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Abstract

In this paper, any unknown input observers with orders between minimum and full orders
can be established for singular systems by eigenstructure assignment method. The complete
and parametric solutions for the observer matrices and for the generalized eigenvectors are
obtained. The completeness and parametric forms of the solutions and the flexibility in
selecting the observer order allow the designer to choose a suitable observer according to the
control purposes; hence, the solutions are quite suitable for advanced applications.
© 2003 The Franklin Institute. Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Over the past two decades, many researchers have paid attention to the problem of
estimating the states of a regular dynamic system subjected to both known and
unknown inputs [1-12]. They have developed the reduced and/or full order unknown
input observers by different approaches. This problem is of considerable importance,
because plant disturbances may exist and some of the inputs to the system are
inaccessible. Recently, some researchers have further investigated this problem for
the singular systems [13—18]. The state responses of the singular systems may contain
differential terms of the input. It is very sensitive even if the input is changed slightly.
Hence, the unknown input observer problem is especially meaningful for singular
systems.
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In this paper, a new set of solutions of the unknown input observers are
established for the singular systems by eigenstructure assignment method. The
eigenstructure assignment method has been shown to be useful in the feedback
design for regular dynamic systems [19-23], and for singular systems [24-26], since
the eigenvalues and the corresponding eigenvectors can be assigned simultaneously.
Furthermore, the solutions obtained by eigenstructure assignment are often
represented in parametric forms. Hence, more system properties such as robust,
sensitivity, minimum gain, etc., can be achieved by choosing the free parameters
from optimizing certain objective functions [27-31].

In this paper, the solutions of the unknown input observer with order which is
between minimum and full orders are developed. The complete and parametric
solutions for the observer matrices and for generalized eigenvector are obtained. The
completeness and parametric forms of the solutions and the flexibility in selecting
the observer order allow the designer to choose a suitable observer according to the
control purposes; hence, the solutions are quite suitable for advanced applications.
In most eigenstructure assignment approaches which are applied to feedback design,
it is assumed that the system is controllable, so the generalized eigenvectors with any
uncontrollable eigenvalue have not been discussed. The transmission zeros in
unknown input observer design play the same roles as the uncontrollable eigenvalues
in feedback design. If the system contains a transmission zero, it must be an
eigenvalue of any possible unknown input observers. In this paper, we also develop
the solutions of the generalized eigenvectors with the transmission zeros to complete
the problem.

The organization of the paper is as follows. In Section 2, an unknown input
observer is introduced. Some preliminary results are presented in Section 3. In
Section 4, the problem is formulated and in Section 5 the solutions for the unknown
input observers are established. The illustrative examples are provided in Section 6
and Section 7 concludes the paper.

2. Observer design

Consider the following singular system

Ex = Ax + Bu+ Duv,
y = Cx + Fu, (1)

where xe R" is the state variable, ue R? is the input variable, ve R” is the unknown
disturbance, y € R? is the measurable output, £ R"”" is a singular matrix and 4, B,
D, C, F are matrices with appropriate dimensions.

In this paper, the main purpose is to design an rth order observer of the following

type
z=Nz+ Ly + Gu,
X=Pz+ Qy+ Zu, )
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using only the information of the input ¥ and measurable output y and without any
knowledge of the unknown disturbance v, where r is an integer in the range
n— q<r<n, X is the estimation of x,ze R" is the state variable of the observer, and
N,L,G,P,Q,Z are matrices with appropriate dimensions.

From Egs. (1) and (2), the following relations can be easily derived for any
TeR™™

(: — TEX) = N(z — TEx) + (NTE + LC — TA)x — TDv + (G — TB + LF)u,

(X — x) = P(z — TEx) +(QC — I + PTE)x + (Z + QF)u, 3)
If the following relations hold:

NTE — TA+ LC =0, “4)

TD = 0, (5)

G- TB+ TF =0, (6)

PTE+ QC =1, (N

Z+QF =0, ®)

we can obtain that
(¢ — TEx) = N(z — TEXx),
(X —x) = P(z — TEx).

If N is a stable matrix, it follows that Xx—x. The behaviors of x and X are
demonstrated by u, v, x(0) and z(0). Therefore, if one of relations (4)—(8) does not
satisfy for any 7'e R™", there must exist some u, v, x(0) and z(0) which make (X — x)
not converge to zero. Hence, Egs. (4)—(8) are the sufficient and necessary condition for
the existence of the proposed observer and the problem of the rth order unknown
input observer design is to find matrices N, L, G, P, Q, Z and T satisfying Egs. (4)—(8).

From Eq. (5), it follow that rank7 <n — rankD and from Eq. (7), it should be
satisfied that rank7>rankTE>n—rankC for the existence of P and Q; Hence, it
follows that n—rankD>n—rankC, i.e. rankD <rankC. If the condition is not held,
the observer does not exist. From this fact, we assume in the whole paper that C'is of
full row rank, D is of full column rank and ¢>m without loss of generality.

3. Some preliminary results

In this section, the possible eigenvalues of the matrix N are discussed.

Definition 1. A complex number 4; is a transmission zero of the quartet (E, A, D, C) if
and only if

(A4—4E) D
c

rank <n+ m.
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Definition 2. If there exist a set of linear independent vectors

Mok
Yij | 7. _
k‘|,]:1,...,9,', kzl,...,py‘,
L Wi
satisfying that
[(4-/E) D]k _
wh

C 0

E 0
0 0

!
l” ] o =0, ©)

k—1
Wij

then we say that vfj- is a right generalized transmission vector of order k with the
transmission zero A;. Furthermore, if rank

[((4—4E) D
C 0

=n+m—0;

and any nonzero linear combination of

- 5
Pil i0;
Uil ] Uié,-

y ey

0 0

is not in the column space of
[(4—-JE) D
C 0

>

then we say that vé‘j,j =1,....0; k=1,...,p;, form a complete set of right
transmission vectors with the transmission zero A;.

The following lemma discusses the role of transmission zero in an unknown input
observer design.

Lemma 3. Assume that observer (2) exists. The eigenvalues of N must contain the
transmission zeros of the quartet (E, A, D, C) counting multiplicity and the rest of the
eigenvalues can be assigned arbitrarily.

Proof. Let Fe C"™* be a matrix whose columns are all generalized transmission
vectors and Atz be a Jordan form matrix with all transmission zeros as its
eigenvalues. Since CF=0, TEF is of full column rank; otherwise, from Eq. (7), the
observer does not exist. We can, therefore, find a matrix Qe C"*0~9 such that
[F Q]and TE[F Q] are of full column rank. From right-multiplying by [ Q]
and left-multiplying by TE [F 0] to (4), we have

Atz — A N, —4,+LC
TZ TZ 1 1 142 :0, (10)
0 Ny — A, + L, C
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where
N B Atz Nl}
[TEF TEQ]=[TEF TEQ] , )
0 N,
A1z Ay
TAF Q]=[TEF TEQ] L (12)
2
CIF 0]=[0 C)] and L=[TEF TEQ] 2‘1 (13)
2

and the last three Egs. (11)—(13) can be derived from Egs. (4), (5) and (9). It can be
seen that if the matrices pair (4,,C,) is unobservable, then its unobservable
eigenvalue is a transmission zero of the original system. So, if Atz contains all
transmission zeros, (A,, C») is an observable pair. Hence, from Egs. (10) and (11), the
result follows. [

The following notations are given for gathering the chains of generalized
transmission vectors with the same lengths to the same group, and then the lengths
of generalized transmission vectors in different group would have different
lengths.

For a transmission zero /; assume that the elements of the set {p;i, ..., p;5} are
arranged as follows: P <pn<--<p;. Denote ¢; as the number of distinct
elements in the set {p;, ...,ﬁia_}. And the notations oj1,05, ...,0, satisfying
0y <0p<--- <0, represent all distinct elements of the set {pi, ...,,O_igl_}. Assume
that there are 5, elements with value 6,/ = 1, ..., ¢;, within the set {p;, ---»ﬁié,-}~ Let

Vk = Uk Uk vk
il (0t + - +ng-H+1D (M1 + - +1g-1+2) (i +ni -+ gy +na) |2
k[ k k ok

VVU - |:M}i(’1i0+']il+""H7i([—l)+1) u}i(ﬂi(]""ﬂil+'“+’7i(/—l)+2) Wl'(’ho""?n+'“+’7i(17|)+’711)}’

k=1,...,04, I=1,...,¢, and 15,y =0,

where the column vectors of Vl’f are the right generalized transmission vectors of
grade k, in all chains with length ¢;. Then by (9), we have

k k—1
Vi Vi

k k—1
Wi Wi

E 0
0 0

(A—LE) D

c 0 s k=1,..,00 V)=0. (14)

L.

A series of matrices V), V3, ..., V7", group those chains of right generalized
transmission vectors with the same length af,l =1,....,¢;.
Let

Uil: [I/iol'il I/i(;il}
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which gathers all last generalized transmission vectors in those chains with length
less than or equal to ¢;;. And it can be seen that
Up = [Uqg-ry Vi)

12

4. Problem formulation

The key problem in this chapter is now stated as follows:

Unknown input observer design by eigenstructure assignment: Given a symmetric set
of complex numbers {4, ..., 4;} which contain the transmission zeros, and a set of
positive integers p;, ..., p;,,1 = 1, ..., 7w, representing the multiplicities and satisfying
that Y ", ZJH’: | pj = 1, we want to find the parametric solutions of the matrices N, L,
G, P, Q, Z and T over the field of real number satisfying (4)—(7) where the matrix N

has eigenvalues {4;,...,A;} and left generalized eigenvectors h}j, ...,hgf’ =
1,...0;i=1, ..., 7 satisfying the relation:
k k k— . .
hle = /lih[/ +h[/ Vfori=1,...,m, j=1,...,0,
_ . 0 __
k=1,...,p; and hlj—O. (15)

Since hg-,i =1,...mj=1,...,05k=1, NTE: linearly independent, Egs. (4)
and (5) are equivalent to the following conditions:

—WST(A — Ad) + W LC = —H7'T,  h;TD =0,
i=1,..m j=1,...0, k=1 .p; (16)

Let 7 = /T and ifj = ISL; then Eq. (16) is equivalent to

% % |A—=4E) D| oy,
A o= #E o, (17)
Define H as
H, Hj hilj
H=| : |, where H; = © |, and Hyj = | : (18)
HTL Hi@,‘ hZU

and the matrices 7 and L are defined in the same way.
If the solutions of f}j, s fﬁ’f and i}j, ...,ZZ”,]’ =1, ...,0; corresponding to eigenva-

lues 4;,i = 1, ..., have been found from Eq. (17), then by choosing a nonsingular
H, the solutions of 7, L, N and G can be obtained as follows:

T=-H'T, L=H'L, N=H 'AH and G=TB, (19)

where A is a Jordan form matrix in lower case with eigenvalues {41, ...,4,} and
multiplicity {p;;, ..., 0550 =1, ..., u}.
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Furthermore, if the matrix 7 or T satisfies the following relation:
TE
= n’

TE
rank l ] = rank
C

we can obtain a pseudo -inverse of [TE] as follows:

TE
C

TE
C

TE
C

M =

where X" means the Hermitian adjoint of the matrix X. The solutions of P and Q are

as follows:
M),

where K e R+ represents free parameters. Then the matrix Z can be obtained by
Z = —QF.

TE
[P Q]:M+K<Ir+q_

From the above discussion, the following proposition, similar to that given by
Moore [19] and Klein and Moore [20], characterizing all possible solutions of the
observer is given.

Lemma 4. Let {1, ...,2,} be a symmetric set of complex numbers and let
Wits s Pigs i =1, ,,u} be a set of positive integers satisfying that Zl 1 Z 1 p,/

r. There exist N, G P, O, T of real number and h,j, .. hp’f Jj=1,...0;i= 1
satisfying (4)—~(7) and (15) if and only if

(a) The matrix H is nonsingular.
(b) For each ie{l,...,n} there exlsts ie{l,...,n} such that }; = (i,v)*, 0; = Hi/,p,-j =

% ., 0, and hk (hk Ji=1,...,mj=1,. 0,,k=1,...,pij, where
) means the component wise con]uqale of the vector hk
() For each ie{l,...,u}, there exists a set of vectors {tf;,llj, =1,..,mj=
L0k =1, ...,pl-j} satisfying Eq. (17) and
TE
rank c =n. (20)

Proof. The sufficiency has been stated above. Assume that the solutions exist. Since
the matrix H represents the left generalized eigenvectors, it is nonsingular. If Eq. (20)
is not satisfied, P and Q do not exist. Hence, the necessity follows. [J

In the above deriving process, it can be seen that the matrix H can be arbitrary
chosen to satisfy conditions (a) and (b) in Lemma 4. Hence, the existing condition of
the observer can be stated briefly as that the observer exists if and only if a matrix 7’
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satisfying Egs. (17) and (20) exists. The following lemma discusses the possible
orders of the observer.

Lemma 5. [f the observer exists, its order can be chosen within n — g<r<n.

Proof. If an observer of order r exists, a matrix 7' R"™*" satisfying Eqs. (17) and (20)
can be found. If follows from Eq. (20) that rank 7E >n — ¢q. Hence, we have r=>n — q.
This means that the order of the observers must be at least n—gq. If an observer of
order n—q is required, a new matrix 7' e R"~9*" satisfying Eq. (20) can be obtained
by carefully deleting r—(n—gq) rows of T and an observer of order n—g can be
obtained by this new matrix 7’ from the process discussed above. If an observer of
order n is required, a new matrix 7" € R"™*" satisfying (20) can be obtained by adding
n—r additional solutions of Eq. (17) to the row vectors of 7 and an observer of order
n can be obtained from this new matrix 7”. Other observers of order within
n — q<r<n can be obtained in a similar way. [

5. Main results

From Lemma 4, the problem now is to find the solutions of Eq. (17). In this
section, we shall establish the complete parametric solutions of f}/, ...,?;;’5" and
7}7, e Z;” with an eigenvalue /; from Eq. (17). The properties of Eq. (17) depend on
whether the eigenvalue /, is a transmission zero or not; hence, we shall first establish
the parametric solutions of Eq. (17) for eigenvalues which are not transmission zeros
and then the parametric solutions of Eq. (17) for eigenvalues which are transmission

ZEeros.
5.1. The solutions for eigenvalues which are not transmission zeros

If ; is not a transmission zero, then

(A—JE) D
C 0

rank =n+m.

We can obtain a nonsingular transformation as follows:

Y;-l ! Y;»lz B I(n+m)><(n+m)
2oy 0 ’

(A—JE) D
C 0

p!

P2 @D

where Y,'ll € C(n+m)><n’ YiIZ e C(n+m)><q, Y?l € C(qu)xn, Y;22 € C(qu)xq’ q/[l e Cn><(n+m), l[/l2 =
Crmx(ntm) and Lnmyxnmy 1s an (n + m) x (n + m) identity matrix. We can obtain the
following theorem.
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Theorem 6. If /; is not a transmission zero, the complete solution of Eq. (17) are as

Sfollows:
11 yl2
o k| _ |1 1 k—1 i i _ 0 _
B = [mEw ] o ym | K=l =0, (22)
l 1
k—1 ;
where j oare vectors representing the free parameters.

Proof. Necessity: Introduce the following variable transformation:

Y-H Yl2
ko G| |k l—1 i ! —
AR HY” | k=L (23)

From Egs. (17) and (21), we have

p! I
2 0

e

hence

k _ -1yl _
a; = EY,, k=1, cees P

By applying this relation into Eq. (23), Eq. (22) is obtained.
Sufficiency: Using Eqgs. (22) and (21), we have

11 12 )
[i,ﬁ H (A—4E) D :[%’71”1 EI‘C‘HE Y21 [4-4E) D
1} 1, i i i F
C e o U A |
—1 _
oy Iﬂ m)xX(n+m Tl ~ qll 'Ill
= [ty ]| e = [EE o] ||
0 v; ! w2 | | w2
- [Z{;*IE 0}

Therefore the vectors given by Eq. (22) satisfy Eq. (17). O

5.2. The solutions for eigenvalues which are transmission zeros

If A; is a transmission zero, then

(A4— 4E) D
C 0

rank =r;<n-+m.

We can obtain the following nonsingular transformation:
lyill Wl |A4-4LE) DY ¥ _ ll,.i O], (24)

yoa? C 0l|w? v? 0 0
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where Y;ll e Crixn, Y;lz eCriXd, Y;ZI c C(n+q7r,~)><n, Y;ZZ c C(n+q7r,-)><q, np[l e Cmi (Pll c
Crxmm=r) w2 e Cmxri i e Cmxtm=r) and I, is an r; x r; identity matrix. We can
obtain the following lemma.

Lemma 7. Y}zlEU,-; is of full column rank for 1 =1, ..., ¢;.

Proof. If Y,.zlE Uy is not of full column rank, then we can find a nonzero vector f'such
that Y?' EU;f = 0. Since the matrix

r 1-1
vow

[Iri O} _'Illz '1(’,2_

is of full row rank, we can find a vector [%] such that

AR ANE
[I"i 0} .I/ZZ le [_] — [Yll )?12}
L ¢! L.

EUf
0

Then we can obtain that
A — LE D_V]_ EUf
10

C 0

Uilf:|

w

=

So, {0 is in the column space of
[A—ME D]

C 0

It is a contradiction to the definition of U;. [

From Lemma 7, for each Uy /=1,...,¢
nonsingular transformation:

I

Sit

2

Sii
1

where S} e R0t tn)xnrq=ri) g2 g RUrtq=ri=na==m)*(1t4-r) and the matrix |:§’21:| is
il

nonsingular. To find S} and S3 for each /e {1, ..., ¢,}, we only need to calculate S11¢[
and S}, . Let

,» we can obtain the following

Lyt

0 , (25)

i

Si1

S, :
Siz(bi - Si¢’ ’

Si(¢;+1)
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where s; € Rl*0+4=r) [ =1, ... ¢, and s,'(¢,,+1)eR(”“]*”'*”“7"'7'7"@)“”*‘17”). Then S}
and S2 can be selected as

Sil Si(I+1)
S}l =1 : and S}Z =
Sit Si(g,+1)

The following theorem can now be given.

Theorem 8. Assume that 2, is a transmission zero.

(@) If p;j<oi, the complete solutions of Eq. (17) can be represented as follows:

oy

B &)= [#ww )| Y, )

vy i i 21 22
B

i

20
0=0, k=1..p; (26)

where f,;f’l,k =1, ..., p; are vectors representing the free parameters.
(b) If oy <p;<0iy, there exists b such that oy <P <Oip+1), and ifp,»j > 0, then
b=¢,. Under the above conditions, the complete solutions of Eq. (17) can be

represented as follows:
Yl oy
1 1
[ 2oy ] ’
1 1

b S S N | 1 k—1
B B = [wEw A
11 12
[Yi Yi ]
21 22 |°
o

ij
k: (plj - O’l‘(l-‘-l))+ 1> ’(plj - O-i/): l: (bi 1)7 ”'717

11 12
ER AR N T e 0
it i i Ji 2oyl ij = ol >0 Py
1 L

1 —Y'EU,S),
0 s2

i?jzoakzla'--:(pijio-ib)a
[ 1 1
[i{; Z{;}:[fg"E‘P} :k—l} I =X EUsSy

0 s2

i

where fl;"l,k =1, ..., p; are vectors representing the free parameters.

Proof. Here, we will show that Eq. (26) is equivalent to Egs. (17) and (27) is
equivalent to Eq. (17).

Necessity: A variable transformation is adopted as follows:

Y‘-ll Y~12
Tk % | k k i i _
[[[j l[/} = [aﬁ cy} [ ,-21 Yizz . k=1,...,p5 (28)
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where afje C'" and ¢j;e P79 Tt can be seen that Eq. (17) is equivalent to the
following relations:

di =T EW], (29)
0=0"EV, k=1,...p; (30)

Observe that the column space of ¥} is the same as the column space of V}),/ =
1,...,¢;. Hence, Eq. (30) is equivalent to

BEVE =0, I=1,-,¢; k=1,....p;.

From Egs. (14) and (17), it can be further shown that
Hk—oi) ppron :

i MEVS i k> ay,

EEV) = { i i !

BEVE=0 if k<ay.

(31D

We discuss the problem in the following two cases:

(a) It can be seen from Eq. (31) that if p;<o;1, Eq. (30) would be satisfied for all
possible 75~'. Hence, Eq. (17) is equivalent to Eq.(29). Let fi ' =cf, k=
1, ..., p;. By applying Egs. (29) to (28), Eq. (26) is obtained.

(b) If 0 <p;<Gip, there exists a number b such that o, <P <Oip+1), and if P>
0,4, then b= ¢;. Under the above conditions, from Eq.(31), Eq.(30) is
equivalent to the following relations:

iﬁj‘-’lEU,-/, =0, where k =2, ..., (p; — af) +1,
B EUip-1) =0, where k = (p; — o) + 2, ... (p; — Gip—1)) + 1,

fg_lEUil =0, where k = (p; — o) +2, ..., (p; — o) + 1.
From Eq. (28), we have
@'+ G YEU, =0, k=2,....(p; — on) + 1,
@'+ ETIYEU =0, k= (p; — 0igs) + 2. ... (py — o) + 1,
I=1,---,(b—1).

From Egs. (25) and (29), it can be seen that the above equations are equi-
valent to

=L EVIYEUWS, + /' Sh k=1,....(p; — on),
= —ff§-“E¢} VVEUS)+ 157185 k= (py — oigrn) + 1, ... (py — o),
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where f; k are column vectors with approprlate dimension and represent the free
parameters For k = (p; — ou), ..., plj,cu is free; hence, define

=1y k= (py — o) + 1, ..., py (33)

By applyrng Eqgs. (29), (32) and Egs. (33) to (28), Eq. (27) is obtained.
Sufficiency: Define the variable transformation (28). Since the matrix

Yoy
D

is nonsingular, Eq. (28) is a nonsingular transformation. It can also be seen that
Eq. (31) is a equivalent relation; Hence, from Egs. (26) or (27), we can derive Eq. (17)
by reversing the procedure in the necessity. [

5.3. The realness of the solutions
The realness of the solutions is guarantee by the following lemma:

Lemma 9. Under the condilions proposed by Lemma 4 if the free parameters in
Theorems 6 and 8 are chosen as f = ) when 1; = (Ay ) , then the solutions N, L, G,
P, Q and W are real.

Proof. Observe that hZ, the row vector of H, is the left generalized eigenvector of N.

Let V= H"', and U’j be the corresponding column vector of V, representing the
right generdllzed elgenvector of V. Then, under the conditions (2) of Lemma 4,

we have v (v”) when /; = (/l,/)*. Then, we have (N)* = (H "AH)* =
> 12] 12[)'/ () (U ) (h ) =37 121 VS vkhk H'AH = N. Hence,

the matrlx N is real.
(f;])* when 2; = (4;)", then from Lemma " and *, we have t" = (# ) dnd

’7‘ ( ) when 7= (). Then ()" = (CH-T) = — X%, 50, S0 ()" ok
) =-2L 12, 1Zp” )»zv,jlfj ~H'T=T and (L) =(-H 'Ly =->7,

Z/ V) (o) =—->r 12/ VS0 A ,/ = H 'L = L. Hence, the ma-
trices 7 and L are real

Since T is real. It follows that P, Q, G and W are real. [

6. Example

Example 1. Consider system (1) with the following matrices [18]
1 00 -5 0 0 1
1 00
E=(0 0 1f, 4=]10 1 0|, D=|0|, C= .
010
1 00 0 0 1 0
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This system contain no transmission zero, so eigenvalues of the observer can be
arbitrarily assigned. We illustrate the design of the proposed method for unknown
input observer from minimum order to full order.

(a) First(minimum)-order observer: Let the eigenvalue of the observer be 4,
then

0 1 0
T=-h"fa[0 -1 _’l]aL:h_lfPl[*iz 1]’[1) o]=10 0
h
7 -4 0
Let a = h™!ff), then the parametric solutions of the observers are
t=lz+ [-al® a]y,
0 1 0
X=10fz+{ 0 0}y (b)
L —4 0

(b) Second-order observer: Let the eigenvalues of the observers be two complex
conjugate numbers —1+1i and —1—1i, then
h=m0 -1 1-il,L=/M[0 -1 1+i],
Lh=fm2 1,b=sm[-2i 1].

For considering the realness of the observers, choose the free parameters to be
complex conjugate as f} =) = 1 +1,

1

and K =

I 141
I 1-1

01 0
102 1],
0100

then the observer can be obtained as

_[2 2] [0
Tl oo FT 2 1"

-1 0 -1 0
f=|-1 0lz4|-2 1]y
0 1 0 0

For this system, the minimum order of the observer is 1. However, if the convergence
of the error vector is required to be sinusoidal, then its order must be at least 2 for
the realness of the observer. Thus, if only the method for minimum order observer
design is obtained, the observer with sinusoidal convergence cannot be obtained;
while by the present method, this requirement can be easily achieved as shown in the
example.
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(c) Third(full)-order observer: Let the eigenvalues of the observers be —1+i,—1—1,
and —2 then

n=/m0 -1 2], H=m[0 -1 1-i], =m0 -1 1+i],
h=fal=4 1], h=fl2 1], h=fa[-2i 1]

For considering the realness of the observers, the free parameters are chosen
to be complex conjugate. Then arbitrarily the parameters are chosen as f} = /5 =

f301 =1

0 1 0 2 0 I -1 0
Hil —14i 1-i and K=1|0 -1 1 1 1],
I —1—-1 141 1 1 -1 -1 0

then the observer can be obtained as

0 -2 2 21
=0 -2 0 |z+|-4 1]y
-1 0 -2 -6 1
0 -1 0 -1 0
=10 -1 1 |z+ |1 1]y
11 -1 -1 0

In this example, the unknown input observers for the three possible orders are
designed in a unified way. In practice, a suitable order and free parameters can be
chosen by practical consideration and specific control requirement.

Example 2. Consider system (1) with the following matrices

0 0 -1 1 0 2
E=|-1 -1, 4=|3 -2 3|, C=
0 1 0 0 -1

—_ N O =

and D =
-1

This system has one transmission zero —2 with 0; = 1 and g;; = 1, so it is an
eigenvalue of the observer.

(a) First(minimum )-order observer: The eigenvalue should be —2 and it follows
that

21 7l _ 40
[fg lz/} =Ji

1 -1 1 0 0
-1 2 0 -1 1
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Let /i = [g1 ¢»] and

1 1
T= [h(gl —g2) — %(—91 +2g2) —+f1],

0 1 1

1, 1 h 1
L=|--¢ J},P = 1 - 2
[ A g1 — 29> g1 — 29,7

0 0 1

Let a; = h~'g; and @, = h™'g,, then the parametric solutions of the observers are

t=-2z+4[-a aly,

0 1 1

. 1 1 [45)

YT ap — 2ap ot a; — 2ay J
0 0 -1

(b) Third(full)-order observer: Here, we assigned the eigenvalues of the observer to
be the transmission zero 4, =—2 with 0, =1 and p;; =3 to illustrate the assignment
of generalized eigenvectors with an eigenvalue which is a transmission zero. By a
simple computation, it follows that

10 2 -1
0 0 0 -1
k k| | k-1 k—1 B
[’1«/ ’u}*{’v i } L0 -2 1 _o| *=L2%
10 2 -1 1
1 =20 1 0
0 0 0 -1 0
& Bl=17 2l-1 2 0 -1 0
I -1 1 0 0
-1 2 0 -1 1

Il
(e
o

|
—

oS O O
—_—— O
o
=3
[oN

Il
—

S = O
(e
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The obtained observer is

-1 1 0 0 -1
=0 =3 1 |z+]|-1 1 |y
1 -1 -2 -1 2
10 1 10
=10 0 —1|z+][1 1]y
-1 -1 0 0 0

(¢) Third(full)-order observer: Let the eigenvalues of the observer be 4; = —2 with
p; =1 and 4, = —1 with p, =2 to illustrate the assignment of the generalized
eigenvectors with an eigenvalue which is not a transmission zero. The solutions of
the eigenvalues 1,=—1 are

00 -1 1 0
01 -1 0 0
% Gk | _ [#—1 k-1 _
% BI=1E 87 0 1 o ol K12
00 —1 01
Choose f} = [—1 1],/ =-1/ =1,
1 0 O 1 01 0 -1
H=|-1 1 -1 and K=10 0 1 0
1 0 1 1 1 0 O
The obtained observer is
-1 0 0 0 -1
t=|-1 -1 —1|z+1]0 0 |y
-2 1 =3 0 2
1 0 1 1 -1
X=(0 1 1|z+]|0 0 [y
1 0 1 0 1

Example 3. Consider system (1) with the following matrices

0 0 -5 0 0 1
1 0 0
1|, A4=(0 1 0|, D= 0 [, C:[ ]

1
E=1|0 .
01 0
0 0 0 0 1 -1

0
0

This system has been studied by Kawaji and Sawada [17] for the design of a first-
order observer. It does not contain any transmission zero. Let the eigenvalue of the
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observer be /A, then it follows that
T=-h'fi[-2 -1 =], L=h"'f[-25+2 1],

0 1 0
[p Q]: 0 0 1
ho_) 0

Let a = h™!ff), then the parametric solutions of the observers are
z=z+ [fai(S +2) a]y,

0 10
g=|0lz+ |0 1]y (34)
1 10

In Eq. (34), there is one more free parameter a than the results given by Kawaji and
Sawada [14] where only the solutions when ¢ =1 are obtained. It can be seen that a is
not a trivial parameter and it provides a more degree of freedom to assign a suitable
observer according to the control requirement.

7. Conclusions

In this paper, the complete parametric solutions of the unknown input observers
with orders between minimum and full orders for singular systems have been
established. The complete and parametric solutions of the observer matrices and of
the generalized eigenvector are obtained. In the illustrative examples, it can be seen
that the solutions obtained by the proposed method have more free parameters than
the previous results. Furthermore, in the proposed method, the order of the observer
can be chosen from the range between n—¢q and n, according to the control purposes.
The completeness and parametric form of the solutions and flexibility in selecting the
observer order make them more suitable for advanced applications.
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