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Fast IMDCT and MDCT Algorithms—
A Matrix Approach

Mu-Huo Cheng and Yu-Hsin Hsu

Abstract—This paper presents a systematic investigation of
the modified discrete cosine transform/inverse modified discrete
cosine transform (MDCT/IMDCT) algorithm using a matrix
representation. This approach results in new understanding of
the MDCT/IMDCT, enables the development of new algorithms,
and makes clear the connection between the algorithms. We
represent in a matrix form the IMDCT as the product of the
type-IV DCT with simple scaling, sign-changing, and permutation
operations such that fast algorithms for the type-IV DCT can be
simply modified for the IMDCT, and vice versa. Then, the simple
symmetry and inversion properties of the type-IV DCT are used
to develop new algorithms and establish the connection between
existing fast IMDCT algorithms. This approach also enables us
to show that MDCT and IMDCT share common core operation
and present an efficient architecture for implementing both the
MDCT and the IMDCT in one hardware.

Index Terms—MDCT/IMDCT, type-IV DCT.

I. INTRODUCTION

T HE modified discrete cosine transform/inverse modified
discrete cosine transform (MDCT/IMDCT) is used to re-

alize the analysis/synthesis filterbank of time-domain aliasing
cancellation scheme [1], [2] for subband coding. This trans-
form, because of its efficiency and flexibility in window-size
switching, has been adopted in several international standards
and commercial products, such as MPEG-1 [3], MPEG-2 [4],
and AC-3 [5] for audio coding. Thus, fast algorithms for real-
izing the MDCT/IMDCT are important for real-time audio ap-
plications.

Several fast algorithms for the MDCT/IMDCT have been pro-
posed. In [6], the independent variables of the MDCT are for-
mulated as a Fourier transform such that the fast Fourier trans-
form (FFT) can be employed for realization. Later, more com-
putationally efficient IMDCT algorithms using the type-II DCT
[7] transform have been presented in [8]–[13]. It is also noted
that MDCT is equivalent to the modulated lapped transform in-
troduced by Malvar [14], and several fast algorithms have been
developed in his books and papers [15]–[17]. Note that these
algorithms are developed mainly by using trigonometric iden-
tities; the development process requires ingenious work, and it
is hard to grasp its fundamental idea. Naturally, the relationship
between algorithms is obscure and hard to understand.
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In this paper, we present a systematic approach for investi-
gating the MDCT/IMDCT using a matrix representation. This
approach results in new understanding of the MDCT/IMDCT,
enables the development of new algorithms, and makes clear
the connection between algorithms. We first formulate the
IMDCT in a matrix form and represent it as the product of the
type-IV DCT transformation matrix, a scaling factor, a simple
sign-changing matrix, and a simple permutation matrix. Hence,
fast algorithms for the type-IV DCT can be simply modified
for the IMDCT, and vice versa. Then, the simple symmetry and
inversion properties of the type-IV DCT are used to develop
an efficient architecture for realizing both the MDCT and the
IMDCT. These properties further enable us to develop several
fast IMDCT/MDCT algorithms. These algorithms encompass
most existing IMDCT algorithms in the literature. Since all
derivations use simple matrix manipulations, it is much easier
to grasp the basic idea of the development of new algorithms
and the relationship between them.

This paper is organized as follows. In Section II, the IMDCT
is first represented in a matrix form as the product of the
type-IV DCT and some simple operations. Then, simple
but useful symmetry and inversion properties of the type-IV
DCT transformation matrix are disclosed. In Section III, the
symmetry property of the type-IV DCT is used to develop
one MDCT realization, which requires the same core function
as that of the IMDCT. Therefore, an efficient architecture is
obtained for applications requiring the realization of both the
MDCT and IMDCT in one integrated circuit. In Section IV, we
apply the fast algorithm proposed in [18]–[20] for the type-IV
DCT to develop the first IMDCT algorithm; this algorithm, via
the matrix approach, yields other three algorithms by using the
symmetry and inversion property of the type-IV DCT trans-
formation matrix. These four algorithms encompass new and
most existing IMDCT algorithms. Thus, the matrix approach
makes clear the connection between existing algorithms and
simplifies the development of new algorithms.

II. IMDCT AND MDCT

The concerned MDCT and IMDCT in this paper are, respec-
tively, defined as

MDCT

(1)
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IMDCT

(2)

Define the following vectors:

(3)

(4)

(5)

where the superscript denotes the transpose operation. The
MDCT in (1), in a matrix form, can be written as

(6)

where is an matrix with its elements

(7)

Similarly, the IMDCT in (2) is expressed as

(8)

Hence, if a realization of the IMDCT is developed, one realiza-
tion for the MDCT is obtained by transposing the signal flow
graph for realizing the IMDCT. It is also known that the MDCT
and the IMDCT defined above are related as

(9)

where denotes the identity matrix.
Most works in the literature assume that the MDCT window

size is a power of 2; the following development only assumes
that is a multiple of 4. If is not a multiple of 4, then it can be
shown that the IMDCT after simple sign changing and permuta-
tionoperationscanbe reduced toa type-IIDCT.Wedonot further
elaborateonthispointbecauseinmostreal-worldapplications,
is a multiple of 4. It is known from (2) that has only in-
dependent variables and has the following symmetries:

(10)

(11)

Therefore, if and
are given, then another

can be directly obtained using (10) and (11). Define the fol-

Fig. 1. Block diagram for the IMDCT realization.

lowing vector:

(12)

which generates the vectorusing (10) and (11), yielding

(13)

where

(14)

and is an matrix given by

...
...

.. .
...

... (15)

Note that the matrix in (13) consists of simple permutations
and sign-changing operations. Thus, the main effort for realizing
the IMDCT is to obtain the vector. Using (12) and the IMDCT
definition (2), we can derive

(16)

where is an matrix. Therefore, the block diagram
shown in Fig. 1, for the IMDCT realization, first realizes the
matrix and then performs the permutations and sign-changing
operations of the matrix . The fast algorithm is developed,
naturally, to realize the operation of the matrix.

The matrix can be written in the following form:

(17)

where , , , and all are matrices,
and the components of each are obtained by evaluating (2),
yielding

(18)

(19)

(20)

(21)
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Fig. 2. Type-IV DCT in the block diagram for the IMDCT realization.

Closely investigating the matrix , we observe that the ma-
trix and the -point type-IV DCT transformation matrix

are related by

(22)

where is an matrix given by

(23)

The above result illustrates the relation between the type-IV
DCT and the IMDCT transform. Note that they are different
only by a scaling factor and one simple sign-changing opera-
tion. Hence, fast algorithms for the type-IV DCT can be simply
modified for the IMDCT, and vice versa. This relation can be di-
rectly shown because the components of an -point type-IV
DCT transformation matrix [7] are

(24)

Note that the relation between IMDCT and the type-IV DCT
has been known in the literature [9], [11], [12]. However, they
do not further exploit the properties of the type-IV DCT. Here,
we present this relation in matrix form and use the simple matrix
properties of the type-IV DCT to develop IMDCT and MDCT
algorithms and build up the relationship between existing al-
gorithms. In terms of (22), the block diagram for realizing the
IMDCT using the type-IV DCT is depicted in Fig. 2. Since
and are merely sign-changing and permutation operations, the
most computation-demanding operation is therefore the type-IV
DCT.

The following simple properties of the type-IV DCT transfor-
mation matrix will be used to develop new algorithms and estab-
lish the connection between existing fast IMDCT algorithms.

A. Property 1 (Symmetry)

The DCT type-IV matrix is symmetric. That is

(25)

B. Property 2 (Inversion)

The DCT type-IV matrix is involutory, that is

(26)

Hence

(27)

In the following section, we will use these properties to de-
velop new IMDCT algorithms, build up the connection between
existing IMDCT algorithms, and design an efficient architecture
for realizing both the MDCT and IMDCT by one hardware.

Fig. 3. Block diagram for realizing the MDCT.

III. MDCT REALIZATION

The MDCT is commonly realized by transposing the oper-
ations of the IMDCT. Such realization often requires a sepa-
rate hardware. In this section, we show that because of the sym-
metry property of the type-IV DCT, the main core operation for
realizing the MDCT and the IMDCT can be identical. Hence,
we can design a more efficient hardware for realizing both the
MDCT and IMDCT.

Using the results of (8), (13), (16), and (22), we obtain the
IMDCT, which is given by

(28)

(29)

Hence, the MDCT transformation matrix can be derived as

(30)

(31)

Therefore, the MDCT can be realized in the following way:

(32)

(33)

Note that

...

...

(34)

Fig. 3 illustrates the block diagram for realizing the MDCT.
Compared with the IMDCT realization block diagram shown
in Fig. 2, we observe that the MDCT and the IMDCT have
the identical main core operation, which is the realization of

Therefore, an efficient architecture for realizing
both the MDCT and IMDCT is derived.

This result is useful for audio applications because in de-
signing an application-specific integrated circuit (ASIC) for per-
forming the audio encoding as well as decoding, the MDCT and
the IMDCT can share the same hardware for realizing the trans-
form such that the circuit complexity is signifi-
cantly reduced.

IV. FAST IMDCT ALGORITHMS

The type-IV DCT, as discussed above, can be used to realize
the IMDCT. This section develops four fast IMDCT algorithms
and illustrates their relationships using the symmetry and inver-
sion properties of the type-IV DCT. We first use the fast algo-
rithm for computing the type-IV DCT transform in [18]–[20]
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to develop the first fast IMDCT algorithm. Then, the symmetry
property is applied to the first algorithm to obtain the second fast
IMDCT algorithm in Section IV-B. In Section IV-C, the inver-
sion property is used for the first algorithm, resulting in the third
algorithm; several existing IMDCT algorithms [8]–[12] can be
categorized in this class. Similarly, the third algorithm will yield
the fourth algorithm using the symmetry property, as discussed
in Section IV-D. Section IV-E contains a short discussion and
summary.

A. First Algorithm

As discussed above, the main core operation of the IMDCT is
to realize the type-IV DCT. Therefore, a fast computing method
for is easily adapted to develop a fast IMDCT algorithm.
Here, we use this result to develop the first algorithm.

In [18]–[20], the fast type-II DCT algorithm is used to derive
a fast algorithm to realize the type-IV DCT transform; its real-
ization for the -point type-IV DCT, in matrix form, can be
expressed as

(35)

where is a diagonal matrix of diagonal elements

(36)

is the transformation matrix of the -point type-II DCT
with its elements

(37)
and is a lower triangular matrix given by

...
...

...
...

. . .
...

(38)

Note that the matrix can be realized by using simple addi-
tion/subtraction recursively. For the matrix of size

, its realization only requires addition/subtraction op-
erations.

Hence

(39)

Therefore, the first fast IMDCT, with its configuration shown in
Fig. 4, is obtained. Note that this algorithm has been presented
in [17]. The algorithm first multiplies the input data by the co-
sine coefficients and then performs the type-II DCT transform;
the final results are obtained after recursive addition/subtraction.

The main operation of the algorithm is the type-II DCT trans-
form for which several fast algorithms have been proposed [7],
[21]–[25].

B. Second Algorithm

We develop the second algorithm using the symmetry prop-
erty of the type-IV DCT. Using (35) and the result

, we have

(40)

Hence, we obtain the second fast IMDCT algorithm, with its
configuration depicted in Fig. 5. The algorithm first performs
the recursive addition/subtraction and then executes the type-II
IDCT transform. The final results are obtained after multipli-
cation by the cosine coefficients. Similarly, abundant fast algo-
rithms for the type-II IDCT transform have been reported [7],
[21]–[25].

The second algorithm is new, although the differences be-
tween the first and the second algorithms are only the operation
sequence and the DCT for the first but the IDCT for the second.
The computational complexities of these two algorithms are
identical if the post-windowing in subband synthesis is not con-
sidered. If the post-windowing is involved, however, the second
algorithm requires less computational complexity than the first
because the windowing operation for the second algorithm can
be absorbed in the multiplication of the cosine coefficients such
that no extra computational burden is required to realize the
post-windowing. Hence, multiplications are saved.

C. Third Algorithm

This section applies the inversion property to obtain the third
fast IMDCT algorithm. Using (35) and the inversion property,
we obtain

(41)

(42)

(43)

Note that the type-II DCT transformation matrix defined
in (37) has its inverse as in [7]

(44)

where

...
...

... (45)
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Fig. 4. Configuration of the first IMDCT algorithm.

Using (44) in (43) results in

(46)

Observe that the matrix given by (38) can be decomposed into
two terms

(47)

where

...
...

...
...

. . .
...

(48)

Substituting (47) into (46), we have the expression for the third



226 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 51, NO. 1, JANUARY 2003

Fig. 5. Configuration of the second IMDCT algorithm.

algorithm

(49)

where has the following simple form:

...
...

...
(50)

The third algorithm, with its configuration shown in Fig. 6, first
performs the simple addition and then realizes the type-II IDCT.
The final results are obtained after the multiplication by the in-
verse of the cosine coefficients. This algorithm has the same
computational complexity as the above two algorithms but has
poorer numerical accuracy because of the inverse of the cosine
sequence.

Note that four existing IMDCT algorithms [9]–[12] have the
same configurations as the third algorithm. They are different
only in the way of realizing the type-II DCT. Each of these al-
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Fig. 6. Configuration for the third fast IMDCT algorithm.

gorithms is developed independently using trigonometric iden-
tities. Our approach establishes the connection between these
algorithms and makes them easy to understand.

D. Fourth Algorithm

Similarly, applying the symmetry property to the third algo-
rithm results in the fourth fast IMDCT algorithm. Using (49) and
the symmetry property, we obtain the expression for the fourth
algorithm

(51)

(52)

The configuration of the fourth algorithm is shown in Fig. 7.
This algorithm has been derived using trigonometric identities
in [8]. The algorithm first performs the multiplication by the
inverse of the cosine coefficients and then realizes the type-II
DCT operation. The final results are obtained after the simple
addition.

E. Discussion and Summary

The third and the fourth algorithms have poorer numerical
performance because of the inverse of the cosine sequence. If
the latency in hardware realization is considered, however, the
third and the fourth algorithms have a critical path of length
1, whereas the first and the second algorithms have a critical
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Fig. 7. Fourth fast IMDCT algorithm.

path of length because of the recursive computation for the
triangular matrix given by (38). Therefore, if both the latency
in hardware and the numerical stability are considered, then one
alternative is to realize the DCT-IV directly using the algorithm
in [25] at the price of increased computational complexity.

Four different IMDCT algorithms have been developed by
applying the simple symmetry and inversion properties of the
type-IV DCT transformation matrix. These algorithms can be
derived from each other in terms of the simple matrix manipu-

lations. Therefore, the matrix approach makes clear the relation-
ship between the algorithms and simplifies the development of
new algorithms.

V. CONCLUSIONS

In this paper, we use the matrix approach to investigate the
fast MDCT/IMDCT algorithms. We represent the relation be-
tween the IMDCT and the type-IV DCT in matrix form such
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that the fast algorithm for the type-IV DCT can be applied to
realize the IMDCT by simple modification, and vice versa. The
simple symmetry and inversion properties of the type-IV DCT
are further exploited to develop new algorithms and establish the
connection between existing fast IMDCT algorithms. We also
propose, by using the symmetry property, an efficient architec-
ture for realizing both the MDCT and the IMDCT in one hard-
ware. Note that this matrix approach builds up the link between
the IMDCT, the type-II DCT, and the type-IV DCT. Thus, any
new type-IV DCT algorithm can be applied to develop several
IMDCT algorithms by using the symmetry and inversion prop-
erties. Similarly, new IMDCT algorithms can also be simply
modified to realize the type-II or type-IV DCT.

ACKNOWLEDGMENT

The authors are grateful to the anonymous reviewers for their
comments, suggestions, and help by which the quality of this
work and the clarity of the presentation have been greatly im-
proved.

REFERENCES

[1] J. P. Princen and A. B. Bradley, “Subband/transform coding using filter
bank designs based on time domain aliasing cancellation,”IEEE Trans.
Acoust., Speech, Signal Processing, vol. ASSP-34, pp. 1153–1161, Oct.
1986.

[2] J. P. Princen, A. W. Johnson, and A. B. Bradley, “Subband/transform
coding using filter bank designs based on time domain aliasing can-
cellation,” Proc. IEEE Int. Conf. Acoust., Speech, Signal Process., pp.
2161–2164, 1987.

[3] “Information technology-Coding of moving pictures and associated
audio for digital storage media at up to about 1.5 Mbits/s-Part 3:
Audio,” ISO/IEC, IS11172–3, (MPEG1), 1992.

[4] “Information technology-Generic coding of moving pictures and asso-
ciated audio-Part 3: Audio,” ISO/IEC, IS13818–3, (MPEG2), 1994.

[5] Digital Audio Compression (AC-3) Standard, Audio Specialist Group
T3/S7, Dec. 1995.

[6] P. Duhamel, Y. Mahieux, and J. P. Petit, “A fast algorithm for the imple-
mentation of filter banks based on time domain aliasing cancellation,”
Proc. IEEE Int. Conf. Acoust., Speech, Signal Process., pp. 2209–2212,
May 1991.

[7] K. R. Rao and P. Yip,Discrete Cosine Transform, Algorithms, Advan-
tages, Applications. New York: Academic, 1990.

[8] J. X. Wang and Z. W. Dong, “A fast algorithm for modified discrete
cosine transform,” inProc. Int. Conf. Commun. Technol., vol. 1, May
5–7, 1996, pp. 445–448.

[9] D. Y. Chan, J. F. Yang, and S. Y. Chen, “Regular implementation al-
gorithms of time domain aliasing cancellation,”Proc. Inst. Elect. Eng.
Vision, Image, Signal Process., vol. 143, pp. 387–392, Dec. 1996.

[10] Y. H. Fan, V. K. Madisetti, and R. M. Mersereau, “On fast algorithms for
computing the inverse modified discrete cosine transform,”IEEE Signal
Processing Lett., vol. 6, pp. 61–64, Mar. 1999.

[11] C. M. Liu and W. C. Lee, “A unified fast algorithm for cosine modulated
filter bands in current audio coding standards,”J. Audio Eng. Soc., vol.
47, no. 12, pp. 1061–1075, Dec. 1999.

[12] C. H. Chen, C. B. Wu, B. D. Liu, and J. F. Yang, “Recursive architec-
tures for the forward and inverse modified discrete cosine transforms,”
in Proc. IEEE Workshop Signal Process. Syst., 2000, pp. 50–59.

[13] V. Britanak and K. R. Rao, “An efficient implementation of the forward
and inverse MDCT in MPEG audio coding,”IEEE Signal Processing
Lett., vol. 8, pp. 48–51, Feb. 2001.

[14] H. S. Malvar, “Lapped transforms for efficient transform/subband
coding,” IEEE Trans. Acoust., Speech, Signal Processing, vol. 38, pp.
969–978, June 1990.

[15] , Signal Processing with Lapped Transforms. Norwood, MA:
Artech House, 1992.

[16] , “Fast algorithm for modulated lapped transform,”Electron. Lett.,
vol. 27, no. 9, pp. 775–776, Apr. 1991.

[17] , “Fast algorithms for orthogonal and biorthogonal modulated
lapped transforms,”Proc. IEEE Symp. Adv. Digital Filtering Signal
Process., pp. 159–163, June 1998.

[18] S. C. Chan and K. L. Ho, “Direct methods for computing discrete
sinusoidal transforms,”Proc. Inst. Elect. Eng. F, vol. 137, no. 6, pp.
433–442, Dec. 1990.

[19] , “Fast algorithms for computing the discrete cosine transform,”
IEEE Trans. Circuits Syst. II, vol. 39, pp. 185–190, Mar. 1992.

[20] C. W. Kok, “Fast algorithm for computing discrete cosine transform,”
IEEE Trans. Signal Processing, vol. 45, pp. 757–760, Mar. 1997.

[21] W. H. Chen, C. H. Smith, and S. C. Fralick, “A fast computational al-
gorithm for the discrete cosine transform,”IEEE Trans. Commun., vol.
COM-25, pp. 1004–1009, Sept. 1977.

[22] B. G. Lee, “A new algorithm to compute the discrete cosine transform,”
IEEE Trans. Acoust., Speech, Signal Processing, vol. ASSP-32, pp.
1243–1245, Dec. 1984.

[23] H. S. Hou, “A fast recursive algorithm for computing the discrete co-
sine transform,”IEEE Trans. Acoust., Speech, Signal Processing, vol.
ASSP-35, pp. 1455–1461, Oct. 1987.

[24] M. T. Heideman, “Computation of an odd-length DCT from a
real-valued DFT of the same length,”IEEE Trans. Signal Processing,
vol. 40, pp. 54–61, Jan. 1992.

[25] Z. Wang, “Fast algorithms for the discrete W transform and the discrete
fourier transform,”IEEE Trans. Acoust., Speech, Signal Processing, vol.
ASSP–32, pp. 803–814, Aug. 1984.

Mu-Huo Cheng received the B.S. degree in electrical engineering from Na-
tional Cheng-Kung University, Tainan, Taiwan, R.O.C., in 1980, the M.S. de-
gree in electronic engineering from National Chiao Tung University, Hsinchu,
Taiwan, in 1987, and the Ph.D. degree from the Department of Electrical and
Computer Engineering, Carnegie Mellon University, Pittsburgh, PA, in 1995.

Since 1995, he has been Associate Professor with the Department of Elec-
trical and Control Engineering, National Chiao Tung University. His current re-
search interests include digital signal processing for transformation, detection,
and estimation.

Yu-Hsin Hsu was born in Taipei, Taiwan, R.O.C., in 1976. He received the B.S.
degree in electrical engineering from Tatung University, Taipei, in 1999 and the
M.S. degree in electrical and control engineering from National Chiao Tung
University, Hsinchu, Taiwan, in 2001.

His research interests include fast computational algorithms and digital signal
processing.


	Index: 
	CCC: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	ccc: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	cce: 0-7803-5957-7/00/$10.00 © 2000 IEEE
	index: 
	INDEX: 
	ind: 


