IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 1, NO. 4, OCTOBER 2002 721

Performance Analysis of Equalized OFDM
Systems in Rayleigh Fading

Ming-Xian Chang, and Yu T. SiMember, IEEE

Abstract—Channel estimation is usually needed to compensate facts that Rayleigh fading is resulted from a zero-mean com-
for the amplitude and phase distortions associated with a received plex Gaussian CR process and a linear pilot-assisted channel
orthogonal frequency-division multiplexing (OFDM) waveform.  agtimate js a linear function of the true CRs at pilot symbol loca-
This paper presents a systematic approach for analyzing the ti Usi | It ble to derive th timal
bit-error probability (BEP) of equalized OFDM signals in .'ons' sing our ggnera resu 'We are avie [o aefive the opuma
Ray|e|gh fadmg Closed-form expressions for BEP performance ||near Channel estimate that prOVIdeS the beSt BEP performance.
of various signal constellations [phase-shift keying (PSK), differ-  The rest of this paper is organized as follows. Section Il pro-
ential phase-shift keying (DPSSK), quaternary phase-shift keying vides a mathematical model of an OFDM system in Rayleigh
(QPSK)] are provided for receivers that use a linear pilot-assisted fading and gives a brief descriptions of some CR estimation al-

channel estimate. We also derive the optimal linear channel esti- . - . . -
mates that yield the minimum BEP and show that some previous gorithms. Section Ill contains our BEP analysis for phase-shift

known results are special cases of our general formulae. The keying (PSK), differential PSK (DPSK) and quadrature ampli-
results obtained here can be applied to evaluate the performance tude modulation (QAM) constellations while Section 1V deals

of equalized single-carrier narrowband systems as well. with the BEP performance for general linear channel estimates.
Index Terms—Error analysis, frequency division multiplexing, ~ Section V gives some numerical examples based on our anal-
gain control. ysis. Finally, Section VI summarizes our main results.

Il. SYSTEM MODEL AND CHANNEL ESTIMATE ALGORITHMS
. INTRODUCTION

RTHOGONAL frequency-division multiplexing A. Signal and Channel Models

(OFDM) is a promising candidate technique for A baseband OFDM signal during tih symbolinterval can
high speed transmissions in a frequency-selective fading erld¢ expressed by
ronment [1]. By converting a wideband signal into an array of N
properly-spaced narrowband signals for parallel transmission, N 12mmit
each narrowband OFDM signal suffers from frequency-flatx(t) - Z Xomn eXp(
fading and, thus, needs only a one-tap equalizer to compensate m=0

for the corresponding multiplicative channel distortion. where N, denotes the number of narrowband channejs,=
One popular method to estimate the multiplicative chann@}rm/T, T being a symbol duration and,,,, represents the
response (CR) is to insert pilot symbols among transmitted dgfgta symbol of thenth subchannel in theth time interval.
symbols [2]-[9]. Though many pilot-assisted channel estimghe valuesX,,,, assumes depend on the signal constellation
tion algorithms have been suggested, there still lacks a gésrmat. For example, quaternary phase-shift keying (QPSK) is
eral analysis for the associated bit-error probability (BEP) P&epresented by the spi+ib|a, b € (£1)} while the rectangular
formance. This paper presents a systematic approach for e4@-QAM is the sef{a+ibla,b € (£1,+3)}. The corresponding

uating the BEP performance of OFDM receivers in Rayleigdampled version of(t) is equal to the inverse discrete Fourier
fading when a linear pilot-assisted channel estimate is us@énsform (IDFT) of{ X, Ml
These BEP expressions are functions of the average bit signal -

>7(n—1)T§t<nT (1)

energy to noise level ratio (SNRY, £ Ey/N, and some corre- N.—1 4
lation coefficients that depend on the true channel statistic andrk,n = =(t)|¢=(n—1)r+r7/N, = Z X pne?27mE/Ne ()
the estimation method used. Our derivations are based on the m=0

A guard time ofT, (« T) s is usually inserted such that the
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time
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information, obtain CR estimations at other (data symbols)
locations through interpolation.

|

® OO0 0O @0 0O00Ce0 OO0 e0 000 e $
""" OO0 0000000000000 00O0O0O0O0 T . . .
€0 0000000060000 00000 f  B. CR Estimates at Pilot Locations
..... OO0 0000000000000 O0OO0OO0OO0O0O0 . . . .
e 0000 000000000000000 6 & 1_) The LS_Method.One obvious CR es_,tlmate at a pilot lo-
©00000000000000000000 s cation (n,n) is the least-squares (LS) estimate [2]
® 0O 000 e@0000Ce0 OO0 e0O0O0O0 e '!2: Y N
OO0 0000000000000 0O0O0O0O0O0 ~
@0 000 e0000e0000e0000e Hmn,LS: o= mn + TR = mn—l—an (7)
OO0 0000000000 O0O000D0OO0CO0O0O0 an an
® 0O 00 O0Ce@0 000 e0O000e0Oo0O0 e . .
0600006000000000000060600 where V,,.,, is the error term_ due Fo the presence of noise
,,,,, 0000000080000 80000 @ Ny, Whose conditional variance ]|V, |? | Xmn] =
.l 202 /| Xmn|?. The corresponding vector representation of (7)
is given by
thzh-I-X_ln:h-l-v (8)
..... 0 00080000 e0000e0 000 e
000000000000 0000000OO where bold face lowercase letters are vectors of the corre-

sponding terms in (7) anX is a diagonal matrix with pilot
¢ Pilot symbol ~ ©  Data symbol symbolsX,,, s as its diagonal elements. We shall use bold face

! ) ) o . uppercase and lowercase letters to denote matrices and vectors
Fig. 1. A typical pilot symbol distribution in the time-frequency plane of,

an OFDM systemr, andr; are the numbers of data symbols between t\/\/&hrou@]hout our discussion.
neighboring pilot symbols in the time and frequency domains, respectively. 2) Linear Minimum Mean-Squared Error (LMMSE)

The parameter values for this distribution afe= 4 andr; = 1. Method: A more elaborate method that is capable of reducing
the effect ofV,,, is the LMMSE method [2]-[5]. Based on

whereN,, is the number of paths of the channglit) andh;(t)  the estimated channel autocorrelation maRix and the noise

are the the delay and the complex fading envelope othhe varianceg, this method yields the following CR estimation

path anch(t) = n.(t) +ins(t), n.(t) andn,(t) being indepen- vectorhy s at the pilot locations [3]

dent lowpass white Gaussian noise processes with the same flat -1

spectral densityV, /2 (W/Hz). hramise = Ra |:Rh + 252 (XXH) ] hrs  (9)

z(t) is filtered by a matched filter and sampled¥at/T sam-
ples/second. Removing those samples in guard intervals afsereX™ represents the Hermitian .
performing DFT on{y; }, we obtain

v 0 ox N . C. CR Estimates at Data Locations
mn = Hmn R mn & Nonn ©®) 1) Polynomial Interpolation: After the CRs at pilot loca-

where N,., = Nrgm + iNgmn iS @ zero-mean com- tions are obtained, either by the LS or LMMSE method, the CRs
plex Gaussian random variable with independent in-phagkdata locations can then be estimated by various interpolation
and quadrature phase components and identical variameethods [5]. For example, if we have three pilot CR estimates,

var(N7) = var(Ng) = No/2T £ &2. Furthermore Hy, Hy, andH,y, of a given subchannel, we need to the find the
N, coefficients of the degree-2 polynomial
= Z n] exp {M} (6) H(n) = con® + ein + ¢ (20)

such thatff (0) = Hy, H(L) = Hy and H(2L) = H,y. The
represents the corresponding channel effect (response).  coefficients ¢, ¢1, ¢2) can be obtained by solving the Lagrange
Equation (5) implies that, ifH,,, is perfectly known, the interpolating polynomial

maximume-likelihood (ML) receiver would select the signal (n— L)(n—2L) . (n—0)(n—2L) -

point in the constellation that is closestXg,, = Viun/Hmn. H(n) = mh’ 0+ (L—0)(L—2L)

When the true CR is not known, the receiver needs a CR

estimate[flmn to make a symbol decision. A practical solu- + (n — )En L) HQL (12)

tion, as mentioned before, is to insert pilot symbols at some
predetermined (pilot) locations in the time-frequency plane 2) Model-Based EstimateThe CRs at data locations can

(see Fig. 1), where then{,n)th location denotes thenth also be estimated by applying regression surface model to
channel and theith time interval. Usually, a receiver wouldLS-estimated CRs of pilots [8], [9]. The model-based approach
first estimate the CRs at pilot locations and then, based on thigides the time-frequency plane into blocks of the same basic

() = z(t—nT,+T), (n—-1DT;<t<(n—-1)T,+1T, 3)
Yo\ T N\ w (b — ), (n— )T, + T, <t <nl,
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structure and finds a nonlinear two-dimensional surface thdistributed,; andr, are Rayleigh distributed angl, and ¢-
best fits the CRs of the pilot locations within a block. Thare uniformly distributed if—m, 7).
noise effect of LS-estimated pilot CRs is greatly reduced by Invoking the general Rayleigh fading process assumptign,
this solution. Furthermore, this approach does not need channghre independent and identically distributed (i.i.d.) processes
information such as the channel autocorrelation matrix and thvith
noise levelNg. 1

3) General Linear CR EstimateAlthough estimating the £ [21] = E [23] = 3F [[H|?] £ 01, E[z125] =0 (15)
CRs at data locations may involve a nonlinear interpolating
polynomial, e.g., (10), the derived data CR estimate, e.g., (14¢ can show thatrs, x4 are also ii.d. processes (see
is still a linear combinations of LS- or LMMSE-estimated pilofAPPendix A) with
CRs. Since each LMMSE-estimated pilot CR is also a linear 1 R
function of the LS-estimated pilot CRs [see (9)], the resulting E [23] =F [2]] = 5F [|H|2} £42 (16)
data CR estimate is a linear function of the LS-estimated pilot E [z374] =0 17)
CRs. This conclusion is also valid for the model-based CR 1 R
estimate [8], [9] and other modified algorithms based onthe LS~ E [z12:3] =E [z224] = _Re{E [HH] } 2. (19
or LMMSE method. In summary, for a general class of linear 2 1 )
channel estimates, we can express the CR estimate as Elriny] = — Efzpws] = §|m {E [HH*} } 2 2. (19)
H = aHﬁLS — aH(h +v) = a!h+W = H' +W (12) The correlation coefficients and average SNR per bit are de-

fined, respectively, as

wherelW = a'lv is the noise component iH andH’ = ah " A 1 R
can be viewed as the channel estimate in the absence of noise. P1 pp p2 = P pE=/p?+ 3 (20)
The weighting vectoa is a function of both the pilot CR esti-
mation algorithm and the interpolation method. b B [|HX|2] _E [|H|2] E [|X|2]

(1>

Y T KETN] KE[N|
_ 203 E[IXP]

202K (21)

I1l. BEP ANALYSIS

Throughout our analysis, we shall assume that the true CPh .
. . . WhereK denotes the number of bits represented by one symbol.
H,., is a bandpass wide sense stationary zero-mean comq{ex
. . . or example K = 2 for QPSK,K = 4 for 16-QAM.
Gaussian process so that at a given locatiom, (), |H,n| Note that (18) and (19) impl
is Rayleigh distributed and H,,, is uniformly distributed Py
within [—7, 7). We begin with BEP analysis for systems with
a channel estimate that can also be modeled as a bandpass
stationary zero-mean complex Gaussian process. Dropping the .
time and frequency indices for convenience, we have and for areasonably good estimate, it~ H, (22) then leads
to E[HH*] ~ E[|H|*| anduz ~ 0 (p2 = 0). Furthermore, the
Y =HX+ N, H=2z +izy=re (13) Mmean-squared estimation error (MSEE) is

H=H +W 2 23+ iz, = rye'® (14)

%E [HH} = [ +ipn (22)

2
E UI—?—H‘ } =2 (02 + 03 — 211) (23)
whereH is the true CR andfl is the estimated CR. The equation
H = H'+ W, as can be seen from (12), decompadésto the which is independent gf, (p»). However, as we will see shortly
noise-absent estimafé’ and the noise componelit. The ad- that the BEP performance of systems with imperfect channel
ditive white Gaussian noise (AWGNY is complex Gaussian estimate does indeed depend®n(.:.2). Hence, the MSEE, as
distributed with zero mean and varianE§| N|?] = 202. Be- a performance measure, is not necessarily proper in general. An
causelV is a function of noise samples at pilot locations whilexception can be found in single-carrier narrowband channels
N is the noise component at a data symbol locati®nis inde- based on Jakes or similar models in which we have- po =
pendent ofNV. On the other hand{ is a linear combination of 0; see (66).
LS-estimated CRs, which, as can be seen from (7), are compleX he joint probability density function (pdf) ok{ , x2, 3, z4)
Gaussian distributed, it is also complex Gaussian distributgdll] is given by (24), shown at the bottom of the page. Trans-
We, therefore, conclude that, z», x3 andz4 are all Gaussian forming the rectangular coordinater( x2, z3,24) into the

1 03 (z3+23) +0f (23+23) — 2um (z123+T224) — 200 (31274 — T273)
exp |—
2m)? (0103 —ni—n3) 2(0f03 — pape)

P (.’171,.’172,373,3?4): (

(24)
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polar coordinate 1, r2, ¢1, o) and making the changes offor an OFDM-BPSK system and
variablesy) = ¢1 — ¢o, we havep(ry, 2, 1) in (25).

1 1 (p1tp2)
(r1,72,%) e e ! Fo(E) = 2 L= 2 : ( )?
, T2, = —— 5 ———5-€X ——— 1 1—=p2
PiT, T2 2roial (1 — p?) P73 (1-p?) \/1 +5, - “
(p1=p2)
2 r? rir . 1 V2
—12 + —22 DR (p1costh — pasin 1/1)} . (25) —= V2 = (32)
o7 03 01079 2 \/1 N % _ (p1+2p2)
Yo

The parameterg, ps, and oy in (25) are functions of the

channel statistic and the CR estimation method used. MJPE @n OFDM-QPSK system. In the above two equations, (31)

detailed expressions for them will be given in Section IV-A. and (32)
Expressing an equalized symh®l= Y/H as 002
_ (2
= 33
g HX+N 7= (202) (33)
H
= (|H|ei(1H71FI)X + |N|ei(ZNfZI:I)) is the average SNR per bit for both BPSK and QPSK systems,
bii as can be seen from (21).
1 i
:m (|H|e YX + N/) (26) B. pPsk System (Without Channel Equalization)

The need of channel equalization can be avoided by using
we notice thatV’ = Ne—4H js a zero-mean complex GaussiafdPSK modulation if the difference of channel-induced phase
random variable whose variance is the same as that dfcan rotation remains relatively small during two or more symbol
be shown thatV’ is also independent diV even though the intervals. The performance of a narrowband DPSK or an
phase-shif H and W are correlated. Using (13) and (14), weOFDM-DPSK system can also be analyzed by the same

can rewrite (26) as method presented in the above subsection. Neglecting the
R 1 ' subscript denoting the channel number and leaving only the
X = — (rie"’ X + N'). (27) time index, we have
2
Y., = H,X,+ N,
A. Binary Phase Shift Keying (BPSK) and QPSK Systems Y,_1 Hp_1Xp_1+ N,_1
Coherent BPSK and QPSK receivers base their symbol de- _ 1 < Xn  _Nn )
s . . . - N, _ n
cisions solely on the phase location of the associated matched H,_;+ ﬁ Xn—1 Xn-1
filter output. Equation (27) indicates that such decisions are in- 1 X N
dependent of H| = r,. Their respective BEPs conditioned on =T~ 7 <|Hn| eW’X -+ X—”)
a fixed phase errop and fading envelope, (= |H|) are given H,_1+ 3= n=t [ Xn-i]
in [15, 10.14a] (34)
T
Py (El,r1) =Q <U—1 cos V’) (28)  wherethe phase of,, / X,, 1 contains the data information of a
" DPSK signal. The parametg¢rnow represents the phase differ-
for BPSK and ence betweeit/,, and the pseudo CR estimate, = H,,_; +
1 1 ) N,,—1/X,—1. Comparing (34) with (26) and assuming a Jakes
By (El,m) = §Q (akosd) — s dj]) Rayleigh channel [14], we obtain, from the definitions given by
e (15)-(21),
+§Q (U—[cos 1) + sin 1/1]) (29)
' 2 2 E [|Hn|2}
for QPSK, where)(z) £ 1/v/2r [ e~*'/2dt. We can express oy =g (35)
the (unconditional) BEPs in a Rayleigh fading channel as 2
o] e’} T E |: Hn :| 0_2+0_2
P},(E) = / / / P[, (E|1/},T1)p(7"1,7“2,1/1) dl/)d’l“ld’l“g. 0'% = B = 1|X|2n (36)
v (30) . e
Substituting (25), (28), and (29) into (30) and using the integral pa A+ tp2 :gE [H.H;_y] = o1 Jo (2nfals)  (37)
formula (B.1) of Appendix B, we obtain . pr Jo (2w faTy) (39)
1= =
1 P1 oL V 1+ ﬁ
Py(BE) =2 |1 - ——— (31) 112
2 \/m pr = —— =0 (39)
7o 0109
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of QAM systems does depend on the the distribution of
Q X Yy p
| A | |H| = ro.
1101 | 1001 0001 i 0101 A 16-QAM symbol can be written a& = X; + iX, =
®e @ 3- @& . @ |X|e?, whereX;, Xo € {1,-1,3,—3}. From (27), we have
| i the equalized data symbol
| 1
____________ [ o 1 i(0+
1100 | 1000 0000 | 0100 X=0 (rulxfe @ + n7)
@ i e 1~ @ i @ r1|X|cos(8 + ) + Nr  .7r1|X|sin(f + ¢) + Ng
| 1 I = r +1 ,
I : I | | I > N A 2 2
-3 : 1 1 i 3 =X1 +1iXq (44)
® : ® - @ ' ® whereN’ = N; + iNg. If the transmitted symbol is, sa¥, =
1110 | 1010 0010 i 0110 1 + 43, then the corresponding bit pattern is 0001 witand
____________ R R ) components being 00 and 01, respectively. The conditional
| | BEPs for the component channels are thus, given by
| i 1 .
e e 3- @ | ®© Pyt (Blry,r2,9,0001) == Pr (XI > 21X, = 1)
1111 1011 0011 0111 1 )
! l +§Pr(XI<0|XI:1)
1 .
11 10 00 01 +§Pr(X’<_2 |X’:1)
@ L @ ®—» 1 (orQ) . (45)
3 -1 1 3 Py (Elrs,r3,%,0001) = Pr (%@ <21Xq =3)
. . 1 .
Fig. 2. Constellation of Gray-coded rectangular 16-QAM and the - _
corresponding I-Q bit mapping. + D) Pr (XQ <0 |XQ - 3)
1 .
. _ — P (X —2X:3).
whereH_, denotes the complex conjugate Bf,_;. Substi- g t\%e < e
tuting p; and ps into (31) and (32) we have, for differential (46)
BPSK (X[* = 1), The above equations, (44)—(46) lead to
1 Jo (2 fqTs
A =1 [1— 05 niL.) w P (E|7"1,7"2,1/) 0001)
o A | | =5 Por (Elry,r2,9,0001) + PbQ(E|1"1 r2,1,0001)
wh|c2h is the same as (13-34) of [13] and, for differential QPSK 1 1] X | cos( 0_{_1/}) +N1
(X7 = 2) p s
1 r1|X|cos(9+1/))+N1 )
1 27 f4Ts —Pr ( <0
P(By=5 |1~ Jo (2 fuTs) . T r
\/(2 + %) (1 + ﬁ) — Jo (21 f4Ty) n i Pr (Tlle cos(f +¢) + Nr _ _2)
(41) .
Note that for slow fading (zero or very small Doppler) channels, | L p, (7”1|X| sin(f + ¢) + Ng < 2)
Jo(+) = 1, (40) then becomes 4 2
1 1| X |sin(f + ) + Ng
1 1 - Pr <0
RC 1 1| X |sin(f + 9) + Ng
while (41) is reduced to -2 = <=2
1
Py(E) = L P (43) = Pr (N1 > 2ry — 1| X| cos(6 + 1))

o . o + 7 Pr(=Nr > 1| X[ cos(6 + ¢))

which coincides with (50b) of [16]. 411
+ = Pr (=N > 2ry + 71| X| cos(0 + ¢

C. QAM Systems 411 (=Nt 2+ ri|X]eos(f +))

This subsection gives the BEP performance analysis of + Pr(—Ng > —2rs 4 r1|X|sin(f + 1))
the rectangular 16-QAM constellation with gray-bit mapping 1 _
shown in Fig. 2. The performance of other QAM constellations, ~ + 7 Pr (=Ng > r1|X|sin(f + ¢))
like rectangular 64-QAM or 128-QAM, can be derived in a 1 )
similar manner. Unlike PSK or DPSK signals, the performance ~ — 7 Pt (=Ng > 2r2 + 71| X[sin(0 + ) (47)
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whereX = 1+143. We can obtain the conditional BEPs of other TABLE |
transmitted bit patterns COEFFICIENTSASSOCIATEDWITH VARIOUS TERMS IN (53)
k b 6 in(
Py (E|’I“1, T2, ’g[)7 d0d1d2d3) s dk c {07 1} - Sg:k C;lc - k2 cos(Bx) | sin(by)
2 0 2 | 1v2 | 1/V2
in a similar manner and the overall conditional BEP is 3 I 5 \/f; V2| A
1 4 + [ 2] -2
Py (E|7"1,7"2,1/)) = Z EP[, (E|7"1,’I“2,1/1, d0d1d2d3) 5 + 0 V2 1/\/§ —1/\/5
(dodidads) 6 + [ 2] V2
(48) 7]+ | 2]-V10
where each term on the right hand side is either of the form 8| + [ 0] Vi0 | 1/V10| 3/V10
9 + [ 2] V10
) . , 10] + |—2] V10
Pr [Ny > a-r2+b-rycos(y + 6)] T+ 10 | vi0 | 3/vi0 | —1/vio
:Q CL~T2+b~T1COS(1/}+0) (49) 12 - 2 \/ﬁ
on 13 + |-2] V10
14 + [ 0| V10 |3/v10| 1/V/10
or 5] - | 2| /10
. 6] + | 2 [-V10
Pr [:i:NI(Q) >a-re+b-rysin(y + 6)] 7] + | 0 | V10 | 1/4/10 | —3/4/10
a-r2+b-rysin(y + 6 18] + [ 2] V10
=Q < : 01 L )> (50) 19] + |-2] 3v2
" 20 + [0 3v/2 | 1/vV2] 1/V2
] 21 - [ 21 3/2
with o € {0,+2}, b = *|X| = £,/X7+X3 € 2| + | 2| 32
i ‘S i 23] + |0 3vV2 | 1/v2 | -1/v2
{£V2, £1/10,+/18}. As in (30), the BEP is given by = T
Py(E) = / / / Py (Elri,7m2,1) ] ) , )
o Jo J-= whereh is the vector contains the true CRs at pilot locations
p(r1,72,%) dpdridra.  (51)  anda is the weighting vector that depends on the CR estimation
method.
For the rectangular 16-QAM, the average SNR per bit defined
by (21) becomes A. Procedure for Computing BEP
5 o2 The general procedure for evaluating the BEP of an OFDM
— 1 . . . . .
=52 (52) receiver with a linear channel estimate algorithms can be de-

scribed as follows.

Substituting (25), (48), and (52) into (51) and using (B.1) in 1) Derive the weighting vectat from the CR estimate used.

Appendix B, we obtain (53) shown at the bottom of the page, 2) Evaluate the following parameters:

where the associated coefficients (ggmy, b, cos 8y, sin 6;,) 1

are listed in in Table I. ot =5 [1H]?] (55)
The BEP expression of the 16-QAM system in flat Rayleigh

fading derived in [10] involves a few finite-range integrals.ag = §E [

Using the above equation wigly = 0, p; = p, we can obtain a

A

i 2} :%aH [Rh + 202 (XXH)_I} a  (56)

closed-form expression instead. p1 + i :%E [HH*} = %aHE [hH™)
1
[V. PERFORMANCE OFGENERAL LINEAR CHANNEL ESTIMATES =§aHthx (57)
As discussed in Section 1I-B, a linear pilot-assisted CR esti- 1 Re{aHth*}
mate can be written as L= Gioe

X V20%, [al [Rh + 202 (XXH)_I] a

H=a"h;q = aH(h—l—v) = all (h—i—X_ln) =H +W
(54) (58)

aj oo

bi [p1 cos Or + pa sin O] + =72
Py(E)= 2= son, - |1 - . (53)

2 -
k=1 \/bi (1—p2) + (bk[pl cos Oy, + pa sin 6] + %) + (2.017)

?
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M2 Im {aHth*} this model is equivalent to a special case of the frequency-do-
main model of (6). The resulting channel correlation function is

V202, [al [Rh + 202 (XXH)_I] a  given by

0102

(59) E[HpnHy) = (2(7%) Jo (27 fa(n — 1)T%)
Ny
N2 2m(m — k E}
whereRy, £ E[hh"] andryy- 2 E[nH]. ;c" {COS [ m(m =k,
3) Substitutepy, p2, o1 andos into a proper BEP formula. -
To illustrate how the weighting vectaris obtained, we con- +isin [ZW(m - k)f} } . (65)

sider the OFDM-16QAM system. The receiver first estimates ' '
the pilot CRs by the LMMSE method (9) then compute the CROr a single-carrier narrowband channel, both (63) and (65)
of a data location by using a polynomial interpolation, i.e., become

oy E[H,H}] = (207) Jo (27 fa(n — D)T%) . (66)
H, =p,hpvmse
-1
—pTRy, |:Rh + 252 (XXH) 1] hrs (60) C. Optimal Linear CR Estimate
As has been shown before, the problem of finding the optimal

where p,, is the vector of the interpolating coefficients. InJinear CR estimate is equivalent to finding a weighting veetor

voking the Lagrangian interpolation formula and equating (682t minimizes the BEP performance. Appendix C shows that,
and (11), we obtain for BPSK signals, the optimal weighting vecty,,; is given by

_17-1
o = K [Rh +202 (XXH) } rn- (67)

pT = [(n— LY(n—2L) (n—0)(n—2L

where K can be any nonzero real number. It is straight-
forward to show that the same conclusion holds for QPSK
signals. For QAM signals, the correspondiag,, has the
same form as (67) buf is a constant that depends on
the system and channel parameters. Numerical experiment
" has revealed thak is in the; vicinity of 1 andK = 1 if

a’ = pTRy, {f{h + 252 (XXH) ] . (62) rH,. [Rh +202(XX®)1] " rpye = 202,

In summary, the optimal linear CR estimate has the form of
an LMMSE estimate that combines LS-estimated CRs at pilot
locations by using the optimal weighting vectay,; given by
(67). The complexity of this optimal estimate is very high since

To evaluate the parameteys,, p2, 02, o1, we need to know we need to estimats, - for each location.
channel correlation functions likRy andryg-. We consider o
two classes of Rayleigh channels based on Jakes model [£2}].Perfect Channel Estimation
The first class has a maximum Doppler frequerfgyand an When the perfect channel estimation is available, we have
exponentially distributed delay profile with mean detayand H = H, p1 = 1, p, = 0, 02 = 2 and the resulting BEP

(2L — 0)(2L — L)} - (61)

Therefore, the final weighting vector for the CR estimateis

B. Channel Correlation Functions

channel correlation performances can serve as the lower bound for the performance
of various OFDM systems in Rayleigh fading channels.
E[Hy Y] = (202) Jo (27 fa(n — l)TSg) 1) PSK Constellation:For this ideal case, both (31) and (32)
14 |:27r(m,—k)‘rd:| reduce to the same BEP expression
T,
- 2R e Pua(B) = 5 [1- —— ©8)

,/1+%

whereJy () is the Bessel function of the first kind of order zeroyhich coincides with the well-known result given by (14-3-7)

The second class assumesiégstap impulse response of [11].
2) QAM Constellation:As for the rectangular 16-QAM
N, . . .
4 system, setting; = 1, p2 = 0, ando; = o5 in (53) yields
h(t) = cxri(t)8 (t — ) (64) L3
k=1 Py (B) =5 — c—F——
2 8 142
; ol

Wherer::”1 ¢ = 1 andr(t) are independent stationary com- 1 ’ 1 1 1
plex zero-mean Gaussian processes with unit variancerand - +3 . (69)

. . . . 4 5 8 1
is the relative delay of théth cluster. The discrete version of L+ 87, A/ L+ 105,
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Fig. 3. BEP performance of differential BPSK and QPSK systems as functions

of 7, andfaT, Fig. 4. BEP performance of an OFDM-16QAM system for various values of

p1; p2 = 0 is assumed.
Another way to obtain this lower bound is by noticing that, as a

result of H = H, (26) becomes we find that the corresponding BEPs approach a constant that

Ne—ilH N depends ory,;T,. The constants correspond to differgfyfl’,
X=X+ 8¢ _x + (70) are the error floors in the figure. The behavior of the error floor
71 level as a function of ;T is predictable ad,(xz) is monotonic
decreasing in the neighborhoodof= 0. The fact that the dif-
ference of the error floor levels of differential BPSK and QPSK
oo systems is an increasing function ifI’; can also be predicted
By (E) = / Pr(rfYplr1)p(r1)dr (71) by (40) and (41).
0 The BEP behavior of an OFDM-16QAM system as a function
where Py (-) is the BEP of the rectangular 16-QAM system if p; and, is plotted in Fig. 4, assuming, = 0 ando; = o>.

and the corresponding BEP becomes

AWGN [15] Whenp, = 0, p; represents the correlation between the true CR
and estimated CR, highex not only results in smaller mean

Pi(A,) = §Q ( ﬂ%> squared estimation error [see (23)] but smaller BEP as well. In
4 5 a time-varying environment, smallgy or 11 may be caused by

higher fading rate, less frequent channel estimation (i.e., larger
1 [4_ 1 [4_ - : : : :
+2Q 34/, | —=Q 5/, | - (72) estimation period) and/or smaller pilot density, which, as ex-
2 2 4 2 pected, leads to higher BEP floor.
" . . Now consider an OFDM-16QAM system whose receiver
Susbst'lotutmg t(7t?) |Stof(71) g've“j‘v.(t??)' fect CR inf i uses the LMMSE method to estimate the pilot CRs and then
) Asymptotic Performancewith perfec Information, -, ytains the CRs of the data locations by a polynomial interpo-

the asi[yrr(ptotlc BEFl)t belzzhavkl)o;Z g;éi”ouj cgnsséellatltons Cof%tion. We consider the time-varying multipath Rayleigh-fading
verge to known resuits. =orbo and Q systems, ( chrannel based on (6). The parameter values used/are 4,

indicates that?,(F) ~ 1/(47,) for 7, > 1, while for DPSK, :

~ - . S . 7i[n] = 15 andhj[n] = c¢;rj[n]. All 7;[n]s are independent
i I')t(hE )1Z é/ 1(?”)]; alclcolrdl?hg to (42) a:cnt?] (43)',[Th's IIS Colnes'sf%tationary complex zero-mean Gaussian processes with unit
Wi t( -6_9 ) 0 [I lh n Ee iasg:gqe_rec z;nggarl Q ariance while the relative path strengths and delays are
system, (69) reveals tha () ~ (0-4952/7,) wheny, islarge .= _ " 5935 '0.7305, 0.3175, 0.1137, ang = 0, 0.1, 0.5,

enough. 1 us, respectively. Assuming this receiver knows the correlation
matrix Ry, perfectly but noty,, we depict the BEP performance
in Fig. 5 where~,. denotes the estimateg, and five pilot
This section presents some application examples of our BEYMbols are uniformly inserted in each block with four data
analysis. We first examine cases (Figs. 3—4) in which the BEymbols between two neighboring pilot symbols. These curves
performance depends explicitly on some system or channel pidicate that overestimating, causes negligible degradation
rameters, say; or f;Ts. Then, we consider the other casegt smallery,s while underestimation leads to much greater
when we must resort to the procedure given in Section IV-gegradation when the trug, is much larger. It is, therefore,
in order to calculate the BEP performance. preferred to assumeT larger than the designed operatifg
Using (40) and (41), Fig. 3 shows the BEP performance of Fig. 6 illustrates the impact of the frequency domain
DPSK signals in Rayleigh fading, parameterized/h¥s, the CR correlation on OFDM-QPSK system explicitly. Let
normalized Doppler shift. Letting, — oo in (40) and (41), h = (Ho,, Hap,...,Hr,) be the pilot symbol vector at

V. NUMERICAL EXAMPLES
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0.001 1
0.0001
1005 | ] 0.0001 | g
.’)(.“ -
1e-06 : i : : : : : 1e-05 ' * ' : : : —
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Average E/N, (dB) Ew/Ng (dB)
Fig. 5. BEP performance of OFDM-16QAM systems using the LMMSHEig. 7.
method and polynomial interpolationy,.
faTs = 2.76 - 1073,

BEP performance of the OFDM-16QAM system that uses the
= the estimatedy, and model-based channel estimate. The parameférsi{,r., ;) are defined in
Fig. 1 and Section Vf,T, = 2.76 - 1073,

are the numbers of pilot symbols in the time and frequency do-
mains per time-frequency block. The 4-tupl&,(N¢,r, 7y)

thus completely specify the pilot density and the channel es-
timation period. As expected, increasing pilot density does in-
. deed enhance the system BEP performance. Simulation results
: N are also given to validate the accuracy of our analysis.

1E-3 - Ry

0.14 >

BEP
£

SN VI. CONCLUSION
Sy,

1E-4 4 In this work, we have presented a unified approach for ana-

lyzing the BEP performance of various OFDM systems using
an arbitrary linear pilot-assisted CR estimate. Our analysis can
be applied to estimate the BEP behavior of various signal con-

1E-5

Fig. 6.

mean channel delay,

0 10 20 30

Average E /N  (dB)

stellation like QAM, PSK (BPSK, QPSK), and DPSK as long

as the fading process can be modeled as a bandpass stationary
zero-mean complex Gaussian process. Some of the previous
known results become special cases of our general analysis, i.e.,

BEP performance of the OFDM-QPSK system for different normalize@Q), (42), (43), and (68). The correctness of our analysis is ver-

/T which affects the channel correlation function viajfied by the fact that the system performance predicted by our

73). 4 . .
73) analysis and computer simulation yields almost the same result.

These closed-form BEP formulae enable us to derive the op-
timal linear CR estimate and to easily predict the influence of
both the channel statistics and the CR estimation method on the
system performance.

Finally, we notice that fast channel fading may cause inter-
channel interference (ICI) amongst subchannels. By modeling
_ . . _ the ICI as an equivalent Gaussian noidg,we can also obtain
The receiver first estimates the pilot CRsby the LMMSE g estimation of the BEP performance by adding an equivalent
method, then interpolates the CRs at data locatiogriance termz2, the variance of the ICI, to the corresponding

(Hin, Hyn,...) by a polynomial. Fig. 6 plots the BEPBEP expression, if the variance can be evaluated.
performance for different;/T,s, assuming, = 8. Smaller

normalized mean channel delay/T yields larger CR corre-
lation and smaller channel variation in frequency domain, thus
reduce the channel estimation error and improve the system
performance. From (12), we see that the CR estimate is a linear combination
The BEP performance of the model-based estimate proposéddhe true CRs at pilot locations plus an independent complex
in [9], with the same delay profile as the example in Fig. 5, cd@aussian noise i.e.
also be derived from our analysis. We present some typical per-
formance in Fig. 7, where, v are defined in Fig. 1 ant¥;, N

the nth symbol interval. The correlation values for variou
components oh can be obtained from (63) by settihg- n

_i2n(m—k)Ta
ElHpnHp,] = (2‘7%) =

R
1 + I:Zr(mT:k)Td:|

(73)

APPENDIX A
CROSSCORRELATION PROPERTIES OFESTIMATED CRS

H=H" +iHD =H + W =a"h+ W (A.1)
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whereh = h, + ih; = [Hy, Hs, ..., Hr]" is the vector of the APPENDIX B
true CRs at pilot locations = a, + ia; = [a1,as,...,ar]T DERIVATION OF AN INTEGRAL IDENTITY
is the weighted vector. In this appendix, for simplicity, we

. . L . .~ We want to establish the identity
use single letter subscripts to indicate the locations of pilot

symbols. The real and imaginary parts Hf are denoted by / / / ary + bry cos 1
H) and H®, respectively. The real and imaginary parts of ,W On
H'in (A.1) can be decomposed & (") = a’h, + alh; and p(r1, 7o, ) dipdrydry
H'® = a’h; — alh,. The stationarity assumption of the true
CR process implies [12] 1 (bpl + %)
=-|1-
- 2 > .
(E [b,h]), =E [H](_mngr)} —E [HE)H£>} \/bz(l - )+ (bm + %) + 33
= (E ], (B.1)
(E [hzhﬂ) . —E [H(Z)ngr)} - _E I:H(T)HIEI)} Wherep(rl T9, l/)) IS defined by (25) an(ib \V ,01 + p2 The
J ’ ! h f ble;, = r;/(c:\/1 — p?),i = 1, 2, on the first
. change of variable;! = r; p2), i
=~ (E[bhi]),, line of (B.1) yields
where we denote thej,(k)th entry of a matrixM by (M) ;. aoary + bo1ry cos
Therefore, we havéZ|h,hl] = E[h;hf] and E[h;hl] = ~7 27r . ‘1’
p

—E[h,h], which implies

1 .
aTE [h,hT] a; = aTE [h;h]] a (A2) 'eXp{_i [ 475 = 2 (prcosy = pasing)] }

179 dpdridrs. (B.2)
and
The changes of variables,= 71 cos ¢ + (ao2/(boy))re, y =

TE [h,h?] a, = (a” £ [h,h7] aT)T =alF [h;h7] a, 71 sin¢p and definitions’, £ o, /1/1 — p2, give
=—a, F [h,h]]a, _1- p
a’E [h,h]] a; = (aTE [h,hf] a;)" = alE [h;h7] a

) T4 7 1, 7 b0'1 1 )
=— a?E [hrh?] a,;. T2 - €Xp -3 (y + para)
2
Hence exp T — @7«2 —2pirg (2 — 2220,
2 bCTl bO’l
a

TE [hTh;f] a, =0 a'F [hihg] a; = 0. (A.3)
+ (1 — pz) ] }dyda:drg (B.3)

Equations (A.2) and (A.3) lead to
If we definec; £ [p1 + (ao»/(bor))] andK 2 (1 — p?) + 3,

E[H'"H'®] =a’E [h,hf] a, —a’E [h,h]] a; then can be simplified to
+ a;fE [hihﬂ a, — a;rE' [hihf] a; 1 _ p / / <b01 )
=0

B [(H/(T))z} =a; F [h,h}] a, + a] F [h,h]] a;

- T9 exp {—— (Kr% — 2c1r91 + xZ)} dxdrs
+aTE [hhT] a, + a E [h;h]] a; 2

bo
=a'F [h;hT] a, — aTE [h;hT] a; / / < ! > .
T T[ 7 ] T T T[ T ] - \/ﬂK )
—a/FE [hh]]|a, +a]E[hh]a ) )
—E Hl(v) 2 A.4 - exp To — c—liﬂ — 1=/ £E2 dzdrs
=B [(H9)2]. (A.4) 5\ R oK
. b 1 C1
Because!’ andW are independent, we have / / <—a:> < + —:v)
P \% 2K —('1/\/_1‘ O-’IFL 2 \/}_(
A N 2
FE [H(T)H(’)} =0 (A.5) - exp [ (? + 12[(1) 552):| dradzx
[H(’“)H(’" } [H( YH® } (A.6)

[ﬁ ’“>H(Z] [H(Z)H(’“)] (A.7) \/%K / / o [ Q(%x”
sfa] <[] o ()



CHANG AND SU: PERFORMANCE ANALYSIS OF EQUALIZED OFDM SYSTEMS IN RAYLEIGH FADING 731

'_ (é N 1-p° x2>- drod where the sign function s@n) is defined by
L\ 2 2K ] A (1 230
e b0'1 C1 Sgr(l) = _ (B7)
Q — 7 T9 + —=x 1, T < 0.
\/ 27TK —o o, VK I . .
) ) ) ; Substituting (B.5) and (B.6) into (B.4), we then obtain the de-
cexp | — (%2 + 12_[(p w‘é’) droda sired equation.
o a x APPENDIX C
\/ 27rK 1 /\/—I & VK OPTIMAL LINEAR CR ESTIMATE
1- p2 Consider an arbitrary linear pilot-assisted CR estimate of the
- exp 24 drodx
! 2 2K 2 form (12). To find the optimal CR estimate is equivalent to find
= + L. (B.4) the weighting vectom that minimizes the BEP performance.

We shall only derive the optimal for the BPSK system in this
appendix; those for QPSK and QAM signal constellations can

1— p? 1 be obtained by analogous procedures as we can see that the BEP
I = V2K / / ( x) (7“2 + T ) expressions for BPSK, QPSK, and QAM systems, (31), (32),

We now further simplify the two integralg; andl.

and (53), all have similar forms.

coxp [= (2 + 22202 i Rewriting (31) as
2 " 2K 2
(= (0, 1 "
KVK \bo Py(E) =5 |1~ (C.1)
0o —p? [ a \/(1 + = ) 0202 — 3
/ Q (sgnb) z) xexp [ — (—n> 22| dx
0 2K boy taking derivative with respect ta and setting it to zero, we
_(1-p)a (ﬂy 1 obtain
- KVK boy 1-p2 (o \? % 1N 59 5
2 (bal) Ia 1+ = 0105 — |45
1 1 dO-Q dl,l;2
=z 1+ = — - . .
2
12 (o -
14 232 (bo_l) Substituting

p1 =0.5Re{a" E[hH*]}
p2 =0.51m {a" E[hH*]}

C1 C1

b
ToV/KE 2/ o7

Using the identityK — ¢? = 1 — p?, we obtain

/ / < > < 1 ) into (C.2), we have
— —.’L' exXp
2= \/27rK . N—T VE') TP 2" ) .
2 4[14 = |o2a® [Rh + 202 (XXH) } a
- exp ( Yo ) dradz Vo

(B.5)

-1
o2 =0.5al [Rh + 202 (XXH) ] a

1—p% [™ 12, 1 A\ —(aHr . —rH *a)rH H*a]r .
= - . R R § d hH hH* h hH
\/ﬂK exp ( 5 Kx exp 5 K x €T
: 1 ()t it
__ =21+ — o(a rhg+ +1 *a)
xTe T 1 hH
-l fome(57) Z
—1
- exp ( K ) drodzx ’ [Rh + 20, (XXH) } a €3
2
1—-p%2 (1-p% which implies
T 2K VK —1771
~ LK a=K [Rh +202 (XXH) } rhe (C4)
2
. / Q (sgn(ey)z) - x exp {—5 <—2 — 1) x } dx
70 ‘1 where K is a scalar to be determined. Substituting (C.4) into
1—p? (- p?) 1 sgn(cy) (C.3),we have KK* = (K + K*)K, or K = K*, hence K
= - can be any nonzero real number. The same conclusion holds for
TR VR o (% 1 R b I number. Th lusion holds f
! 2 (Z ) c? OFDM-QPSK signals. As for OFDM-QAM signals, replacing

(C.1) with (53) and following a similar approach, we find that
the solution of (C.2) is still of the form of (C.4), bl now

(B.6)
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