transformation (Lemma 2.1.3 in [22]) and define £ =e 2492, L =eoL,
They are of the form

o0 o0
L(p)=iop+ Y 1ty (Op™" =iiop+ Y _ thns1 (D(tiop) ™",
n=0 n=0

£7\(p) = p-‘+Zu,7+l<z)p —p—‘+2un+1(z><uop),

n=0

and satisfy the Lax equations

8£/ 1AV / 8['/ o ¢
o = (@0 Ll o= = () e £
8£~/ N 5 8‘5/ SIN—1 A7
or, :{((‘C) )>O7L}T7 8t,n:{((£) )<O"C}T'

From the point of view of conformal maps, this transformation amounts to the
pre-composition of z = G(w) and z = F(w) with the linear map w+> ow (i = ay,
the leading coefficient of f(z)). Hence for the inverse function, we have
(@) f (Z)
g===, [flo=—
2]

From these and the definition of the Grunsky coefficients, it is quite obvious that the
Grunsky coefficients b,,,,, mn # 0 of (f,g) and (f’, g’) are the same. Hence, the Hirota
equations for (£, £) assume the same form (3.4). However, now £', £ are defined
by inverting the functions

H? 1 9%
p(ﬁ’)zg’(c’)zﬂexp(—a—f—z 7y )

m 8t08tm

- 3 <1 PF
L/ — /El E/ /m .
p(L) =/ exp( E] ETe mato( ) )
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Another variant of the dToda hierarchy is the one favored by Wiegmann and

Zabrodin in association with conformal maps [12, 15, 25]. Now the Miura type
transformation is defined as £ = e_ad%L L' = e 5L Then they are of the form

L) =m+Y uy (p" =+ w1 (D)rp) ™"

n=0 n=0
=1 —1 - ~/ n —1 S ~ 7
L(p)y=rmp " + ) ity p" =rp™" + Dy (1)(rp),
n=0 n=0

where r is a square root of iy. The Lax equations become™

oL , o~
o {H, L)1, T {H, L},
oL -, oL - .
atn = {Hl’la‘c }Ta 8t,n — {HI’H[’ }T

1 ~ - 1 -~
Hy = (L))o + 3 (£, Hy = (L))o + 5((0)‘”)0-

This version has the advantage that the roles of £ and £’ are symmetric. The same
discussion above shows that the tau function and dispersionless Hirota equations
assume the same form but now, £, £ are defined by inverting the functions

m=1

, o , 10°F &K1 PF L,
”“)—g(“—ﬁe"p(—za—,g‘zaamatm(" )

2082 mdt_,dty

2 o0 2

BL) = /(L) =L exp(1 0F 1 o7 (£’>"’>.

m=1

We can also view the dispersionless Hirota equations as a consequence of the

definition of the Grunsky coefficients for the pair (g, gs). From this point of view

and our discussion above, we readily see that if (£, Z) is a solution to the first version

of the dToda hierarchy, then the pair (£, L), where £'(p)=L(1/p)"",L/(p) =

L1/ p)~!is a solution to the second version of the dToda hierarchy, if we redefine
the independent variables as ¢, = t_, and 1, = t,.

3.2. DISPERSIONLESS (COUPLED) MODIFIED KP HIERARCHY

We define the dispersionless coupled modified KP hierarchy (demKP) in [24]. Here
we are only interested in a special case. (In the notation in [24], it is the case where
P=k)

The fundamental quantity is a formal power series

L=k+Y (DK™,

n=0

*Notice that the 7, in [25] is the complex conjugate of #,. Here it amounts to —¢_,.
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with coefficients depending on the parameters ¢ = (x, to, 1, ¢ . ..). The Lax represen-
tation of the dcmKP in our special case here is

oL oL 19L

= — n > . — = —— .
R E (3.9)
Here {-, -} is the Poisson bracket defined as
_Ofog 0Ofog
V8l = 5eax " axak:

All the dependence on ¢; and x appears in the form #; + x. There exists a tau func-
tion t which satisfies the following identities:

X1 PF
1 k — 1 _ o —m
8 og £ MX:; m Ot,,0t ’
(£n) _ £n _ i l azf Efm 82f _ (En) (310)
20— mot,0t, Ao,

m=1

Here F = logt. Now we identify k& with w and £ with z. The first equation in (3.10)
defines w as a function of z, which we denote by g(z):

=1 &#F _,
g(z):zexp(—zaat—atoz ) (3.11)

m=1

Obviously, g € . The Faber polynomials ®, for g are then identified with (£").,.
Comparing (2.4) to (3.10), we find that the Grunsky coefficients of g(z) are related
to the tau function or the free energy by

_ L PF
mn Ot,,0t,

bmn = (3 1 2)

Together with (3.11), we can rewrite the definition of the Grunsky coefficients (2.3) as

1 PF =1 &*F _,
“l eXp(_ZEazoatmzl >_226Xp(_ZEazoatmzz )

m=1 m=1

< 1 PF L,
= (Zl —Zz)exp< Z %Wzl 22 )7

mn=1

(3.13)

which is the dispersionless Hirota equation for this special case of dcmKP hierarchy.
Conversely, we can characterize the tau function for dcmKP hierarchy as:

PROPOSITION 3.2. If F =logr is a function of t,, n = 0 that satisfies the Hirota
equation (3.13) and 8*logt/0130t, = 0, then t is a tau function of a solution of the
demKP hierarchy. More explicitly, if we define L(k) by formally inverting the function
k(L) defined by
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> 1 PF
logk(£) = log £ — Z%azoaz

m=1

£ (3.14)

and replacing t| by t| + x, then L satisfies the Lax equations (3.9) for demKP.
Proof. ldentifying £ with z, we define the function g(z) € £ by

1 *F
IOgg(Z):lOgZ_Z%atoﬁt z

m=1

—m

The dispersionless Hirota equation (3.13) then read as

giz)—gz) X1 *F
1 _— _— m n.
°8 71— 2 Z mn Ot,, 01, aa

mn=1

Comparing with the definition of the Grunsky coefficients of g given by equation
(2.3), we find that the relation between the Grunsky coefficients and free energy is
given by (3.12). Let z = G(w) be the inverse of g(z). Then G(w) is the function
L(k) defined by (3.14) if we identify k& with w. The Faber polynomials of g(z) is then
identified with (L£(w)).o. We can then rewrite the identity satisfied by the Faber
polynomials (2.4) in terms of the free energy by
N . a1 PF
(£Dz0=L" = ZEazmaznc '

m=1

From (3.14), we also have

PF " "
D00 Res L'dlogk = (L"),.
Hence
2 ) 2
(LMo =L" — o7 L oF L. (3.15)

01,010 = m 1,1,

From (3.14) and the n = 1 case in (3.15), we have
L] P oL _oF ok |
k Oty 1 £ fixed - o m 01,0ty 0t - Oty I fixed

Identity (3.8) (with p replaced by k) then gives the second equation in the Lax
equations (3.9). From (3.15) again, we have

ok 0L~ )
Oty e tixed  Of; |z fixed’
which by (3.8) is equivalent to the first equation of the Lax equations (3.9). O

Compare the dispersionless Hirota equations for dToda and demKP hierarchies,
we immediately have
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COROLLARY 33. If (£7£~) is a solution to the dToda hierarchy (3.1), and
A(L)y/0ty = 0, then L is a solution to the demKP hierarchy (3.9), when we replace t, by
t + x and regard the t_,’s, n =1 as parameters. The tau function for the dToda
hierarchy is the tau function for the corresponding demKP hierarchy.

Proof. In [24], we proved this proposition by comparing the Lax equations. Here
we just notice that the first equation in the Hirota equations for dToda (3.4) is
identical with the Hirota equation for dcmKP (3.13). The result follows from the
proposition above. ]

3.3 DISPERSIONLESS KP HIERARCHY

This is the most well known case. The dispersionless Hirota equation for dKP
hierarchy was first derived as the quasi-classical limit of the differential Fay identity
by Takasaki and Takebe in [22], see also the work of Carroll and Kodama [5]. Here
we derive the Hirota equation along the same line as we do for dToda and dcmKP
hierarchies.

The fundamental quantity in dKP hierarchy is a formal power series

o8
L=k+ Z Un1 (k"
n=I1
with coefficients depending on the independent variables ¢ = (x, t1, f2,...). The Lax
equation is

oL .
o {(£%) 20, £} (3.16)

Here the Poisson bracket is the same as in the demKP hierarchy. The dependence on
t; and x appears in the combination #; + x.
There exists a tau function t which satisfies the following identities:
=1 0*F
£ﬂ — £n _ _
(£20 2 m Ot O,

m=1

£, (3.17)

Here F = logt. Now we identify k& with w and £ with z, the function z = G(w) is
defined to be L(k), and the function w = g(z) € X the inverse of G(w). Then the
Faber polynomials ®,(w) of g are identified with (£"(w)).,. Define the Grunsky
coefficients of g by Equation (2.3), then comparing (2.4) with (3.17), we find the rela-
tion between the Grunsky coefficients and the free energy is given by

1 PF
mn 0t,,0t,

bmn = (3 1 8)

From the n =1 case of Equation (3.17) and the fact that (£)., = k, we have

=1 &#F _,
g(z):Z_ZEazmazlz '

m=1
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Using this, and (3.18), we can rewrite the definition of the Grunsky coefficients (2.3)
in terms of the free energy:

1 > " — ;" PF _ X1 9EF o
- > m onon P > mn o1, 01,0 2 ) (3.19)

a1— 2 m=1 mn=1

which is the dispersionless Hirota equation for dKP.
Conversely, we can characterize the tau function for the dKP hierarchy as follows:

PROPOSITION 3.4. If F =logt is a function of t,, n = 1 that satisfies the Hirota
equation (3.19), then t is a tau function of a solution of the dKP hierarchy. More
explicitly, if we define L(k) by formally inverting the function K(L) defined by

1 PF L,
k(L) =L — Z% o £, (3.20)

m=1

and replacing t|; by t| + x, then L satisfies the Lax equations (3.16) for dKP.
Proof. We define the function g € X, by identifying £ with z in (3.20), the
dispersionless Hirota equation (3.19) says that

g(Z1) - g(Zz) _ | azf —m_—n

log ———1z7"z
1 %
71— 2y =\ mn 01,01,

(3.21)

Compare with the definition of the Grunsky coeffcients b,,, (2.3) of g, we find that
the b,,, can be expressed in terms of the free energy by (3.18). Now define z =
G(w) to be the formal inverse of w = g(z). In other words, G(w) is L(k) if we ide-
ntify k& with w. Then the Faber polynomials ®,(w) of g are identified with (L"(k)) .
Hence, the identities satisfied by the Faber polynomials (2.4) can be rewritten as

" " 1 9*F
(L0 = L1 = s

m=1

£ (3.22)

The same argument as in Proposition 3.2 gives the Lax equation (3.16) of dKP. []

From this characterization of the tau functions, we can also see that a solution of
the demKP hierarchy will give rise to a solution of the dKP hierarchy.

COROLLARY 3.5. If

L=k+ i U1 k"

n=0

is a solution of the demKP hierarchy, then the Miura transform of L,

L=k+Y u k" =k+ Y wplk—w)™ (3.23)
n=1 n=1
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is a solution of the dKP hierarchy, where we regard ty as a constant. Moreover, L and
L' have the same tau function.

Proof. Since £L =k + >, uy41k™" is a solution of the demKP hierarchy, the free
energy of F satisfies the dispersionless Hirota equation (3.13). Taking the limit
zp — o0 in (3.13), we obtain the relation

—m

zexp| — 3 lazi[’” —2_827}—_ S l P F
p -~ m O0tyO0t,, o Otydty o m 0t,,, 0t

Substituting this into the Hirota equation (3.13) again, we obtain

_ _ > Z'ln—Zg7 82.7: _ _ - L 82-7: —m_—n
-ns) m Otyot =G —zexp| ) mnd6,00, " 2 )

m=1 myn=1

which is equivalent to the dispersionless Hirota equation for dKP (3.19). Hence,
from Proposition 3.4 above, the function £ defined by inverting

! ! - 1 82f nN—m
KLY =L - ’;E()tman £)
is a solution of the dKP hierarchy. Comparing with (3.14) and using the fact that
82.7/8[0811 = u; give (3.23). O

Remark 3.6. The proof of this corollary also shows that the dispersionless Hirota
equation for dcmKP implies the dispersionless Hirota equation for dKP.

4. Concluding Remarks

We rederive the dispersionless Hirota equations for dToda, dcmKP and dKP hier-
archies and prove that they uniquely characterize the tau functions associated to a
solution of the hierarchies. This might be helpful in classifying the solutions of the
hierarchies. The transformation that relate the three versions of the dToda hier-
archies and the Miura map that transform a solution of the dcmKP hierarchy to a
solution of the dKP hierarchy are just the linear maps that relate the three spaces
of formal power series we discuss in Section 2.
Given any formal power series f € S, g € X, if we define F,,,’s as

}_m.n = _|mn|bn17n7 m 7é 07 n 7£ 07
Fmo = Fom = |mlbmo, m# 0, Foo = —boyp,

where b,,,’s are the Grunsky coefficients associated to the pair (f,g), then F,,,’s
satisfy the dispersionless Hirota equations (3.4), (3.13) and (3.19) if we replace
0*F |0t,,0t, by F mn- I [3], Sorin and Bonora proved that the Neumann coefficients
that appear in string field theory satisfy the dispersionless Hirota equations. By
definition, the Neumann coefficients coincide with the Grunsky coefficients b, ,
defined above. This explain their results.
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However, it is still an open question to find a function F such that

P F
—almaln = ~7:m,n~

In [25], Wiegmann and Zabrodin provided a solution to this problem (see also
[12, 15, 26]) when G, the inverse function of g is an analytic function that maps
the outer disc {|z] > 1} to the exterior of an analytic curve, and f(z) = g(z~")~'. It
will be interesting to solve the general problem.
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