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Design and fabrication of the diffractive phase
element that synthesizes three-color
pseudo-nondiffracting beams
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Abstract. The experimental implementation of the diffractive phase el-
ement (DPE) that synthesizes three-color psudo-nondiffracting beams
(PNDBs) is described. This DPE is designed with the amplitude-phase
retrieval method and fabricated by using optical contact lithography and
reactive-ion etching (RIE). Measurements demonstrate that the fabri-
cated DPE has the desired function, i.e., it forms a six-segment PNDB
over a finite axial region and is monochromatic in each segment. © 2002
Society of Photo-Optical Instrumentation Engineers. [DOI: 10.1117/1.1517287]
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1 Introduction

Much recent effort has been devoted to design diffract
phase elements1,2 ~DPEs! because they can flexibly contro
a wavefront to perform diverse functions. Recently, the
sign and fabrication of the DPEs that can achieve vari
axial-illuminance modulations along the optical axis ha
been reported.2–12

DPEs that can produce nearly nondiffracting beams h
also been suggested in the literature. The nondiffrac
beam with field amplitude described by a zero-order Bes
function of the first kind was introduced13 in 1987, and it
has attracted great interest from researchers because
possible applications in optical alignment, surveying,
dustrial inspection, and optical interconnection. Recen
the concept of a pseudo-nondiffracting beam14–19 ~PNDB!,
characterized by an almost constant axial illuminance
tribution over a finite axial region and a beamlike shape
the transverse dimension, has also been proposed. A P
must have a field amplitude near to the transverse Be
beam distribution. A PNDB possesses unique propert
such as a uniform axial illuminance, a narrow lateral dis
bution, and a long propagation distance along the opt
axis.

Recently Liu et al. employed the conjugate-gradie
method to design DPEs that implement the monochrom
single-segment beam and multiple-segment beams,17 and
carried out the experimental implementations for a sing
segment beam and double-segment beams.18 With the same
method, they also designed the DPEs that synthesize
color four-segment beams.19

In this paper, we design three-color six-segment PND
in a multiple chromatic illuminating system, and show t
simulation and the measurements for a DPE designed
the amplitude-phase retrieval method. As is well know
the amplitude-phase retrieval method has already been
in treating phase-retrieval problems, and later, its modifi
version has been applied to the design of DPE in the F
rier transform system.20–22 We now apply this method to
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design DPEs in the Fresnel transform system for the cas
multiple output planes. In Sec. 2 we introduce an er
function for guiding the design of DPEs and appraisi
their performance. The relevant formulas used in the des
are also described in Sec. 2. Section 3 describes the s
lation and experimental results for the designed DPE.
this section, the transverse illuminance distributions of
beam in the segments are calculated and compared
those of the Bessel beam.

2 Theory of Amplitude-Phase Retrieval

We consider a rotationally symmetric optical system~see
Fig. 1! illuminated by a beam with three wavelengths
l150.6328mm, l250.5145mm, and l350.488mm. A
DPE is placed at the input planeP1 of the system. The
wave function at wavelengthla on the input plane can be
written as

U1,a5U1~r 1 ,la!5r1~r 1 ,la!exp@ if1~r 1 ,la!#. ~1a!

The incident light at wavelengthla passes through the
DPE and then propagates in free space. The correspon
wave function at theb’th output planeP2,ab , which is
chosen along the optical axis of the system, can be given

U2,ab5U2~r 2 ,la ,zb!

5r2~r 2 ,la ,zb!exp @ if2~r 2 ,la ,zb!#. ~1b!

In a Fresnel approximation, the field distribution on t
output plane can be calculated by
3127© 2002 Society of Photo-Optical Instrumentation Engineers
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U2~r 2 ,la ,zb!5E G~r 1 ,r 2 ,la ,zb!U1~r 1 ,la!dr 1

5
2p

ilazb
exp~ i2pzb /la!exp~ ipr 2

2/lazb!

3E
0

R1m
r1~r 1 ,la!

3expH i
2p

la
@~na21!h~r 1!#J J0S 2pr 1r 2

lazb
D

3exp~ ipr 1
2/lazb!r 1dr 1 , ~2!

G~r 1 ,r 2 ,la ,zb!5
2p

ilazb
exp~ i2pzb /la!

3exp@ ip~r 1
21r 2

2!/lazb#J0S 2pr 1r 2

lazb
D .

HereJ0(2pr 1r 2 /lazb) is the zeroth-order Bessel functio
of the first kind, the coordinate system is chosen such
thez axis is along the optical axis of the system, andr 1 and
r 2 are the radial coordinates on the input and output pla
respectively;R1m is the half diameter of the DPE;na is the
refraction index of quartz substrate at wavelengthla ; and
h(r 1) represents the surface-relief depth at ther 1 coordi-
nate of the DPE. Equation~2! can be rewritten in a compac
form as

U2~r 2 ,la ,zb!5Ĝ~r 1 ,r 2 ,la ,zb!U1~r 1 ,la!, ~3!

whereĜ represents an integral. For a system with low lo

and that satisfies the paraxial approximation,Ĝ is an uni-

tary operator, i.e.,Ĝ1Ĝ5 Î . In the general case,Ĝ may be

not unitary, which meansĜ1Ĝ5ÂÞ Î , where the
superscript1 indicates the Hermitian conjugation operatio

Î is an identity transform, andÂ is a Hermitian operator.
In numerical simulation, the continuous function mu

be represented by a set of discrete sampling points. Ass
that the number of sampling points along the radial dir
tion on the input plane isN1 . NoteNz is the number of the
sampling planes along the optical axis in the output regi
N2 is the number of the sampling points along the rad
direction on the output plane, andNl is the number of the
illumination wavelengths. Equations~1! and ~3! can be
written in matrices as

Fig. 1 Schematic of a diffractive optical system for producing
PNDBs.
3128 Optical Engineering, Vol. 41 No. 12, December 2002
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U1,ia~r 1,i ,la!5r1,ia~r 1,i ,la!

3exp@ i2p~na21!h1~r 1,i !/la#, ~4!

U2,j ab~r 2,j ,la ,zb!5r2,j ab~r 2,j ,la ,zb!

3exp @ if2,j ab~r 2,j ,la ,zb!#,
~5!

U2,j ab~r 2,j ,la ,zb!5(
i 51

N1

Ĝi j ab~r 1,i ,r 2,j ,la ,zb!

3U1,ia~r 1,i ,la!,

where Ĝi j ab(r 1,i ,r 2,j ,la ,zb) corresponds to anN13N2

3Na3Nz matrix andi 51,2,3, . . . ,N1 , j 51,2,3, . . . ,N2 ,
a51,2, . . . ,Nl , and b51,2,3, . . . ,Nz . Here h1,i repre-
sents the surface-relief depth at thei ’ th sampling point of
the DPE. Our aim is to find the surface-relief structu
h1,i(r 1,i) of the DPE that can produce three-color PND
characterized by constant and segmented axial-illumina
distributions. In each segment only one color persists.
evaluate the closeness of the calculated wavefrontĜU1 to
the expected wavefrontU2 , we introduce the following
error functionD2.

D25 (
b51

Nz

(
a51

Nl

uU2,ab2ĜabU1,au2

5 (
b51

Nz

(
a51

Nl

Tr$U2,ab
1 U2,ab2U2,ab

1 ĜabU1,a

2U1,a
1 ĜabU2,a1U1,a

1 AabU1,a%

5S 1

N2
D (

b51

Nz

(
a51

Nl S (
j

r2,j ab
2 1(

l ,k
r1,iar1,kaAik j ab

3exp@2 i ~f1,ia2f1,ka!#2(
j ,k

$r2,j abr1,kaGk jab

3exp@2 i ~f2,j ab2f1,ka!#%1c.c.D , ~6!

where Â[Ĝ1Ĝ and c.c. represents complex conjugatio
We introduce a phase parameterf0 for a reference wave-
length l0 , f1,a can be represented byf0l0(na

21)/la(n021), wheren0 is the refractive index at refer
ence wavelengthl0 . The reference wavelengthl0 and its
value are discussed in Sec. 3. Consequently the de
problem of the DPE can be formulated as the search for
minimum of D2 with respect to the argumentsf0,k , i.e.,
]D2/]f0,k50. The variation ofD2 with respect tof0,k is
given by
erms of Use: http://spiedl.org/terms
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]D2

]f0,k
5

i

N2
(
b

Nz

(
a

Nl Fl0~na21!

la~n021!GF(i

N1 H r1,iar1,kaAik j ab

3expF2 i ~f0,i2f0,k!
l0~na21!

la~n021!G2c.c.J
2(

j

N2 S r2,j abr1,kaGk jab

3expH 2 i Ff2,j ab2f0,k

l0~na21!

la~n021! G J 2c.c.D G50.

~7!

Then we can assume

Im@Qk exp~ if0,k!#50, ~8!

where

Qk5(
b

Nz

(
a

Nl F S (
i

N1 H r1,iaAik j ab expF2 if0,i

l0~na21!

la~n021! G J
2(

j

N2

@r2,j abGk jab exp~2 if2,j ab!# D
3

l0~na21!

la~n021!
r1,ka expH if0,kFl0~na21!

la~n021!
21G J G . ~9!

Finally, the Eq.~8! can be rewritten as

exp@ if0,k
~n,m11!#5

Q̃k*
~n,m!

uQ̃k
~n,m!u

, k51, . . . ,N1 , ~10!

where

Q̃k
~n,m!5(

b

Nz

(
a

Nl F S (
iÞk

N1 H r1,iaAik j ab

3expF2 if0,i
~n,m!

l0~na21!

la~n021! G J
2(

j

N2

@r2,j abGk jab exp~2 if2,j ab!# D
3

l0~na21!

la~n021!
r1,ka

3expH if0,k
~n,m!Fl0~na21!

la~n021!
21G J G .

Thus we have

exp~ if2,j ab!5
(k

N1Gk jabr1,k exp$2 if0,k@l0~na21!/la~n021!#%

u(k
N1Gk jabr1,k exp$2 if0,k@l0~na21!/la~n021!#%u

,

j 51,2, . . . ,N2 .

~11!
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Generally speaking, Eq.~10! cannot be solved analytically
but can be numerically solved by using an iterati
algorithm.19–21 Figure 2 shows the flow chart of the itera
tive procedures. The iterative procedures are describe
following steps. First, we start with a random real value
f0,k , for example,f0,k

(0,0) . Substituting them and the know
amplituder1,k into Eq.~11!, we can obtainf2,j ab . Second,
substitutingf0,k

(0,0) , f2,j ab
(0,1) , and the known amplitudesr1,k

and r2,j ab into Eq. ~10!, we can obtainf0,k
(0,1) and r2,j ab

(0,1) .
Third, we setf0,k5f0,k

(0,1) and f2,j ab5f2,j ab
(0,1) . To get a

quick convergence, in this case we always take the
pected amplituder̃2,j ab as r2,j ab . Then substituting them
into Eq. ~10!, we can obtainf0,k

(0,2) . Thenf0,k
(0,2) andf2,j ab

(0,1)

are the next estimates off0,k andf2,j ab , respectively. This
procedure~step 3! is repeated until the following condition
is satisfied:

(
k51

N1

ufu,k
~0,m!2f0,k

~0,m11!u<«1 , ~12!

where«1 is a given small value, andm is the number of
iterations. At the end of this step we setf0,k

(1,0)5f0,k
(0,m11)

and repeat steps 1 to 3 again. The iterative calculatio
terminated when the following sum squared error~SSE!:

SSE5
(b51

Nz (a51
Nl ( j 51

N2 ur̃2,j ab
2 2uU2,j abu2u

(b51
Nz (a51

Nl ( j 51
N2 ur̃2,j ab

2 u
~13!

Fig. 2 Flow chart of the iterative algorithm for the phase-retrieval
method.

Fig. 3 SSE as the function of the reference wavelength l0 .
3129Optical Engineering, Vol. 41 No. 12, December 2002

erms of Use: http://spiedl.org/terms



Sze and Lu: Design and fabrication of the diffractive phase element . . .

3130 Optical Engi

Downloaded From: http://o
Fig. 4 Comparisons between the transverse illuminance distributions of the simulated PNDB and a
Bessel beam on the sampling plane at (a) z5140 mm for wavelength 0.6328 mm, (b) z5210 mm for
wavelength 0.5145 mm, (c) z5280 mm for wavelength 0.488 mm, (d) z5350 mm for wavelength
0.6328 mm, (e) z5420 mm for wavelength 0.5145 mm, and (f) z5490 mm for wavelength 0.488 mm.
Solid curves represent the transverse illuminance distributions of the PNDB generated by the DPE on
the sampling planes, and dashed curve represent the illuminance distributions of the zero-order
Bessel beam of the first kind.
cu-

tica
is

eg-

ed
nd
reachs minimum, which determines the calculation ac
racy. Finally, the surface-relief profileh1,k , given by Eq.
~14!, for the DPE can be determined by

h1,k5
l0f0,k

2p~n021!
, k51,2, . . . ,N1 . ~14!

3 Simulation and Experimental Result

The desired PNDB contains six segments along the op
axis with constant axial illuminance distribution and
neering, Vol. 41 No. 12, December 2002

pticalengineering.spiedigitallibrary.org/ on 04/27/2014 T
l

monochromatic in each segment. The first and fourth s
ments forl150.6328mm correspond to the regions@120
mm, 170 mm# and @330 mm, 380 mm#, respectively; the
second and fifth segments forl250.5145mm correspond
to the regions@190 mm, 240 mm# and@400 mm, 450 mm#,
respectively; the third and sixth segments forl3

50.488mm correspond to the regions@260 mm, 310 mm#
and@470 mm, 520 mm#, respectively. The parameters us
in this design are as follows. The diameter of the DPE a
the incident plane-wave beam are 2R1m56.0 mm. The
erms of Use: http://spiedl.org/terms
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numbers of sampling points on the input and output pla
areN15600 andN2520, respectively. For the calculatio
of the axial illuminance distribution, the intervalDz be-
tween the sampling planes must satisfy the samp
condition9 that is given by

Dz<2p
z2

kR1m
2 22pz

, ~15!

wherek52p/l is the wave number of the incident ligh
Thus the maximum sampling interval that can be de
mined by Eq.~15! is 0.1357 mm. According to the theore
ical expressions, the number of the sampling points al
the optical axis in the output space isNz53420, and the
sampling interval isDz50.1316 mm in our design. Th
number of wavelengths for the illumination light isNl

53. We assume that the incident wave for each colo
plane wave so the illuminance on the DPE is considere
be uniform. In this calculation we find that the referen
wavelengthl0 could affect the final by reached SSE. Th
results for differentl0 values are shown in Fig. 3. We ca
see that we have the best result if the reference wavele
l0 is 0.631mm. The output amplitude distributionr̃2,j ab is
given to be the expected value.

The transverse illuminance distributions of the be
generated by the designed DPE on the each sampling p
are shown in Figs. 4~a! to 4~f!, where the solid curves rep
resent the transverse illuminance distributions of the be
generated by the DPE on the sampling planes, and
dashed curves represent the illuminance distributions of

Fig. 5 Distribution of the surface-relief depth of the designed 16-
level DPE (a) for full and (b) for part.
oaded From: http://opticalengineering.spiedigitallibrary.org/ on 04/27/2014 T
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zero-order Bessel beam of the first kind. We clearly see
the multisegment beam has a transverse illuminance di
bution near a Bessel beam distribution. The deviations
dicate that the DPE is not real nondiffracting.

To meet the requirement of our fabrication process,
obtained optimum continuous surface profile must be qu
tized in the multilevel structure. Figure 5 shows th
surface-relief structures of the DPE in 16 levels. The sim
lation of axial-illuminance distributions with higher sam
pling points generated by the designed 16-level DPE
shown in Fig. 6. From our simulation, we find thatN1 , Nz ,
andl0 play important roles in the optimization. There a
some restrictions on the two parametersN1 and Nz . For
instance, the minimum feature size permitted for the fab
cation process determines the upper limit ofN1 . When the
values ofN1 and Nz increase, the computation becom
more complicated. To ensure convergence for the al
rithm, we relax the restriction of initial condition. In th
beginning calculation, we start with a smaller number
sampling points along the optical axisNz5180. Then, we
use more sampling points and substitute the result tha
calculated before as initial phasef0 in the next calculation
process. Finally, the number of the sampling pointsNz is
increased to 3420 in the last calculation.

The fabrication process of the DPE is as follows. Fir
four photographic masks~shown in Fig. 7! were generated
by a laser beam pattern generator~Model HIMT DWL 2.0!.
Then optical contact lithography and reactive-ion etch
~Model AB 1500-series! were used to fabricate the surfac
relief structures of the DPE on a flat quartz substrate. T
minimum feature size of the fabricated element is 10mm.
Figure 8 shows a photograph of the fabricated DPE a
Table 1 shows the etching-depth errors in the etching p
cess. Figure 9 shows the part of the profile for the surfa
relief structure of the fabricated DPE scanned with a Slo
Dektak profilemeter. To check the performance of the fa
ricated DPE, we measured the illuminance distributions
the sampling planes around the optical axis. The exp
mental setup for this measurement is shown in Fig. 10. T
illumination beam consists of a He-Ne laser~0.6328mm!
and a multiline Argon laser~0.5145 mm, 0.488 mm!. A
CCD camera was placed on the optical bench and mo
along the optical axis to record the output images on se
sampling planes. The measured axial illuminance distri
tion is shown in Fig. 11. We also measured the transve
illuminance distributions around the optical axis. The me
sured results are shown in Figs. 12~a! to 12~f!, measured for
l1 , l2 andl3 at z5140 mm located in the first segment,
z5210 mm located in the second segment, atz5280 mm
located in the third segment, atz5350 mm located in the
fourth segment, atz5420 mm located in the fifth segmen
and at z5490 mm located in the sixth segment, respe
tively. These results clearly indicate that the fabricated D
can produce the desired six-segment three-color PNDB

To appraise the performance of the designed DPE,
must calculate the diffraction efficiency and SNR. The d
fraction efficiency for each wavelength on the sampli
plane is defined as

h~la!5
fsignal~la!

f input~la!
, a51,2,3, ~16!
3131Optical Engineering, Vol. 41 No. 12, December 2002
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Fig. 6 Axial-illuminance distribution of the three-color PNDB with six
segments.

Fig. 7 Photographic masks for 16-level DPE: (a) mask 1, (b)
mask 2, (c) mask 3, and (d) mask 4.

Fig. 8 Photograph of the fabricated sample.
3132 Optical Engineering, Vol. 41 No. 12, December 2002
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Fig. 9 Section profile of the surface-relief trace of the 16-level DPE
obtained by scanning with a Sloan Dektak profilemeter.

Fig. 10 Experimental setup for measuring the characteristics of the
designed 16-level DPE.

Fig. 11 Measured axial-illuminance distribution generated by the
16-level DPE.

Table 1 Etching-depth errors in the etching process by using
reactive-ion etching (RIE).

Theoretical Etching
Depth (mm)

Measured Etching
Depth (mm)

Error Ratio
(%)

Mask 1 0.738468 0.7599 2.9

Mask 2 0.369234 0.3717 0.6

Mask 3 0.184617 0.1933 0.8

Mask 4 0.092308 0.0953 3.2
erms of Use: http://spiedl.org/terms
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Fig. 12 Transverse illuminance distributions for three wavelengths on the sampling plane at (a) z
5140 mm, (b) z5210 mm, (c) z5280 mm, (d) z5350 mm, (e) z5420 mm, and (f) z5490 mm.
3133Optical Engineering, Vol. 41 No. 12, December 2002
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Table 2 Theoretical and measured diffraction efficiencies and SNRs for each wavelength.

Distance between
Input Plane and Output

Plane (sample plane) (mm)
Signal Wavelength

(mm)

Efficiency (%) SNR

Theoretical Measured Theoretical Measured

140 0.6328 33.2 26.7 8.6 4.2

210 0.5145 32.1 25.1 8.9 3.8

280 0.488 32.5 24.6 9.3 3.2

350 0.6328 38.4 23.2 23.1 3.5

420 0.5145 34.5 25.8 4.1 2.2

490 0.488 30.9 19.4 15.8 5.1
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n a
wheref input(la) is the total incident flux atla on the input
plane, andfsignal(la) is the total flux over the signal regio
on the sampling plane forla .

The SNR represents the ratio of the signal flux of t
wavelength focused in the segment to the flux of the ot
wavelengths on the same area, and can be expressed

SNR~la!5
(signalI ~r 2,signal,la!

(a8Þa(noiseI ~r 2 noise,la8!
, a51,2,3. ~17!

Table 2 represents the diffraction efficiency and SNR
each wavelength.

4 Summary

We described the design of a three-color PNDBs in a m
tiple chromatic illuminating system and showed the resu
of simulation for the designed DPE. In Fig. 4, the simu
tions show that the transverse illuminance distribution
the PNDB is near to that of a Bessel beam.

The designed 16-level structure DPE has been fabric
on a flat quartz substrate by optical contact lithography
RIE. Experiments show that 6-segment PNDBs can be w
formed in the preset regions when a collimated laser be
is used to illuminate the fabricated DPE. The experimen
results are in good agreement with the numerical simu
tions, which verifies the design method. Owing to the no
features of the three-color PNDBs, it is expected that
proposed DPE can be useful in applications of precis
alignment, display, and optical interconnection in multip
chromatic illuminating systems.
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