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Fast IMDCT and MDCT Algorithms—
A Matrix Approach

Mu-Huo Cheng and Yu-Hsin Hsu

Abstract—This paper presents a systematic investigation of  In this paper, we present a systematic approach for investi-
the modified discrete cosine transform/inverse modified discrete gating the MDCT/IMDCT using a matrix representation. This
cosine transform (MDCT/IMDCT) algorithm using a matrix  an5r9ach results in new understanding of the MDCT/IMDCT.
representation. This approach results in new understanding of . ’
the MDCT/IMDCT, enables the development of new algorithms, enables the .development of ne_W algorlthm_s, and makes clear
and makes clear the connection between the algorithms. We the connection between algorithms. We first formulate the
represent in a matrix form the IMDCT as the product of the IMDCT in a matrix form and represent it as the product of the
type-IV DCT with simple scaling, sign-changing, and permutation type-|V DCT transformation matrix, a scaling factor, a simple
operations such that fast algorithms for the type-IV DCT can be sign-changing matrix, and a simple permutation matrix. Hence,

simply modified for the IMDCT, and vice versa. Then, the simple . . o
symmetry and inversion properties of the type-IV DCT are used fast algorithms for the type-IV DCT can be simply modified

to develop new algorithms and establish the connection between for the IMDCT, and vice versa. Then, the simple symmetry and
existing fast IMDCT algorithms. This approach also enables us inversion properties of the type-IV DCT are used to develop

to ShOW that MDC]ff_T and ”V”ﬁ_CT Shaffe CQmTon core ogergticr)]n an efficient architecture for realizing both the MDCT and the

an present an efficient architecture for imp ementlng oth the :

MDCT and the IMDCT in one hardware. IMDCT. These properue; further enable us _to develop several
fast IMDCT/MDCT algorithms. These algorithms encompass

Index Terms—MDCT/IMDCT, type-IV DCT. most existing IMDCT algorithms in the literature. Since all
derivations use simple matrix manipulations, it is much easier
|. INTRODUCTION to grasp the basic idea of the development of new algorithms

-~ _ _ _ __and the relationship between them.

T HE modified discrete cosine transform/inverse modified Tpig paper is organized as follows. In Section II, the IMDCT

I discrete cosine transform (MDCT/IMDCT) is used {0 rejs first represented in a matrix form as the product of the
alize the analysis/synthesis filterbank of time-domain allasmgpe_w DCT and some simple operations. Then, simple
cancellation scheme [1], [2] for subband coding. This trangyt yseful symmetry and inversion properties of the type-IV
form, because of its efficiency and flexibility in window-sizepcT transformation matrix are disclosed. In Section Ill, the
switching, has been adopted in several international 5tanda§9ﬁ1metry property of the type-IV DCT is used to develop
and commercial products, such as MPEG-1 [3], MPEG-2 [4jne MDCT realization, which requires the same core function
and AC-3 [5] for audio coding. Thus, fast algorithms for realas that of the IMDCT. Therefore, an efficient architecture is
izing the MDCT/IMDCT are important for real-time audio ap-gptained for applications requiring the realization of both the
plications. _ MDCT and IMDCT in one integrated circuit. In Section IV, we

Several fast alg(_)rlthmsforthe MI_DCT/IMDCT have been Prospply the fast algorithm proposed in [18]-[20] for the type-IV
posed. In [6], the independent variables of the MDCT are fofyCT to develop the first IMDCT algorithm; this algorithm, via
mulated as a Fourier transform such that the fast Fourier trag$s matrix approach, yields other three algorithms by using the
form (FFT) can be employed for realization. Later, more comyymmetry and inversion property of the type-IV DCT trans-
putationally efficient IMDCT algorithms using the type-Il DCTformation matrix. These four algorithms encompass new and
[7] transform have been presented in [8]-[13]. It is also notgfyst existing IMDCT algorithms. Thus, the matrix approach

that MDCT is equivalent to the modulated lapped transform ipnajes clear the connection between existing algorithms and
troduced by Malvar [14], and several fast algorithms have begjjifies the development of new algorithms.

developed in his books and papers [15]-[17]. Note that these
a_llgorllthms are developed mainly by using tnggnometnc |den-. Il IMDCT AND MDCT
tities; the development process requires ingenious work, and it

is hard to grasp its fundamental idea. Naturally, the relationshipThe concerned MDCT and IMDCT in this paper are, respec-

between algorithms is obscure and hard to understand. tively, defined as
MDCT: X(k)
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. ~— W
IMDCT :  (n) X—» M » P —>»x
N/2—1 N
= Z X(k) Ccos {% <2n +14 ?> (Qk + 1)} Fig. 1. Block diagram for the IMDCT realization.
W0 N - L. (2) lowing vector.
/ / (3N (N (N
w=\|\r{\——1~1),..., r\ — xr| —
Define the following vectors: 4 o 2 ’ 2
N T
T :50.321,....@(——1)} 12
X=LW%X®VMX<Q—Q} (3) (0 #(1);., 4 12)
. which generates the vectdrusing (10) and (11), yielding
& =[2(0). #(1),....,#(N 1] ®) L rere
where the superscript denotes the transpose operation. The 0 Ingy
MDCT in (1), in a matrix form, can be written as p_ 0 —JINya (14)
IN/a 0
X =Mz (6) Inys 0
whereM is an(N/2) x N matrix with its elements andJyyq is anN/4 x N/4 matrix given by
o0 -+ 01
™ N 00 --- 10
i) = — (2j+14+ =) (2i+1
) =os 5 (2514 5 i) J=lin o] (15
o1 --- 0 0

N
i=01,...,——1;7=0,1,....N—1. (7)
2 10 -~ 00

Note that the matrix’ in (13) consists of simple permutations

Similarly, the IMDCT in (2) is expressed as . . \ , o
¥ @ P and sign-changing operations. Thus, the main effort for realizing

= MTX ) the IMDCT is to obtain the vectaw. Using (12) and the IMDCT
' definition (2), we can derive
Hence, if a realization of the IMDCT is developed, one realiza- w=MX (16)

tion for the MDCT is obtained by transposing the signal flowherenr is anN/2 x N/2 matrix. Therefore, the block diagram
graph for realizing the IMDCT. It is also known that the MDCTgpown in Fig. 1, for the IMDCT realization, first realizes the

and the IMDCT defined above are related as matrix and then performs the permutations and sign-changing
N operations of the matri’. The fast algorithm is developed,
MM" = EIN/Z (9) naturally, to realize the operation of tié matrix.
The matrix)M can be written in the following form:
wherely/, denotes theV/2 x N/2 identity matrix. . My, My,
Most works in the literature assume that the MDCT window M= [Mm Mn} A7)

sizeN is a power of 2; the following development only assumes N ~ N N .
that\V is a multiple of 4. IfN is not a multiple of 4, then it can be WhereMii, Miz, Mo, andM,; all are N/4 x N/4 matrices,
shown that the IMDCT after simple sign changing and permut3d thé components of each are obtained by evaluating (2),
tion operations can bereducedto atype-ll DCT. We do notfurthﬂf’ldmg

elaborate onthis pointbecause inmostreal-world applicatténs, My, (i, j) = — cos [i(gz' +1)(25 + 1)]

is amultiple of 4. Itis known from (2) that(n) has onlyN /2 in- 2N N

dependent variables and has the following symmetries: ,j=0,1,..., T 1 (18)
A T, . N
P () = (1) alid) = - cos | o 2i+ 1) (2014 5 )|
. N
n=01,.. Y _1 (10) 63=01,..., -1 (19)
; ) ]
N i (i 7) —
z <? —1- n> =—i(n) M1 (i, j) = cos oN <2Z +1+ —) (27 + 1)}
N i N
n=01,..,+-1 (11) 6y =01, 7 =1 (20)
Vi ) =cos | == (20 +1+ X)) (25414 Y
Therefore, ifi(n),n = 0,1,...,(N/4) — 1, andi(n),n = 22(i,J) =cos | oo {20+ 14+ o ) {27+ 14
(3N/4)—1,(3N/4)-2,...,N/2, are given, then anothé(n) i N

can be directly obtained using (10) and (11). Define the fol- L3=01,..., -1 (21)



CHENG AND HSU: FAST IMDCT AND MDCT ALGORITHMS 223

X—Pq’hﬁ-’ N W: P —>» 3 x—>| SP* |—>|C”\/§|—>X

Fig. 2. Type-IV DCT in the block diagram for the IMDCT realization. Fig. 3. Block diagram for realizing the MDCT.

Closely investigating the matrix/, we observe that the ma- Ill. MDCT REALIZATION

trix M and theN/2-point type-IV DCT transformation matrix =~ The MDCT is commonly realized by transposing the oper-
Cy), are related by ations of the IMDCT. Such realization often requires a sepa-
rate hardware. In this section, we show that because of the sym-
M= \/7SCN/2 (22) metry property of the type-IV DCT, the main core operation for
) realizing the MDCT and the IMDCT can be identical. Hence,
whereS is anN/2 x N/2 matrix given by we can design a more efficient hardware for realizing both the
g [—IN/4 0} 23) MDCT and IMDCT.
o 0 Iny |’ Using the results of (8), (13), (16), and (22), we obtain the
The above result illustrates the relation between the type-[¥/PCT, which is given by
DCT and the IMDCT transform. Note that they are different MT =PM (28)
only by a scaling factor and one simple sign-changing opera- N v
tion. Hence, fast algorithms for the type-IV DCT can be simply =\ 7 PSCn/a- (29)

modified for the |MDCT, and vice versa. This relation can be dHence’ the MDCT transformation matrix can be derived as

rectly shown because the components of\gi2-point type-I1V
DCT transformation matrix [7] are M = \/ CN /2 T grpr (30)

IV (i, 5) = \/%cos [2N (20 +1)(25 + 1)] \/7CN/25PT (31)

i,i=0,1,..., % —1. (24) Therefore, the MDCT can be realized in the following way:

Note that the relation between IMDCT and the type-IV DCT X =Mz (32)
has been known in the literature [9], [11], [12]. However, they _ /ECJ{,VQSPTz- (33)
do not further exploit the properties of the type-IV DCT. Here, /

we present this relation in matrix form and use the simple matfjote that

properties of the type-IV DCT to develop IMDCT and MDCT [~ [x (% - ) ta (STA:) |
algorithms and build up the relationship between existing al- [ (35 - 2) ta (% + 1)]
gorithms. In terms of (22), the block diagram for realizing the :
IMDCT using the type-IV DCT is depicted in Fig. 2. Sinée '_ [l,(g) 4 (N — 1)]
andP are merely sign-changing and permutation operations, the ~ SP 'z = 0 2N 1 (34)
most computation-demanding operation is therefore the type-IV 2(0) = (E -1
DCT. (1) —z (5 -2
The following simple properties of the type-1V DCT transfor- :
mation matrix will be used to develop new algorithms and estab- —x(z —1) -z ()

lish the connection between existing fast IMDCT algorithms. rig 3 jllustrates the block diagram for reallzmg the MDCT.
Compared with the IMDCT realization block diagram shown

A. Property 1 (Symmetry) in Fig. 2, we observe that the MDCT and the IMDCT have
The DCT type-1V matrix is symmetric. That is the identical main core operation, which is the realization of
T V(N/4)C1Y,. Therefore, an efficient architecture for realizing
CNy2 = (CN/z) : (25)  poth the MDCT and IMDCT is derived.
This result is useful for audio applications because in de-
B. Property 2 (Inversion) signing an application-specific integrated circuit (ASIC) for per-

forming the audio encoding as well as decoding, the MDCT and

) the IMDCT can share the same hardware for realizing the trans-

((J{V‘;z) = Inja. (26) form \/(N/4)C1Y, such that the circuit complexity is signifi-
cantly reduced.

The DCT type-IV matrix is involutory, that is

Hence
IV. FAST IMDCT ALGORITHMS

-1
k= (k) (27) _ |
The type-1V DCT, as discussed above, can be used to realize
In the following section, we will use these properties to dehe IMDCT. This section develops four fast IMDCT algorithms
velop new IMDCT algorithms, build up the connection betweeand illustrates their relationships using the symmetry and inver-
existing IMDCT algorithms, and design an efficient architecturgion properties of the type-IV DCT. We first use the fast algo-
for realizing both the MDCT and IMDCT by one hardware. rithm for computing the type-IV DCT transform in [18]—[20]
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to develop the first fast IMDCT algorithm. Then, the symmetrifhe main operation of the algorithm is the type-Il DCT trans-
property is applied to the first algorithm to obtain the second fafstrm for which several fast algorithms have been proposed [7],
IMDCT algorithm in Section IV-B. In Section IV-C, the inver-[21]-[25].

sion property is used for the first algorithm, resulting in the third

algorithm; several existing IMDCT algorithms [8]-[12] can bd- Second Algorithm

categorized in this class. Similarly, the third algorithm will yield We develop the second algorithm using the symmetry prop-

the fourth algorithm using the symmetry property, as discussefly of the type-IV DCT. Using (35) and the resut }/’2 =
in Section IV-D. Section IV-E contains a short discussion ar‘(q;]{}/’2)T, we have

summary.
IN v IN N\T
A. First Algorithm Zq{r‘/z =V (Cﬁr‘/z)
As discussed above, the main core operation of the IMDCT is N 1 T
to realize the type-IV DCT. Therefore, a fast computing method =1/ T (\ / NLCJQJ/Z,D)
for C]{,‘/’Q is easily adapted to develop a fast IMDCT algorithm.
Here, we use this result to develop the first algorithm. D (CU )T T (40)
In [18]-[20], the fast type-ll DCT algorithm is used to derive N/2 '

a fast algorithm to realize the type-IV DCT transform; its realjence, we obtain the second fast IMDCT algorithm, with its
ization for the/V/2-point type-IV DCT, in matrix form, can be ¢onfiguration depicted in Fig. 5. The algorithm first performs

expressed as the recursive addition/subtraction and then executes the type-I|

IDCT transform. The final results are obtained after multipli-
C]{,‘/’Z =4 /i LC]IVI/Z D (35) cation by the cosine coefficients. Similarly, abundant fast algo-

N rithms for the type-Il IDCT transform have been reported [7],

whereD is a diagonal matrix of diagonal elements [21]-[25]. ) ) )

The second algorithm is new, although the differences be-
o T, i N tween the first and the second algorithms are only the operation
d(i, i) = 2cos [ﬁ(?‘ + 1)} , 1=0,L..., 5 -1 (36) sequence and the DCT for the first but the IDCT for the second.

_ _ _ _ The computational complexities of these two algorithms are
C]{TI/Q is the transformation matrix of th¥/2-pointtype-IlDCT  identical if the post-windowing in subband synthesis is not con-

with its elements sidered. If the post-windowing is involved, however, the second
algorithm requires less computational complexity than the first
(3, 5) = cos LN(% +1)j|,i,5=0,1,..., N _ 1 because the windowing operation for the second algorithm can
2(5) 2 be absorbed in the multiplication of the cosine coefficients such
(37) that no extra computational burden is required to realize the
andL is a lower triangular matrix given by post-windowing. HencelV/2 multiplications are saved.
[+ 0 0 0 0] C. Third Algorithm
1
2 1 0 0 0 This section applies the inversion property to obtain the third
_ | 2 -1 1.0 0 fast IMDCT algorithm. Using (35) and the inversion property,
L=1-1 1 -1 1 0 (38) :
we obtain
: ; S N v [N v \!
-+ 1 -1 1 - 1] V22 =\ (CN/Z) (41)
—1
Note that theL matrix can be realized by using simple addi- :E (LCJIVI/2D) (42)
tion/subtraction recursively. For the matrix of size N/2 x Z%f 1
N/2, its realization only required’/2 addition/subtraction op- =—D! (C]{,I/Q> L. (43)
. 4
erations.
Hence Note that the type-ll DCT transformation mati¥/,., defined

T/Q
in (37) has its inverse as in [7]

IN o [N [4
—clV, =\— | \/=LCi,D -1 4 T
4 N 4( NN (c,) == (cH.) DH, (44)

Fig. 4, is obtained. Note that this algorithm has been presented
in [17]. The algorithm first multiplies the input data by the co- D{\f/g =1: . (45)
sine coefficients and then performs the type-1l DCT transform;
the final results are obtained after recursive addition/subtraction. 00 --- 0

_ IT
=LCy),D. (39) where
Therefore, the first fast IMDCT, with its configuration shown in 3 0 0 0
0 1 0 0

o
e
(=Y
= O



CHENG AND HSU: FAST IMDCT AND MDCT ALGORITHMS 225

N0
5«(3/%+1)

F(N -2)

(N -1

2cos[ w/2N ] % |
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)

X(N/2-1) .—)— ;V/z] ‘\‘\ i« N;—l)

cos[ (N -z /2N
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-1
V42
-1
1 2(%%)
> SV, +
D0
X 5 »p > I > SL Y P b f
Fig. 4. Configuration of the first IMDCT algorithm.
Using (44) in (43) results in where
v 1 0 0 0 0
v -1 -1 1 0 0 0
\/ ZCN/Z = (CN/2) DL (46) L1 o 0
- . Li=\_1 1 -1 1 0 (48)
Observe that the matrik given by (38) can be decomposed into ) ] )
two terms : : : : -
-1 1 -1 1 --- 1

L=1L DN/2 (47) Substituting (47) into (46), we have the expression for the third
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,9(3]\’4)
33V +1)
AN -2)
RN -1)
—2cos[ /2N )
X(0) 0 N1
—2cos[ 37 /2N ]
XM 1 > . » ® 3N/ -2)
—2cos[ 57 /2N ] // .
X(2) 2 > > )

\

. N/ — ¢ e+
: N/2 points ~2eos[( A;D”/ V] / > 0V
: IDCT | 2cos{ (V4 +m 2N
. N/4 cosl¢ A> ) / ] > ®7(0)
: N4+ > > ® (1)
X(N/2-4) : -
XNV/2-3) > > .
2 cos[ (N =3)x /2N ] \ \\
X(N/2-2) N/2-3 » - T ® i/ -2)
2cos[ (N -Dr /2N] \\ “ .
X(V/2-1) N2 > R > i/ 1
N1
;%(A%—z)
V,+2)
i@+
s
w .
Yl g o (€2 sD N

Fig. 5. Configuration of the second IMDCT algorithm.

algorithm The third algorithm, with its configuration shown in Fig. 6, first
EC”’ _p-i(cn T -1 49 performs the simple addition and then realizes the type-II IDCT.
4 N/2 T ( N/2) 1 (49) The final results are obtained after the multiplication by the in-
whereL;* has the following simple form: verse of the cosine coefficients. This algorithm has the same
100 -- 00 computational complexity as the above two algorithms but has
110 0 0 poorer numerical accuracy because of the inverse of the cosine
-1 0 11 0 0 (s0) ‘Sequence.
L Cl Note that four existing IMDCT algorithms [9]-[12] have the
00 0 1 0 same configurations as the third algorithm. They are different
00 0 1 1 only in the way of realizing the type-1l DCT. Each of these al-
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X(0) 0 .
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vy yly -
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5, +2)
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N

A

— I

€y Sp™ P —

Fig. 6. Configuration for the third fast IMDCT algorithm.

gorithms is developed independently using trigonometric idefthe configuration of the fourth algorithm is shown in Fig. 7.
tities. Our approach establishes the connection between théhés algorithm has been derived using trigonometric identities

algorithms and makes them easy to understand. in [8]. The algorithm first performs the multiplication by the
inverse of the cosine coefficients and then realizes the type-II

D. Fourth Algorithm DCT operation. The final results are obtained after the simple
addition.

Similarly, applying the symmetry property to the third algo-
rithm results in the fourth fast IMDCT algorithm. Using (49) an

the symmetry property, we obtain the expression for the fourth Discussion and Summary

algorithm The third and the fourth algorithms have poorer numerical
performance because of the inverse of the cosine sequence. If
\/ECIV _ (D_I(C” )TL—l)T (51) the latency in hardware realization is considered, however, the

4 N2 Nz ! third and the fourth algorithms have a critical path of length

=Ly 1Oy, D7 (52) 1, whereas the first and the second algorithms have a critical
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Fig. 7. Fourth fast IMDCT algorithm.

path of lengthV/2 because of the recursive computation for thiations. Therefore, the matrix approach makes clear the relation-
triangular matrix given by. (38). Therefore, if both the latency ship between the algorithms and simplifies the development of
in hardware and the numerical stability are considered, then amev algorithms.
alternative is to realize the DCT-IV directly using the algorithm
in [25] at the price of increased computational complexity.

Four different IMDCT algorithms have been developed by
applying the simple symmetry and inversion properties of the In this paper, we use the matrix approach to investigate the
type-IV DCT transformation matrix. These algorithms can bist MDCT/IMDCT algorithms. We represent the relation be-
derived from each other in terms of the simple matrix maniptween the IMDCT and the type-IV DCT in matrix form such

V. CONCLUSIONS
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